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Introduction 

We consider  porous  media  applications that  contain evolving solid  phases.  Deriving  models  that  describe  such
structural  changes at a variety of scales is essential to understanding the intimate linking between structure and
function. With reference to the soil's heterogeneity, we aim to develop a mathematical  model at  the pore scale,
perform its upscaling to transfer our model from the small scale to the macroscale and investigate the resulting model
numerically. 

Pore-scale modeling including evolving solid structures

At the pore scale, we consider a coupled system of partial differential equations. It consists of the incompressible
Stokes equations that determine the fluid velocity and the pressure. Additionally a transport equation for the species'
concentrations is considered while taking the processes of convection, diffusion, and potentially electric drift into
account.  In our model,  structural  changes in the porous medium's composition may occur due to heterogeneous
reactions in- or decreasing the ratio of the solid phase. Two model descriptions are investigated to account for the
structural  changes:  First,  we  investigate  a  fully  continuous  free  boundary  model.  More  precisely,  the  interface
between an attached layer  of immobile chemical  species  and the fluid is  characterized by means of a level-set.
Second, we investigate a hybrid discrete continuum model. In this situation a discrete distribution of fluid and solid
phases that changes based on a cellular automaton method is considered.

Upscaling

We determine  a  macroscopic  model  description  based  on  the  pore-scale  models  above.  We apply  two-scale
asymptotic expansion. If applicable upscaling in a level set framework as introduced in [2] is used. Generally, a
micro-macro model emerges that  is  comprised of several  levels of couplings: Macroscopic equations describing
transport and fluid flow at the scale of the porous medium (macro scale) include averaged time- and space-dependent
coefficient functions. These functions may explicitly be computed by means of auxiliary cell problems (micro scale).
Finally, the pore space in which the cell problems are defined is time- and space dependent. For the fully continuum
description, the pore space geometry is determined by means of the level-set equation. In the hybrid model, the
geometry  is  prescribed  by  the  cellular  automaton  method.  For  both  situations  information  from  the  transport
equation's solutions is used to determine the explicit geometric structure (micro-macro scale).

Numerics and Results

For evaluation purposes, we complement our theoretical results with numerical computations, cf. Figure 1 and 2. As
a distretization method a local discontinuous Galerkin method on rectangular grids is used. For the level set equation
the upwind scheme described  by Rouy and Tourin  in  [3]  is  applied.  The resulting time-  and  space-dependent,
coupled  micro-macro  problems  require  highly  sophisticated  implementation  strategies  and  massively  parallel
computing. Ultimately, we evaluate the porous media characteristics, such as porosity, diffusion, and permeability
tensor.



Figure  1  (Level  set  framework)  Unit  cell  with  evolving  solid  structure  (left  and  middle)  and  potentially
degenerating eigenvalues of the related diffusion tensor (right). Initial solid phase (red) and growing and merging
solid phase (blue). 

Figure 2 (Cellular automaton framework) Unit cell with evolving and merging solid phase (blue).
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