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Abstract A reduced-order modelling (ROM) strategy is
crucial to achieve model-based control in a wide class of
flow configurations. In turbulence, ROMs are mostly
derived by Galerkin projection of first-principles equations
onto the proper orthogonal decomposition (POD) modes.
These POD ROMs are known to be relatively fragile when
used for control design. To understand more deeply this
behaviour, a hierarchy of POD ROMs is studied and
compared for a two-dimensional uncontrolled mixing
layer. First, dynamical models based on POD are derived
from the Navier–Stokes and the vorticity equations. It is
shown that these models can exhibit for some truncation
level finite-time blow-ups. A symmetrized quadratic model
is then proposed to enforce the preservation of energy in
the model. This formulation improves considerably the
behaviour of the model, but the energy level is still overestimated. Subsequently, a nonlinear eddy-viscosity model
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with guaranteed stability is proposed. This model still leads
to an imperfect description of the energy. Different 4D-Var
identification strategies are then considered to improve the
nonlinear eddy-viscosity model. It is shown that penalizing
the time variation in the eddy-viscosity parameter leads to
the best compromise in terms of description of the energy
and of physical relevance of the eddy viscosity. Lastly, a
statistical inference procedure is used to take into account
the bias inherent of the sampling employed in the identification procedure. Joined probability density functions are
then determined empirically for all the coefficients of the
model, and a stochastic dynamical model is finally derived
to study the influence on the long-term solution of different
equiprobable sets of coefficients.

1 Introduction
A hierarchy of POD Galerkin models is studied and compared for a two-dimensional (2D) mixing layer configuration. These reduced-order models are a part of plant
hierarchy for model-based control. Control design may be
performed in a model-free manner or based on black-box,
grey-box and white-box models—following a classification
of Wiener (1948). Model-free control, like extremum/slope
seeking (Krstic et al. 1999), optimizes parameters of
working open-loop forcing in a self-adaptive manner on
long time scales. In-time disturbance rejection requires at
minimum a black-box model characterizing the input-output response. Such a predominantly linear model may be
obtained from experimental forcing studies. Grey-box
models resolve in addition to the input-output behaviour
also the resulting coherent structure manipulation in a loworder manner. Examples are vortex (see, e.g. Lugt 1996;
Wu et al. 2006) and Galerkin models (see, e.g. Fletcher
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1984). Galerkin models are well suited for control design
(see, e.g. Noack et al. 2011). In contrast, the hybrid nature
of vortex models with generation, annihilation and merging
of vortices challenges most control design methods.
This study concerns low-order Galerkin models. In a
simple case of a stationary domain X and stationary
boundary conditions at oX, the velocity field u may be
approximated by a Galerkin expansion with a basic mode
u0 ; N space-dependent expansion modes ui ; i ¼ 1; . . .; N
with corresponding time-dependent amplitudes ai:
uðx; tÞ ¼ u0 ðxÞ þ

N
X

ai ðtÞui ðxÞ ¼

i¼1

a0 , 1:

N
X

ai ðtÞui ðxÞ;

with

i¼0

ð1Þ
2 Mixing layer database

The modes may result from a priori completeness considerations (see, e.g. Ladyzhenskaya 1963; Noack and Eckelmann 1994), from Navier–Stokes-based eigenproblems
(see, e.g. Joseph 1976), or a posteriori from flow data, like
the proper orthogonal decomposition (POD) (see, e.g.
Holmes et al. 2012) or the dynamic mode decomposition
(DMD) (Rowley et al. 2009; Schmid 2010). Here, POD
modes are employed.
The evolution equation for the state a ¼ ða1 ; . . .; aN Þ is
an autonomous system of ordinary differential equations
d
a ¼ f ða; yÞ þ fc ða; z; cÞ;
dt

ð2Þ

where (see Cordier et al. 2010) y and z denote the model
coefficients corresponding, respectively, to the uncontrolled and controlled part of the dynamics, and where c are
the control parameters. The propagators f and f c may be
derived a priori from the Navier–Stokes equations via a
Galerkin projection onto the POD modes (Noack et al.
2011) or identified a posteriori from a reference solution
(Perret et al. 2006; Cordier et al. 2010). Often, a combination of first-principle structure identification and empirical parameter identification is employed. In this paper, we
investigate a full spectrum of identification strategies going
from a priori to a posteriori methods, and we ignore
actuation for reasons of simplicity.
As configuration, the mixing layer with velocity ratio
3:1 is chosen (Comte et al. 1998). On the one hand, this
flow exhibits pronounced coherent structures, thus making
it accessible to reduced-order modelling. On the other
hand, dynamics is moderately complex due to a range of
different frequencies to be resolved.
The paper is organized as follows: the employed mixing
layer database is described in Sect. 2. In Sect. 3, Galerkin
models are derived from first principles, the Navier–Stokes
and the vorticity equations. In Sect. 4, the effects of
unresolved velocity fluctuations are studied, including
finite-time blow-ups. A nonlinear subgrid turbulence model

123

is proposed which yields guaranteed bounded solutions.
Section 5 employs a 4D-Var method for the identification
of few parameters in subgrid turbulence models to complete identification of the constant-linear-quadratic propagator. Such model identification techniques are necessary
for most empirical flow data. The uncertainty of Galerkin
system parameters is investigated in Sects. 6, and 7
summarizes the main findings as good practices. Finally,
all the dynamical models are investigated numerically in
‘‘Appendix’’, where their respective performance is judged
based on the time evolution of the POD coefficients and
their power spectra.

The database used for the present work corresponds to the
direct numerical simulation (hereafter DNS) of a compressible isothermal 2D mixing layer as shown in Fig. 1.
The numerical algorithm is the same as that employed
previously for studies on jet noise sources (Cavalieri et al.
2011). The full NavierStokes equations for 3D fluid motion
are formulated in Cartesian coordinates and solved in
conservative form. Spatial derivatives are computed with a
fourth-order-accurate finite scheme (Gottlieb and Turkel
1976) for both the inviscid and viscous portion of the flux
(Hayder and Turkel 1993). A second-order predictor-corrector scheme is used to advance the solution in time. In
addition, block decomposition and MPI parallelization are
implemented. The three-dimensional Navier–Stokes characteristic nonreflective boundary conditions, developed in
Lodato et al. (2008), are applied at the boundaries of the
computational domain to account for convective fluxes and
pressure gradients across the boundary plane. In order to
simulate anechoic boundary conditions, the mesh is stretched and a dissipative term is added to the equations, in the
sponge zone, following Colonius et al. (1993). A detailed
description of the numerical procedure is given in Daviller
(2010).
2.1 Flow configuration
The inflow mean streamwise velocity profile is given by a
hyperbolic tangent profile
1
UðyÞ ¼ U2 þ DU ½1 þ tanhð2yÞ
2

ð3Þ

with DU ¼ U1  U2 the velocity difference across the
mixing layer, where U1 and U2 are the initial velocity
above and below, respectively. The velocities, lengths and
time are nondimensionalized with DU and the initial vorticity thickness dx. The flow Reynolds number is Re ¼
dx DU=ma ¼ 500 where the subscript ()a indicates a
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Fig. 1 Visualization of a 2D
mixing layer vorticity snapshot

constant ambient quantity. The Mach number of the free
streams are M1 = U1/ca = 0.1 and M2 = U2/ca = 0.033,
where ca is the sound speed. The inflow mean temperature
is calculated with the Crocco–Busemann relation, and the
inflow mean pressure is constant. The Prandtl number is
selected to be Pr = 0.7. Finally, the convective Mach
number is given by Mc ¼ DU=2ca ¼ 0:033. Since
Mc \ 0.3, the flow can be assumed as quasi-incompressible
(Gatski and Bonnet 2013). Figure 1 shows instantaneous
isovalues of spanwise vorticity. The numerical code was
extensively validated against numerical and experimental
data; some results can be found in Daviller (2010) or
Cavalieri et al. (2011).
2.2 Numerical specifications
The computations were performed on the cluster of the
PPRIME Institute using 64 processors. The computational
domain comprises approximately 2.1 million grid points:
2367 points in the streamwise direction, 884 points along the
y direction and 3 points in the spanwise direction, leading to
quasi 2D results. The 2D extension of the computational
domain is 325dx 9 120 dx. The sponge regions are from
x = -20dx to x = 0 and x = 250dx to x = 305dx in the
streamwise direction, and from ±50dx to ±60dx in the
transverse y direction (see Fig. 1). In the shear layer
(-10 B y/dx B 10), the grid spacing in the y direction is
uniform and equal to Dymin ¼ 0:07dx . This value corresponds to the minimum grid spacing in the y direction. The
grid is then stretched using error functions as in Wei (2004).
The parameters of the stretching are chosen to give a maximum spacing Dymax ¼ 0:9dx at y = ±60dx. In the physical
domain (0 B x/dx B 250), the grid spacing in the x direction
is uniform and equal to Dxmin ¼ 1:7Dymin : In the sponge
regions, similar mapping functions are used along x, to
match Dxmax ¼ 0:9dx at x = -20dx and Dxmax ¼ 2dx at
x = 305dx. To govern the development of the mixing layer,
the flow is forced by adding at every iteration solenoidal
perturbations defined as (see Bogey 2000):

