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A statisticalvideo contentrecognitionmethodusing
invariant featureson object trajectories

A. Hervieu,P. Bouthemy, andJ.-P. Le Cadre

Abstract—This work is dedicated to a statistical trajectory-
basedapproach addressingtwo issuesrelated to dynamic video
content understanding: recognition of events and detection
of unexpected events. Appropriate local differ ential features
combining curvature and motion magnitude are de�ned and
robustly computed on the motion trajectories in the image
sequence.These features are invariant to image translation, in-
the-plane rotation and spatial scaling. The temporal causality
of the features is then captured by Hidden Mark ov Models
dedicated to trajectory description, whose states are properly
quantized values.The similarity betweentrajectories is expressed
by exploiting this quantization-based HMM framework. Mor e-
over statistical techniques have been developed for parameter
estimations. Evaluations of the method have been conducted
on several data sets including real trajectories obtained fr om
sport videos,especiallyFormula One and ski TV program. The
novel method compares favorably with other methods including
feature histogram comparisons,HMM/GMM modeling and SVM
classi�cation.

Index Terms—Pattern classi�cation, Video signal processing,
Hidden Mark ov models,Motion analysis.

I . INTRODUCTION

This work is motivated by the problem of video motion
class detection in order to understandobject behaviors.
The underlying issue is the content-basedexploitation of
video footagewhich is of continuouslyincreasinginterestin
numerousapplications,e.g., for retrieving video sequences
in large TV archives [12] [42], creating automatic video
summarization of sport TV programs [32], or detecting
speci�c actions or activities in video-surveillance [6]
[26]. It implies to shorten the well-known semantic gap
betweencomputedlow-level featuresandhigh-level concepts.
Considering 2D trajectories is attractive since they form
computableimage featureswhich captureelaboratedspatio-
temporal information on the viewed actions. Methods for
tracking moving objects in an image sequenceare now
available to get reliable enough 2D trajectoriesin various
situations.Thesetrajectoriesaregiven asa setof consecutive
positions in the image plane (x; y) over time. If they
are embeddedin an appropriatemodeling framework, high-
level informationon thedynamicscenecanthenbereachable.

The developed method aims at designing a general
trajectoryclassi�cation methodtaking into accountboth the
trajectoryshape(geometricalinformation relatedto the type
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of motion and to variations in the motion direction) and
the speedchangesof the moving object on its trajectory
(dynamics-relatedinformation).Unlessrequiredby a speci�c
application,theprocessshouldnot beaffectedby the location
of the trajectoryin the imageplane(invarianceto translation),
by its direction in the image plane (invarianceto rotation)
and by the distance of the viewed action to the camera
(invariance to scale). A robust enough framework is also
desired since local differential features computed on the
extracted trajectoriesare prone to be noise corrupted.The
methodshouldnot exploit stronga priori informationon the
scenestructure,the cameraset-up,the 3D objectmotions.

This papertacklestwo important tasksrelatedto dynamic
video contentunderstandingwithin a uniquetrajectory-based
framework. The �rst consideredproblem is recognizing(or
retrieving) events in videos. Semantic classesof dynamic
video contents are learned from a set of representative
training trajectoriesand candidatetrajectoriesare assigned
to the most relevant (nearest) class. The second task is
detectingunexpectedeventsby comparingthe testtrajectories
to representative trajectoriesof known classesof events.

The remainderof the paper is organizedas follows. In
Section 2, related works on trajectory-basedvideo content
analysis are outlined. In Section 3, the consideredlocal
differential features to represent2D trajectoriesare intro-
duced.It is shown that they are invariant to 2D translation,
2D rotation and scaletransformation,and their computation
is also described.Section 4 presentsthe developedHMM-
basedframework to model trajectories.It canbe viewed asa
(statistical)quantizationof the local featureswhile accounting
for their temporalevolution. A way to selectthe numberof
stateswhen consideringthis quantizationframework is also
proposed,aswell asthe HMM-basedsimilarity measureused
to compareor to classify trajectories.Section 5 dealswith
the video understandingtasks: event retrieval and detection
of unexpectedevents.Section6 introducesotherclassi�cation
methodswhich will intervenein thecomparative experimental
evaluationof the proposedmethod.In Section7, the two data
sets(composedof trajectoriescomputedin sportvideos)used
to test and comparethe methodsare presented.Resultsare
reportedanddiscussed.Concludingremarksare thengiven.

I I . RELATED WORK

Trajectoryanalysiscanhelp recognizingevents,actions,or
interactionsbetweenpeopleandobjects.Severalmethodshave
beendevelopedto compareandclassifytrajectoriesin orderto
analyzethe contentof videosequences.Two stepsareneeded
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to considerandcomparetrajectories.First, an ef�cient repre-
sentation,ableto characterizetrajectoryproperties,is needed.
In thevideocontext, for generaluse,somerelevantinvariances
have to be considered.Then, for comparisonpurpose,these
informationsshallbemodeledprecisely, keepingtheimportant
spatio-temporalsemanticsof the trajectories.In this section,a
brief overview of thesetwo aspectsof the trajectoryanalysis
is presented.

A. Trajectory feature representation

Variousmethodsconsiderdifferentfeatures(andmixtureof
feature)to processvideo trajectories,some�rst considering
point coordinates[36] [35] [4] [16] [9] [1] [2] [41] [37] and
local orientations[43] [33] on image trajectoriesas input
features.Using thesefeaturesleads to expressstrict spatial
similarity betweentrajectories.Othertechniquesusevelocities
[43] [48] and curvatures [30] [34] as featuresto compare
2D trajectories,but visual velocity andcurvaturestill depend
on the distanceof the viewed action to the camera.In [13],
Fashandiet al. consider a rotation invariant representation
usingrelative sequencesof angles.In combinationwith some
featuresde�ned above, somerecentrelevant works deal with
the color density (RGB information) [25] [26] and the sizes
of the tracked objects[28] [27].

