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Abstract - In this paper, we investigate the problem of the com-
putation of the Posterior Cramér-Rao Bound (PCRB) in the con-
text of Bearings-Only Tracking (BOT) for a manoeuvering tar-
get. The PCRB provides a lower bound on the mean square er-
ror. In a recent paper, Hernandez et al have proposed a new
approach named Best-Fitting Gaussian (BFG) model to calcu-
late the bound for Jump Markov Linear filtering problems with
a linear measurement equation. Thanks to the linear property of
the measurement equation, an exact formula for the PCRB asso-
ciated to the BFG model can be obtained via a classical Riccati-
like recursion. However, in the BOT framework, the measure-
ment equation is non linear so that we do not have a closed-form
formula. Consequently, the BFG-PCRB must be approximated
using Monte-Carlo methods. This implies a high computational
burden. We show in this paper that the BFG model associated to
the BOT problem can be computed exactly using another coor-
dinate system named Log Polar Coordinate (LPC) system.

Keywords: Bearings-Only Tracking, Manoeuvring Target,
Posterior Cramér-Rao bound, Best-Fitting Gaussian Distribution,
Performance Analysis.

Notation

BOT: Bearings-Only Tracking,

LP(C): Logarithmic Polar(Coordinates),

z* : denotes the transpose of matrix X,

xj: is the target state in the Cartesian coordinate system,
yr: is the target state in the LPC system,

0,,: n x n matrix composed of zero elements.

e;: column vector where each component is zero except
component i which is equal to one.

*

P; ;: the matrix P; ; is defined by P; ; = €;€;
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1 Introduction

In many applications (submarine tracking, aircraft
surveillance), a bearings-only sensor is used to collect
observations about target trajectory. This problem of
tracking has been of interest for the past thirty years.
The aim of Bearings-Only Tracking (BOT) is to deter-
mine the target trajectory using noise-corrupted bearing
measurements from a single observer. Target motion is
classically described by a diffusion model' so that the
filtering problem is composed of two stochastic equations.
The first one represents the temporal evolution of the target
state (position and velocity) called state equation. The
second one links the bearing measurement to the target
state at time k (measurement equation).

As far as performance analysis is concerned, the Poste-
rior Cramér-Rao Bound (PCRB) proposed in [2] is widely
used to assess the performance of filtering algorithms, by
the tracking community ([3, 4, 5, 6]) and in particular in
the bearings-only context ([7, 8, 9]). The PCRB gives
a lower bound for the Error Covariance Matrix (ECM).
More precisely, the PCRB is the inverse of the Fisher
Information Matrix (FIM). A seminal contribution on
performance analysis is the paper from Tichavsky et al.
[10]. Here, the authors noticed that only the right lower
block of the FIM inverse was of interest for investigating
tracking performance. This was the key idea for deriving
a practical updating formula for the PCRB through time.
Recently, the PCRB has been used for various sensor
management problems like automating the deployment of
sensors in [11] or determining the optimal sensor trajectory
in the bearings-only context in [12]. Moreover, PCRB
can be used to schedule active measurements in a system
involving active and passive subsystems.

Tichavsky’s recursive formula is a powerful result
to compute the right lower block of the FIM inverse.
However, complex integrals without any closed-forms are
involved in this recursion. So, these complex integrals must
be approximated via Monte-Carlo methods. This approach
is quite feasible but induces high computation requirements
which highly reduces its suitability for complex problems

Isee [1] for an exhaustive review on dynamic models
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like sensor management. For instance, the aim of active
measurement scheduling consists in optimizing the time
distribution of range measurements to obtain an accurate
target state estimate. It implies to perform Monte-Carlo
evaluations of the PCRB for each policy, which would
rapidly become infeasible. In the BOT case, Brehard et
al have shown in [13] that the complex integrals required
for calculating the PCRB admit closed-form expressions
if the PCRB is derived in the Logarithmic Polar Coordi-
nate (LPC) system. Remarkably, though this coordinate
system is only a slight modification of the Modified Polar
Coordinate (MPC) system [14], it allows instrumental
simplifications in the calculation of the elementary terms
of the PCRB recursion.

