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Abstract. In image motion analysis as well as for several application fields like daily pluviometry data modeling,

observations contain two components of different nature. A first part is made with discrete values accounting for

some symbolic information and a second part records a continuous (real-valued) measurement. We call such type of

observations “mixed-state observations”. In this work we introduce a generalization of Besag’s auto-models to deal

with mixed-state observations at each site of a lattice. A careful construction as well as important properties of the

model will be given. A special class of positive Gaussian mixed-state auto-models is proposed for the analysis of

motion textures from video sequences. This model is first explored via simulations. We then apply it to real images

of dynamic natural scenes.
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1. Introduction

It is of common understanding that the type of any

observation data is either continuous or discrete. The

situation, where a measurement presents continuous

values sometimes and discrete values at other times,

is rarely considered in statistical literature. However,

such situations are frequent in applications. For ex-

amples, daily pluviometry time series at a given site

records many zeros when the rain is absent, followed

by periods with positive rainfall values (see e.g. [1]).

Similar phenomena also occur in speech recordings

where, interchanges are permanent between absences

and presences of the signal. Another example arises

in the motion analysis problem from image sequences

considered in this paper. Typically, the histograms of

local motion measures present a composite picture. An

important peak appears at the origin accounting for

regions where no motion is present, while a large con-

tinuous component encompasses actual motion mag-

nitudes in the images. It then raises the question to find

accurate models for this type of data—we shall call

them observations with mixed states, collected from

the image lattice.

From a mathematical point of view, we are searching

for models for a random field {Xs} with the constraint
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Figure 1. Two images of sports video segments (involving respectively, a zoom combined with an upward-tilt camera motion, and a right

panning motion) and their corresponding maps of the estimated dominant image motion fields w�̂ and of residual motion measurements vres

(white = 0; black = maximum value).

w� (p) =
(

a1 + a2x + a3 y
a4 + a5x + a6 y

)
, (1)

where � = (ai , i = 1, . . . , 6) is the model parameter

vector and p = (x, y) is an image point. This simple

motion model can correctly handle different camera

motions such as panning, zooming, tracking. Different

methods are available to compute such a motion model

and to get the parameter estimate �̂ . We use the robust

real-time multi-resolution algorithm described in [13].

Then, the residual motion measurements vres(p, t)
we consider, are defined as the weighted local mean of

the normal residual flow magnitudes |vn|, the weights

being given by the square of the magnitude of the

spatial intensity gradient. This allows us to smooth out

the noise attached to the computation of the normal

flow and to enforce the reliability of the motion mea-

surements. We get the following expression:

vres(p, t) =
∑

q∈F(p) �∇ I (q, t)�2.|vn(q, t)|
max(� 2,

∑
q∈F(p) �∇ I (q, t)�2)

, (2)

with vn(q, t) = [I (q, t) − I (q + w�̂ t
(q), t + 1)]/ �∇ I

(q, t)�. Here, F(p) is a local spatial window centered

in pixel p (typically a 3 × 3 window), ∇ I (q, t) is the

spatial intensity gradient of pixel q at time t and � 2 is a

predetermined constant related to the noise level. This

class of local motion measurements have already been

proved useful for motion detection [11, 12] and for

motion recognition [8]. Figure 1 displays two images

of sports videos with the corresponding maps of the

estimated dominant motion vectors and those of resid-

ual motion measurements vres. These examples show

that the camera motion is reliably captured even in case

of multiple moving elements in the scene. It also indi-

cates that the scene motion is correctly accounted by

the residual motion measurements. From Eq. (2), it can

be straightforwardly noted that we only get information

related to motion magnitude, and consequently, we lose

the motion direction. However, under the general ob-

jective of motion characterization, we aim at address-

ing issues such as detecting similar motion contents,

grouping “qualitative” motion classes, or recognizing

predefined motion classes. As demonstrated by the re-

sults reported later, these goals can be attained using

this type of motion information.

2.2. Motion Textures, Histograms and Mixed States

The above motion computation principle has been ap-

plied to various video sequences. In this paper, we are

mostly concerned with motions of natural dynamic
scenessuch as views of moving grass, moving foliage,

sea waves, rivers, fire, steam, smoke, etc. As motivated

in Section 5, we will call motion texturesthe resulting

local motion measurements {vres}. Figure 2 gives a set

of sample images from six different types of videos

including grass, foliage, sea-waves, trees and turbulent

rivers, respectively. The corresponding motion fields

{vres} are displayed in Fig. 3. As a matter of fact, these
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Figure 2. Sample images from different videos of natural dynamic scenes. Top to bottom: moving grass, foliage, sea-waves, trees and rivers.

videos were acquired with a static camera; therefore,

the {vres} are computed with w� ≡ 0 in (2). As illus-

trated in Fig. 3, the normal flow magnitudes can be suf-

ficient to reveal the intrinsic space-time arrangement of

dynamic textures and then to properly model and char-

acterize them, even if they supply a partial motion in-

formation only (local motion direction is not involved

as pointed out before). An advantage is that we have

to deal with scalar motion fields. Besides, local motion

directions do not convey really pertinent information

by themselves in case of dynamic textures.