All the aforementionedmethodsexploit featuresthat are
not at the same time invariant to translation, rotation and
scale transformation.A work by Bashir et al. [3] de�ned
a featurerepresentationinvariant to translationand rotation,
where scaling effects can be handled by resampling the
trajectory data to a commonsamplesize. In this paper, the
rough video trajectory information is consideredby de�ning
a relevant feature, keeping the motion and shape aspects
while standingdirectly invariant to relevant transformations
(including rotation,translationandscaling).

B. Trajectorymodeling

In the past few years,several modelingsdealingwith the
spatio-temporalsimilarities betweenconsideredtrajectories
have been proposed.Johnsonand Hogg [29] describeda
method representingthe trajectory distributions, using �o w
vectorsto train somecompetitive neuralnetworks. Buzanet
al. [8] resortedto the LongestCommonSubsequence(LCSS)
distance[47] to classify trajectoriescomputedin an image
sequenceacquiredby a single stationarycamerafor video
surveillance. This method is basedon a hierarchicalunsu-
pervisedclustering of trajectorieswhere trajectory features
are vectorsof 2D coordinatesof the trajectorypoints. Wang
et al. [48] introduceda novel similarity measurebasedon
a modi�ed Hausdorff distanceand a comparisoncon�dence
measure.Bashir et al. presenteda trajectory-basedreal-time
indexing method[4] segmentingthetrajectoriesin subtrajecto-
riesusingcurvatureinformations,andapplyingPCA(principal
componentsanalysis)and spectralclustering.A systemthat
learnspatternsof activity from trajectoriesandhierarchically
classi�es sequencesusing a codebook was developed by
Stauffer andGrimson[46]. Remagninoet al. [45] proposedan
agentarchitecturefor multi-camerabehavior classi�cation in
visualsurveillance.Somelastwork usedautomaticallyde�ned

grammarrules to model the basicmotion patternsof moving
objects,usinga minimum descriptionlengthprinciple [50].

Recentworks mainly explored modelingframeworks such
as PN (ProbabilisticNetwork) [38] [31] [24] [36] [17] [11],
HMM (Hidden Markov Model) [34] [5] [10] [39] or SMC
(Semi-Markov Chain) [23] to ef�ciently expressthe temporal
information(causality)embeddedin videotrajectoriesandthe
semanticmeaningthat they convey. Porikli de�ned relevant
distancesto handle trajectories, especially a HMM-based
distanceusinga RabinerdistancebetweenHMMs to compare
trajectories[43]. A comparisonof similarity measuresrelying
on someof thesemodelingcanbefoundin [49]. Nevertheless,
the methodsbasedon HMMs, SMCs or DPNs developedso
far needmuch data to ef�ciently model featuredistributions
so that thesemethodsareunadaptedto treatshort trajectories
(seesubsection4.1).

The novel method developed in this paper considersthe
trajectoryas a dynamicalpatternwherethe other modelings
describedabove considerthe trajectoriesas attachedto the
precise�lmed scenearchitecture(for example,pathsmodeling
in a parking video systems).So the approachdesignedhere
is different from those proposedso far in several points.
First, local differential trajectory featureswhich are able to
jointly capture information on the trajectory shapeand on
the object speedare introduced.Besides,they are inherently
invariant to translation,rotation and scaletransformations.A
procedureto compute them, ef�cient and robust to noise,
hasalsobeendeveloped.Second,temporalevolution of these
featuresover thetrajectorycurve is explicitly accountedfor by
consideringan original and effective HMM scheme.Indeed,
the HMMs statesare given by properly quantizing the real
feature values. This HMM method is also able to process
trajectoriesof any sizes (especiallysmall trajectories),and
ef�cient HMM parameterestimationsareproposed.Moreover,
a HMM distancewhich canbe exploited both for recognizing
dynamicvideo contentsand detectingunexpectedeventshas
beenadopted.All theseelementsmake the overall proposed
framework automatic,generaland �e xible.

I I I . INVARIANT LOCAL TRAJECTORY FEATURES

A featurethat representsboth trajectoryshapeand object
acceleration(more speci�cally, velocity magnitudechangeis
meant)is requiredto capturethe full intrinsic propertiesof a
video trajectory. As stressedin the introduction,it shouldalso
be invariantto 2D translation,2D rotationandscaletransfor-
mationwhich will be helpful in mostvideo applications,and
may allow comparisonof trajectoriesfrom differentcameras.

A. Trajectorykernel smoothing

A trajectory Tk is de�ned by a set of nk points
f (x1; y1); ::; (xn k ; yn k )g correspondingto the successive im-
age positions of the tracked object in the image sequence
(videoshot).Theterm“object” mustbeunderstoodin a broad
sense,i.e., interestpoint,gravity centerof a segmentedregion,
window center,. . .To reliably computethe local differential
trajectory features,a continuousrepresentationof the curve
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formed by the trajectory is needed.To this end, a kernel
approximationof Tk is performed,de�ned by

ût;h =

P n k
j =1 e� ( t � j

h )2
x j

P n k
j =1 e� ( t � j

h )2
; v̂t;h =

P n k
j =1 e� ( t � j

h )2
yj

P n k
j =1 e� ( t � j

h )2
;

where(x t ; yt ) denotestheobservedcoordinatesof the tracked
object at time t and (ût;h ; v̂t;h ) its smoothedrepresentation.
Finally, h is a smoothingparameterto be set accordingto
the noisemagnitude.Explicit expressionscanthenbe derived
for the �rst- and second-ordertemporal derivatives of the
trajectorypositions:respectively, _̂ut;h , _̂vt;h , •̂ut;h and •̂vt;h .

