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ConditionalFilters for ImageSequenceBased
Tracking- Application to Point Tracking

Élise Arnaud1, ÉtienneMémin1 andBruno Cernuschi-Fŕ�as2

Abstract— In this paper, a new conditional formulation of
classical�ltering methods is proposed.This formulation is dedi-
cated to image sequencebasedtracking. Theseconditional �lters
allow solving systemswhose measurements and state equation
are estimated fr om the image data. In particular , the model
that is considered for point tracking combinesa state equation
relying on the optical �o w constraint and measurementsprovided
by a matching technique. Based on this, two point trackers
are derived. The �rst one is a linear tracker well-suited to
image sequencesexhibiting global dominant motion. This �lter
is determined thr ough the use of a new estimator, called the
conditional linear minimum variance estimator. The secondone
is a nonlinear tracker, implemented fr om a conditional particle
�lter . It allows tracking of points whose motion may be only
locally described. These conditional trackers signi�cantly im-
prove resultsin somegeneralsituations. In particular , they allow
dealing with noisy sequences,abrupt changes of trajectories,
occlusionsand cluttered background.

Index Terms— point tracking, stochastic �ltering, minimum
variance estimator, particle �ltering, optimal importance func-
tion, robust motion estimation, correlation measurement, gating

I . INTRODUCTION

POINT tracking from an image sequenceconstitutesa
basic but essentialproblem in computervision. Many

high level tasks dependon it, such as motion estimation,
surveillance,videodatabasemanagement,robotvision control
[1] or 3D reconstruction[2]. This problem,which consistsin
reconstructingapoint trajectoryalongagivenimagesequence,
is indeed inherently dif�cult. As a matter of fact, unlike
structuredshapetracking, no shapepriors can be imposed,
and the only possibility is to rely on a local characteristic
of the point. More precisely, trackinga given point over time
impliesto assumethata local typical featureis invariantalong
its trajectory. Anotherdif�culty concernsthe setupof a prior
dynamicalmodel of the point motion, which is very dif�cult
to establishwithout any a priori knowledgeon the evolution
law of thesurroundingobject.Theseintrinsic dif�culties have
brought researchersto implement local techniquesbasedon
geometricandluminanceinvariants,which locally characterize
thegrayvaluesignal.Themostusedassumptionis aconstancy
hypothesisfor local photometriccharacteristicof thepoint and
its neighborhood.This brightnessconstancy assumptionalong
a trajectoryhasled to devise two differentkinds of methods.
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The �rst onesare intuitive methodsbasedon correlation
criteria. Such techniquesare used in numerousdomainsto
trackpointsbut alsoto estimatemotionsof highly deformable
mediasuchascloudsin meteorologicalimageryor �uid �o ws
in particles imagery [3]. An interesting comparative study
of several similarity functions is describedby Aschanden
and Geggenb̈ul in [4]. Thesemethodsremain very popular
for their simplicity and ef�ciency. Nevertheless,in caseof
large geometrictransformations(scaling,rotation,perspective
distortion), illumination changesor occlusions,the ef�ciency
of thesemethodsdecreasesdramatically.

The secondonesare de�ned as differential trackers, built
from a differential formulation of a similarity criterion. In
particular, a simpleintensityconservationassumptionleadsto
the optical �o w constraint[5]. The well-known Shi-Tomasi-
Kanade(STK) tracker [6] is derived from such a constraint
which is expressedon a small neighborhoodtogetherwith
a spatial parameterizationof the motion. However, these
trackersremainsensitive to illumination changes.To solve this
problem,themostcommonsolutionconsistsin includingsome
photometricparametersof brightnessand/orcontrast[7]. Other
adaptationshave beensuggestedto improve resultquality and
to evaluatewhetherthe featureis tracked successfullyor not,
suchas the useof robust rejectionrules [8].