However, at this time, this approach is only convenient
for the simplest diffusion model: the nearly constant
velocity target model. The aim of this paper is to show that
this approach can be extended to assess the performance
of a manoeuvering target modelized by a Jump Markov
linear model. The idea consists in using a general approach
named Best Fitting Gaussian Distribution developed in a
recent paper by Hernandez et al in [15]. In this paper, the
authors investigate the computation of the PCRB for the
Jump Markov Linear Model with a linear measurement
equation. The idea consists in approximating this model
by the best-fitting Gaussian distribution. This approach
has two major advantages. First, this bound is more
consistent with the performances of the Variable Structure
Interacting Multiple Model (VS-IMM) tracker classically
utilized. Second, the simple form of the BFG model and
the linearity of the measurement equation imply that the
Tichavsky’s recursive formula becomes a standard Riccati-
like recursion so that the computation burden is small.
In this paper, the BFG approach is applied to the BOT
problem. However the non linearity of the measurement
equation implies that some terms of Tichavsky recursive
formula must be approximated by Monte-Carlo methods.
We show in this paper that this problem can be avoided.
More precisely, this bound can be computed exactly and
rapidly using a coordinate system developed by Brehard
et al in [13]. More generally, this result is an extension of
[13] to a more complex diffusion model.

In section 1, the specification of the model is presented
in a general framework. In section 2, the problem of the
computation of the PCRB is investigated. The classical
method as well as the BFG approach used to compute the
bound are presented. In section 3, a closed-form PCRB for
the BFG model in the context of BOT tracking is proposed.

2 Specification of the model

Let xj, be the target state at time k. We consider a jump
Markov linear equation given by the following equation:

6]

Tpyp1 = F"Mwp + up + wp*

where w;"* ~ N (0,Q") and {my}ren is a finite, time-
homogeneous Markov chain with transitions probabilities
Tij 2 P(mpy1 = jlms = ). Variable my, specifies the

target motion and uy the known relative manoeuvres of the
observer. Otherwise, we note z;, the measurement received
at time k. The target state is related to this measurement
through the following equation:

2 = h(zg) + vy ()

where v, ~ N(0, O'%) and O’% is known. Equations (1) and
(2) form a non linear filtering problem. If h is a linear func-
tion, the posterior distribution p(xy|z1.) can then be esti-
mated using a variable structure interacting multiple model
[6], else a sequential Monte-Carlo method [16] should be
used. The problem of the computation of the PCRB for this
general model is investigated in the following section.

3 How to compute the bound ?

3.1 Tichavsky’s formula

The PCRB gives a lower bound for the error covariance ma-
trix:

ECMy, = E{(ir — x)(dx — zx)*} 3
= I 4)

where Iy, is the estimate and Jj is the right lower block
of the FIM inverse. This classical result is proved in [2].
To compute J, Tichavsky et al. have proposed in [10] a
recursive formula:

-1
Jiy1 = D2+ D — D' (Ju + DY) D2, (3)
where D;.!, D%, D3', D32, D;? are defined by:

Dt £ B{V,, mp(py1|ze) Vi, np(apiler}}

Dlzl 2 E{Vivk+1 lnp($k+1|$k)vzk lnp(xk+1|x;€)} y

Dy? £ B{Vy, np(zpy1|ze) Vi, np(egler)}

D2 2 B{Va,,, mp(pp|er) Vi, np(era|ze)}

D 2 E{Vae,. 111P(2k+1|xk+1)v2§k+1 Inp(ze1|zne1)}

(6)

Looking at eq.(1),one can remark that the PDF associated to
Zg+1 given xy noted p(xgy1|xk) has not a simple form so
that D}Cl, th, D,%l, D,zf do not have closed-forms. A clas-
sical solution [6] consists in conditioning on the manoeuvre
sequence my.; = {my, ..., my}. Following this approach,
we obtain

MCE, = E{E{(¢x— xk)(&k —zr)"|mix}} (7)
= E{J; H(mir)} (®)

where J, ! (my.x) is the right lower of the FIM inverse con-
ditionally to a motion sequence mi.;. Now, this quantity
can be approximated using Monte-Carlo methods.

E{J; " (mux)} =

1 <& ;
) o)

where {m%}ie{lw_,]} is a set of I motion sequence real-
izations. They are sampled independently using the tran-
sition probabilities 7;; of the Markov chain m.;,. How-
ever, there are some hard limitations to this method. First,
Ji 1(m§13€) must be computed for all . The utilization of
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the Monte-Carlo method implies a high computational bur-
den. Second, Hernandez et al. have shown in [15] that this
bound is over-optimistic because each bound J, 1(m%)
calculated assumes that the sequence of manoeuvres is
known. Consequently, Hernandez et al. have proposed a
new approach to calculate J, ! for a manoeuvering target

which avoids these problems, this is the BFG distribution.

