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Abstract. PartialDifferentialequations(PDE),wavelets-basedmethodsandneigh-
borhood�lters wereproposedas locally adaptive machinesfor noiseremoval.
Recently, Buades,Coll andMorel proposedtheNon-Local(NL-) means�lter for
imagedenoising.This methodreplacesa noisypixel by theweightedaverageof
otherimagepixelswith weightsre�ecting thesimilarity betweenlocalneighbor-
hoodsof thepixel beingprocessedandtheotherpixels.TheNL-means�lter was
proposedasan intuitive neighborhood�lter but theoreticalconnectionsto dif-
fusion andnon-parametricestimationapproachesarealsogiven by theauthors.
In this paperwe proposeanotherbridge,andshow that theNL-means�lter also
emergesfrom theBayesianapproachwith new arguments.Basedon this obser-
vation,we show how theperformanceof this �lter canbesigni�cantly improved
by introducingadaptive local dictionariesanda new statisticaldistancemeasure
to comparepatches.The new BayesianNL-means�lter is betterparametrized
andtheamountof smoothingis directly determinedby thenoisevariance(esti-
matedfrom imagedata)giventhepatchsize.Experimentalresultsaregiven for
realimageswith arti�cial Gaussiannoiseadded,andfor imageswith realimage-
dependentnoise.

1 Intr oduction

Denoising(or restoration)is still a widely studiedandan unsolvedproblemin image
processing.Many methodshavebeensuggestedin theliterature,andarecentoutstand-
ing review of themcanbefoundin [4]. Someof themoreadvancedmethodsarebased
on PDEs[28,29,33,37] andaim at preservingthe imagedetailsandlocal geometries
while removing theundesirablenoise;in general,an initial imageis progressively ap-
proximatedby �ltered versionswhich aresmootheror simpler in somesense.Other
methodsincorporateaneighborhoodof thepixelunderconsiderationandperformsome
kind of averagingon thegrayvalues.Oneof theearliestexamplesfor such�lters has
beenpresentedby Lee [23] anda recentevolution is theso-calledbilateral �lter [34]
with theoreticalconnectionsto localmode�ltering [38], non-lineardiffusion[3,5] and
nonlocalregularizationapproaches[27,12].

However, naturalimagesoftencontainmany structuredpatternswhichcanbemis-
classi�ed either asdetailsto be preserved or noise,whenusualneighborhood�lters
areapplied.Very recently, theso-calledNL-means�lter hasbeenproposedby Buades



et al. [4] that candealwith sucha “structured”noise:for a given pixel, the restored
gray valueis obtainedby the weightedaverageof the gray valuesof all pixels in the
image;eachweight is proportionalto the similarity betweenthe local neighborhood
of the pixel beingprocessedandthe neighborhoodcorrespondingto the other image
pixels.A similar patch-basedregularizationapproachbasedon the key ideaof itera-
tively increasinga window at eachpixel andadaptively weightinginput datahasbeen
alsoproposedin [21] with excellentresultson a commonly-usedimagedatabase[31].
Thesuccessof theNL-means�lter (see[21,22,26,25,7,16,2]), inspiredby theEfros
andLeung's exemplar-basedapproachfor texture synthesis[11], is mainly relatedto
imageredundancy. A similar ideawasearlyandindependentlyproposedfor Gaussian
[9] andimpulsenoise[36,39] removal in images,andmorerecentlyfor imageinpaint-
ing [8]. Similaritiesbetweenimagepatcheshave beenalsousedin the early 90's for
texture segmentation[15,20]. More recently, otherrecentdenoisingmethodsdemon-
stratedthatrepresentationsbasedon local imagepatchesoutperformthebestdenoising
methodsof thestate-of-the-art[1, 21,10,18,13]; in [32], patch-basedMarkov random
�eld (MRF) modelsandlearningtechniqueshavebeenintroducedto capturenon-local
pairwiseinteractions,andweresuccessfullyappliedin imagedenoising.

In this paper, we presenta new Bayesianmotivationfor theNL-means�lter brie�y
describedin Section2. In Section3,weadoptablockwise(vectorial)representationand
introducespatiallyadaptive dictionariesin themodelingfor bettercontrastrestoration
(Section4). Using the proposedBayesianframework, we revise the usualEuclidean
distanceusedfor patchcomparison,yielding to a �lter which is betterparametrized,
andwith ahigherperformance.In Section4, wealsoshow how smoothpartsin theim-
agecanbearebetterrecoveredif therestoredimageis “recycled” once.Experimental
resultson arti�cial andreal imagesarepresentedin Section5, andtheperformanceis
very closeto themostcompetitive denoisingmethods.It is worth noting that thepro-
posedmodelingframework is generalandcould be usedto restoreimagescorrupted
by non-Gaussiannoisesin applicationssuchasbiomedicalimaging(microscopy, ultra-
soundimagery, ...) or remotesensing.