ðy  y0 Þ
uðx; y; tÞ ¼ uðx; y; tÞ þ aðtÞUc
Dymin
(
)
ðx  x0 Þ2 þ ðy  y0 Þ2
 exp  lnð2Þ
Dy2min
ðx  x0 Þ
vðx; y; tÞ ¼ vðx; y; tÞ  aðtÞUc
Dymin
(
)
ðx  x0 Þ2 þ ðy  y0 Þ2
 exp  lnð2Þ
Dy2min

ð4Þ

where -1 B e B 1 is a random number, and
Uc = (U1 ? U2)/2 is the convection velocity. The simulation parameters are x0 = -5 dx and y0 = 0 for the
location of the excitation and a = 0.01 for the forcing
coefficient.
The simulation is first initialized over 330 000 time
steps ðDt ¼ 1:8  108 sÞ which correspond to a total run
time of 35 h. The database is then generated: 1 093 695
iterations are done on 115 h to create Nt = 2,000
snapshots, sampled at fs = 100 kHz.
3 Galerkin model from first principles
In the following, we assume an incompressible, viscous
flow in steady domain X with time-independent boundary
conditions at oX, e.g. Dirichlet, Neumann, convective
outflow or periodic conditions. All quantities are assumed
to be normalized, and m = 1/Re represents the inverse
Reynolds number. The Galerkin model is based on the
inner product between two square integrable velocity fields
u; v 2 L2 ðXÞ :
Z
u  vdx:
ð5Þ
ðu; vÞX ,
X

Two types of POD models derived from first principles
are reviewed. The first kind (Sect. 3.1) employs the
Navier–Stokes equations for the Galerkin projection. The
advantage is that only first spatial derivatives of the POD
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modes are required. The price is an auxiliary model for the
pressure term. In Sect. 3.2, this explicit pressure term
model is bypassed by employing the vorticity transport
equation for Galerkin projection at the expense of second
spatial derivatives of the modes.
3.1 Galerkin projection onto the Navier–Stokes
equations
A standard Galerkin projection of the Navier–Stokes
equations onto the POD modes expressed in (1) yields a
Galerkin system (2) of the form (see, e.g. Noack et al.
2011)
a_ i ¼ m

N
X

lmij aj þ

j¼0

N
X

qcijk aj ak þ

j;k¼0

N
X

qpijk aj ak :

ð6Þ

j;k¼0

ox
¼ x  ru  u  rx þ mDx;
ot

where x ¼ r  u is the vorticity vector. This formulation
removes any complications from the pressure term by
eliminating it all together. The vorticity field x is
approximated by taking the curl of the Galerkin
expansion (1):
xðx; tÞ ¼ x0 ðxÞ þ

ðui ; rpðtÞÞX ¼

N
X

lpij aj ðtÞ:

ð7Þ

j¼0

Here, lpij, i = 1, …, N, j = 0, …, N are obtained from a
least-squares fit of (7) from DNS data for M snapshots
(M [ N). In the following, this empirical constant linear
term is taken as pressure term representation in the
Galerkin system:
a_ i ¼ m

N
X
j¼0

lmij aj þ

N
X
j;k¼0

qcijk aj ak þ

N
X

lpij aj :

ð8Þ

j¼0

The resulting model will be abbreviated as GSu in the
following. Its behaviour will be discussed in Sect. 4. For
that, the turbulent kinetic energy (TKE) will be used for
assessing the dynamical behaviour of the Galerkin system
by comparison with the DNS database. A similar criterion
was recently used in Balajewicz et al. (2013) for judging
POD ROMs based on a new proposed stabilization
methodology.

The vorticity transport equation is obtained from the
Navier–Stokes equations by taking the curl:

123

ax
i ðtÞxi ðxÞ;

ð10Þ

with xi ¼ r  ui for i = 0, …, N. The Galerkin
projection of (9) onto xi ; i ¼ 1;    ; N yields a system of
ordinary differential equations
N
X

x
mx
ij a_ j ¼ m

N
X

x
lx;m
ij aj þ

j¼0

N
X

x x
qx;c
ijk aj ak ;

i ¼ 1; . . .; N

j;k¼0

ð11Þ
where


mx
ij ¼ xi ; xj X ;


qx;c
ijk ¼ xi ; xj  ruk  uj  rxk X ;


lx;m
ij ¼ xi ; Dxj X :
Similarly to (6), (11) is an evolution equation for the
temporal amplitudes axi associated with the ith vorticity
basis function. In contrast to (6), (11) contains no contributions from the pressure, but a mass matrix mxij is now
present. This mass matrix that comes from the nonorthogonality of xi must be inverted for integrating in time
(11). However, the inverse of the mass matrix can be
computed once for all at the beginning of the time integration, and the extra computational cost is hence low.
Moreover, since in (6), the Galerkin projection is carried
out on the velocity fields, while in (6), the Galerkin projection is carried out on the vorticity fields, the temporal
amplitudes derived from solutions of (6) and (11) will in
general not be identical. In practice, however, the quality of
reduced-order models derived from (6) and (11) is comparable (Rempfer and Fasel 1994). The Galerkin system
(11) will be called GSx.
Figure 2 illustrates the TKE of the two-dimensional
mixing layer. The TKE is obtained from the employed
direct numerical solution and predicted by Galerkin system
(11) through:
KðtÞ ¼

N
X
i¼1

3.2 Galerkin projection onto the vorticity equation

N
X
i¼1

j¼1

The left-hand side arises from the local acceleration.
The three terms on the right-hand side originate from the
viscous, convective and pressure term, respectively. The
dynamical system (6) is traditionally referred as POD
Reduced-Order Model or POD ROM.
For confined flow, the pressure term vanishes identically
qpijk : 0 (see, e.g. Holmes et al. 2012). For open flows, the
pressure term is generally well represented by a constant
linear fit with the mode amplitudes (Galletti et al. 2004;
Noack et al. 2005):

ð9Þ

Ki ðtÞ;

where

Ki ðtÞ ,

1 2
a ðtÞ:
2 i

ð12Þ

Contrary to the Galerkin system of Sect. 3.1, all
Galerkin systems (11) N = 10, 20, 50 and 100 remain
bounded. The accuracy increases, as expected, with the
number of modes N.