In this paper, we proposeto combinethesetwo complemen-
tary formulationsof themotionmatchingproblem.In orderto
properlymix thesetwo sourcesof information,we proposeto
setuptheircompetitioninto astochastic�ltering modelization.
Sucha framework modelsthe problemby a discretehidden
Markov chain,describedby a system.This systemconsistsof
a stateequation(alsocalleddynamic), which characterizesthe
evolution law of the stateto be estimated,anda measurement
equationwhich links the observation to thestate.The stateof
the �lter can be the featureposition togetherwith additional
information such as its velocity or its intensity template
[9]. Stochastic�lters give then proceduresto estimatethe
distribution probability of the stateconditionally to all past
measurements.These�lters, suchasKalman�lter in thelinear
Gaussiancase[10] or sequentialMonte Carlo approximation
methodsin thenonlinearcase[11] arewell-known to improve
tracker robustnessto outliersandocclusions.To thebestof our
knowledge,thesesequentialMonte Carlo techniqueshave not
beenappliedfor point trackingproblem.

In our case,it is important to note that the whole system
describingthe point tracking problemdependson the image
sequence.Indeed,both dynamicsand measurementsare ex-
tractedfrom the imagesequenceat eachdiscreteinstant.They
rely on the one hand on a differential method,and on the
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other hand on a correlationcriterion. The considerednoise
distributionsdependalsoon theimagedata.As aconsequence,
all the elementsof our �ltering problemareestimatedon the
image sequence.Building a �ltering model entirely on the
imagesequenceis a solution to go round a lack of a priori
informationon the tracked feature.

One key-point of our work is thereforeto proposea well-
founded�ltering framework which allows sucha usualsitua-
tion to be dealt with. The resulting�lters are built following
the traditional setup of stochastic�lters, by consideringa
conditioningwith respectto the imagesequencedata.Sucha
conditioningrequiresanadaptationof theusualestimatorsfor
tracking applications.This adaptationleadsus to devise two
kindsof trackers:a linearoneanda nonlinearone.Thesetwo
trackers will be describedfor the problemof point tracking,
however, they will be dedicatedto two different kinds of
situations:the �rst one is dedicatedto sequencesexhibiting
globaldominantmotion,andthesecondoneis usefulto track
points whosemotion can be only locally described.Eachof
themconstitutesa robust andvery reactive tracker. They both
allow dealingwith occlusionproblemsandabruptchangesof
trajectories,in an elegantway.

The paper is organizedas follows. After a short review
on classicalstochastic�ltering, we presentthe motivations
and the notations of the image sequencebased �ltering.
Two general�lters are derived, to solve linear and nonlinear
systems.Thesetwo �lters arethenprecisedfor point tracking
application.The application's resultsarepresentedin the last
sectionandcomparedto existing methods,including thewell-
known Shi-Tomasi-Kanadetracker [6].

I I . FILTERING PROBLEM : FORMULATION AND EXISTING

SOLUTIONS

For the sake of clarity, the generalprinciple of �ltering
problemsis brie�y introduced.We considera discretehidden
Markov state processx0:n = f x0; x1; :::; xn g of transition
equationp(x k jxk � 1). This probabilitydistribution modelsthe
evolution of the stateprocess.It is also known as dynamic
equation. The set of observations z1:n = f z1; z1; :::; zn g,
of marginal distribution p(zk jxk ), aresupposedconditionally
independentgiven the state sequence.The marginal distri-
bution de�nes the measurementequation. At each discrete
instantk, the �ltering problemconsistsin having an accurate
approximationof the posterior probability density of state
xk given the whole set of past and presentmeasurements
z1:k . A Bayesianrecursive solution known as optimal �lter
is constitutedby two interleaved steps:

� Assuming p(x k � 1 jz1:k � 1) known, the prediction step
relying on the dynamicequationenablesmaking a �rst
approximationof the next stategiven all available infor-
mation:

p(xk jz1:k � 1) =
Z

p(xk jxk � 1) p(xk � 1 jz1:k � 1) dxk � 1:

� During the update state, the introduction of the new
observationzk correctsthis �rst approximationusingthe

measurementequation:

p(xk jz1:k ) =
p(zk jxk ) p(xk jz1:k � 1)R

p(zk jxk ) p(xk jz1:k � 1) dxk
:

Dueto theirhugedimension,a directcomputationof thesetwo
sumscan not be realizedin a generalcase.Indeed,de�ning
a computationalformulation of the two sumsconstitutesthe
key point to solve in �ltering problems.