3.2 Best-Fitting Gaussian Distribution

The idea of the BFG distribution consists in replacing the
multiple diffusion model given by eq.(1) by a single best-
fitting model so that this model has the same mean and co-
variance under each model. One can show that the best-
fitting model associated to eq.(1) is

Tpy1 = Frrp + up + wg (10)
where wy, ~ N (0, Q) with
M
Fe = Y F"pm, (1)
me=1
Qr = Cry1— FLCpFy (12)
and
M
Cit1 D [F(Cr + eren) (F™)" + Q]
me=1
_erkezFlj (13)
€k+1 = erk (14)
Pm, = P(my) (15)

The proof of this result is given in [15]. The problem is now
to compute the bound for the BFG filtering problem formed
by equations (10) and (2). The idea consists in applying
Tichavsky’s formula to this filtering problem. Contrary to
Hernandez et al ’s paper, we assume that the measurement
equation (2) is non linear so that Tichavsky’s formula does
not become a simple Riccati-like recursion. Now, this point
is precised. First, thanks to the linear property of diffu-
sion equation (10), D, D,iz, D,%l and Diz have closed-
forms. However, in eq.(2), h is a non linear function so
that no closed-form can be derived for D33. This implies to
use Monte-Carlo methods to approximate this last term and
therefore induces a high computational burden. We show
in the next section that this problem can be avoided in the
BOT context by using another coordinate system.

4 PCRB and Bearings-Only Track-
ing

We show in this section that the PCRB can be computed

exactly for the best-fitting Gaussian model in the bearings-

only context. First of all, let us precise the filtering problem
in the BOT context.

4.1 Bearings-Only Tracking

Historically, BOT is presented in the Cartesian system. Let
us define target state at time k:

zp = ro(k) ry(k) vi(k) wvy(k) ]*, (16)

made of target relative velocity and position in the z — y
plane. Classically, the jump Markov linear model is com-
posed of two types of diffusion models. The first one is a
nearly constant velocity model (mj = 1) characterized by
the following equation:

Tp1 = Fpag + ug + wy, (17)
where
1 0 6 O
. o1 0 6
Be=loo 1 o (18)
00 0 1
& o0 % o
0 % o %
Qr = o*| 3 2 (19)
Z 0 0 O
2
0 % 0 4
and a constant-turn model (my, = 2) characterized by:
Tpy1 = F,?xk + up + w% (20)
1 0 sin wiy cos wdp—1
0 1 lfcousj‘ wog sianuﬁk
F2 — w w 21
k 0 0 coswdr —sinwdy @D
0 0 sinwdy cos Wiy,
Qi = 0 (22)

where ¢, is the time interval and w the turn rate. The term
04 is defined in the notation sequence. Of course, one can
consider a model with more than one constant turn model.
All the results presented in this paper can be used for an
arbitrary number of models.

Otherwise, zj is the bearing measurement received at
time k. The target state is related to this measurement
through the following equation:

m(k)) + Vi

arctan
(T'y (k)

where vy, ~ N'(0,03) and o3 is known.

We show in this section that a closed-form PCRB for the
best-fitting model in the context of the bearings-only track-
ing problem can be derived. The idea is to use a different
coordinate system named Log Polar Coordinate system. It
has been introduced in [13]:

2 = (23)

=106 pr B pr] (24)

with

pr = Inry (25)
where (3, and r, are the relative bearing and range. Let f},

and f!? be respectively LPC-to-Cartesian and Cartesian-to-
LPC state mapping functions so that:
T = { fz(;)(yk) if ry(k) >0

—fip (k) if ry (k) <0 (26)
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with
sin G
cos O
B cos Br + pr. sin S
*ﬁk sin ﬂk + Pk Ccos ﬂk

fip(Yk) =1k (27)

and

Tm(k)
arctan (Ty(k))
2 2
n ((/r2(k) +73(k))
Vo (k)ry (k) —vy (k)ra (k)
rz (k)+r; (k)
Vo (k)72 (k) +vy (K)ry (k)
rz (k)+r3 (k)

yp = fiP(vx) = (28)

4.2 Calculating the Bound

From now, all the problem is expressed using the LPC sys-
tem. Consequently, we calculate the lower bound for the
covariance error matrix in this framework.

ECMy, = E{(9r — yi)(x — yr)*}
= gt

(29)
(30)
where ¢, is the estimate and Jj, is the right lower block of

the FIM inverse. Tichavsky’s formula must also be rewrit-
ten in the LPC system.