In Fig. 4, we have displayed several typical his-

tograms from motion textures {vres}. As explained in

Introduction, these histograms are of mixed-state type

with a prominent peak at the origin accounting for re-

gions where no motion is present, and a continuous

component reporting the magnitudes of actual mo-

tion in the images. This can also be inferred from
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Figure 3. Sample motion measures {vres} from the videos of Fig. 2. Top to bottom: grass, foliage, sea-waves, trees and rivers (white = 0;

black = maximum value).

the examples of normal flow magnitudes of Fig. 3

which typically exhibit heterogeneous content of

mixed static and moving points in a more or less ran-

dom way.

3. Mixed-State Auto-Models for Motion Textures
{vres}

Our main purpose is to construct a random field model

for the (residual) normal flow magnitudes fields {vres},

introduced in Section 2, which are mixed-state obser-

vations. Indeed we need to consider a general class

of random field models called multi-parameter auto-
models. Such a theory is exposed in Section 3.1. Using

this theory we then introduce in Section 3.2, a positive
Gaussian auto-modelwith mixed states in {0}∪ (0, ∞)

for modeling motion textures. A specification for the

four nearest-neighbours system is proposed in details in

Section 3.3. Such positive Gaussian auto-models will

be used in Section 5 to analyze motion textures {vres}.
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Figure 4. Sample histograms of motion measures {vres}. Top to bottom, and left to right: grass, foliage, trees and sea-waves.

3.1. A General Theory of Multi-Parameter
Auto-models

Consider a general system of real random vectors

{Xi , i ∈ S} indexed by a finite set S = {1, . . . , n}.
For a site i, let

µ i (xi |·) = µ i (xi | xj , j �= i ) ,

the probability density of Xi given the event {X j =
xj , j �= i }. A classical approach in stochastic model-

ing consists in specifying the family of all these condi-

tional distributions {µ i (xi |·)}, and then to determine a

joint distribution µ of the system, which is compatible

with this family, i.e. the µ i ’s are exactly the conditional

distributions associated to µ . We refer to the seminar

paper [3] which presents general results including a

summary of earlier results about the “nearest neigh-

bours systems” from [2, 15].

In this paper, we focus our attention on the auto-

models introduced by [3]. A characteristic property of

these auto-models is that the local conditional distri-

butions belong to a one-parameter exponential fam-

ily, such as exponential distribution or Poisson dis-

tribution, giving the auto-exponential model and the

auto—Poisson model, respectively. Note also that these

auto-models belong to the wider class of Gibbs field

models (or Markov random field models).

To handle mixed-state observations addressed in

this paper, we first need to extend the above one-
parameter auto-modelsto a multi-parameter setting.

Let us specify some notations. We are given a mea-

surable state space (E, E , m) where E is a subset of

Rd. The field X is taking values in a conÞguration
space� = ES, equipped with the product struc-

ture (E , m)⊗S. A random field on S is specified by a

probability distribution µ on � . We will always as-

sume that µ has a everywhere positive density Pwith

respect to the product measure � = m⊗S. In other

words,

µ (dx) = P(x)� (dx), P(x) = Z−1 exp Q(x), (3)

where Z is a normalization constant. The positivity

condition implies that at each site i , the conditional

distribution (Xi |X j = xj , j �= i ) has a positive density

µ i (xi |·) with respect to m(dxi ).

Our construction of multi-parameter auto-models

are based on the following three conditions:
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[A] The potentials involve at most two points i.e.

Q(x) =
∑

i ∈S

Gi (xi ) +
∑

{i , j }
Gi j (xi , x j ) .

[B] For each site i , the conditional distribution

µ i (xi |·) belongs to a multi-parameter exponential
family:

log µ i (xi |·) = 
Ai (·), Bi (xi )� + Ci (xi ) + Di (·) ,

Ai (·) ∈ Rd, Bi (xi ) ∈ Rd.

[C] The family of sufficient statistics {B(xi )} is reg-
ular in the sense that

for all i ∈ S, Span{Bi (xi ), xi ∈ E} = Rd .