Exp Fluids (2013) 54:1580

Page 5 of 21

to an excess production of TKE in the POD subspace.
Eddy-viscosity terms are the early and most natural cure
(Aubry et al. 1988; Rempfer and Fasel 1994; Ukeiley et al.
2001). However, even these models with carefully calibrated eddy viscosities tend to be fragile (Sirisup and
Karniadakis 2004).
In this subsection, the phenomenology and dynamics of
unbounded POD model solutions are studied. First, the
Galerkin system (8) with N = 20—called GSuI in the following—is analysed (see Table 1).
In all following Galerkin solutions, the initial condition
ai ð0Þ; i ¼ 1; . . .; N is taken from the first snapshot of the
DNS, i.e.
ai ð0Þ ¼ aPi ð0Þ ¼ ðuðx; 0Þ  u0 ðxÞ; ui ðxÞÞX ;
Fig. 2 Evolution of the TKE of the 2D mixing layer. Data of the
DNS and of Galerkin systems (11) for different values of N are
displayed (see caption)

4 Subgrid turbulence representation
In this section, we account for unresolved velocity fluctuations in the Galerkin model with a nonlinear eddy-viscosity term. First, in Sect. 4.1, a diverging solution of a
Galerkin system without such subgrid turbulence representation is investigated. The quadratic term is found to
have an important role in the observed unbounded growth.
Then, in Sect. 4.2, the energy preservation of the quadratic
term is enforced. This prevents unbounded growth, yet
leads to too large fluctuation levels. Finally, in Sect. 4.3, a
physically motivated simple nonlinear eddy-viscosity
model is proposed. This model guarantees bounded
Galerkin solutions for energy-preserving quadratic terms
and yields a good resolution of the modal energy.
4.1 Analysis of a Galerkin system blow-up
Diverging POD model solutions are commonly observed
(yet rarely published). The first reason is that autonomous
quadratic differential equations as (6) and (11) are well
known to exhibit sufficient condition of finite-time blow-up
(Getz and Jacobson 1977). A second reason is that the
stability properties of the Navier–Stokes solutions are not
preserved under Galerkin projection. A stable Navier–
Stokes solution may have an unstable Galerkin model
solution even if the POD is fully accurate (Rempfer 2000;
Noack et al. 2003). These types of instabilities may be
cured by adding dynamically important zero-energy modes
(Noack et al. 2003). A second reason is that the energy
cascade from large to small structures may not be adequately resolved by the POD model. POD modes resolve
the production much better than the dissipation. This leads

ð13Þ

where the superscript P denotes POD values coming
directly from the DNS database. Galerkin solution I
diverges shortly after t = 2,000 (see Fig. 3). By adding
more modes, the behaviour of the Galerkin system is not
cured and the divergence happens earlier.
In the following, the maximum growth rate of the
Galerkin system TKE is estimated. All considered systems
have constant-linear-quadratic propagators of the form:
a_ i ¼ ci þ

N
X

lij aj þ

j¼1

N
X

qijk aj ak ;

i ¼ 1; . . .; N:

ð14Þ

j;k¼1

The instantaneous growth of the TKE K is given by
K_ ¼

N
X
i¼1

ai a_ i ¼

N
X
i¼1

c i ai þ

N
X
i;j¼1

lij ai aj þ

N
X

qijk ai aj ak :

i;j;k¼1

ð15Þ
The contribution of the constant term is estimated by the
Cauchy-Schwarz inequality



X
N
pﬃﬃﬃﬃﬃﬃ


ð16Þ
ci ai   kak kck ¼ 2K kck;


 i¼1
where, c ¼ ðc1 ; . . .; cN ÞT and k  k denotes the standard
Euclidean norm.
Next, the maximum growth due to the linear term is
estimated. A decomposition of lij into a symmetric and
antisymmetric part is employed


lij ¼ lSij þ lAij ; with lSij , lij þ lji =2; and
ð17Þ


lAij , lij  lji =2:
The TKE growth due to the linear term is bounded by
 


 X

X
N
N
 
 
 


S
lij ai aj  ¼ 
lij ai aj   kak2  r1 lS ¼ 2Kr1 lS ;

 i;j¼1

i;j¼1
ð18Þ
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Table 1 DNS and analysed
Galerkin systems

Abbreviation

Description

DNS

Post-transient Navier–Stokes simulation used for the POD model

GSx

Galerkin model (11)

GSuI

Galerkin model (14) with N = 20

GSuII

Same as GSuI, but with energy-preserving
quadratic term qijk , qAijk ; see (19) and Sect. 4.2

u

Same as GSuII, but with added

GS III

nonlinear eddy viscosity (23); see Sect. 4.3

Note that estimates (16) and (18) are sharp, in the sense
that the equality signs hold for some a: (21) is also the
sharpest estimate for general 3-tensors qijk.
Summarizing, the maximum growth of the TKE is
bounded by
pﬃﬃﬃﬃﬃﬃ
 
K_  2K kck þ 2Kr1 lS þ ð2KÞ3=2 kQA kF :
ð22Þ
Only the symmetric part of the quadratic term can give rise
to a finite-time divergence as numerically observed for
Galerkin system I in Fig. 3. This observation is corrobo_
rated by the fact that the growth rate of TKE rK , K=K

Fig. 3 Evolution of the TKE of the 2D mixing layer. Data of the
DNS and of Galerkin systems I–III are displayed (see Table 1 and
figure caption)

exceeds r1 ðlS Þ from the linear term. In Fig. 3, the maximum growth due the linear term is illustrated by KðtÞ ¼
Kð0Þexp½r1 ðlS Þt: The slope rK is much larger than r1 ðlS Þ
showing the quadratic term at work.
4.2 Symmetries of the Galerkin system

S

where r1 ðl Þ is the largest real eigenvalue of the matrix
 
:
lS ¼ lSij
i;j¼1;...;N

Finally, the maximum growth due the quadratic term is
estimated. We introduce the decomposition of qijk—in
analogy to the linear term—into a symmetric and antisymmetric part:
qijk ¼ qSijk þ qAijk ; with
ð19aÞ


ð19bÞ
qSijk , qijk þ qikj þ qjik þ qjki þ qkij þ qkji =6; and


ð19cÞ
qAijk , 5qijk  qikj  qjik  qjki  qkij  qkji =6:
Moreover, we define the Frobenius norm of a tensor Q ¼
 
qijk i;j;k¼1;...;N as
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u N
uX
ð20Þ
q2ijk :
kQkF , t
i;j;k¼1

The maximum power of the quadratic term is obtained by
inequality:
 of the Cauchy-Schwarz

repeated application
 X

X
N
N
 


q a a a ¼
qA a a a 

i;j;k¼1 ijk i j k  i;j;k¼1 ijk i j k 
 kak3 kQA kF ¼ ð2KÞ3=2 kQA kF :

123

ð21Þ

Kraichnan and Chen (1989) investigated the Galerkin
system (6) for orthonormal Galerkin expansions (1). They
derived that the quadratic term is energy preserving, i.e. qSijk
: 0, for a range of boundary conditions, e.g. steady Dirichlet conditions, ambient flow or free-stream conditions
at infinity, or periodic boundary conditions. For the convective boundary condition, this energy-preserving property cannot be rigorously proved. However, the transfer
term is numerically observed to vanish consistent with qSijk
: 0. In the following, the quadratic term energy is made
energy preserving by replacing qijk with qAijk. The resulting
dynamical model is called Galerkin system II (see
Table 1). According to (22), a finite-time blow-up is
impossible now. Numerically, a bounded solution (see
Fig. 3) is observed. However, the energy level is too large
since the energy dissipation in higher-order modes is
neglected.
We conjecture that the finite-time blow-up of Galerkin
system I is caused by a numerical discretization error in qijk
leading to an unphysical qSijk component. This conjecture is
corroborated by the tendency of decreasing blow-up times
with larger values of N. At N = 50, for instance,
K diverges before t = 800. Similar observations have been
made for the incompressible turbulent jet (Schlegel et al.
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2012). The higher-order modes represent smaller structures
and introduce larger discretization errors.
4.3 Nonlinear eddy-viscosity model with guaranteed
stability
In the previous section, enforcing an energy-preserving
quadratic term has improved the behaviour of the Galerkin
system. In the last step, the neglected energy dissipation is
accounted for by a single eddy-viscosity model. A constant
eddy viscosity, as employed in earlier studies, is unphysical, since it leads to a linear term for a nonlinear energy
cascade, i.e. has incorrect scaling characteristics. In fact,
the attractor TKE could not be stabilized for long-time
intervals with carefully tuned constant eddy viscosities.
The FTT closure formalism (Noack et al. 2008) gives rise
to a nonlinear eddy-viscosity model (Noack et al. 2011),
which has been successfully applied to the turbulent jet
(Schlegel et al. 2009) and other flows. This auxiliary model
adds a single eddy-viscosity term to the propagator f of (6):
sﬃﬃﬃﬃﬃﬃﬃﬃﬃ
KðtÞ m
a_ i ¼ fi ðaÞ þ mT
l ai :
ð23Þ
K1 ii
Here, the parameter mT [ 0 is calibrated to yield a TKE
K the mean value of which corresponds to the DNS anaP
logue K1 ¼ Ni¼1 ki =2 where ki (i ¼ 1;    ; N) are the
POD eigenvalues. The square root dependency on K is
required by the FTT closure formalism, or even more
generally, by scaling arguments (Noack et al. 2011).
The resulting Galerkin system III (see Table 1) is shown
to have a guaranteed bounded solution. The new estimate
for maximum TKE growth (22) reads
pﬃﬃﬃﬃﬃﬃ
 