—1
Jes1 = D2+ D — DI (Ju + DY) D2,
where D', D%, D', D2, Di¥ are defined by:
Dyt 2E{V,, np(yralye) Vi, np(yrialye
DY EE{Vy,  0p(ykslye) Vi, np(Yrialyr) }
D2 £E{V y, np(yr+1yr) Vi, ,, 0 (yrrlye) }

DP2E{Vy,  np(yksilye) Vi, mp(yrialyr)}
DEEE{Vy,  np(ze Y1) Vi, p(zrialyrii)}

3D

We will show that all the terms in (32) allow closed-
forms. There are two reasons for this peculiar prop-
erty. First, the coordinate system includes [3;. Conse-
quently p(z¢11|yk+1) = p(ze4+1|8k+1) has a simple ex-
pression so that Di3 has a closed-form. Second, we
show in appendix A that gradients V,, Inp(yx41|yr) and
Vs Mp(yet1lyr) are quadratic forms in 2y, x41. In-
deed, we have:

Vo Mp(ysyilye) = =& Qp Fir,, +4es
where
Ept1 = Tpy1 — Frap — (34)
and
Fr & Vy{an} 35)

The term ey is defined in the notation section. JF is the
LPC-to-Cartesian mapping function derivatives at time % (
i 1s given by eq.(27)). This term can be expressed using
the Cartesian framework:

ry(k)  ry(k) 0 0

« | —ra(k) 7y(k) 0 0

Fa= L oym) vtk k) rnw| ©0
—va(k) vy(K) —ralk) (k)

Consequently, F; is a linear operator.
The linear property is the key point to derive closed-
forms. First of all, one can rewrite

Dl = E{F,FQ['RFu}
D;? = E{]—';kF,ijl Frpar t — Th
D2 — Ei]—"}kka’; Frpay } +Cr + T3
oz 000 (37)
pB — |0 00 0f
0 000
0 000
with
T = T QL Fonn — Fia FiQy Friga,
TE = Fiu,, Ok J?Ex,m —f;;kEi,Eka Fr ey »
C. = ]E{]:;HlQ;; 5k+15;+1Q; fgk“} 38)
N ]E{f;k+1QI;15k+1}4e;
— 4esB{Er Q) Feyy, b+ 16e0es
Erht1 = Thy1 — Fror —up
and
Faw, = (39)
E{ry(k)} E{r.(k)} 0 0
—E{r.(k)} E{r,(k)} 0 0
E{v,(k)}  E{v.(k)} E{ry(k)} E{r.(k)}
—E{v,(k)} E{vy(k)} —E{ro(k)} E{r,(k)}

Result (37) is proved in appendix B. First, let us notice that
Y}? and Y32 can be easily calculated. We can remark that
the latter is zero if uy, is zero. If this condition is not veri-

(32)fied, E(2},) is computed for any value of k using E(z) and

the relation E(xy) = FrE(xg_1) + ug—1. Now using one
more time the linear property of F, we prove in appendix
C that C, can computed exactly via the following formula:

Cri = 92(Qk) — 491(Qr)es — 4eagi (Qr) + 16eze5  (40)

where
4
91(Qr) = Y I;Q; " e;Qili, §) (41)
i,j=1
and
4
92Qr) = > Q' Py, QL 42)

11,J1,%2,j2=1

X (Qr (i1, 1) Qr(i2, j2) + Qi (i1, j2)Qr (i2, J1))

where matrices {/;};e(1,... .4y are defined in tab.1 and

{P(i’j)}we{l,_nﬁl} in the notation section. We derive the
final closed-forms for D!, Di%, D#? in the three follow-
ing sections. The final algorithm is given by figure 1.

4.2.1 Closed-form for D}!

We prove in the appendix B that D! given by (37) can be
rewritten

D\ =E{F; FiQy ' FiFu, } (43)
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Initialization of J; and C'ov(zg)
For k=1,...

1. Computation of Fj, and @y using (11) and (12)

2. Computation of Cov(zy,)

Cov(zy) = FrCov(zk—1)Fy + Qp
3. Computation of C, using (40)
4. Computation of Y;? and Y72 using eq.(38)
5. Computation of

4 4
Dilzz Z I FQy P GE (. (i) (5))

i=1 j=1

4 4
D= I Fr Q' TE(w(i)ak () — Y5

i=1 j=1

4 4
DP=3"3"T; Q'L E(xi (D)zn(j)) + Cr + T

i=1 j=1
Dp?=diag(c3,0,0,0)

Remark : constants {/1}1,...,
tively given in Tab.1 and 2.