B. Smoothingparameterselection

To have a completeautomaticfeatureextractionmethod,a
way to choosethe smoothingparameterh is needed.Hence,
for any trajectory Tk of size nk , an average squared error
(ASE) (Härdleet al. [19]) criterion is considered,de�ned by

ASE(h) = ASE(ût;h ) =
1

nk

n kX

i =1

(ûi;h � ui )2;

whereui are the “true” valuesto estimate.A naive approxi-
mationp(h) of ASE(h), called the “resubstitutionestimate”,
is doneby replacingui by x i suchthat :

p(h) =
1

nk

n kX

i =1

(x i � ûi;h )2: (1)

Now, addingandsubtractingut i to (1) leadsto

p(h) =
1

nk

n kX

i =1

((x i � ui ) + (ui � ûi;h ))2

=
1

nk

n kX

i =1

"2
i + ASE(h) �

2
nk

n kX

i =1

" i (ûi;h � ui )(2)

with " i = x i � ui . Consideringnow a crossvalidationmethod,

CV (h) =
1

nk

n kX

i =1

(x i � û� i;h )2

whereû� i;h is a “leave-one-out”estimatorgiven by

û� i;h =

P
j 6= i e� ( i � j

h )2
x j

P
j 6= i e� ( i � j

h )2
;

it can be shown that the expectationof the third term of (2)
is equalto zero if û� i;h is usedinsteadof ûi;h , i.e.,

E [�
2

nk

n kX

i =1

" i (û� i;h � ui )] = 0:

Moreover, the �rst term of (2), 1
n k

P n k
i =1 "2

i , is independent
of h so that choosinghopt suchthat CV (h) is minimized is
equivalentto minimizing, on average,ASE(h). Practically, in
orderto keepcoherenceof h asa window regardingthe data,
candidatesh to minimizeCV (h) have to be in thesamescale
than the smallestvaluesof j � i (i.e., h � 1).

C. Derivation of the trajectory features

Local orientationof the curve, given by 
 t = arctan( _v t
_u t

),
is �rst considered.By construction, it is invariant to 2D
translationandscaletransformation.To add invarianceto 2D
rotation, the temporalderivative of 
 t (i.e., _
 t ) is analyzed.
Thus, d(tan 
 t )

dt = 1
cos2 
 t

_
 t . On the otherhand:

d(tan 
 t )
dt

=
•vt _ut � •ut _vt

_u2
t

:

Then
_
 t = cos2 
 t

�
•vt _ut � •ut _vt

_u2
t

�
:

Also
cos2 
 t = (1 + tan2 
 t )� 1 =

_u2
t

_u2
t + _v2

t
:

Finally,
_
 t =

•vt _ut � •ut _vt

_u2
t + _v2

t
= � t :kwt k

where� t = •v t _u t � •u t _v t

( _u2
t + _v2

t )
3
2

is the local curvatureof the trajectory

and kwt k = ( _u2
t + _v2

t )
1
2 the local velocity magnitudeat

point (ut ; vt ). The numeratorof _
 t is the determinantof the

matrix
�

_ut •ut

_vt •vt

�
and the denominator_u2

t + _v2
t = kwt k2

is the squaredvelocity magnitude.Thus, _
 t is invariant to
rotation (as well as translationandscaleinvariantsince
 t is
translationandscaleinvariant).This local featurealsocaptures
well both the trajectoryshapeandthe objectspeedsinceit is
composedof thelocal curvatureandtheinstantaneousvelocity
magnitude.
The featurevector representinga trajectory Tk extracted in
a video shot is then the vector containingthe nk successive
valuesof _
 : Vk = ( _
 1; _
 2; :::; _
 n k � 1; _
 n k ).

IV. TRAJECTORY MODELING AND SIMILARITY

In order to ef�ciently processthe invariant trajectorychar-
acterizationpreviously described,probabilisticnetworks, and
more speci�cally HMMs are usedsince the inherentproper-
ties of this modeling help taking into accountthe temporal
evolution of the spatio-temporalinformationcontainedin the
trajectories.ClassicalHMMs, relying on GMMs (Gaussian
Mixture Models), are designedto model data of suf�cient
sizes.Hencethis modelinghardly treatsmall trajectorieswith
only few dozensof observations.An original HMM modeling,
basedon a uniform quantizationof the observationspaceand
dealingef�ciently with small trajectories,is hereproposed.

A. Designof the hiddenMarkov model

Hidden Markov models (HMMs) are used to build the
neededstatisticalframework sinceHMMs inherentlyexpress
temporal causality. The HMM framework is exploited in a
somewhat original way since the HMMs statesare given by
properlyquantizedvaluesof _
 . To determinetheHMMs state
values,the distribution of _
 of the consideredtrajectoriesis
studied.For eachtrajectoryTk , an interval [B1;k ; B2;k ] is de-
�ned, centeredaroundthemeanvaluemk of _
 andcontaining
a given percentagePv of the computed _
 . Experimentally,
using Pv equal to 95% gave the best ef�ciency so that in
the following, Pv will be �x ed at a 95% value. Then, a
quantizationis performedon [B1;k ; B2;k ] into a numberN 0

k
of bins, namedthe interior states.This is illustrated in Fig.
1 which presentsthe quantizationperformedon the consid-
ered Pv percentage(i.e., in [B1;k ; B2;k ]) of _
 observations.
Two boarding states(unlimited states)are also de�ned by
]� 1 ; B1;k ] and[B2;k ; + 1 [, sothatthetotal numberof states
correspondingto a trajectoryTk is Nk = N 0

k + 2 wherestates



IEEE TRANSACTIONSON CIRCUITSAND SYSTEMSFORVIDEO TECHNOLOGY, SPECIALISSUEON EVENT ANALYSIS IN VIDEOS -4

Fig. 2. Samplesof synthetictrajectories(anellipse,a clothoid,a parabolaanda spiral)andtheir associated_
 histogramsin the intervals [B 1;k ; B 2;k ] (Pv = 95% andN = 21).

S1 andSN k arede�ned by ] � 1 ; B1;k ] and[B2;k ; + 1 [. Fig.
2 presentsfour synthetictrajectoriesand their corresponding
histogramsin the consideredquantization.This quantization-
basedHMM framework is now denotedasQHMM.

Fig. 1. Quantizationperformedon the _
 datacorrespondingto a trajectory
Tk by using� ve bins,correspondingto � ve interior states(N 0

k = 5 and,thus,
N k = 7).