In thecaseof linearGaussianmodels,theKalman�lter [12]
givestheoptimalsolutionin termsof a recursiveexpressionof
meanandcovarianceof the Gaussiandistribution p(x k jz1:k ).
Suchan expressionmay be derived from the minimumvari-
anceestimator. This estimatoris equivalentto the bestlinear
estimator in the Gaussiancase, and then correspondsto
the conditional expectationof the stateat time k given the
set of observations E[x k jz1:k ]. In the absenceof Gaussian
assumption,but keepingthe linear propertiesof the model,a
reasonablechoiceconsistsin relying on the linear minimum
varianceestimatorof x k givenz1:k . Theuseof this estimator
leads�nally to the sameequationsas the classicalKalman
�lter . Nevertheless,suchan estimatorprovidesonly �rst and
secondorder statisticsof p(x k jz1:k ), and does not provide
other than incompleteinformation on higher order moments
[13].

Similarly, in the nonlinearcase,the extendedKalman�lter
leadsalso to an estimationof the two �rst momentsof the
requiredposteriordensity. Thisnon-optimalsolutionis derived
from a local �rst-order linearization,which is not satisfactory
facing multi-modality. Other approachesnamed grid-based
methodsproposeto build a determinist mesh of the state
spacein order to obtainnumericalestimationsof the optimal
�lter integrals [14]. The optimal solution is reachedif the
state spaceis discrete and consistsof a �nite number of
states.An alternative of thesehighly computationalalgorithms
lies in the use of sequentialMonte Carlo �lters, also called
particle�lters [15], [16]. Theseapproachespresenttheinterest
of not requiring to linearize the equationsof the system.A
representationof p(x k jz1:k ) is thengiven in termsof a �nite
weightedsumof Diracscenteredin elementsof thestatespace
named particles. The associatedweights are chosenusing
the importancesamplingprinciple. The swarm of weighted
particlesis updatedrecursively.

A non-exhaustive list of existing solutions for �ltering
problems has been brie�y presentedin this section. More
detailson algorithmsandapplications(particularlyconcerning
Monte Carlo algorithms)canbe found in the book editedby
Doucetet al. [17].

I I I . IMAGE SEQUENCE BASED FILTERING

A. Motivations

In ourpointof view, trackingfeaturesfrom imagesequences
may require, in some cases,to de�ne a slightly modi�ed
framework of stochastic�ltering. A �rst problemcomesfrom
the choice of the observation model. As a matter of fact,
the measurementon which one should ideally rely is the
image sequenceitself. Unfortunately, imageshave too large
dimensionsand too complex structuresto be used directly.
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Therefore,oneusuallyde�nes a digeststructuredobservation
built from the images.Differentkind of datacanbetaken into
account,suchasmotion [18], intensity level, color histogram
[19], information from gradients[20], etc. It is important to
outline that the extraction of sucha measurementis usually
done through a potentially highly nonlinear function with
respectto imagepixels.