4 are respec-

.

6. Computation of Jj,1 using eq.(31)

End For

Figure 1: Computation of the PCRB

Using the linear property of operator F, we obtain the fol-
lowing decomposition:

4
Fup = Liwg(i) (44)
=1

Constants matrices I, I, Is and I given in Tab.1 are de-
rived from the definition of operator F given by eq.(36).
Now D}! can be rewritten:

4 4
Dit =33 LFQ.RLE(wi(i)zi(j)  (45)
i=1 j=1

The terms E(xy(i)z(j)) are the elements of the covari-
ance matrix Cov(zy). This matrix can be obtained using
the recursive formula:

Cov(zy) = F,Cov(xr—1)F} + Qp (46)

derived from eq.(10).

4.2.2 Closed-form for D;}?

We prove in the appendix B that D}? given by (37) can be
rewritten

D =E{F; FiQy ' Fru,} — TP 47)

where T} is given by eq.(38). Using the linear property of
operator F, we have:

4
Fre, = Y Lizk(i) (48)
i=1

where 77, Z, I3 and Z, are constant matrices. Looking
at eq.(48), let us remark that that the values of these con-
stant terms depend on F}. Tab.2 gives the values of the-
ses constant matrices for a target that can switch between
a nearly-constant velocity model and a constant turn model
as presented by (18) and (21). Now using (44) and (48),
D,? can be rewritten:

4 4

D? = > LFQ. LE(wk(i)ax(4) — Y32 (49)

i=1 j=1

The terms E(xy(é)z,(j)) are the elements of the covari-
ance matrix C'ov(x). This matrix can be obtained using
the recursive formula given by (46).

4.2.3 Closed-form for D32

We prove in the appendix B that D3? given by (37) can be
rewritten:

Di? = E{Fp.,Qp Fra} +Co+ TE (50)
where Y72 and Cj, are given by eq.(38). Now D372 can be
rewritten:

4 4
Di? =3 > TrQg ' LE(k(i)ar(7) + Cx + 17 (51)

i=1 j=1

using (48). The terms E(xx(i)x(j)) are the elements of
the covariance matrix C'ov(zy). This matrix can be ob-
tained using the recursive formula given by (46).

5 Conclusion

In this paper, we have considered the problem of calculating
the PCRB in the case of a manoeuvering target in the BOT
context. In a recent paper, Bréhard et al have shown that a
closed-form PCRB can be derived for the nearly-constant
velocity model. We have proved in this paper that this ap-
proach can be extended to the manoeuvering context via the
Best-Fitting Gaussian approach which has been proposed in
a recent paper by Hernandez et al [15].

Along this paper, strong results were shown with re-
gards to the PCRB calculation; namely we derived origi-
nal closed-form PCRB. This power result cascades down
from an original frame that consists in a new coordinate sys-
tem: the Logarithmic Polar Coordinate system. Computing
the PCRB then becomes an accurate and time-varying tech-
nique of particular interest for real-time sensor management
issues.

Appendix A: proof of eq.(33)

First, it is necessary to derive p(yg+1|yx). Bréhard et al
have shown in [13] that

PWrs1lye) = re1P(@rsr o) a(yr) - (52)
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where:
alye) = P(ry(k) > 0lys) L, (k)>0}
+P(ry (k) < Olyr)Lgr, (ry<0y - (53)
Remarking that V,, a(y) = 0, we obtain:
Vo p(yealyr) = Fy, A*Q; " §k+1 ; (54)
Vs mp(Yri1lyr) kaQk Ep1 +4ea .
where
Fao = Vadwd, (55)
1 = mpy1 — Frag — (56)
Appendix B: proof of eq.(37)
Considering at D}', Dj}*> and D3?* formulas
given by eq.(32), incorporating V,, Inp(yr+1|yk),
Vs Mp(yr41lyr) given by (33), we obtain:
Dy = E{7;, FiQ; " Erain Qi FiFa, )
D]? = _]E{ F Qk 5k+lgk+1Qk ack+1} P
D = E{f;‘k+1Qk Err1E5 1 Q1 Fay (57)

_4E {]—"jHle 5k+1} e
— 4esE {gk+1Qk ka} + 16eq€e5 .

Now, we are dealing with the calculation of each elemen-
tary term of eq.(57) separately.