Methodsthat use QHMM to treat video trajectorieshave
alreadybeendesignedin [20] (thatwill bedenotedby “global
QHMM”). The overall idea is heresomewhat different since
a single and characterizinginterval per trajectory is now
considered,whereasonly oneglobal interval (on all the _
 data
from all the consideredtrajectories)wasusedbefore,consid-
ering the two boardingstatesas outlier measurements.This
new proposedtechniqueallows to considerthe extremedata
valuesof a trajectoryas importantinformationcorresponding
to signi�cant phasesof the movementof a precisemobile.

The QHMM which modelsthe trajectoryTk is now char-
acterizedby:

- the statetransitionmatrix A = f aij g with
aij = P[ qt +1 = Sj j qt = Si ]; 1 � i; j � Nk ;

whereqt is the statevariableat instant t and Si is its value
(i.e., the i th bin of the quantizedhistogram);

- the initial statedistribution � = f � i g, with � i = P[ q1 =
Si ]; 1 � i � Nk ;

- the conditional observation probabilities B =
f bi ( _
 t )g; 1 � i � Nk , wherebi ( _
 t ) = P[ _
 t j qt = Si ],
sincethe computed_
 t are the observed values.

The conditional observation probabilitiesP[ _
 t j qt = Si ]
arede�ned, in [B1;k ; B2;k ], asGaussiandistributionsof means
� i (i.e., the median value of the histogrambin Si ). Their
standarddeviations � do not dependon the state and are
speci�ed so that the intervals [� i � � ; � i + � ] correspond
to the bin widths. Theseconditional observations probabil-
ities are then normalizedsuch that, for any observation _
 ,P

i =1 ::: N P[ _
 t j qt = Si ] = 1. Outsideof [B1;k ; B2;k ], the
observation are consideredto belong to the corresponding
boardingstate.An illustration of the conditionalobservation
probabilitiesis presentedin Fig. 3.

This conditional observation model has one very impor-
tant advantage.Consideringthat an observation may (even
with very small probabilities)belong to any other state,this

Fig. 3. Modeling of the conditionalobservation probabilitiesfor a trajectory
Tk , usinga numberof statesN k = 5.

methodhelpsdealingwith very small trajectories,preventing
from having zero values when estimatingmatrix A in the
training stage by lack of measure(especially in case of
short trajectories).Otherwise,if matrix A have zero values,
in�nite distanceswill befoundbetweentwo (possibly“close”)
trajectories.

To estimateA and � in this QHMM modeling, a least-
squareerror techniqueused in [15] is adaptedhere, where
the QHMMs are assimilatedto a count process.If H ( i )

t =
P( _
 t jqt = i ) (correspondingto a weight for the count
process),empiricalestimatesof A and� (for a trajectoryk of
sizenk ) aregiven by, for 1 � i � Nk and1 � j � Nk :

aij =

P n k � 1
t =1 H ( i )

t H ( j )
t +1

P n k � 1
t =1 H ( i )

t

and � i =

P n k
t =1 H i

t

nk
:

As illustration, examplesof a real trajectoriesare showed in
Fig. 4, their smoothedcounterpartsas well as the estimated
valuesof A and � coef�cients for their associatedQHMMs.

In contrast,in the HMM framework relying on Gaussian
mixture models (GMMs) introduced in [43] to model tra-
jectoriesand their temporalevolution, the numberof states
remains dif�cult to set (it relies on a validity score that
requiresa balancingfactor to be �x ed), whereasin the next
section,a statisticalautomaticQHMM statenumberselection
is proposed.Furthermore,to have an ef�cient approximation
of the GMMs, the trajectorysizeshouldbe much larger than
the number of Gaussianmixture components(used for the
conditionalobservationdistribution) timesthenumberof states
[43], whereasthenovel QHMM methodis developedto handle
trajectoriesof any sizes.

B. Choosingthe numberof HMM states

In the QHMM framework describedabove, the numberof
interior statesN 0

k (in [B1;k ; B2;k ]) used to de�ne a model
describinga trajectory Tk remainsunde�ned. To ef�ciently
computethis parameter, a statistical decision basedupon a
balancebetweenthe numberof statesand the con�dence in
the histogramvalues is developed.The aim is to de�ne a
criterion suchthat both the numberof states(to prevent from
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over�tting) and the sizeof the correspondingstatehistogram
valuescon�denceintervals (to have a reliablehistogramrep-
resentation)would be assmall aspossible.
Considering� j the “real” valuecorrespondingto bin j (i.e.,
statej ) of thenormalizedhistogramrepresentingthedistribu-
tion of the _
 of a trajectoryTk (of sizenk ), andits estimator
�̂ j de�ned as the proportionof observed _
 in the considered
bin by

�̂ j =
K j

n0
k

;

where

K i =
n 0

kX

l =1

X i;l =
n 0

kX

l =1

�

f _
 l 2 Si g; i = 2 : : : N 0
k + 1

is the numberof observationsin the bin Si , and

n0
k =

N 0
k +1X

i =2

K i

is the numberof observationsin [B1;k ; B2;k ].
X i;l =

�

f _
 l 2 Si g is the indicator function of belongingof _
 l

in the interior states,and the hypothesisthat X i;l follows a
Bernoulli law on [B1;k ; B2;k ] is done.
Then,using the centrallimit theorem[14],

�̂ j � E[�̂ j ]
q

V[�̂ j ]

L
! N (0; 1); 8j = 2: : : N 0

k + 1:

So, asymptotically,

�̂ j ! N (E[�̂ j ]; V[�̂ j ]); 8j = 2 : : : N 0
k + 1: (3)

�̂ j is (trivially) an unbiasedestimator of � j , so that the
con�dence interval I C95 (with a con�dence percentageof
95%) of � j canbe de�ned by