2 Imagedenoisingwith the NL-means�lter

In thissection,abrief overview of theNL-meansmethodintroducedin [4] is presented.
Considera gray-scaleimagez = (z(x)) x 2 
 de�ned overa boundeddomain
 � R2,
(which is usuallya rectangle)andz(x) 2 R+ is thenoisy observed intensityat pixel
x 2 
 . TheNL-means�lter is de�ned as

NLz(x) =
1

C(x)

X

y2 


w(x; y) z(y) (1)

whereNLz(x) at pixel x is the weightedaverageof all grayvaluesin the imageand
C(x) is anormalizingfactor, i.e.C(x) =

P
y2 
 w(x; y). Theweightsw(x; y) de�ned

as

w(x; y) = exp
�

�
1
h2

Z

R2
Ga (t)jz(x + t) � z(y + t)j2dt

�
:= exp�

kz(x) � z(y)k2
2;a

h2 (2)



expresstheamountof similarity betweenthevectorizedimagepatchesz(x) andz(y)
(or neighborhoods)of eachpair of pixels x andy involved in the computation.The
decayparameterh � 12� actsasa �ltering parameter. A GaussiankernelGa (�) of
standarddeviation a is usedto take into accountthedistancebetweenthecentralpixel
andotherpixels in thepatch.In (2), thepixel intensitiesof a

p
n �

p
n squareneigh-

borhoodB (x) centeredat pixel x, aretaken andreorderedlexicographicallyto form
a n-dimensionalvectorz(x) := (z(xk ); xk 2 B (x)) 2 Rn . In [4], it wasshown that
7� 7 patchesareableto takecareof thelocalgeometriesandtexturesseenin theimage
while removing undesirabledistortions.Therangeof thesearchspacein theNL-means
algorithmcanbeaslargeasthewhole image.In practice,it is necessaryto reducethe
total numberof computedweights– j
 j weightsfor eachpixel – to improve theper-
formanceof the algorithm.This canbe achievedby selectingpatchesin a semi-local
neighborhoodcorrespondingto asearchwindow � (x) of 21� 21pixels.TheNL-means
�lter wewill now consider, is thende�ned as

NLh z(x) =
1

C(x)

X

y2 � (x )

e�k z(x ) � z(y )k2 =h2
z(y); C(x) =

X

y2 � (x )

e�k z(x ) � z(y )k2 =h2
(3)

where,for the sake of simplicity, k � k denotesthe usual `2-norm. In practice,it is
just requiredto setthe

p
n �

p
n patchsize,the searchspace� (x) andthe �ltering

parameterh. Buadesetal. showedthatthis �lter substantiallyoutperformsthebilateral
�lter [34] andotheriterativeapproaches[33].

Since,severalacceleratedversionsof this �lter have beenproposed[26,7]. In [4],
Buadeset al. recommendedthevectorial(or block-based)NL-means�lter de�ned as

NLh z(x) =
1

C(x)

X

y2 � (x )

e�k z(x ) � z(y )k2 =h2

z(y); C(x) =
X

y2 � (x )

e�k z(x ) � z(y )k2 =h2

; (4)

which amountsto simultaneouslyrestorepixels of a whole patchz(x) from nearby
patches.The restoredvalue at a pixel x is �nally obtainedby averagingthe differ-
ent estimatorsavailableat that position [4]. This �lter canbeenconsideredasa fast
implementationof theNL-means�lter , especiallyif theblocksarepickedup ona sub-
sampledgrid of pixels. In this paper, the proposed�lter is inspiredby this intuitive
vectorial NL-means�lter [4], but alsoby otherrecentacceleratedversions[26,7], as
explainedin thenext sections.TherelatedBayesianframework enablesto establishthe
relationshipsbetweenthesealgorithms,to justify someunderlyingstatisticalassump-
tionsandto give keys to setthecontrolparametersof theNL-means�lter . It is worth
notingthatthis framework couldbealsousedto removenoisein applicationsfor which
thenoisedistribution is assumedto beknown andnon-Gaussian.