Anothersourceof dif�culties comesfrom the de�nition of
appropriatedynamicmodels.Thesedynamics,suchas auto-
regressivemodels,areusuallyde�ned a priori . Suchdynamics
are usedfor instancein [21], [19], for humantracking.State
equationsare also frequentlyobtainedby learning,as in the
Condensationalgorithm.This methodis usedto track curves
in densevisual clutter [20], or to follow a drawing action of
a handholding a pen[22]. Anotherexamplecanbe found in
[23], whereSidenbladhet al. proposeto build a databaseof
motions to de�ne probabilistic models in order to track 3D
human motions. A severe limitation of thesemodelsarises
facingthetrackingof featureswhosetrajectoriesexhibit abrupt
changesandocclusionsor simply obey too complex dynamic
laws, which can hardly be learnedor predicted.Indeed, a
known statemodel is not always available [24]. This is par-
ticularly thecasewhentrackingvery generalpunctualentities
in imagesof any kinds.To avoid this problem,we proposean
original constructionof the dynamic in this paper. We state
that in sucha context, onepossibility consistsin relying on a
dynamicalmodel extractedfrom the imagesequence.Sucha
dynamic- which may be relatedto a spatialrepresentationof
the motion (af�ne, quadraticand so on) - has the advantage
of introducing a contextual prior on the point motion in a
simple way. Thus, it enablesus to extract the velocity of the
surroundingobjectwithout any knowledgeon its nature(rigid,
�uid or deformable).

Nevertheless,we now have to facea tracking problemfor
which the whole system (measurement,observation model
andstatemodel) dependson the images.For sucha peculiar
case,we proposehere a modi�ed formulation of classical
stochastic�ltering approaches.These�lters areextensionsof
classical �lters. They are namedconditional �lters as they
include a conditioning with respectto the image sequence.
This constitutesin someway a generalizationof traditional
trackers.Sucha priori -freemodelsbut alsosystemsbuilt with
classicaldynamicscanbesolvedin theconditionalframework
we propose.

Basedon this idea, we proposehere two different �lters.
The �rst one is a linear �lter built from an estimatorderived
from the linear minimum varianceestimator. We have called
such an estimatorthe conditional linear minimum variance
estimatorasit includesa conditioningwith respectto the im-
agesequence.The second�lter is nonlinearandimplemented
througha particle �lter . This latter �lter relieson the optimal
importancesamplingfunction. Thesetwo trackers have been
appliedto point tracking in imagesequence.

B. Notations

For thesake of clarity let us�rst de�ne thenotationsusedin
this paper. Let I k denotea randomvariablewhich corresponds

to animageobtainedat timek. The�nite sequenceof variables
f I k ; k = 0; :::; ng will be representedby I 0:n . Knowing a
realizationof I 0:k , theimagebasedtrackingsystemis modeled
by the following dynamic:

xk = f I 0: k
k (xk � 1; w I 0: k

k );

associatedto a observation equationde�ned as:

zk = hI 0: k
k (xk ; v I 0: k

k ):

At eachtime k, a realizationof zk is obtainedas the result
of an estimationprocessappliedto the imagesequenceI 0:k .
Functionsf I 0: k

k andhI 0: k
k areassumedto beany kind of possi-

bly nonlinearfunctions.Thesefunctionsmaybespeci�edfrom
I 0:k . The statenoisew I 0: k

k and the measurementnoisev I 0: k
k

may be speci�ed as well from I 0:k , and are not necessarily
Gaussian.Their distributionsmay dependin particularon the
kind of estimationprocessesusedto de�ne measurementsand
dynamics.Theinvolvedprobabilitydistributionsaresuchthat:

p(xk jx0:k � 1; z1:k � 1; I 0:n ) = p(xk jxk � 1; I 0:n );

p(zk jx0:k ; z1:k � 1; I 0:n ) = p(zk jxk ; I 0:n ):

By analogywith the classical�ltering problem,conditionally
to the sequence,the Markovian assumption,as well as the
conditionalindependenceof the observationsare maintained.
A causal hypothesiswith respect to the temporal image
acquisitionis added.Suchan hypothesismeansthat the state
xk and the measurementzk are assumedto be independent
from I k+1: n . To clarify theproposedconditionalmodel,�gures
1 and 2 present the different oriented dependency graphs
associatedto classical�lters and to conditional�lters.
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Fig. 1. Orienteddependency graphof thehiddenMarkov chainof processes
x 0:n andz1:n (classical�ltering problem).
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Fig. 2. Oriented dependency graph of variables x 0:n , z1:n and I 0:n
associatedto conditional�lters.

