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Let us consider reactive transport problems with mobile (dissolved) and immobile species. For the reaction
rates we assume the law of mass action. When reactions with minerals are involved, some specific challenges
arise with respect to the mathematical model and its numerical solution.

First, for minerals, considered as constant activity species, it has to be distinguished between the two cases
of a mineral being present, which allows for dissolution, and the mineral being completely dissolved, which
prohibits any further dissolution. In a mathematical model these two cases can be formulated in an elegant
way by a so-called complementarity condition. Complementarity formulations are useful both for a kinetic
description and for an equilibrium formulation of the mineral reaction. It can be the basis of a numerical
algorithm based on the Semismooth Newton method.

Second, often the assumption is made that the reaction rate depends on the size of the reactive surface,
which again is related to the mineral volume. Measurements may lead to assumptions such as A(m) ∼ mα

with 0 < α < 1, where m is the mineral volume or mass and A(m) is the surface area. Geometric arguments,
e.g., assuming a hemispherical shape of (equi-sized) nuclei, particularly may lead to A(m) ∼ m2/3 (e.g., [2]).
However, since this term is not locally Lipschitz continuous, relations of this shape lead to models with non-
unique solutions, i.e., to ill-posed problems. Starting from m = 0 in an oversaturated fluid, the immediate
precipitation, that is m(t) > 0 for t > 0, but also m(t) = const = 0 are mathematical solutions of the model.
However, only the first one is ”physical”. As a consequence, numerical results are not reliable: the numerical
solution may follow one of the analytical solutions. In fact, numerical codes may rely on the presence of numerical
errors such that the code follows the more stable, physically reasonable solution instead of the unphysical one.
(Also note that the Jacobian can be expected to be unbounded for mineral amounts close to zero.)

To our knowledge, up to now the issue of non-uniqueness – and the numerical difficulties caused by this –
are frequently handled for example by forcing m ≥ ε, for an ε > 0, or by a regularization of the term [3]. Both
ways are modifications (approximations) of the original model.

We propose a different way to deal with the issue, by proposing a simple substitution z = m1−α. For
1
2 < α < 1, this substitutions lets the non-Lipschitz terms vanish. In order to also guarantee non-negativity of
solutions, we introduce a complementarity formulation. The resulting model picks exactly the physically correct
solution and is well-posed, and the solution is non-negative. We perform numerical tests for the model without
and with the transformation.

For a rigorous proof of existence and uniqueness of a global solution, also in the context of multi-species
multi-reaction reactive transport problems (ODEs coupled to PDEs), a formulation using a Heaviside function
is useful. This formulation is equivalent to the complementarity formulation. For models with constant mineral
surface area, such proofs are available [1]. The generalization to variable non-Lipschitz surface area is under
current investigation.
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