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Introduction

Our research is aimed at modeling of grounwater flow and transport with finite element method on meshes of
combined dimensions. We use the reduced dimensional approach in which the porous media includes discrete
fracture network (typical e.g. for granite rocks), therefore our models are coupled between meshes possibly of
all dimensions 1d, 2d and 3d. For this purpose we are developing the simulator Flow123d. It is mainly used for
modeling situations in several localities considered for future radioactive waste repository in the Czech Republic.

Figure 1: Webpage of the software is: http://flow123d.github.io/

Dimensional Coupling on Incompatible Meshes

Until recently, only the combination of compatible meshes of co-dimension 1 was possible [7]. We now work on
methods that enable coupling between incompatible meshes (where mesh partitions of different dimension are
meshed independently and can have arbitrary intersection) and methods for coupling of co-dimension 2. In the
first case, we are using Mortar method [2] to solve 1d-2d (fracture in plane) and 2d-3d problems.

In the later case, which will be of the main interest in this contribution, we use the Extended Finite Element
Method (XFEM) to resolve singularities which appear in 0d-2d (1d and 2d meshes intersecting in arbitrary 3d
space) and 1d-3d coupling, see Figure 2 below. Regarding the applications in groundwater simulations in large
domains, relatively coarse meshes are considered, in contrast to e.g. [5] or [6] which are dealing with different
applications.

(a) 2d singular well-aquifer model (pressure). (b) 3d singular well-aquifer model (velocity).

Figure 2: Examples of modeling singular behaviour in the vicinity of wells in 2d and 3d using XFEM.

The prerequisite for any incompatible coupling is the knowledge of the intersections of the meshes. In our
previous work [3], we developed a robust module for computation of mesh intersections in the software Flow123d.

http://flow123d.github.io/


Singular Enrichment of XFEM

The following part is considering only the model of groundwater flow governed by Darcy’s law. We extend our
previous work [4], in which we studied different XFEM techniques in the 0d-2d pressure model. The problem
is now posed in the mixed form (similarly like in the compatible case), providing us the velocity which is of the
main interest in the following transport model.

The pair of standard Raviart-Thomas RT0 and piecewise constant P0 finite elements is used and only the
velocity in the higher dimension is enriched with the singular functions by the means of XFEM. Consider having
a singularity w and rw(x) being the distance vector between the singularity and the point x. We define the
global enrichment function

sw(x) =

{
− 1
Se

rw

r2w
, rw > ρw

0, rw ≤ ρw
(1)

which preserves the physical dimension of the singularity object (radius ρw of a well or a borehole) and is cut off
there. The function sw is normalized by the surface of the singularity Se (circle length in 2d, cylinder surface
in 3d). The local enriched shape function Lw on an element T has the form

Lw(x) = sw(x) −
nE∑
j=1

zjψj(x), zj =

∫
Ej

sw(x) · nj , (2)

nE is the number of sides in 2d, or faces in 3d, zj is the flux of sw over the side or face Ej of T and ψj(x) are
the RT0 basis functions. We then obtain the following approximation of the velocity

v(x) =
∑
α∈I

aαψα(x)︸ ︷︷ ︸
FEM

+
∑
w∈W

bwLw(x)︸ ︷︷ ︸
enrichment

(3)

This velocity enrichment has some nice properties and it actually corresponds to the Stable Generalized
FEM [1]: we compute the interpolation of the global enrichment function sw using the standard FEM basis
functions and then subtract it from sw in (2).

We implemented this model both in 2d and 3d. The numerical experiments show that the error of the
approximation is significantly lower than in standard FEM and that it keeps the optimal convergence order for
the velocity. The inf-sup stability of the enriched finite element pair is checked only numerically.

The open questions are the decomposition of the enrichment to local enriched degrees of freedom and efficient
solver for the linear system.
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