3 A Bayesianrisk formulation

In a probabilisticsetting,the imagedenoisingproblemis usuallysolved in a discrete
setting.The estimationproblemis thento guessa n-dimensionalpatchu(x) from its
noisyversionz(x) observedatpointx. Typically, theunknown vectorizedimagepatch



u(x) is de�nedasu(x) := (u(xk ); xk 2 B (x)) 2 Rn whereB (x) de�nesthe
p

n�
p

n
squareneighborhoodof point x andthe pixels in u(x) areorderedlexicographically.
Let ussupposenow thatu(x) is unknown but we canobserve z(x) = f (u(x); v (x))
wherez(x) := (z(xk ); xk 2 B (x)) , v (x) representsnoiseand f (�) is a linear or a
non-linearfunctionrelatedto theimageformationprocess.Thenoisev(x) is arandom
vectorwhich componentsare iid, andu(x) is consideredasa stochasticvectorwith
someunknown probabilitydistribution function(pdf).

Conditional meanestimator To computetheoptimalBayesianestimatorfor thevec-
tor u(x), it is necessaryto de�ne an appropriateloss function L (u(x); bu(x)) which
measuresthe lossassociatedwith choosingan estimatorbu(x) whenthe truevectoris
u(x). Theoptimalestimatorbuopt(x) is foundby minimizingtheposteriorexpectedloss

E[L (u(x); bu(x))] =
X

u (x )2 �

L(u(x); bu(x)) p(u(x)jz(x)) ;

taken with respectto the posteriordistribution p(u(x)jz(x)) and� denotesthe large
spaceof all con�gurationsof u(x) (e.g j� j = 256n if u(x) 2 f 0; � � � ; 255g). The
lossfunction usedin mostcasesis L (u(x); bu(x)) = 1 � � (u(x); bu(x)) wherethe �
function equals1 if u(x) = bu(x) and0 otherwise.Minimizing E[L (u(x); bu(x))] is
thenequivalentto choosebuopt(x) = argmax p(u(x)jz(x)) , with the motivation that
this shouldcorrespondto themostlikely vectorgiventheobservationz(x). However,
this lossfunctionL (u(x); bu(x)) maynotbethemostappropriatesinceit assigns0 cost
only to theperfectsolutionandunit costto all otherestimators.Anotherthoughtwould
beto usea costfunctionthatdependson thenumberof pixelsthatarein errorsuchas
L(u(x); bu(x)) = ku(x) � bu(x)k2. Assumingthis quadraticlossfunction,theoptimal
Bayesianestimatoris then

buopt(x) = argmin
bu (x )

X

u (x )

ku(x) � bu(x)k2 p(u(x)jz(x)) =
X

u (x )

u(x) p(u(x)jz(x)) :

Referredastheconditionalmeanestimator, buopt(x) canbealsowrittenas

buopt(x) =
X

u (x )

u(x)
p(u(x); z(x))

p(z(x))
=

P
u (x ) u(x)p(z(x)ju(x))p(u(x))
P

u (x ) p(z(x)ju(x))p(u(x))
(5)

by usingtheBayes'andmarginalizationrules,andp(z(x)ju(x)) andp(u(x)) respec-
tively denotethedistributionof z(x)ju(x) andtheprior distributionof u(x).

Bayesian �lter and image redundancy Ideally, we would like to know the pdfs
p(z(x)ju(x)) andp(u(x)) to computebuopt(x) for eachpoint x in the imagefrom a
largenumberof “repeated”observations(i.e. images).Unfortunately, wehaveonly one
imageat our disposal,meaningthatwe have to adoptanotherway of estimatingthese
pdfs.Dueto the fact that thepdfsp(z(x)ju(x)) andp(u(x)) cannotbeobtainedfrom
a numberof observationsat thesamepoint x, we chooseto usethe observationsat a
numberof neighboringpointstaken in a semi-localneighborhood(or window) � (x).
The window � (x) needsto be not too large sincethe remotesamplesare likely less



signi�cant andcanoriginatefrom otherspatialcontexts. We thenassumethat this set
of nearbysamplesmaybeconsideredasa setof samplesfrom p(u(x)jz(x)) .

Moreformally,wesupposethatp(u(x)jz(x)) isunknown,butwehaveasetf u(x1);
u(x2); � � � ; u(xN (x ) )g of N (x) posteriorsamplestaken in � (x). In what follows,
j� (x)j is �x edfor all thepixelsbut thesizeN (x) � j� (x)j is spatiallyvaryingsince
irrelevantandunlikely samplesin � (x) arepreliminarily discarded.Fromthis set,we
startby examiningtheprior distributionp(u(x)) . A �rst naturalidealwouldbeto intro-
duceMRFsandGibbsdistributionsto captureinteractionsbetweenpixelsin theimage
patch,but theMRF framework involvesthecomputationallyintensiveestimationof ad-
ditional hyperparameters which mustbe likely adaptedto eachspatialposition.Due
to thehugedomainspace� , a computationalalternative is thento setp(u(x)) to uni-
form, i.e. p(u(x)) = 1=N (x). This meansthereis no preferenceto choosea vector
u(x i ) in thesetf u(x1); � � � ; u(xN (x ) )g assumedto becomposedof N (x) preliminar-
ily selected“similar” patches.Then,we have thefollowing approximations(see[17]):