We have then the following theorem (for a proof, see

[10]).

Theorem 1. Assume that the random Þeld probability
distributionµ of and its energy function Q(x) satisfy
Conditions[A]–[B]–[C]. Then, there are for all i, j ∈
S, i �= j , a family of vectors� i ∈ Rd and a family of
d × d matrices� i j satisfying� i j = � T

j i , such that

Ai (·) = � i +
∑

j �=i

� i j Bj (xj ) . (4)

Consequently the set of potentials is given by

Gi (xi ) = 
� i , Bi (xi )� + Ci (xi ) , (5)

Gi j (xi , x j ) = BT
i (xi )� i j Bj (xj ) . (6)

A model satisfying the assumptions of the theorem is

called a multi-parameter auto-model. For a practical

use of Theorem 3.1 as in Section 3.2 below, one starts

by specifying a family of local conditional distribu-

tions {µ i } satisfying Conditions [B]–[C]. The extra-

condition that need to be checked is that the associated

“energy” function Q(x) is admissiblein the sense that:

∫

�
exp Q(x)� (dx) < ∞. (7)

3.2. Mixed-State Auto-Models for Motion Textures

We aim to construct auto-models for mixed-state ob-

servations {vres} on the state space E = {0} + (0, ∞).

3.2.1. The Positive Gaussian Mixed-State Distribu-
tion Let us first define a family of distributions on

E which will be used below for modeling local condi-

tional distributions of motion textures {vres}. A variable

X of this family, called positive Gaussian mixed-state
variable, is constructed as following: with probability

p ∈ (0, 1) we set X = 0, and with probability 1− p, X
follows the distribution of the moduleof a zero-mean

normal distribution with variance � 2:

gs(x) = 2

�
√

2	
e− x2

2� 2 = gs(0)e−sx2

.

Here we have set s = (2� 2)−1. Note that gs(0) =
2(2	 � 2)−1/ 2 = 2(s/	 )1/ 2.

It is worth noticing that this positive Gaussian distri-

bution for the continuous component is a natural choice

regarding the sample histograms of motion textures as

displayed in Fig. 4. We now compute the density func-

tion of this distribution. Let the space E be equipped

with a “mixed” reference measure

m(dx) = 
 0(dx) + � (dx) ,

where 
 0 is the Dirac measure at 0 and � the Lebesgue

measure on (0, ∞). Let us define the indicator function


 (x) = 1{0}(x) and its complementary function 
 ∗(x) =
1 − 
 (x). Then, the above random variable X has the

following density function, w.r.t. m(dx),

f� (x) = p
 (x) + (1 − p)
 ∗(x)gs(x)

= exp

[
− 
 ∗(x) log

p
(1 − p)gs(0)

− sx2 + log p
]

= exp[
� , B(x)� + log p] (8)

where we have set

� = (� 1, � 2)T =
(

log
(1 − p)gs(0)

p
, s

)T

,

B(x) = (
 ∗(x), −x2)T .

In other words, this distribution belongs to an ex-

ponential family and the dimension of its parame-

ters � (or of its sufficient statistic B(x)) is two. We
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also have the following one-to-one correspondence

between the natural parameter � and the original pa-

rameters s and p:

s = � 2 , p = gs(0)

gs(0) + e� 1
= 2(s/	 )1/ 2

2(s/	 )1/ 2 + e� 1
.

This distribution, called positive mixed-state Gaus-
sian distribution, will be denoted by Gm(p, s).

3.2.2. Mixed-State Auto-Models for Motion Textures.
To construct auto-models for mixed-state observations

{vres}, we start by assuming that the family of con-

ditional distributions µ i (xi |·) belongs to the family

of positive Gaussian mixed-state distribution f� i (·)(xi )

given in (8). Here the parameter � i (·) is a function of

neighbouring configuration (·) = (xj , j �= i ). In other

words, we assume that

log µ i (xi |·) = 
� i (·), B(xi )� + log pi (·) (9)

with B(x) = (
 ∗(x), −x2).

By Theorem 1, there are a family of vectors � i =
(ai , bi ) ∈ R2 and 2 × 2 matrices

� i j =
(

ci j di j

d∗
i j ei j

)

,

satisfying � i j = � T
j i , such that

� i (·) = � i +
∑

j �=i

� i j B(xj ) . (10)

Moreover, the associated energy function is given by

Q(x1, . . . , xn) =
∑

i ∈S

[
ai 
 ∗(xi ) − bi x2

i

]

+
∑

{i , j }

(

 ∗(xi ), −x2

i

)
� i j

(

 ∗(xj ), −x2

j

)T
.