I C95(� j ) = [�̂ j � � 95V[�̂ j ]; �̂ j + � 95V[�̂ j ]];

wherethe � 95 quantileis the valueensuringthat, considering
eq. 3,

P(� j 2 ]�̂ j � � 95V[�̂ j ]; �̂ j + � 95V[�̂ j ][) � 0:95:

The randomvariableX j;l follows a Bernoulli law so that

V[X j;l ] = � j (1 � � j ):

Using �̂ j as an unbiasedestimatorof � j , V[X j;l ] can be
approximatedby

V[X j;l ] ' �̂ j (1 � �̂ j ):

Hence,

V[�̂ i ] = V[
1

n0
k

n 0
kX

l =1

X i;l ] =
1

n02
k

V[
n 0

kX

l =1

X i;l ]

=
1

n02
k

n0
k V[X i;l ] '

�̂ i (1 � �̂ i )
n0

k
:

The con�dence interval I C95(� j ) has a size jI C95(� j )j
which canbe estimatedby

jI C95(� j )j = 2� 95V[�̂ j ] ' 2� 95
�̂ j (1 � �̂ j )

n0
k

' 2� 95
K j n0

k � K j

n03
k

' 2� 95
K j (n0

k � 1)
n03

k
:

Consideringnow themeanvaluem I C;k of jI C95(� j )j for the
trajectoryTk ,

mI C;k '

P
j =2 :::N 0

k +1 jI C95(� j )j

N 0
k

:

jI C95(� j )j (and so mI C;k ) is a decreasingfunction of N 0
k

sinceK j is adecreasingfunctionof N 0
k . Thedecisioncriterion

basedupon a balancebetweenthe numberof statesN 0
k and

themeansizeof thecon�denceinterval m I C;k is thende�ned
by choosing ~N 0

k minimizing mI C;k + � N 0
k , suchthat

~N 0
k = argmin

N 0
k

(mI C;k + � N 0
k ):

Choosing� , which is a scalingparameteraiming at helping
thecomparisonof mI C;k andN 0

k by ensuringthesetwo values
to evolve in the samescale, is still needed.Consideringa
given distribution, the asymptoticestimationsof the propor-
tions �̂ j ; j = 2 : : : N 0

k + 1 are constant.Hence,m I C;k is a
decreasingfunction of n0

k , and,thus,it canbe assumedthat �
is alsoa decreasingfunction of n0

k . In order to determinethe
function � (n0

k ), a decreasingfunction � (n0
k ) = �

n 0
k

(decreasing
function having the same form that m I C;k ) is empirically
considered.

First, the choiceof a �̂ constantis doneby consideringa
valuewhich givessomewhat compactdistributionsof ~N 0

k for
theconsideredclassesof similar trajectories(seeFig. 8 for the
classesof trajectories),by maximizingtheinter-classdistances
while minimizing the intra-classdistances(�rst order linear
discriminantanalysison � ). Then, choosinga representative
valueof ~N 0

C i
for thetrajectoriesof eachclassCi (for example

themeanof the ~N 0
k foundusing�̂ for the instancesof a class,

leaving out the isolatedpoints), the � intervals that leadsto
this representative ~N 0

C i
value(for a classCi ) versusthe sizes

of the trajectoriesare thenconsidered.
As a result, a regressionwas processedon the upperand

lower boundvaluesof theseintervals, consideringthat

� (n0
k ) =

�
n0

k
+ ek :

Usinga leastsquareerrorestimationscheme,thevalue� min-
imizing

P
i e2

k is found. Fig. 5 shows that a regressionusing
an inversefunction of n0

k with a leastsquareerror estimation
givesvery satisfyingresults,validatingthehypothesisthat � is
a decreasingfunction of n0

k and more speci�cally an inverse
function of n0

k . This �rst determinedfunction � (n0
k ) is then

used to choosea new number of states ~N 0
k for the whole

setof consideredtrajectories,leadingto a new regressionand
so on until the function � (n0

k ) was stable(no more changes
in the statessequenceassociatedto the set of trajectories).
This method enablesto have a relevant function � (n0

k ) for
any classof trajectory. In the experiments,it hasbeenfound
that � = 0:0175, so that � (n0

k ) = 0:0175
n 0

k
is an ef�cient scaling

coef�cient allowing automaticstatesnumberchoose,for any
trajectoryof any class.

Then, to processa relevant comparison(i.e comparing
HMMs having the samenumberof states),an uniquenumber
~N 0 is neededfor the whole set of trajectories.Using the

function � (n0
k ) describedabove, the state number ~N 0 to

considerin the intervals [B1;k ; B2;k ] is de�ned by

~N 0 = argmin
N 0

X

k

(mI C;k + � N 0);

when consideringthe datacorrespondingto the whole set of
trajectories(Fig. 6).
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Fig. 4. Upperpart:Plotsof real trajectories(extractedfrom FormulaOneracevideoshots)andtheir smoothedcounterparts.Colorsof thecurve pointsstand
for the differentstatevaluesandcorrespondto the histogrambin colors(colorshave beenchosenrandomlysincethe statesaredifferent for eachtrajectory).
Middle part: histogramsof the threetrajectoriesstatevalues.Lower part: correspondingestimatedtransitionmatricesA and initial statedistributions � .

Fig. 5. � intervals leadingto a chosen“good” N 0 accordingto datasizes(trajectory
or group of trajectoriesfrom different classes).The red and blue points respectively
correspondto the upperandlower bound,the greenonescorrespondingto the meansof
the intervals. The purple function is the regressionobtainedon the red andblue points,
usinga leastsquareerror estimatorandan inversefunction of the datasizes.

Fig. 6. function representingthe balance
P

k (m I C;k + � N 0) usedto choosethe
numberof interior statesN 0 of the QHMM modelswhenconsideringthe whole setof
datacorrespondingto the 8 classesof FormulaOnetrajectories(Fig. 8).