1
N (x i )

N ( x i )X

j =1

u(x j )p(z(x i )ju(x j )) P!
X

u ( x )

u(x)p(z(x)ju(x))p(u(x)) ;

1
N (x i )

N ( x i )X

j =1

p(z(x i )ju(x j )) P!
X

u ( x )

p(z(x)ju(x))p(u(x)) ;

andwecanproposeareasonableestimatorbuN (x i ) for buopt(x):

buN (x i ) =
1

N (x i )

P N (x i )
j =1 u(x j )p(z(x i )ju(x j ))

1
N (x i )

P N (x i )
j =1 p(z(x i )ju(x j ))

: (6)

Nevertheless,we donothavethesetf u(x1); � � � ; u(xN (x ) )g, but only a spatiallyvary-
ing dictionaryD(x) = f z(x1); � � � ; z(xN (x ) )g composedof noisyversionsis available.
A wayto solvethisproblemwill bethento substitutez(x j ) to u(x j ) in (6) asshown in
thenext section.In asecondstep,thisestimatorwill bere�ned by substitutingthe“ag-
gregated”estimatorcomputedfrom buN (x j ) (seebelow) to u(x j ). Indeed,therestored
patchat pixel x j is a betterapproximationof u(x j ) thanthenoisypatchz(x j ) usedas
a “pilot” estimator, andtheperformancewill beimprovedat theseconditeration.

Aggregationof estimators Theestimator(6) requiresspatiallyslidingwindowsover
thewholeimagefor imagereconstruction.Hence,a setof L (constantfor uniform im-
agesub-sampling)concurrentscalarvaluesbuN ;1(x i ); buN ;2(x i ); � � � ; buN ;L (x i ) is calcu-
latedfor thesamepixel x i dueto theoverlappingbetweenpatches.Thissetof compet-
ing estimatorsmustbefusedor aggregatedinto theone�nal estimatoreu(x i ) atpixel x i .
Actually, whennoestimatoris a“clearwinner”,onemaypreferto combinethedifferent
estimatorsbuN ;1(x i ); buN ;2(x i ); � � � ; buN ;L (x i ) anda naturalapproach,well-groundedin
statistics[6], is to usea convex or linearcombinationof estimators[19,10]. Here,our
aggregateestimatoreuN (x i ) is simplyde�ned astheaverageof competingestimators:

euN (x i ) =
1
L

LX

l =1

buN ;l (x i ): (7)

In practice,patchesarepickeduponasub-sampledgrid (e.g.factor3) of pixelsto speed
up thealgorithmicprocedure(e.g.factor8), while preservinga goodvisualquality.



4 BayesianNL-means�lter

As explainedbefore,to computebuN (x i ), we �rst substitutez(x) to u(x) in (6). This
yieldsthefollowing estimator

1
N (x i )

P N (x i )
j =1 p(z(x i )jz(x j ))z(x j )

1
N (x i )

P N (x i )
j =1 p(z(x i )jz(x j ))

� buN (x i ) (8)

whichcanbecomputationallycalculatedprovidedthepdfsareknown.It isworthnoting
thatp(z(x i )jz(x j )) is not well de�ned if x i = x j andit couldberecommendedto set
p(z(x i )ju(x i )) � maxx j 6= x i p(z(x i )jz(x j )) in (8) (see[22]). The centraldatapoint
involved in the computationof its own averageis thenre-weightedto get the higher
weight.Actually, theprobabilityto detectanexactcopy of z(x i ) corruptedby noisein
theneighborhoodtendsto 0 becausethespaceof

p
n �

p
n patchesis hugeand,to be

consistent,it is necessaryto limit thein�uence of thecentralpatch.
In theremainderof this section,we shallnow considertheusualimagemodel

z(x) = u(x) + v(x) (9)

wherev(x) is an additive white Gaussiannoisewith variance� 2. We will furtheras-
sumethatthelikelihoodcanbefactorizedasp(z(x i )jz(x j )) =

Q n
k=1 p(z(x i;k )jz(x j;k ))

with x i;k 2 B (x i ) andx j;k 2 B (x j ). It follows thatz(x i )jz(x j ) follows a multivari-
atenormaldistribution,z(x i )jz(x j ) � N (z(x j ); � 2I n ) whereI n is then-dimensional
identity matrix.From(8), the�lter adaptedto whiteGaussiannoiseis thengivenby

1
C(x i )

N (x i )X

j =1

e�k z(x i ) � z(x j )k2 =(2 � 2 ) z(x j ) with C(x i ) =
N (x i )X

j =1

e�k z(x i ) � z(x j )k2 =(2 � 2 ) :(10)