(11)

Let us describe in more details the local conditional

distributions {µ i }. By construction, at each site i , the

conditional distribution µ i (xi |·) is Gm(pi (·), si (·)) with

parameters

� i (·) = � i +
∑

j �=i

� i j B(xj )

=
[

log

(
[1 − pi (·)]si (·)

pi (·)
)

, si (·)
]T

.

More explicitly

� i ,1(·) = ai +
∑

j �=i

[
ci j 
 ∗(xj ) − di j x2

j

]
, (12)

� i ,2(·) = bi +
∑

j �=i

[
d∗

i j 

∗(xj ) − ei j x2

j

]
. (13)

We have in particular

si (·) = 1

2� 2
i (·) = � i ,2(·) ,

pi (·) = 2[si (·)/	 ]1/ 2

2[si (·)/	 ]1/ 2 + e� i,1(·) .

It follows that necessarily for all i and its possi-

ble neighbouring configuration (·) = (xj , j �= i ), the

variance parameter si (·) = 1/ [2� 2
i (·)] of the Gaussian

component must be positive, i.e.

si (·) = 1

2� 2
i (·) = bi +

∑

j �=i

[
d∗

i j 

∗(xj ) − ei j x2

j

]
> 0 .

As x is arbitrary, this is equivalent to require the

Conditions [D]:
(i) for all {i , j }, ei j ≤ 0.

(ii) for all i and any subset A ⊂ S\{i },
bi +

∑

j ∈A

d∗
i j > 0 (in particular bi > 0).

It turns out that these necessary conditions are also

sufficient for the admissibility (7) of the energy func-

tion Q given in (11) The next proposition is important:

it defines precisely the set of parameter values cor-

responding to a valid definition of positive Gaussian

auto-models.

Proposition 1. Under the conditions[D], the energy
function Q is admissible. Consequently, the associated
positive Gaussian auto-model is well-deÞned.

Proof: We need only prove the admissibility of the

energy function Q, since the last conclusion follows

from Theorem 3.1.

For any subset A ⊂ S and a configuration x, we

denote by xA the trace of x on A: xA = (xi , i ∈ A).

The configuration space � can be decomposed as

� =
∑

A⊂S

� A
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with

� A = {x : xi > 0, i ∈ A ; xi = 0, i /∈ A} .

Moreover for x ∈ � A,

Q(x) = 
 A(xA) :=
∑

i ∈A

[
ai − bi x2

i

]

+
∑

{i , j }⊂A

(
1, −x2

i

)
� i j (1, −x2

j )
T .

Therefore

∫

�
exp Q(x)� (dx) =

∑

A⊂S

∫

� A

exp Q(x)

n∏

i =1

{
 0(dxi )

+� (dxi )}
=

∑

A⊂S

∫

(0,∞)|A|
exp 
 A(xA)

∏

i ∈A

� (dxi ) ,

where we have set |A| = card(A). As

(1, −x2
i )� i j

(
1, −x2

j

)T = ci j − di j x2
j − d∗

i j x
2
i + ei j x2

i x2
j ,

and ei j ≤ 0, we have for some constant C > 0,

C−1
 A(xA) ≤ −
∑

i ∈A

bi x2
i −

∑

{i , j }⊂A

(
di j x2

j + d∗
i j x

2
i

)
.

By the symmetry property d∗
i j = dji , the second sum

in the r.h.s is exactly

∑

i ∈A

∑

j ∈A, j �=i

d∗
i j x

2
i .

Hence

C−1
 A(xA) ≤ −
∑

i ∈A

(

bi +
∑

j ∈A, j �=i

d∗
i j

)

x2
i .

By Conditions [D], bi + ∑
j ∈A, j �=i d∗

i j > 0, so that

∫

(0,∞)|A|
exp 
 A(xA)

∏

i ∈A

� (dxi ) < ∞ .

The proof is then complete. �

3.3. A SpeciÞcation for the Four-Nearest-Neighbour
System

We describe in this section a particular positive

Gaussian auto-model using the four-nearest-neighbour

system. Recall that the set of sites is S = {1, . . . , n} =
[1, M] × [1, N] and the neighbour system is to be

completed with usual correction on the boundary. We

denote by {i e = i + (1, 0), io = i − (1, 0), in =
i + (0, 1), i s = i − (0, 1)} the four neighbours of i .