C. Similarity measure

To comparetwo trajectories,a similarity measurehasto be
de�ned. To this end,thebuilt QHMM framework is exploited.
To comparetrajectories,a crossdistancebasedon thedistance
D betweenHMMs proposedby Rabiner[44] is de�ned. Given
two HMMs representedby their parametersets � i and � j

(� i = (A i ; B i ; � i )), the distanceD is de�ned by

D(� i ; � j ) =
1
T

[log P(O( j ) j� j ) � log P(O( j ) j� i )]

where O( j ) = f _
 1; _
 2; :::; _
 n j g is the sequenceof measures
used to train the model � j and P(O( j ) j� i ) expressesthe
probability of observingO( j ) with model� i (computedusing
a Viterbi algorithm). To be usedas a similarity measure,a
symmetrizedversionis required:

D s(� i ; � j ) =
1
2

[D(� i ; � j ) + D(� j ; � i )]: (4)

In thepresentedmethod,aspeci�c modelingis associatedto
eachtrajectoryTk , andis de�ned by the interval [B1;k ; B2;k ].
Hence,to comparetwo trajectoriesTi and Tj , the parameter
sets� j

i , � i
i , � j

j and� i
j arecomputed,where� j

i correspondto
the parametersfound for the trajectoryTj when considering
the model associatedto the trajectoryTi ( _
 interval). Then,
the crosssymmetrizeddistanceD c betweentwo trajectories
Ti andTj is thende�ned by :

D c(� i ; � j ) =
1
4

[D(� i
i ; � i

j )+ D(� i
j ; � i

i )+ D(� j
i ; � j

j )+ D(� j
j ; � j

i )]:
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V. V IDEO UNDERSTANDING TASKS

A. Recognition of learnedclassesof dynamicvideocontent

The problem of recognizing events, or equivalently, of
retrieving instancesof known classesof events in videos is
hereconsidered.Eachclassis �rst modeledby a set of QH-
MMs correspondingto representative trajectories(thoseused
in the training step, i.e., the initial membersof the classes).
Recognition is then performed by assigningthe processed
trajectoryto thenearestclass.Thedistanceto a classis de�ned
using the averagelink methodandD c suchthat:

Dal (Tk ; Ci ) =

P
T l 2 C i

D c(Tk ; Tl )

# Ci
: (5)

B. Detectionof unexpectedevents

Detecting unexpected(or equivalently, rare or abnormal)
events is of interest in many applications.This issue has
beentackledusing the sameQHMM-basedframework. First,
a set of prede�ned (or learned)classesis considered,once
againrepresentedby theestimatedQHMMs of theclassinitial
members.For eachclassCi , themostrepresentative trajectory
Tl i (i.e, the trajectory with the smallest mean distanceto
the other trajectoriesof Ci ) is found, and the distribution of
the intra-classdistancesto Tl i is computed(with the other
trajectoriesof Ci ). For eachclassCi , the maximumof these
intra-classdistancevaluesis denotedby R i , andthe standard
deviation of theseintra-classdistancevalues by � i . A test
trajectoryTk is thende�ned to be an unexpectedevent if, for
every classCi , D c(Tk ; Tl i ) > Ri + � i , which enduresa low
falsealarmrate.

VI . OTHER METHODS FOR COMPARISON PURPOSE

To our knowledge,no previous works of video trajectory
analysisconsideredthe overall view adoptedin this paper.
By consideringa featurehaving thoseinvariancesand char-
acteristics(consideringboth the trajectoryshapesand speed
evolutions), this work considersthe trajectory as a dynami-
cal patternwhile the other onesconsiderthe trajectoriesas
attachedto the camerapoint of view. Therefore,in order to
comparein a relevantway with othermethods,new trajectory
comparisontechniqueswere developed to put forward the
properties(spatio-temporalconsiderationandef�cient process-
ing of small trajectories)of the developedQHMM method.

Themethodspresentedfor therecognitionof dynamicvideo
contenttaskandfor theQHMM statenumberselectionsstands
similarly whenconsideringthe next threepresenteddistances
to be comparedwith the QHMM method.

A. Global QHMM distance

A methodbasedon QHMM for trajectory analysis(clas-
si�cation, clusteringand rare event detection)[20] [21] was
alreadydeveloped.This later will be denotednow by global
QHMM since the QHMM were usedto model the whole _

distribution (for the entire set of data associatedto all the
consideredtrajectories)and not dedicatedto the preciseand
speci�c modeling of each trajectories.This global QHMM
methodwill be usedto comparewith the new one.

B. Bhattacharyyadistancebetweenhistograms

Basedon the global QHMM trajectory analysismethod,
andin orderto assessthe importanceof introducingtemporal
causality, i.e., transitions between states, a Bhattacharyya
distance-basedclassi�cation method has been implemented.
TheBhattacharyyadistanceD b betweentwo (normalized)his-
togramshi and hj of features _
 t , respectively corresponding
to two trajectoriesTi andTj , is de�ned by

Db(Ti ; Tj ) =

vu
u
u
t 1 �

vu
u
t

NX

q=1

hi
qhj

q

where hi
q is the histogramvalue of bin q for trajectory Ti .

Similarly to the global QHMM method,the test trajectoryTk

is assignedto the nearestclassusingan averagelink method
(seeeq. 5, but usinghereD b).

C. CrossedBhattacharyyadistancebetweenhistograms

To highlight therelevanceof consideringtemporalcausality
in the novel QHMM method,a crossBhattacharyyadistance-
basedclassi�cation methodhasbeenimplemented.The stan-
dardBhattacharyyadistancebetweenhistogramswasenlarged
to the crossedBhattacharyyadistanceD cb betweentwo tra-
jectoriesTi andTj de�ned by

D cb(Ti ; Tj ) =

vu
u
u
t 1 �

vu
u
t

N iX

qi =1

hi
qi

hj
qi +

vu
u
u
t 1 �

vu
u
t

N jX

qj =1

hi
qj

hj
qj

wherehi
qj

is the histogramvalueof bin qj (correspondingto
thebin q of theQHMM modelingassociatedto trajectoryTj )
whenconsideringthe trajectoryTi .