If we arbitrarily setN (x i ) = N to a constantvalueandh2 = 2� 2, this �lter is nothing
elsethanthevectorialNL-means�lter givenin (4). However, it is recommendedto set
h � 12� in [4] to producesatisfyingdenoisingresults.In our experiments,it is also
con�rmed thath � 5� is goodchoiceif we use(3) and(4) for denoising.Actually, the
�ltering parameterh is actuallysetto a highervaluethanthe expectedvalue

p
2� in

practicalimaging.In thenext sections,we shall seehow this parametercanbe better
interpretedandtheoreticallyestimated.

Spatially adaptive dictionaries The �lter (10) canbe re�ned if theadaptive dictio-
naryD(x i ) = f z(x1); � � � ; z(xN (x i ) )g aroundx i is reliably obtainedusinganoff-line
procedure.SinceD(x i ) is assumedto becomposedof noisyversionsof themorelikely
samplesfrom theposteriordistribution p(u(x i )jz(x i )) , theirrelevantimagepatchesin
� (x i ) mustbediscardedin apreliminarystep.Consequently, thesizeN (x i ) is adaptive
accordingto local spatialcontexts anda simpleway to detecttheseunwantedsamples
canbebasedon local statisticalfeaturesbetweenimagespatches.In our experiments,
we have considertwo basicfeatures,that is the meanm(z(x)) = n � 1 P n

k=1 z(xk )
and the variancevar(z(x)) = n � 1 P n

k=1 (z(xk ) � m(z(x))) 2 of a vectorizedpatch
z(x) := (z(xk ); xk 2 B (x)) .



Intuitively, z(x j ) will be discardedfrom the local dictionary D(x i ) if the mean
m(z(x j )) is too `far” from the meanm(z(x i )) whenz(x j ) andz(x i ) arecompared.
More formally, if jm(z(x j )) � m(z(x i )) j > � � � =

p
n, where� � 2 R+ is chosenasa

quantileof thestandardnormaldistribution, thehypothesisthatthetwo patchesbelong
to the same“population” is rejected.Hence,setting� � = 3 given P(jm(z(x j )) �
m(z(x i )) j � � � � =

p
n) = 1 � � , yields to � = 2(1 � � (� � =

p
2)) = 0:034where�

meanstheLaplacedistribution.
Similarly, thevariancevar(z(x j )) is expectedto becloseto thevariancevar(z(x i ))

for thecentralpatchz(x i ). A F -test4 is usedandtheratio F = max(var(z(x j )) ;var(z(x i )))
min(var(z(x j )) ;var(z(x i )))

is comparedto a thresholdT� ;n � 1 to determineif the value falls within the zoneof
acceptanceof thehypothesisthat thevariancesareequal.ThethresholdT� ;n � 1 is the
critical valuefor theF -distribution with n � 1 degreesof freedomfor eachpatchand
a signi�cance level � . Typically, when7 � 7 patchesarecompared,we have P(F >
T0:05;48 = 1:6) = 0:05. If the ratio F exceedsthevalueT� ;n � 1, thesamplez(x j ) is
discardedfrom thelocaldictionaryD(x i ).

This formaldescriptionis relatedto theintuitiveapproachproposedin [26,7,16] to
improvetheperformanceof theNL-means�lter .

New statistical distance measure for patch comparison In this section,we pro-
poseto revise the distanceusedfor patchcomparison,yielding to a NL-means�lter
which is betterparametrized.In (3) and(4), it is implicitly assumedthatz(x i )jz(x j ) �
N (z(x j ); 1

2 h2I n ). Actually, this hypothesisis valid only for non-overlappingandsta-
tistically independentpatches,but mostof patchesoverlappedin � (x) since� (x) is
notsolarge(e.g21� 21pixels).At theopposite,if z(x j ) is horizontally(or vertically)
shiftedby onepixel from the locationof z(x j ), z(x i )jz(x j ) is expectedto follow a
multivariateLaplaciandistribution. However, this statisticalhypothesisdoesnot hold
true for arbitrarylocationsof overlappingpatchesin � (x). Theadjustmentof thede-
cayparameterh � 5� in (3) to a valuehigherthattheexpectedvalue

p
2� is probably

relatedto the fact that the two comparedpatchesarenot independent.Note that some
pixel valuesarein commonin thetwo vectorsbut atdifferentlocations.