D}! formula

Let us rewrite D! as given by eq.(57), we have:

D} = E{F AQy &k 1&i Q' FrFu},  (58)
E{F;, FrQy  E{&rn&ialon} QT AT}
—_—

=Qk

Then using the statistical property of x4+ given xj i.e.
N (Frxi, + urk, Q) given by eq.(10), we obtain D}! for-
mula as given by eq.(37).

D;?* formula

Our aim is now to render explicit D12 given by eq.(57). Let
us first use the linear property of F :

=0

f;kFl:lelgk-Hg;-&-llelfngrl} (59
i Fr Qi i1 1Q  Froatunk b -

D> = -E{
,E{

Using the statistical property of x4 i.e Tx11 given xy, is
aN (Fypxy + ugk, Qr), we obtain:

Dy? = —E{F; A Q. Friay } — Fouy FrQr Fuyk- (60)

Now remarking that uy, = Ezy; — Fizy and the linearity
of operator F, we obtain D}? expression given by eq.(37).

D?2 formula
Starting from D32 given by eq.(57) and using again the lin-
earity of F':
=0
D/?JQ = E {f;‘kwk-‘ruklelgk?“!‘lg]:-‘rl@];lfgk{»l } ’

+ ]E{f;‘kxk—&-uklelgk-ﬁ-l‘c/‘;—i—llel‘FF}cmk-l-uk}
+ Ck (61)

with Cy, is defined by eq.(38). Now, using again the statisti-
cal property of x1, we obtain:

Di? = EA{Ffarun @i Een1€i1Qr  Froo+u }
+ Ck. (62)

To end the proof, the linearity of the operator F and the
equality ux = Exy41 — Fxi allow us to infer eq.(37).

6 Appendix C: proof of eq.(40)

We derive here a closed-form expression for Cy. First, let

us define :
K EFr Q) ek (63)

Using this definition, C;, given by eq.(38) can rewritten:

Cr = 92(Qr) — 491(Qr)es — 4e2g7 (Qk) + 16e2e5  (64)
where

a1(Qr) = E{Q} (65)

92(Qk) E{QQ;} (66)

We can see that the main problem is to compute the two
first moments of the random variable (2. Using the linear
property of operator F given by (44), )i can be rewritten:

4

Q=Y O ersa(i)eri

i=1

(67)

where constant matrices I, Is, I3, I, are given in Tab.l.
Now using the following decomposition:

hy1 = Z esel), (68)
where ¢; is defined in notation section. We obtain:
4 .
U= [Q;lejel] el (69)

i,j=1
Now using the statistical properties of €y, defined by
eq.(34), we derive the first moment of 2.

4
B = Y 1Q e Quli, 4) (70)

ij=1
Now let us consider the second moment. Using eq.(68), we
obtain:

4
11,J1,92,52=1

(i1) (1) (Lz) (2)
E{ k:Z-‘rl kj-‘rl k+1 k]-‘rl}

gQ(Qk) = QkIP(Jh.D Qk i2

(71)

X
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where P(49) is defined in notation section. We have now to
calculate the fourth moment of a normal distribution. One
can show

E{€(i1) e(jl) (42) €(j2)

E+1k+1C%+1C%k+10 =

Qr (i1, J1)Qr (2, j2) + Qr(i1, j2)Qr(i2, j1) (72)

This is a classical result which can be found in [17]. We
obtain the final expression for the second moment.

Table 1: Constants Iy, I, I3 and 1,.

0 1 0 0 1 0 00
-1 0 0 0 0100
h=to o0 0o 1| 2=lo o1 0
0 0 -1 0 00 0 1
0 0 0 O 00 0 0
13:0000 14:0000
0 1 0 0 1 00 0
-1 0 0 0 01 00

Table 2: Constants Z1, Zs, Z3 and Z,.

(6]

(7]

(8]

(9]

(10]

(11]

I, =1
I, =1
1—cos wd 51 )
COTZU) k blnqj,j] k 0 O
_ sinwdy 1—cos wig 0 0
I3 = (116 + 1. w w
3= (D0, + I)prt sin wdy coswd, 0 O p2
—coswd, sinwd, 0 0
1 ) o~
sm;u & cosu;uk 1 0 0
__coswdp—1 sin wdy 0 0
T4 = (120 1 w w
1= (D0, + Lprt cos Wiy sinwd, 0 0 b2
sin woy, coswd, 0 0

(12]

[13]
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