K_  2K kck þ 2Kr1 lS  bK 3=2 ;
ð24Þ
where b is a positive parameter from the eddy-viscosity
term, exploiting lmii \ 0 for i ¼ 1; . . .; N: Evidently, the
leading term -b K3/2 is stabilizing. There exist a value
_
Kmax such that for K [ Kmax, we have K\0.
In other
words, the attractor of Galerkin system III must be inside
the sphere K B Kmax.
Figure 3 shows the TKE evolution of Galerkin solution
III. Now, the TKE evolution is qualitatively in good
agreement with the DNS data. Moreover, the averaged
modal energy levels hKi ðtÞit ¼ h a2i ðtÞ=2it ; where hit
denotes a time average, compare well with the corresponding DNS levels ki/2 (see Fig. 4). Note that a single
eddy viscosity is used to characterize a whole energy
spectrum. This is a coarse approximation. Further
improvements can be obtained from introducing modal
eddy viscosities mT,i as in Rempfer and Fasel (1994) and

Fig. 4 Energy spectrum for the 2D mixing layer. Data of the DNS
and of Galerkin system III are displayed (see Table 1 and figure
caption)

Bergmann et al. (2005), or considering eddy-viscosities
function of time mT(t) as in Bergmann (2004). This is the
subject of the next section.

5 Parameter identification
POD Galerkin models have an accurate short-time behaviour but an imperfect long-time predictability. This is
partly due to the truncation errors introduced by neglecting
the effect of the high-order modes in the POD expansion.
The consequence is an energy accumulation in the model
and an amplitude growth of the temporal coefficients. At
this point, the quadratic structure of the propagator (Getz
and Jacobson 1977) may lead to numerical instabilities of
the model producing blow-up in finite time. In this section,
it will be demonstrated that this behaviour can be cured by
employing data assimilation techniques for identifying
whole or part of the parameters which define the model.
First, in Sect. 5.1, the main ideas around data assimilation
are introduced, followed by the description of the specific
approach used in this paper. Then, in Sect. 5.2, data
assimilation is first applied to determine all the dynamical
system’s coefficients. Finally, in Sect. 5.3, the nonlinear
eddy-viscosity model proposed in Sect. 4.3 is considered,
and data assimilation is employed to determine optimally
the turbulent eddy viscosity mT. For that, different numerical strategies are investigated. In Sect. 5.3.1, the artificial
eddy viscosity mT is first assumed to be dependent only on
time. Then, in Sect. 5.3.2, dependency on the POD mode
number is added. Finally, in Sect. 5.3.3, the time derivative
of the eddy viscosity mT is considered as penalization term
to make the time evolution of the optimal eddy viscosity
more physical.
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5.1 Data assimilation
5.1.1 Generalities
Data assimilation is a generic methodology, which combines heterogeneous observations with the underlying
dynamical principles governing the system under observation to estimate at best physical quantities. Starting from
a background solution and incoming imperfect information, an optimal estimation of the true state of the system is
determined, which takes into account the respective statistical confidences of the different observations. By convention, this estimation of the true state is called analysed
solution. Data assimilation is now routinely used in meteorology to combine images coming from satellites, meteorological observations and a dynamical model in order to
forecast the weather (Navon 2009; Titaud et al. 2010).
Since numerical weather prediction is an initial value
problem, the goal of assimilation is in this case to find the
best initial condition of the numerical model that minimizes the observations errors. In fluid mechanics, data
assimilation was more recently introduced for estimating
quantities (Papadakis 2007) and predicting their time
evolutions. There are two basic approaches in data assimilation: stochastic estimation that is based on probability
considerations (Kalman filtering for instance), and variational data assimilation, which is used hereafter, where the
estimation is found as the solution of an optimization
problem. When the observations are distributed in time,
this approach is referred as four-dimensional variational
assimilation or 4D-Var. In this type of methods, there is an
implicit assumption that the model dynamics is perfect
(strong constraint, see Sect. 5.1.2), which implies that the
only control parameters to improve the fit of the model to
the observations are the initial conditions and some model
parameters. This assumption may be relaxed by allowing
some corrections to the model dynamics. This is achieved
by including a forcing term on the right-hand side of the
dynamical equations as additional control parameters (see,
e.g. Artana et al. 2012). In this formulation, the forcing
term is part of the dynamical system meaning that the weak
constraint 4D-Var cannot be used to predict the system’s
dynamics after the end of the assimilation window. For this
reason, only strong constraint 4D-Var will be investigated.
The determination of the control parameters relies on a
minimization problem where the cost functional is built as
a sum of an observation error, which measures the difference between the observations and the output of the
identified model, and different background errors, which
penalize the variation between the background states and
the estimated values. In practice, these different terms can
be weighted accordingly on the level of statistical confidence that can be evaluated from expert knowledge. The

123

Exp Fluids (2013) 54:1580

solution of this constrained optimization problem is
computed through an iterative descent algorithm where
the gradient of the cost functional with respect to the
variation of the control parameters is found by solving an
adjoint problem. Computing the solution of an optimality
system is known to be computationally very expensive
since the optimal solution is found iteratively by integrating backward in time the adjoint equation (Cordier
2010). However, here, the dynamical model corresponds
to a POD ROM and then the computation is numerically
tractable (D’Adamo et al. 2007; Artana et al. 2012). In
closing, let us remark that the ‘‘physical’’ part of data
assimilation is in the definition of the cost functional and
of all the ingredients: control parameters, error statistics,
norms, observations, etc. Once these ingredients are
chosen, the problem is fully determined and the last task
for obtaining the analysed solution remains on computational techniques based on gradient-based optimization.
This point will be clearly illustrated by the results presented in Sects. 5.2 and 5.3.
5.1.2 Strong constraint 4D-Var
Let X be the state variable and M be the nonlinear operator
relative to the dynamics, the evolution in time of X is given
by the following dynamical system:
þ MðXðtÞ; uÞ ¼ 0
Xð0Þ ¼ X0b þ g;

oX
ot ðtÞ

ð25Þ

where Xb0 is an a priori known initial condition of the
system, g an initial condition perturbation and u a set of
coefficients of the model. Here, the control parameters
u are not depending on time but the case of u function of
time is a straightforward extension.
Strong constraint assimilation consists of finding the
solution X(t) of the dynamical system (25) that is closest at the
same time to the observations Y, obtained at discrete sample
times (see Fig. 5), and to regularization terms called background terms. The goal is then to find the control parameters
(g, u) which minimize the cost functional J defined as:
1
J ðu; gÞ ¼
2

ZT

kYðtÞ  HðXðt; g; uÞÞk2R1 dt

0

1
1
þ kgk2B1 þ ku  ub k2C1 ;
2
2

ð26Þ

where T is the optimization window. The nonlinear operator
H; called observation operator, goes from the state space to
the observation space. R; B and C are covariance tensors of
the observation space, state space and control space. They
are related respectively to the observations, the state variables’ initial conditions and to the control variables. The
norms k  kR1 ; k  kB1 and k  kC1 are induced norms of the
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Setting the first variation of L with respect to X to 0
leads to the adjoint equation


oh
oM
ðtÞ þ
ot
oX



hðtÞ ¼

oH
oX



R1 ðHðXðtÞÞ  YðtÞÞ;
ð28Þ

oM
oX
1

and
denote respectively the linear tangent
where
 
 
and oH
their adjoint
operator of M and H; and oM
oX
oX
operators2. The adjoint Eq. (28) is defined backward in
time with the terminal condition h (T) = 0.
Setting the first variation of L with respect to the control
parameters u and g to 0 leads to the optimality conditions