Hence,p(z(x i )jz(x j )) mustbe carefully examinedandwe proposethe following
de�nition for the likelihood:p(z(x i )jz(x j )) / e� � (kz(x i ) � z(x j )k) . Typically, we can
choose� (t) = t2 or � (t) = jt j (or a scaledversion)to comparepatches.Here,we
examinethedistribution of kz(x i ) � z(x j )k from the local dictionaryD(x i ) to deter-
mine� . First, it canbeobservedthatE[kz(x i ) � z(x j )k] is non-zeroin mostcasesand
theprobability to �nd anexactcopy of z(x i ) in � (x) tendsto 0, especiallyif � (x) is
large.Themaximumof theassumedzero-meanmultivariateGaussiandistributionin (3)
shouldbethen“shifted” toE[kz(x i )� z(x j )k]. However, thistrainingstepcouldbehard
in practicesinceit mustadaptedto eachspatialposition,andweproposeinsteadto use
asymptoticresults.Actually, wehavealreadyassumed(z(x i;k ) � z(x j;k )) � N (0; 2� 2)
whentwo pixelstaken in z(x i ) andz(x j ) 2 D(x i ) arecompared.Hence,thenormal-
ized distancedist(z(x i ); z(x j )) = kz(x i ) � z(x j )k2=(2� 2) follows a chi-square� 2

n
distribution with n degreesof freedom.For n large (n � 25), it canbe proved thatp

2dist(z(x i ); z(x j )) is approximatelynormally distributedwith mean
p

2n � 1 and

4 TheF -distribution is usedto comparethevarianceof two independentsamplesfrom anormallydistributedpopulation.



unit variance:

p
� p

2dist(z(x i ); z(x j )
�

/ exp�
1
2

� p
2dist(z(x i ); z(x j )) �

p
2n � 1

� 2
(11)

/ exp�
�

kz(x i ) � z(x j )k2

2� 2 �
kz(x i ) � z(x j )k

(� =
p

2n � 1)
+

2n � 1
2

�
:

Accordingly, we de�ne the likelihoodasp(z(x i )jz(x j )) / exp� � (kz(x i ) � z(x j )k)
and choose� (t) = at2 � bjt j + c with a = 1=(2� 2), b =

p
2n � 1=� and c =

(2n � 1)=2 dependingonly on the patchsizen andthe noisevariance� 2. From our
experiments,it was con�rmed that no additionaladjustmentparameteris necessary
providedthenoisevarianceis robustlyestimatedandtheperformanceis maximumfor
thetruenoisevarianceasexpected.Figure1 (bottom-right)showsthefunctionse� t 2 =h2

ande� ( j t j=� �
p

2n � 1) 2 =2 by settingn = 49, � 2 = 1 andh = 5� , andthenillustrateshow
datapointsarecurrentlyweightedwhentheoriginal NL-means�lter andtheso-called
AdaptiveNL-means�lter (ANL) de�ned as

ANL� ;n z(x i ) =

N (x i )X

j =1

exp�
1
2

�
kz(x i ) � z(x j )k

�
�

p
2n � 1

� 2

z(x j )

N (x i )X

j =1

exp�
1
2

�
kz(x i ) � z(x j )k

�
�

p
2n � 1

� 2
: (12)

whereN (x i ) = # fD (x i )g, areapplied.Note that the dataat point x i shouldpartic-
ipatesigni�cantly to theweightedaverage.Accordingly,sincep(z(x i )jz(x j )) tendsto 0
whenx i = x j in (12),wearbitrarilydecidetosetp(z(x i )jz(x i )) � maxx j 6= x i p(z(x i )jz(x j ))
asexplainedbefore(seealso[22]).

BayesianNL-means�lter and plugin estimator In theprevioussections,z(x j ) was
substitutedto u(x j ) in (6) to give (8) andfurther (12). Now, we arefree to substitute
thevectoreuANL(x j ) of aggregatedestimators(computedfrom thesetof restoredblocks
f ANL� ;n z(x j )g , see(7)) to u(x j ). ThispluginANLestimatorde�ned as

ANL� ;n euANL(x i ) =

N (x i )X

j =1

exp�
1
2

�
2kz(x i ) � euANL(x j )k

�
�

p
2n � 1

� 2

euANL(x j )

N (x i )X

j =1

exp�
1
2

�
2kz(x i ) � euANL(x j )k

�
�

p
2n � 1

� 2
(13)

is expectedto improve the restoredimagesince euANL(x j ) is a betterapproximation
of u(x j ) than z(x j ). In (13) the restoredimageis recycled but the weightsis a re-
scaledfunction (theoreticallyby a factor2) of the distancebetweenthe “pilot” esti-
mator euANL(x j ) given by (12) and the input vectorz(x i ). The estimatorsare �nally
aggregatedto producethe�nal restoredimage(see(7)).



