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Introduction

In computational fluid dynamics, the non-linearity of the governing equations combined with the usually huge
number of cells and hence unknowns in a complex problem implies a large amount of computing effort and
time. There is an interest in developing efficient numerical methods. In general terms, numerical schemes
used to solve time dependent problems can be classified in two groups, attending to the time evaluation of the
unknowns: explicit and implicit methods. Conceptual simplicity is the most valuable characteristic of explicit
schemes that update the solution at every cell from the known values of the system at the current time, whereas
implicit schemes generate a system of N equations with N unknowns, being N the number of computational
cells multiplied by the number of variables to solve for each cell. Despite their simplicity, explicit schemes are
restricted by stability reasons. However, when using explicit schemes the size of the time step is restricted by
stability reasons to fulfil the CFL condition when dealing with a hyperbolic system of conservation laws.

The advantage of using implicit schemes is that they are, in theory, unconditionally stable, even though they
are less accurate than explicit schemes for unsteady flows. A compromise is required between stability gain
and accuracy loss on the results. For that reason, they are commonly used in steady states computations. In
these problems, the accuracy loss during the transient state is not so important and the possibility of choosing
a larger time step for the simulation often allows the faster calculation of the mentioned steady state.

In this work, an implicit method for solving 2D hyperbolic scalar equations and 2D hyperbolic systems of
equations is presented, focusing on the application to the 2D shallow water equations. It is based on the 1st
order Roe’s scheme, in the frame of finite volume methods. A conservative linearization is done for the flux
terms, leading to a matrix for unstructured meshes thus requiring iterative methods for solving the system. The
validation is done by comparing numerical and exact solutions in both unsteady and steady cases.

On the other hand, it is feasible to relax the condition over the time step size when using explicit schemes.
A generalization of the first order Godunovs explicit upwind scheme, modified to allow large time steps, was
explored by Leveque [1, 2] first in the scalar non-linear case and then adapted to systems of equations. It is
stable for CFL values larger than 1 and provides accurate and correct solutions of shocks. Some difficulties can
be met when a rarefaction is present in the solution so that adjustments are necessary [3].

A Large Time Step (LTS) scheme is developed for scalar conservation laws as well as for systems of conser-
vation laws with source terms. It is based on relaxing the CFL condition, associated to the explicit resolution
of hyperbolic conservation laws initially developed by R. Leveque, to allow larger time step sizes. The exten-
sion of the LTS scheme to the 2D configuration will be achieved by means of quadrilateral structured meshes.
One general method to accomplish the 2D extension is the dimensional splitting (Strang splitting) where the
equations are simplified to solve them many times in a 1D configuration. While the simplicity of solving 1D
equations and the advances related to boundary conditions and source terms are preserved, the disadvantage of
the computational time associated with the splitting formulation is significantly reduced because of using large
time step sizes in the numerical resolution of the equations.

The comparison between these two methods (implicit and LTS) is performed for scalar equations and for
the 2D shallow water equations. Not only the accuracy of the results, but also the computational time will be
analyzed.

Brief description of the methods

Implicit solver: As the chosen spatial discretization is based on rectangular meshes, a Penta-Diagonal Matrix
Algorithm is considered as implicit matrix solver. Basically, this algorithm splits the problem in x and y axis
and each one is solved independently. Then both results are coupled to reach the full solution of the problem.
PDMA is essentially a double Tri-Diagonal Matrix Algorithm (TDMA), often referred to as Thomas algorithm
[5], which is a simplified form of the basic Gaussian elimination.



LTS: The LTS scheme already tested in [4] is implemented in this work. It is considered as an extension of
the 1D LTS scheme proposed in [3], combined with a spatial Strang splitting formulation.

Application to physical models

Three 2D non-linear problems are considered in this work to test the accuracy and efficiency of the solvers:
1) Linear advection equation:
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2) Inviscid Burgers’ equation:
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with u representing a generic variable and f the flux vector.
3) Shallow Water equations:

U = (h, qx, qy)T , qx = hvx, qy = hvy (3)
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S = (0, gh (S0x − Sfx) , gh (S0y − Sfy))
T

(5)

being h the water depth, g the acceleration of gravity, q = (qx, qy) the unitary discharge vector along the (x,y)
coordinates and (vx,vy) the depth-averaged components of the velocity vector.

The slope terms are defined as S0x = −∂z
∂x
, S0y = −∂z

∂y
being z the bed elevation, and the friction-

associated losses are calculated as Sfx =
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, Sfy =
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√
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where n is the Manning rough-

ness coefficient.
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