Furthermore, we assume that the field is homoge-

neous in space, i.e., the parameters are the same for all

sites. Moreover we will allow possible anisotropy be-

tween the horizontal and vertical directions. Under all

these considerations and by the previous results, there

exist a vector � = (a, b) and two 2 × 2 matrices � (1)

and � (2) such that ∀i , � i = � , and for ∀{i , j }, � i j = 0

unless i and j are neighbours where

� i ,ie = � (1) =
(

c1 d1

d∗
1 e1

)
= � T

io,i ,

� i ,in = � (2) =
(

c2 d2

d∗
2 e2

)
= � T

is,i ,

The model has then 10 parameters (a, b, c1, d1, d∗
1 ,

e1, c2, d2, d∗
2 , e2). However, for the application devel-

oped in Section 5, we need to further constrain the

parameters dk, d∗
k and ek, k = 1, 2 to be zero, since

otherwise with dk > 0, d∗
k > 0 or ek < 0, the corre-

lation between neighbouring sites becomes negative,

i.e., the field is repulsive and neighbouring sites are

“in competition” (note this is also typical for classical

auto-models of [3], see also [10] for more details). This

is clearly not suited for homogeneous motion textures

we intend to analyze here.

Finally, this auto-model with four-nearest-neighbour

system has four parameters, namely 
 = (a, b, c1, c2).

The admissibility condition [D] is reduced in the

present case to the unique simple condition

b > 0 .

It is useful to note that the parameters of the local

conditional distributions µ i = Gm(pi (·), si (·)) at a site

i take the form

� i ,1(·) = a + c1

[

 ∗(xie

) + 
 ∗(xio

)]

+ c2

[

 ∗(xin

) + 
 ∗(xis

)]
. (14)

� i ,2(·) = b
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Notice that the effect of a non null value xj from neigh-

bouring sites depends on the indicator value 
 ∗(xj )

independently of its magnitude |xj | (the squares x2
j

are absent in the above formula).

In case we impose the equality c1 = c2 = c, we get

an isotropic model with three parameters 
 = (a, b, c).

This model will also be used in Section 5 to test the

existence or not of a spatial isotropy.

As for the estimation of the parameter 
 , we

use the pseudo-likelihood method by maximizing the

pseudo-likelihood (in fact its logarithm)

L(x; 
 ) =
∑

i ∈S

log µ i (xi | xj , j �= i ) . (15)

This method has good consistency properties for

classical one-parameter auto-models, see e.g. [9]. We

conjecture that it is still the case for multi-parameter

auto-models considered here, although we are not

aware of any proof of such consistency.

4. Simulation Experiments

In this section we propose some simulation experi-

ments to explore the basic properties of the auto-model

with the four-nearest-neighbour system defined in Sec-

tion 3.3. Our approach is analogous to [5] for the anal-

ysis of spatial intensity textures.

First, Fig. 5 presents two realizations of the

model on a 128× 128 lattice with parameter values

(a, b, c1, c2) = (0.6, 3, 0.5, 0.5) and (a, b, c1, c2) =
(0.6, 0.5, 0.5, 0.5), respectively. The simulations are

produced with 100 scans of the Gibbs sampler where

the initial configuration is chosen at random.

Figure 5. Realizations of size 128 × 128 by the Gibbs sampler of the auto-model with the four-nearest-neighbour systems. (a). (a, b, c1, c2) =
(0.6, 3, 0.5, 0.5). (b). (a, b, c1, c2) = (0.6, 0.5, 0.5, 0.5).

Recall that our figures use a reversed gray color-map

so that the white color corresponds to the null value of

the field. Note also that this model has four parameters

and in particular, the variance parameter � 2
i (·) of the

Gaussian component of the conditional distributions is

a constant independently of neighbouring configura-

tions. Furthermore, this conditional variance becomes

smaller for larger value of b so that the values of the

field is more concentrated near the origin and the figure

looks whiter.

We observe also that the contrast is generally low on

these figures. As a consequence and to have a better vi-

sual judgment, we will display simulations on a binary

basis in the sequel: all non null values are printed with

an unique black color, while the white color is kept to

identify the null value of the field.

Next, we explore the different roles played by the

remaining parameters a, c1 and c2.

4.1. Inßuence of the Parameter a

Figure 6 displays two realizations both with

(b, c1, c2) = (1, 1.5, 1.5) but with different values of

a = 2.9 and a = −2.9, respectively. When a increases,

the conditional probability to have a non null value of

the field becomes higher. Therefore a controls the den-

sity of non null values of the field.

4.2. Texture Granularity

Figure 7 displays two realizations which share the same

parameter values (a, b) = (−2.9, 1) but with interac-

tion parameters c1 = c2 = 1.6 and c1 = c2 = 3

respectively. As one can see, a higher value of the