Fig. 5 Schematic representation of 4D-Var

inner products hR; i; hB; i and hC; i: The role of these
covariance tensors is to give more or less confidence in the
observations and background states. These tensors have a
key influence for combining inhomogeneous sources of
information in data assimilation. The covariance tensors may
be chosen based on extra knowledge of the system. Here,
they have been simply defined as diagonal tensor. The
optimal control parameters (ga, ua) are called analysed
solutions and the associated analysed dynamics Xa(t) is the
best estimation of the system’s state, solution of (25)
according to the criterion (26). The couple (0,ub) corresponds
to the background solution of the problem. A schematic
description of data assimilation is given in Fig. 5.
The minimization of J is done using the limited storage
variant of the BFGS quasi-Newton algorithm (Gilbert and
Lemaréchal 2009). For determining the descent directions,
the gradients of the functional with respect to the two control
variables g and u need first to be evaluated. The use of finite
differences to determine the gradient of the cost functional is
in practice unfeasible when the dimension of the state variables is too large. An elegant solution is to write an adjoint
formulation of the problem. We will see soon that the
determination of the gradient of J with respect to the control
variables then corresponds to the forward integration of the
dynamical system (25) followed by a backward integration
of an adjoint dynamical model to be determined.
In variational data assimilation, the analysed dynamics is
found as solution of the constrained minimization problem
given by (26) and (25). A classical way for solving this type
of constrained optimization problem (Gunzburger 1997) is
by introducing a Lagrangian functional L defined by
LðXðtÞ; u; g; hðtÞ; lÞ ¼ J ðu; gÞ 

oH
oX

ZT 
oXðtÞ
þ Mð XðtÞ; uÞ; hðtÞ dt
ot

oJ
¼
ou

ZT

oM
ou



hðtÞdt þ C1 ðu  ub Þ

and

0

oJ
¼ hð0Þ þ B1 g
og

ð29Þ

The system of coupled differential Eqs. (25), (28) and (29)
is called optimality system. This system is in general
solved iteratively starting from an initial condition for the
control variable (see, e.g. Cordier 2010). Indeed, the optimality conditions can be evaluated to determine the gradient of J as soon as the Lagrange multipliers are known,
it means as soon as the adjoint Eq. (28) is integrated
backward in time. However, since (28) is depending on the
state variable X, the dynamical system (25) must be first
integrated forward in time for a given value of the control
parameter.
5.2 Identification of Galerkin system coefficients
Obviously, the dynamical system (14) and its finite-time
blow-up fall into the data assimilation framework as presented in Sect. 5.1.1. The temporal coefficients ai(t) can be
considered as state variables X(t). The POD ROM (14) can
serve as dynamical model M and the POD coefficients
aPi (t) as observations YðtÞ: Finally, the coefficients ci, lij
and qijk of (14) can be used as control parameters u in the
strong constraint 4D-Var. Concerning the background
solutions Xb0 and ub, they can be determined from the
temporal coefficients obtained directly by POD (aPi (t = 0)),
and from values determined by Galerkin projection or
identification (Cordier et al. 2010), respectively. The
strong constraint 4D-Var formulation described in Sect.
5.1.2 can then be easily applied.

0

 Xð0Þ  X0b  g; l

1

ð27Þ
where h(t) and l are two Lagrange multipliers introduced
to enforce the constraints given by (25). When the minimum of J is reached, rJ ¼ rL ¼ 0:

The linear tangent of an operator A is the directional derivative
operator or Gâteaux derivative of A defined as:

oA
AðX þ hdXÞ  AðXÞ
ðXÞdX ¼ lim
h!0
oX
h

8dX:

2

The adjoint A* of a linear operator A on a space D is such that
8x; y 2 D; hAx; yi ¼ hx; A yi:
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In that case, the corresponding cost functional reads
J 1 ðci ; lij ; qijk Þ ¼ M þ aMc
M¼

1
2

ZT

kaðtÞ  aP ðtÞk2 dt

with

ð30aÞ

and

ð30bÞ

0

1
Mc ¼ ðkc  c0 k2 þ kL  L0 k2F þ kQ  Q0 k2F Þ:
2

ð30cÞ

In (30), M is a measure of the performance criterion to
be minimized, and Mc is a measure of the background
errors. The background coefficients c0i , l0ij, q0ijk of (30c) are
the values found directly by Galerkin projection. The
Frobenius norm is here considered for the matrix L of the
linear coefficients and the tensor Q of the quadratic
coefficients. In (30), the initial conditions of the dynamical
system are supposed to be known perfectly. The strong
constraint 4D-Var is applied for N = 20 as in Sect. 4. The
corresponding adjoint equation and optimality conditions
are given in Table 2. Since the determination of the
gradient of J 1 by the adjoint formulation requires at least
one forward time integration of the model, an iterative
procedure is used for minimizing J 1 where the
optimization window is progressively increased from 100
to 2,000 by step of length 10.
The role of the regularization parameter a in (30a) is
to balance two requirements: (i) the analysed solutions,
here the coefficients of the model, should give a small
value of M; and (ii) the background error Mc should be
small. The computation of the penalization coefficients a
which will be used in this section and in Sect. 5.3 is
built on the traditional L-curve method (see Hansen
1998, for more details). The L-curve method is based on
the analysis of the curve representing M versus Mc : In
all the cases encountered in this work, this curve exhibits
a typical L shape. The corner of the L curve represents a
fair compromise between the minimization of M and of
Mc : In Cordier et al. (2010), the detection was based on
the maximization of the curvature of the L-curve as
implemented in the package REGULARIZATION TOOLS
(Hansen 1994). Here, the detection was made iteratively by testing different values of the penalization
parameter a.
The influence of the penalization parameter on the
description of the mixing layer TKE is displayed in Fig. 6.
For a = 1, the analysed solution does not follow the original TKE evolution after approximately half the assimilation window. When a is increased to 108, the model is
now sufficiently accurate to reproduce qualitatively well
the mixing layer TKE in the assimilation window. However, outside the time window of the database (forecast
window), a strong divergence from reference trajectory
occurs.
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5.3 Identification of a turbulent eddy viscosity
The determination by 4D-Var of all the coefficients of the
dynamical system leads to an accurate representation of the
TKE over the assimilation window but does not ensure
stability of the model on the forecast window (see Sect.
5.2). One way of trying to improve the results of the
optimization procedure is to increase the physical reliability of the model. For that, the nonlinear eddy-viscosity
model given by (23) can be used. In Sect. 4.3, the
parameter mT was calibrated to yield a mean TKE which
corresponds to K1 ; the value coming from the DNS. In this
section, different 4D-Var strategies will be used to determine according to the case an eddy viscosity dependent on
time (Sect. 5.3.1, 5.3.3) or function of time and on the POD
index number (Sect. 5.3.2).
5.3.1 4D-Var identification of mT(t)
The dynamical system is now considered with the nonlinear turbulent eddy viscosity written in (23), i.e.
sﬃﬃﬃﬃﬃﬃﬃﬃﬃ
N
N
X
X
dai
KðtÞ m
l ai
¼ ci þ
lij aj þ
qijk aj ak þ mT ðtÞ
K1 ii
dt
j¼1
j;k¼1
ai ð0Þ ¼ aPi ð0Þ þ gi :

ð31Þ

The objective of the 4D-Var is to find the timedependent eddy viscosity mT(t) and the initial condition
perturbation g that minimize the cost functional given by
1
J 2 ðg; mT ðtÞÞ ¼
2

ZT

a
kaðtÞ  aP ðtÞk2 dt þ kgk2
2

0

b
þ
2

ZT

m2T ðtÞdt:

ð32Þ

0

The strong constraint formalism as described in Sect.
5.1.2 is developed with (31) as dynamical model M and (32)
as cost functional. The adjoint equation and the optimality
conditions are given in Table 2. The control parameters are
initialized to zero at the beginning of the optimization. The
corresponding optimality system is solved with N = 20 and
a , b ¼ 104 where a was found with the L-curve method.
For these values of the penalization parameters, the POD
coefficients and the TKE of the mixing layer database are
well reproduced (see Fig. 7). As might be expected at
convergence of the 4D-Var, the time evolution of the
analysed TKE is weakly depending on the values of the
penalization parameters. However, the values of a and b
influence strongly the variations of the optimal control
parameters. The eddy viscosity shown in Fig. 8(a) appears
fairly spiky and irregular. The tendency of the 4D-Var