D. HMM/GMM modeling

Inspiredby the work of Porikli, the proposedHMM/GMM
distance[43] was extendedto the analysisof the _
 t feature.
This comparisonenablesto highlight some advantagesof
the QHMM method in term of results (QHMM may deal
with small trajectories,not subject to over�tting when data
distributions are dif�cult to model using Gaussianmixtures).
An ergodic HMM was computed where the modeling of
observation( _
 t values)probabilitiesweredoneusingGaussian
Mixture Models. Initialization was done using a k-means
algorithm. To determinethe numberof statesof this HMM
modeling,a BayesianInformation Criterion (BIC) has been
used.Using this HMM/GMM framework to classify trajec-
tories, one HMM/GMM will be createdfor eachtrajectory,
showing therelevanceof theQHMM whendealingwith small
datasizes.Thedifferentconsideredtaskswhererealizedusing
the same methods that with the QHMM method and the
standardRabinerdistanceD s (seeeq. 4).

E. SVMclassi�cation method

To comparewith an usualand ef�cient classi�cation tool,
a Support Vector Machine (SVM) trajectory classi�cation
method [7] was computed.The SVM method proposedin
[20] has beenconsidered,where a trajectory is represented
by its global QHMM parameters(since every trajectory is
modeledusingthesamequantizationscheme).Hence,for each
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trajectoryTk , a vectorX k containingtheHMM parameters� k

of the trajectory is created.A SVM classi�cation technique
with a GaussianRBF (radial basisfunction) kernelwasused.
The reportedresults were obtainedusing the “one against
all” classi�cation scheme.For this classi�cation method,the
numberof stateN parameterselectionmethodof subsection
IV-B wasalsoprocessed.

VI I . EXPERIMENTS

A. Video trajectories

Real trajectorieshave been extracted from Formula One
(Fig. 7) andAlpine skiing TV programs(downhill andslalom
races,Fig. 9) �lmed with several cameras.Trajectoriesare
computedwith a trackingmethodusinga color-basedparticle
�lter [40]. Backgroundmotion dueto camerapanning,tilting
and zooming is estimatedand compensatedin the tracking
procedure[18]. Trajectory shapessupplied by this method
are thus fairly similar to the real 3D trajectoriesof Formula
Onesand skiers(up to an homography, sincethe 3D motion
is planar, examplesareplottedon Fig. 8 and10).

Fig. 7. Imagesfrom video shots acquiredby two different camerasin
FormulaOneTV programat two differentplaceson thecircuit. Thecomputed
trajectoriesareoverprintedon the images.

Fig. 8. Plots of the 8 classesof trajectories(125 trajectories)of a Formula One
racevideo, eachbox containsa different class.A classof trajectoriesis composedof
trajectoriesextracted from shots acquiredby the samecamera.The different classes
correspondto differentcamerasplacedthroughoutthe circuit at strategic turns.

Fig. 9. Imagesfrom ski video shots from two different races(the �rst one from
a downhill raceand the other one from a slalom race).The computedtrajectoriesare
overprintedon the images.

Fig. 10. Plots of the 5 classesof skier trajectories(134 trajectories),each box
containsa different class.A classof trajectoriesis composedof trajectoriesextracted
from shotsacquiredby the samecamera.The three classeson the left correspondto
slalomtrajectoriesandthe two oneson the right correspondto downhill trajectories.

B. Resultson supervisedrecognition

Resultsregarding the recognition task are now reported.
QHMM-basedmethodhasbeencomparedwith the histogram
comparisontechniquebasedon the crossBhattacharyyadis-
tance,theHMM/GMM modeling,theglobalQHMM method,
the Bhattacharyyadistanceand the SVM methodoutlined in
Section VI. To evaluate the performances,a leave-one-out
crossvalidation[22] wasadopted.TableII andTableIII con-
tain respectively theclassi�cationresultsfor thesetof Formula
One and for the set of ski video trajectories(corresponding
classesarepresentedin Fig. 8 andFig. 10).

This evaluationon real videosgave very satisfyingresults
sinceaccurateclassi�cationswereperformedwith theQHMM
method,while the othertechniquesgave lessaccurateresults.
The comparisonwith the methodbasedon the crossBhat-
tacharyyadistance,which also supplied interesting results,
shows the importanceof the temporalcausalitymodeledby
the QHMMs. The relevance of consideringeach trajectory
individually is highlightedby the comparisonwith the global
QHMM methodand the Bhattacharyyadistancebasedtech-
nique.Thesetwo latestmethods(and the SVM one) yielded
lessaccurateresults,and the classi�cation resultswerebetter
when considering6 classesthan 4 classes,showing the lack
of stability of thesemethodsdue to the global quantization
modeling.HMM/GMM modelingfails to classify trajectories
as ef�ciently as the other proposedmethods(highlighting
the �e xibility of the QHMM modeling versusHMM/GMM
modelingwhenconsideringsmall setsof data).

A major advantageof consideringinvariant featuresis to
be ableto handleincompletebackgroundmotion elimination.
Indeed,thecameramotion estimationstepmay be inaccurate,
which generatesresidualeffects o, the computedtrajectories
asshown in Figs.8 and10. All theclassespresenttranslation
errors,andseveralcontainsimportantscaleerrors(e.g., classes
6 and7 of Fig. 8, two classeson the right of Fig. 10).

Correctclassi�cation resultswerealsoobtainedwhencon-
sideringthe“slalom” and“downhill” classesof ski trajectories
(the “slalom” classcomposedwith the three classeson the
left of Fig. 10 and the class“downhill” composedwith the
two classeson the right of Fig. 10) with eachtestedmethod.
Classi�cationsof “tight turn” (class2 in Fig. 8), “light turn”
(class4 and8 in Fig. 8), “chicane”(class1 and7 in Fig. 8) and
“U-turn” (class3, 5 and6 in Fig. 8) FormulaOnetrajectories
alsogave correctresults.