5 Experiments

In this section,we evaluatethe performanceof differentversionsof the Bayesian�l-
ter andtheoriginal NL-means�lter usingthepeaksignal-to-noiseratio (PSNRin db)
de�ned asPSNR= 10log10(2552=MSE) with MSE = j
 j � 1P

x 2 
 (z0(x) � bu(x))2

wherez0 is thenoise-freeoriginal image.We alsousethe“methodnoise” described
in [4] which consistsin computingthe differencebetweenthe input noisy imageand
its denoisedversion.The NL-means�lter (see(3)) wasappliedwith h = 5� andour
experimentshave beenperformedwith 7 � 7 patchesand15 � 15 searchwindows,
correspondingto thebestvisualresultsandthebestPSNRvalues.For all thepresented
results,we setT0:05;n � 1 = 1:6 and� 0:034 = 3 to build spatiallyadaptivedictionaries.

Thepotentialof theestimationmethodis mainlyillustratedwith the512� 512Lena
andBarbara imagescorruptedby anadditive white-Gaussiannoise(WGN) (PSNR=
22.13db, � = 20). We comparedtheoriginal NL-meansalgorithmwith theproposed
modi�cationsandFig.1 showsthedenoisingresultsusingseveral�lters (n = 7� 7 and
N = 15� 15): i) theNL-means�lter NLh z whenthesimilarity is only measuredby the
Euclideandistance(see(3)); ii ) thevectorialNL-means�lter NLh z with slidingblocks
but nospatialsub-sampling(see(4)); iii) ourAdaptiveNL-means�lter ANL� ;n z which
includesadaptive dictionariesanda similarity measurebasedon thenew distance(see
(12)); iv) the plugin AdaptiveNL-means�lter ANL� ;n euANL (see(13)). In mostcases,
thePSNRvaluesareslightly affectedif a spatialsub-sampling(by a factor3) is used
in the implementation,but thetime computingis drasticallyreduced(speedis 8 times
lessthanbefore):the implementationof the fastAdaptiveNL-means�lter took 10 sec
onasingle-CPUPC2.0Ghzrunninglinux, andthefull AdaptiveNL-means�lter (with
no spatialsub-sampling)took 75 secfor denoisinga 512 � 512 image(seetable in
Fig. 1). In thesepracticalexamples,the useof spatiallyadaptive dictionariesenables
to enhancecontrasts.Note that the residualnoisein �at zonesis morereducedwith
no additionalblur, whenANL� ;n euANL is applied.In Fig. 2, we modi�ed the estima-
tion of noisevarianceto assessthesensitivity of this parameteron �ltering results.In
general,the PSNRvalueis maximumwith the true value(e.g.� = 20 in Fig. 2) but
decreasesif this value is under-estimatedor over-estimated.In Fig. 2, the estimated
noisecomponentis similar to a simulatedwhite Gaussiannoisebut containsfew geo-
metricstructuresif we under-estimateor over-estimatethenoisevariance.To evaluate
theperformanceof those�lters, we reportedthePSNRvaluesfor differentversionsof
theNL-means�lter . In table1, thenumericalresultsareimprovedusingour �lter , with
performancevery closeto competitive patch-baseddenoisingmethods.Note that the
bestresults(PSNRvalues)wererecentlyobtainedby �ltering in 3D transformdomain
andcombiningsliding-window transformprocessingwith block-matching[10].

In the secondpart of experiments,we have appliedANL� ;n euANL to restorean old
photograph(Fig. 3 - left column);in thatcase,thenoisevarianceis estimatedfrom im-
agedata(see[21]). Nevertheless,in realdigital imaging,imagesarebetterdescribedby
thefollowingmodelz(x) = u(x)+ u
 (x) " (x) wherethesensornoiseu
 (x) " (x) is de-
�ned asa functionof u(x) and"(x) is a zero-meanGaussiannoiseof variance� 2. Ac-
cordingly, thenoisein bright regionsis higherthanin darkregions(seeFig. 2 - second
column).Fromexperimentson realdigital images[14], it wascon�rmed that 
 � 0:5
(
 = 0 correspondsto WGN in thepreviousexperiments).Accordingly, wemodify the



noisyimage(� = 20) NLh z NLh z ANL� ;n z ANL� ;n euANL

Timings Lena Barbara
512 � 512 512 � 512

NLh z 58.1sec 31.85db 30.27db
NLh z 96.2sec 32.04db 30.49db
ANL� ;n z 75.2sec 32.51db 30.79db
ANL� ;n eu ANL 173.3sec 32.63db 30.88db
FastANL� ;n z 10.6sec 32.36db 30.61db
FastANL� ;n eu ANL 21.2sec 32.49db 30.71db
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Fig.1. Comparisonsof differentNL-means�lter s. Fromtopto bottomandfrom left to right: partof noisyimages(Barbara,
Lena, � = 20), NL-means�lter , vectorial NL-means�lter , AdaptiveNL-means�lter , plugin AdaptiveNL-means�lter ;
numericalresultsfor each�lter; comparisonof exponentialweightsfor theoriginal NL-means�lter (bluedashedline) and
for theAdaptiveNL-means�lter (solidgreenline) (seetext).