Table 2 Summary of the optimality systems derived by 4D-Var
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idea was originally proposed by Rempfer and Fasel (1994)
and used in another context in Bergmann (2004) for controlling a cylinder wake flow.
The dynamical system associated with the 4D-Var formalism reads as:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃ
N
N
X
X
dai
KðtÞ m
¼ ci þ
l ai
lij aj þ
qijk aj ak þ mT;i ðtÞ
K1 ii
dt
j¼1
j;k¼1
ai ð0Þ ¼ aPi ð0Þ þ gi ;

ð33Þ

and the cost functional to minimize is
Fig. 6 Evolution of the TKE of the 2D mixing layer. Data of the
DNS and of Galerkin systems I with 4D-Var identified coefficients are
displayed. Two values of penalization parameter a are compared (see
caption)

Fig. 7 Evolution of the TKE of the 2D mixing layer. Data of the DNS
and of Galerkin systems III with 4D-Var identified turbulent eddyviscosity terms. Different 4D-Var strategies are compared for determining mT: (i) minimization of J 2 ; i.e. determination of mT(t) with a
penalization term based on the norm of mT (a , b ¼ 104 ), (ii)
minimization of J 3 ; i.e. determination of mT,i(t) with a penalization
term based on the norm of mT (a , b ¼ 104 ), (iii) minimization of J 4 ;
i.e. determination of mT(t) with a penalization term based on the norm of
the time derivative of mT (a , b ¼ 106 )

approach to develop spiky controls was also evidenced in
other studies (Protas and Styczek 2002; Bergmann et al.
2005). Although the dynamics of the TKE is correctly
represented with the optimal eddy viscosity determined by
4D-Var, the fluctuations of mT are too strong to be
considered as physical. Other optimization strategies thus
should be considered. First, in Sect. 5.3.2, the eddy viscosity
will be made function of the POD index number. Then, in
Sect. 5.3.3, the time derivative of the eddy viscosity will be
penalized.
5.3.2 4D-Var identification of mT,i(t)
The eddy viscosity mT appearing in (23) is here assumed as
depending on time and on the POD index number. This
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1
J 3 ðg; mT;i ðtÞÞ ¼
2

ZT

a
kaðtÞ  aP ðtÞk2 dt þ kgk2
2

0
N
bX
þ
2 i¼1

ZT

m2T;i ðtÞdt:

ð34Þ

0

The optimality system given in Table 2 is now solved
for N = 20 and a , b ¼ 104 . By comparison with the
results of Sect. 5.3.1, the dynamics of the POD coefficients
for the optimal eddy viscosity is in better agreement with
those found directly by the POD analysis of the mixing
layer (see ‘‘Appendix’’). The same behaviour is found for
the time evolution of the TKE (see Fig. 7). This increase in
accuracy of the analysed model is, however, compensated
by an increase in a factor N of the computational cost
necessary to solve the 4D-Var problem. Moreover,
although the amplitude of the control is reduced
compared to Sect. 5.3.1, the variation of the eddy
viscosities still remains sufficiently irregular.
5.3.3 4D-Var identification of mT(t) with penalization
of the time derivative
Here, we revisit the case of Sect. 5.3.1 where the eddy
viscosity mT was assumed to be only function of time and
penalize in the 4D-Var problem, not the norm of mT but the
norm of its time derivative. The objective is to improve the
smoothness of the optimal eddy viscosity by damping highfrequency oscillations of mT. The cost functional is hence
defined as:
1
J 4 ðg; mT ðtÞÞ ¼
2

ZT

a
kaðtÞ  aP ðtÞk2 dt þ kgk2
2

0

b
þ
2

ZT

m_2T ðtÞdt:

ð35Þ

0

Compared to the optimality system derived in Sect.
5.3.1, only the optimality condition for mT is modified. This
optimality condition now reads
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Fig. 8 Time history of the
optimal eddy viscosities mT
determined by minimizing J 2
with a , b ¼ 104 (a) and
minimizing J 4 with a , b ¼
106 (b)

(a)

(b)
6 Quantification of statistical bias in POD ROMs
In this section, POD reduced-order models are formulated
in a probabilistic framework in order to account for some
possible statistical bias leading to an uncertainty of the
model coefficients.
6.1 Motivation

Fig. 9 Power spectral density (PSD) of the optimal eddy viscosities
mT determined by minimizing J 2 with a , b ¼ 104 and minimizing
J 4 with a , b ¼ 106 ; see Fig. 8 for their time evolutions. The
Strouhal number St is based on the velocity difference across the
mixing layer DU and on the initial vorticity thickness dx

N
X
oL
¼ b€
mT ðtÞ þ
lmii
omT ðtÞ
i¼1

sﬃﬃﬃﬃﬃﬃﬃﬃﬃ
KðtÞ
ai ðtÞhi ðtÞ:
K1

ð36Þ

The associated optimality system reported in Table 2 is
solved for N = 20 with a , b ¼ 106 : The results, in terms
of time evolutions of the POD coefficients and TKE (see
Fig. 7), are similar to those previously found in Sect. 5.3.1
when the norm of mT was penalized. However, the variation
of the optimal eddy viscosity is now smoother and the
oscillations of mT have the same time scale than the first
POD modes (see Fig. 8). In Fig. 9, the spectra of the
optimal eddy viscosities found by minimizing J 2 and J 4
are represented. It is clearly visible that the minimization of
J 4 leads to an attenuation of the higher frequencies, thus
reflecting a more physical behaviour of the optimal
solution.
To finish, we compared the value of mT obtained in
Sect. 4.3 by calibration with the mean values resulting
from minimizations of J 2 and J 4 : These values are
perfectly comparable: mT was found equal to 8.7 9 10-3
in Sect. 4.3, whereas the mean values of mT are equal to
2.2 9 10-3 for the minimization of J 2 and 3.6 10-3 for
that of J 4 :

In deterministic modelling, a full knowledge of the system
(dynamical models, parameters, boundary and initial conditions, geometries, . . .) is assumed. For specific choices of
inputs, the model then produces unique outputs. However,
most physical processes involve some degree of uncertainty. Of course, it is well known that two experiments run
under the ‘‘same’’ conditions will yield different results.
Uncertainty may also come from incomplete available data
(e.g. experimental difficulties) or arise because it is too
costly or perhaps impossible to resolve all the scales (e.g.
turbulent simulations). In the context of POD ROMs,
uncertainty is basically related to the limited samples size
used for the POD analysis, which intrinsically bias the
knowledge of the full low-dimensional manifold considered. For instance, a too short sampling duration
unavoidably disables the prediction of long-term trends,
which are needed to ensure a long-term viability of POD
ROMs. Some rare key events may also be overrepresented,
while other common events are underrepresented or simply
locally missing. Since uncertainty is everywhere, it is thus
necessary to incorporate a measure of it in the derivation of
POD ROMs and possibly use it to correct the dynamical
flow during time integration, leading to a reduced-order
stochastic model as in Venturi et al. (2008).
In Sect. 6.2, the parametric estimation algorithm proposed in Perret et al. (2006) for identifying the coefficients
of the POD ROM is reformulated in a stochastic framework
for accounting the sampling error intrinsic to the use of data
for identification. For that, a statistical inference procedure
known as bootstrap method (Chernick 2008) is first proposed (see Sect. 6.2.1). This method leads by essence to the
determination of empirical probability density functions
(PDFs) for all the model coefficients (Sect. 6.2.3).
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Multivariate PDFs of the values of the coefficients are then
introduced in Sect. 6.3.1 and later used in Sect. 6.3.2 to
characterize the variability of the short-term solutions
obtained by integrating the model for different sets of
coefficients. This analysis of uncertainty propagation leads
to the definition of a predictable time horizon, relevant for
applications in flow control.
6.2 Parametric bootstrap
6.2.1 Description
The principle of parametric bootstrap, as originally introduced by Efron (1979), is illustrated in Fig. 10 for a simple
linear regression model yi = b1xi ? b0 of a set of data
points ðxi ; yi Þ; i ¼ 1;    ; n: Using any classical method (e.g.
least squares), a first estimation of the unknown parameters
b1 and b0 can be done by retaining all the points in the data
b ð0Þ ¼
ensemble. This first estimation, classically denoted H
ðc
b1 ð0Þ ; c
b0 ð0Þ ÞT where the superscript corresponds to the
number of estimation, is statistically biased by the presence
of rare events (see Fig. 10a). Our objective is to infer
properties of the complete population that yielded the
sample xð0Þ ¼ ðx1 ; :::; xn Þ but without knowing the population density function. Statistical inference aims precisely at
assessing the accuracy in terms of bias and standard errors
b of a parameter H of interest
of an arbitrary estimate H
knowing only one sample xð0Þ : The key bootstrap assumption is to consider that the full unknown population is to the
sample xð0Þ as this sample is to the Ns bootstrap samples