These last results highlight the relevance of the chosen
feature_
 for analyzingthe dynamiccontentof video motions
acquiredby several differentcameras.
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Class1 Class2 Class3 Class4 Class5 Class6 Class7 Class8 Status
R i + � i 0.0013 0.0141 0.1189 0.0069 0.0055 0.2077 0.0290 0.1167

Accident1 0.0031 0.1823 0.3056 0.0467 0.0303 0.4667 0.1285 0.2313 detected
Track off 0.0199 0.3487 0.3388 0.1260 0.0064 0.3918 0.0883 0.1544 detected

Accident2 0.0070 0.1000 0.1788 0.1260 0.0083 0.2885 0.0373 0.1381 detected
Safetycar 0.0117 0.1069 0.1385 0.0942 0.0353 0.2673 0.05367 0.1362 detected

TABLE I
DETECTION THRESHOLDS ARE SUPPLIED IN THE SECOND ROW FOR THE (LEARNED) CLASSES C i USED IN THE DETECTION TASK OF UNEXPECTED EVENTS. THE FOLLOWING

ROWS CONTAIN THE DISTANCES BETWEEN THE UNEXPECTED EVENTS TRAJECTORIES AND THE 8 REGULAR CLASSES (PLOTTED IN FIG. 8). THE EVENTS ' ACCIDENT 1' ,
' TRACK OFF' AND ' SAFETY CAR' WERE SHOT BY THE CAMERA CORRESPONDING TO CLASS 1, WHEREAS ' ACCIDENT 2' CORRESPONDS TO CLASS 2.

Percentage of correctclassi�cation
# classes 4 6 8
QHMM 100 99 96

Crossed-Bhattacharyya 98.2 98 95.2
Global QHMM 96.4 99 94.4
Bhattacharyya 94.5 96 93.6

SVM 96.4 99 92.8
HMM/GMM 98.2 96 80

TABLE II
COMPARISON OF THE RECOGNITION PERCENTAGES FOR THE TRAJECTORIES

EXTRACTED FROM FORMULA ONE VIDEOS, USING THE LEAVE-ONE-OUT CROSS

VALIDATION TECHNIQUE. THE CONSIDERED GROUPS OF 4 AND 6 CLASSES ARE

RESPECTIVELY COMPOSED WITH THE CLASSES 1 TO 4 AND 1 TO 6 IN FIG. 8.

Percentageof correctclassi�cation
QHMM 92.4

Crossed-Bhattacharyya 91.7
Global QHMM 91.7
Bhattacharyya 91.7

SVM 91
HMM/GMM 78.2

TABLE III
COMPARISON OF THE RECOGNITION PERCENTAGES FOR THE 5 CLASSES OF

TRAJECTORIES EXTRACTED FROM SKI VIDEOS, USING THE LEAVE-ONE-OUT CROSS

VALIDATION TECHNIQUE.

C. Resultson the detectionof unexpectedevents

Experimentson several real videos for the detection of
unexpectedevents using QHMMs were also conducted.For
the Formula One racevideo, the developedQHMM method
was able to detect unexpectedevents such as accidentsor
carsveeringoff the track (revealedby an abnormaltrajectory
shape)and interventionof the safetycar (revealedby a quite
different speed while the global trajectory shape remains
unchanged)For the skiing competition,the methodwas able
to detectfalls of skiers.Theseresultsshow the relevanceof
the _
 featureto accountfor both the shapeof the trajectory
and the speedevolution.

Fig. 11 and Fig. 12 respectively show threeFormula One
video sequencesandtwo Alpine skiing racevideo sequences.
In eachcase,the �rst one belongsto a regular event class
while the others are examples of unexpected events. The
criterion describedin subsectionV-B allowed us to correctly
detecttheunexpectedeventsin all theprocessedexamples.In
Table I and IV are supplied,for several unexpectedevents,
the Ri + � i criterion values and the distancebetweenthe
trajectory detectedas unexpectedevent and the considered
classesCi (presentedin Fig. 8 and 10). Hence,the QHMM-
basedframework can be straightforwardly and successfully
exploited for detectingunexpectedeventsin videos.

Class1 Class2 Class3 Class4 Class5 Status
R i + � i 0.1315 0.0428 0.0392 0.1442 0.0454

Fall of a skier 0.1723 0.1224 0.0715 0.6086 0.3258 detected

TABLE IV
DETECTION THRESHOLD ARE SUPPLIED IN THE SECOND ROW FOR THE CLASSES OF

SKI TRAJECTORIES USED IN THE DETECTION TASK OF UNEXPECTED EVENTS. THE

FOLLOWING ROW CONTAINS THE DISTANCE BETWEEN THE EVENT “ACCIDENT”
TRAJECTORY AND THE REGULAR CLASSES.

Fig. 11. Imagesfrom FormulaOneracevideo shots.Eachrow presentsan
exampleof unexpectedevent (accident,safetycar appearanceandcar driving
off the track). The trajectoriesareoverprintedon the images.

Fig. 12. Imagesfrom Alpine skiing competitionvideoshotsacquiredby the
samecamera.Trajectoriesare overprintedon the images.Top row: example
of regular class.Bottom row: exampleof unexpectedevent (fall of a skier).

VII I . CONCLUSION

A statistical trajectory-basedHMM framework for video
contentunderstandingwas proposed,automatic,generaland
�e xible enough to solve challenging tasks: recognition of
events correspondingto learned classesof dynamic video
contents and detection of unexpected events. Appropriate
local trajectory featuresinvariant to translation,rotation and
scaletransformations,and that can reliably be computedin
presenceof noise,have beenintroduced.Ef�cient statistically-
basedparameterestimationsmethodswerealsoproposed.An
importantsetof comparativeexperimentson realvideos(sport
TV programs)with classi�cation groundtruth hasbeencon-
ductedandshowedthattheproposedmethodsuppliesaccurate
resultsand offers betterperformancesthan other approaches
such as histogramcomparison,HMM/GMM modeling and
SVM classi�cation. Extensionsof this work will investigate
the representationof activities in videos using hierarchical
modelingof interactingspace-timegroupsof trajectories.
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