normalizeddistanceas follows: dist(z(x i ); z(x j )) = kz(x i ) � z(x j )k2=(2� 2z(x j ))
with � 2 [1:5; 3]. Moreover, this modelz(x) = u(x) +

p
u(x) " (x) hasalreadybeen

consideredto denoiselog-compressedultrasonicimages[24]. Preliminaryresultsof
ANL� ;n euANL with this modelis shown in Fig. 3, whenappliedto two log-compressed
ultrasonicimagesanda cryo-ElectronicMicroscopy image(cross-sectionof a micro-
tubule (10-30nm))wherebrightsareasaresmootherthandarkareas.

6 Conclusion

WehavedescribedaBayesianmotivationfor theNL-means�lter andjustify someintu-
itiveadaptationsdescribedin previouspapers[4,26,7]. Theproposedframeworkyields
to a �lter which is betterparametrized:thesizeof theadaptivedictionaryandthenoise
variancearecomputedfrom theinput image,andthepatchsizemustbelargeenough.
Our Bayesianapproachhasbeenusedto remove image-dependentnoiseandcouldbe
adaptedin applicationswith appropriatenoisedistributions.A morethoroughlyevalu-
ationwith othermethods[1,2,35,16], andrecentimprovementsof theNL-means�lter
describedin [5], wouldbealsodesirable.
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� = 15 � = 18 � = 20 � = 22 � = 25
PSNR= 28.91db PSNR= 32.03db PSNR= 32.63db PSNR= 32.29db PSNR= 31.29db

Fig.2. Denoisingwith theplugin AdaptiveNL-means�lter ANL� ;n eu ANL of thearti�cially corruptedLenaimage(WGN,
� = 20) with differentestimationsof thenoisevarianceandexperimentswith the“methodnoise” (bottom).

Image Lena Barbara Boats House Peppers
� /PSNR 20/22.13 20/22.18 20/22.17 20/22.11 20/22.19

ANL� ;n eu ANL 32.63 30.88 30.16 33.24 30.75
NL-means�lter 31.85 30.27 29.42 32.24 29.86

Dabov etal. [10] 33.03 31.77 30.65 33.54 30.87

Eladetal. [13] 32.38 30.83 30.36 33.20 30.82
Kervrannet al. [21] 32.64 30.37 30.12 32.90 30.59
Portilla etal. [31] 32.66 30.32 30.38 32.39 30.31
Rothet al. [32] 31.92 28.32 29.85 32.17 30.58
Rudinet al. [33] 30.48 27.07 29.02 31.03 28.51

� /PSNR Lena Barbara Boats HousePeppers
5122 5122 5122 2562 2562

5 / 34.15 37.98 36.93 36.39 38.89 37.13
10 / 28.13 35.25 33.82 33.18 35.67 33.87
15 / 24.61 33.68 32.21 31.45 34.23 32.06
20 / 22.11 32.63 30.88 30.16 33.24 30.75
25 / 20.17 31.55 29.77 29.11 32.30 29.77
50 / 14.15 27.51 24.91 25.13 27.64 23.84

Table 1. left: performanceof different methodswhenappliedto test noisy (WGN) images(NL-means�lter NLh z is
implementedasin (3) andthemaximumweightingw(x; y ) at x = y is givenby w(x; x ) = max x 6= y w(x; y ) ) ; right:
performanceof thepluginAdaptiveNL-means�lter ANL� ;n eu ANL for differentsignal-to-noiseratios(WGN).
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35. Tschumperĺe,D.: Curvature-preservingregularizationof multi-valuedimagesusingPDE's.ECCV'06, Graz(2006)
36. Wang,Z., Zhang,D.: Restorationof impulsenoisecorruptedimagesusinglong-rangecorrelation.IEEE SignalPro-

cessingLetters.5 (1998)4-6
37. Weickert,J.:AnisotropicDiffusionin ImageProcessing.Teubner-Verlag,Stuttgart(1998)
38. vandeWeijer, J.,vandenBoomgaard,R.: Localmode�ltering. CVPR'01,Kauai(2001)
39. Zhang,D., Wang,Z.: Imageinformationrestorationbasedonlong-rangecorrelation.IEEET. Circ.Syst.VideoTechnol.

12 (2002)331-341