HðiÞ
HðiÞ
xHðiÞ ¼ x1 ; :::; xn
; i = 1, ..., Ns, obtained from xð0Þ
by sampling with replacement. For a given bootstrap sample xHðiÞ , some values xj may thus be chosen several times,
while others are left out (see Fig. 10b). For each bootstrap
b HðiÞ can be computed. If the
sample i, a new estimate H
number of bootstrap samples is sufficient, then the method
converges and provides not only the most probable estimation H but also supplies empirical PDFs that can be used
to introduce confidence intervals (Fig. 10c).
6.2.2 Application to parameter identification
The parametric bootstrap method, described in Sect. 6.2.1,
is here applied to infer the variability of the model coefficients obtained by polynomial identification (Perret et al.
2006). The principle of this method is briefly reviewed. By
assumption, the structure of the dynamical model to identify corresponds to a quadratic polynomial as if a standard
Galerkin projection of the Navier–Stokes onto the POD
modes has been applied (see Sect. 3.1), i.e.
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Fig. 10 Principle of parametric bootstrap. Illustration for a linear
regression model yi = b1xi ? b0 fitting a set of data points ðxi ; yi Þ; i ¼


1;    ; n: a Comparison between the bootstrap estimation b0 ; b1 and
b1 ð0ÞÞ made from xð0Þ without any particular
the estimation ð c
b0 ð0Þ ; c
b1 HðjÞ made with the bootstrap
precautions; b estimation c
b0 HðjÞ ; c


HðjÞ
; c probability density function
sample xHðjÞ ¼ x1 ; :::; xHðjÞ
n
obtained by bootstrap for the coefficient b1

a_ i ðtÞ ¼ ci þ

N
X
j¼1

i ¼ 1; . . .; N:

lij aj ðtÞ þ

N
X

qijk aj ðtÞ ak ðtÞ;

j;k¼1

ð37Þ

From the knowledge at discrete time instants
tj, j ¼ 1;    ; Nt ; of the POD coefficients ai, i ¼ 1;    ; N;
(37) can be solved by a least mean square estimation
procedure for determining the coefficients ci, lij, qijk. The
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minimization problem leads immediately to a system of
linear equations:
Ayi ¼ Bi

with

i ¼ 1; . . .; N;

ð38Þ

where A, independent of i, is the matrix containing all the
instantaneous temporal mode monomials (1, ai, aiaj), and
Bi is the vector of the instantaneous values of the time
derivative a_ i ðtj Þ; j = 1, ..., Nt. The vector yi , of size
corresponds
to
the
Nyi = 1 ? N ? N(N ? 1)/2,
coefficients of the model (37), and is defined as:
yi ¼ ðci ; li1 ;    ; liN ; qi11    ; qiNN ÞT :

ð39Þ

Assuming Nt C Ny_i, a singular value decomposition
(SVD) is applied to solve each overdetermined system (37)
and compute yi : This technique enables to filter out the
contribution of the less significant singular values, which
would be likely to contaminate the solution in case of ill
conditioning of A.
In the bootstrap framework, the parameter H corresponds to all the POD coefficients yi ; i.e. H ¼
ðy1 ;    ; yN ÞT : The total number of model coefficients is
then NH ¼ Nyi  N: In addition, the values xi discussed in
Sect. 6.2.1 are now the POD coefficients ai discretized in
time. Starting from this sample obtained by POD, bootstrap
samples are determined, each of them being used for
solving (38). The number of bootstrap samples Ns is set
high enough to obtain converged estimates of PDF for the
model coefficients. In this section, a million of samples
were considered.

coefficients. It supports the consideration that additional
nonconstant corrective terms are required to compensate
for this intrinsic uncertainty.

6.3 Stochastic POD ROMs
6.3.1 Statistical modelling of POD ROM coefficients
The observation of a jointly Gaussian behaviour associated
with the statistical variability of the model coefficients
leads to a simple mean to represent POD ROMs in a stochastic framework. Accordingly, the range of probable
values for each coefficient Hi ; i ¼ 1;    ; NH ; of H can be
described by a normal law N ðHi ; r2i Þ :
!
1
ðHi  Hi Þ2
pðHi Þ ¼ pﬃﬃﬃﬃﬃﬃ exp 
;
2r2i
ri 2p
where the standard deviations ri of Hi are determined as
the square root of the diagonal terms of the covariance
matrix, given by:

(a)

6.2.3 Statistical variability of POD ROM coefficients
As expected, the PDFs of the coefficients ci, lij, qijk are
found to be jointly normally distributed. Figure 11 illustrates the typical variability of values observed for the
coefficients. As it could be anticipated, for some coefficients, significant differences are observed between the
b ð0Þ and the most probable
estimate without bootstrap H
estimation determined using bootstrap H: In addition, the
model parameters whose average is near zero may sometimes have the same probability to be negative or positive
and thus to represent opposite intermodal interactions. This
clearly indicates that the type of coupling between certain
modes may be ambiguous and strongly depends on the
particular subpart of the low-dimensional manifold
observed. Accordingly, a set of constant coefficients is
likely to enforce wrong trends at some time instants. It is
worth noting that the observation of such an ambiguous
behaviour also supplies a new possible interpretation of the
lack of robustness of POD ROMs beyond approximately
mid-term prediction, when they are only based on constant

(b)

Fig. 11 Stochastic description of the POD ROM coefficients. a
Comparison for l15 between the bootstrap estimation of PDF, the
Gaussian model, the biased estimate and the unbiased estimate;
b normalized joined probability distribution of reduced centred
coefficients c1 and l15 (values from 0.01 to 0.16 by increment of 0.01)
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In order to account for the correlation between
coefficients, a multivariate normal law N ðH; RÞ is
introduced:
N ðH;RÞ ¼

1
ð2pÞ

NH =2

1=2

jR j

exp 

T


1
H  H R1 H  H
2
ð41Þ

where jRj stands for the determinant of R.
6.3.2 Uncertainty propagation
In this section, the uncertainty found by bootstrap analysis
in Sect. 6.2.3 for the model coefficients is investigated to
determine how it propagates in (37). For this, a family of
equiprobable sets of coefficients that follow statistically the
multivariate normal law (41) identified in Sect. 6.3.1 has
been generated. The propagation of uncertainty is here
evaluated for the mixing layer of Sect. 2 based on a POD
ROM derived with N ¼ 10 ðNyi ¼ 66Þ. Contrary to the
previous sections, where reduced-order models of dimension 20 have systematically been considered, the polynomial identification technique used in Sect. 6.2.2 is not
sufficiently well conditioned to determine reduced-order
models of dimension higher than 10. The family of stochastic coefficients has been generated by a two-step procedure. First, a Box–Muller transform (Box and Muller
1958) has been used for determining coefficients following
independently normal distributions. Then, a linear change
of variables, based on the average coefficients H and the
Cholesky decomposition of the covariance matrix R; has
been employed to enforce the correct centring and interdependency relationships of the coefficients (Gentle et al.
2004). This approach which is traditional in the statistics
literature could be easily replaced in the future by more
sophisticated stochastic techniques.
A fourth-order Runge–-Kutta method is then used to
integrate in time with the same known initial condition the
POD ROMs corresponding to different sets of coefficients.
As outputs, a series of equiprobable trajectories in phase
space is obtained. A few solutions are illustrated in Fig. 12
for the time evolution of the first POD coefficient a1. Most
solutions closely follow the expected time evolution of the
reference POD coefficient over the short-term horizon.
However, for the long-term evolution, the majority of the
solutions diverge after a few oscillations, while a few ones
outlive during periods larger than the period corresponding
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Fig. 12 Uncertainty propagation. Evolutions of a1 obtained by
integration of the POD ROM (37) for different equiprobable sets of
coefficients

