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Introduction and presentation of the coupled model
We derive from the Richards equations a simplified model to describe the quasi-horizontal flow of a water table
and its supply of water from the surface. This is done under the assumption that the considered aquifer is very
wide compared to its height. We represent in Figure 1 the general situation and some notations.

Figure 1: Geometry of the problem and some notations.

The idea of the model consist in splitting the aquifer in two regions in which the flow present two different
behaviors. The first zone consists in the saturated region on the bottom of the aquifer where is expected a
quasi-horizontal flow: the associated upscaled problem in this part is bi-dimensional. The rest of the aquifer
is called transition zone (which describe the the flow between the overland and the water table) and the flow
here is expected to be quasi-vertical: the resulting problem consists in a collection of 1d-Richards equations
parameterized by the horizontal position. The interface between those regions is the graph of a function called
ha = ha(t, x). Same kind of model can be find in [1] and [2] in a situation of a water table remaining far from
the soil level (and treated from a numerical point of view). It should be noted that the main interest of this
model is related to its good description of the vertical flow between the ground level and the water table. This
is crucial when studying the transport of chemical components in the aquifer, in particular since many chemical
reactions are expected in the first meters of the subsoil, where oxygen is still very present.

We proposed a mathematical justification of this model and a particular attention is given to the case of an
overflowing aquifer: i.e. in the case where the water table can reach the ground level.
Flow in the unsaturated zone. We assume that the considered scales of the geometry are such that the
flow in this region is essentially vertical. The model then consists in a collection of “independent” 1D-Richards
equations parameterized by x ∈ Ωx the horizontal position of the water column:
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the flow velocity, s(P+) the soil saturation, kr(P+) soil conductivity and α a given function describing the
boundary condition on the top of the aquifer.



Flow in the saturated zone. In the saturated part of the aquifer, that is the region under the level z =
ha(t, x), the flow is assumed to be only horizontal; this comes from the hypothesis of small thickness of the
aquifer (classically called the Dupuit’s hypothesis). The following 2D upscaled model is therefore deduced from
this Dupuit’s approximation.
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Here H̃ is the averaged hydraulic head and δ > 0 a fixed parameter which prevent ha to equal hsoil. Notice that
the principal interest of the above definition of ha is to keep non-empty the set ]ha(t, x), hsoil(x)[ on which is
posed the problem (1).

Numerical simulations
For the numerical approximation of coupled problem (1)-(2), we use a time implicit scheme. Each new time
step is reached by using Picard fix-point iterations in which we solve alternatively the collection of the one-
dimensional Richards problems (1) (this is done in parallel since they are independent) and the 2D upscaled
problem (2). The main difficulty in the numerical resolution appears when the interface ha approaches the soil
level. If no precaution are taken in this situation the Picard fix-point does not converge.

We present an experience in figure 2 in the case where Ωx is an interval of R. The geometry of the overland
is constituted of three basins and the bottom of the aquifer is horizontal. At the beginning of the experience
(which is not drawn), the water table is horizontal: ha(0, ·) = cte and two basins in the overland restrain some
water. As expected, this water infiltrates the soil and flows vertically to the groundwater table. After some
time, this water reaches the water table and increases the function ha: see the first figure. Notice that on the
left part of this figure the water table touch the soil level (in fact ha = hsoil − δ) and the transition zone is
reduce to its minimal size δ. After some time the water table has grown in such a way that it almost reaches
the lowest basin. From this moment, since the water table still growing, it’s beginning to overflow and then to
fill this basin. This is what we represent in the last figure.

Figure 2: Evolution of saturation in a case of overland water which infiltrates the soil and reaches the water table.
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