to the known original signals, eventually reaching artificial
limit cycles. An estimation of the decorrelation time of
these equiprobable solutions may be given by observing
the time evolutions of Fig. 12. This time duration might be
considered as the true short-term foreseeable time horizon
and used as a reference to determine the period after which
any ROM should be updated to keep on representing correctly the flow evolution.
6.4 Perspectives
The bootstrap analysis reveals (see Sect. 6.2.3) that the
statistical variability of POD ROM coefficients may lead to
ambiguous intermodal relationships. This result legitimates
the need to account for the stochastic nature of the coefficients during the time integration of POD ROMs. Such a
strategy was recently proposed in Lehnasch and Delville
(2011) where a Monte Carlo method was used to foresee
simultaneously probable short-term solutions by replicating
regularly model coefficients. It was shown in the case of a
low Reynolds spatially developing three-dimensional
mixing layer flow that it can help both to compensate for
the lack of intrinsic stabilization and to sustain correct
physical properties. The application of such trial-and-error
strategy to more complex flows yet remains unclear since
the range of uncertainty appears to increase rapidly with
the flow complexity.

7 Summary
Relying on phenomenological approaches (opposition
control for instance) to develop a control strategy is limited
in practice to a given class of flow configurations or leads
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to poor performance. If the goal is to obtain better, faster,
cheaper and generally optimal performance over a wide
range of operating conditions, model-based control is
crucial. In turbulence, reduced-order models based on POD
modes are often used to approximate in sufficient details
the input-output behaviour of the flow. However, these
POD ROMs are known to be relatively fragile when used
for control design. Several reasons can be put forward.
First, the question of educing physically relevant structures
in flow control is extremely difficult since by definition, the
flow dynamics will be fully modified by the introduction of
the control. Then, the POD modes and their optimality in
terms of energy representation are not necessarily the most
appropriate. Second, the coefficients of the reduced-order
model or the initial conditions of the dynamical system
may be not sufficiently well determined to reproduce
qualitatively well the dynamics of the controlled flow.
Third, when Dirichlet boundary conditions are used for the
boundary control, entering explicitly the forcing term in the
reduced-order model is not straightforward and special care
needs to be taken. In order to evaluate the relative influence
of the control modelling and of the POD ROM approach in
the difficulties met in the fine description of a flow, we
returned to a simple uncontrolled flow that of an incompressible 2D mixing layer.
We have shown that POD ROMs for which the coefficients were calculated explicitly by Galerkin projection do
not represent correctly the time evolution of the TKE
corresponding to the DNS solution. This is true with a
dynamical model derived by Galerkin projection onto the
vorticity equation, and this is also true with a Galerkin
projection onto the Navier–Stokes equations where it leads
for some values of N to finite-time blow-ups. These
divergences were analysed in terms of the maximum
growth rate of the Galerkin system TKE. It was demonstrated analytically that this behaviour cannot be explained
by the linear terms but by the quadratic terms. Following a
result of Kraichnan and Chen (1989) who proved that the
quadratic nonlinearity is energy preserving, we modified
the dynamical system by symmetrizing the quadratic terms.
The behaviour of the model was considerably improved in
the sense that finite-time blow-ups were no longer observed
but the TKE level was still overestimated. Subsequently,
we proposed a nonlinear eddy-viscosity model. It was
shown that the resulting POD ROM presents a guaranteed
bounded solution and a qualitative good agreement with
the TKE time evolution determined by DNS. To improve
the behaviour of this eddy-viscosity model, we then proposed various 4D-Var optimization strategies. Essentially,
the objective was to identify based on different criteria the
optimal evolution for the free parameter mT. For this
parameter to be physically relevant, it is necessary that the
optimal solution leads at the same time to a good
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description of the TKE coming from the DNS and that it is
not too rapidly oscillating in time. For that, we proposed in
particular a 4D-Var formulation in which the norm of the
time derivative of mT was penalized. This specific approach
led in practice (see numerical results in ‘‘Appendix’’) to the
best compromise in terms of temporal descriptions and
physical relevance of the eddy viscosity. Finally, we tried
to take into account the bias inherent of the sampling
employed in the identification techniques. For this purpose,
we have used a statistical inference procedure known as
bootstrap method. This approach gives us the possibility of
determining joined probability density functions for all the
coefficients of the model. In a last step, we reformulate the
system of quadratic differential equations in a stochastic
framework and studied the influence on the long-term
solution of different equiprobable sets of coefficients. By
averaging all these solutions, a decorrelation time corresponding to the true short-term foreseeable time horizon
was defined.
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Appendix: Comparative remarks of the POD ROMs
A fair selection of the best identification technique for
reduced-order models is a difficult task since many,
sometimes antagonistic, criteria exist. In Wang et al.
(2012), the performances of POD ROMs derived with
different closure models are judged on five criteria: the
kinetic energy spectrum, the mean velocity components,
the Reynolds stresses, the root mean square values of the
velocity fluctuations, and the time evolutions of the POD
coefficients. In this appendix, due to space limitations, the
POD ROMs obtained from Sect. 4.3 to Sect. 6 are quantitatively compared on only two criteria: the time evolutions of the POD coefficients a1 and a3 (see Fig. 13), and
the power spectra of these POD coefficients (see Fig. 14).
The temporal evolutions of the turbulent kinetic energy are
moreover used throughout the paper as main criterion of
comparison.
From the point of view of temporal behaviour, the worst
method is without any doubt the bootstrap technique
developed in Sect. 6.2. The 4D-Var identification methods
of Sect. 5 behave similarly, a light advantage going to the
minimizations of J 1 and J 3 at the end of the time window.
The identification of a turbulent eddy-viscosity function of
time and on the POD index numbers (cost functional J 3 )
permits to obtain as good performances as the determination
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Fig. 13 Time evolutions of the POD coefficients a1 (left) and a3 (right) for the different identification approaches considered. N = 20 is used for
all the methods except for the bootstrap where N = 10 was employed. All the results are compared with those obtained by DNS

of all the coefficients of the POD model carried out by
minimizing J 1 . In addition, if the physical behaviour of the
temporal evolution of the analysed turbulent viscosity is the
most important, or if the numerical cost for solving the 4DVar problem is central in the choice of the identification
method, then it is preferable to minimize J 4 rather than J 3

123

since the results are equivalent in terms of accuracy. From
the point of view of frequential behaviour, it seems that the
results are opposite to those obtained for the temporal
evolutions. Indeed, it is now the bootstrap technique, which
permits to represent the best the spectra obtained directly
from the POD coefficients. However, to moderate this
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Fig. 14 Power spectra of the POD coefficients a1 (left) and a3 (right) for the different identification approaches considered. N = 20 is used for
all the methods except for the bootstrap where N = 10 was employed. All the results are compared with those obtained by DNS

result, it is necessary to remember that for this identification
method, the number of modes kept in the POD ROM was
only equal to 10 compared to 20 for the other techniques.
Likewise, it is now the minimization of the cost functional
J 2 ; which leads to the best frequential representation. For
the moment, this behaviour is not explained and it would

deserve thorough studies. To conclude this comparison, it is
important to note that all the identification techniques based
on the determination of eddy-viscosities function of time
have no predictive character. A way of curing this limitation
consists in taking the time average of the eddy viscosities
thus obtained. As for them, the identification techniques
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relying on the determination of the model coefficients can
be used to predict the dynamics of the system beyond the
training window. From this point of view, the advantage is
surely to the bootstrap technique since it can result intrinsically in the modification of the model coefficients during
numerical integration.
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Gentle JE, Härdle W, Mori Y (2004) Handbook of computational
statistics: concepts and methods. Springer, Berlin
Getz WM, Jacobson DH (1977) Sufficiency conditions for finite
escape times in systems of quadratic differential equations. J Inst
Math Applics 19:377–383
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