Includingaconditioningwith respectto theimagesequence,
the optimal �lter' s equationscan be appliedto the proposed
model. The posteriorprobability distribution of the statex k

given all available information, readsnow p(x k jz1:k ; I 0:k ).
Assumingp(x k � 1 jz1:k � 1; I 0:k � 1) known, the two stepscor-
respondingto a Bayesianoptimal recursive solution can be
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given immediatelyas:

p(xk jz1:k � 1; I 0:k )

=
Z

p(xk jxk � 1; I 0:k ) p(xk � 1 jz1:k � 1; I 0:k � 1) dxk � 1;

p(xk jz1:k ; I 0:k ) =
p(zk jxk ; I 0:k ) p(xk jz1:k � 1; I 0:k )R

p(zk jxk ; I 0:k ) p(xk jz1:k � 1; I 0:k ) dxk
:

To solve this conditionaltrackingproblem,thestandard�lters
have to bederivedto beconditionaluponthe imagedata.Two
casesof this problemwill be detailed.The following section
presentsa Conditional Linear Filter (CLF) for linear image
based�ltering problems.This casecorrespondsto systemsfor
which functionsf and h are linear with respectto the state.
The resulting�lter adaptedto the point trackingproblemwill
be devoted to featureswhosemotion roughly correspondsto
the global dominantmotion detectedin the imagesequence.
SectionV will focuson thenonlinearcase.Thecorresponding
nonlinear �lter will allow us to considerpoints for which
the previous assumptionof dominantmotion dynamic is not
veri�ed. We will show in the experimental section that a
combinationof thesetwo �lters will enableus to track any
point of any sequencerespectingsome kind of brightness
constancy assumption.

IV. CONDITIONAL L INEAR FILTER

The linear image based�ltering problem can be modeled
by the following system:

�
xk = A I 0: k

k xk � 1 + b I 0: k
k + w I 0: k

k
zk = H I 0: k

k xk + v I 0: k
k

(1)

The index I 0:k indicatesa possibledependenceon the image
data.Let us remind that, in our case,matricesA I 0: k

k , H I 0: k
k

andvectorb I 0: k
k may be estimatedfrom I 0:k . Variablesw I 0: k

k ,
v I 0: k

k aresupposedto be zeromeanindependentwhite noises
(conditionallyto the imagesequence),possiblynonGaussian,
of known conditional covariancesdenotedQI 0: k

k and RI 0: k
k

respectively. Thesecovariancesdependin particular on the
accuracy of the estimationprocessesfrom which A I 0: k

k , H I 0: k
k

andb I 0: k
k have beencomputed.In orderto tackletheproblem

on non-Gaussiannoises,the ConditionalLinear Filter is de-
rived through an extensionof the linear minimum variance
estimator. This estimator, which we call theconditionallinear
minimumvarianceestimator, providesanestimationof thetwo
�rst momentsof p(x k jz1:k ; I 0:k ). This descriptionis obviously
suf�cient to have theentireknowledgeof theexpecteddensity
if the linear modelis Gaussian.For non-Gaussiannoises,this
descriptionprovides only a Gaussianapproximationof the
posteriordensityfunction.

A. Conditional linear minimumvarianceestimator

As alreadysaid, the Conditional Linear Filter is built by
relying on a conditional linear minimum varianceestimator.
Let us �rst introducethis estimatorandits properties.

De�nition 1: Let X ,Z ,W be 3 jointly distributed random
variables.E �

W [X jZ ] denotesthe best estimatorof X , linear
in Z , conditionally to W :

E �
W [X jZ ] = AZ + B

with A andB suchthat E [kX � AZ � B k2jW ] is minimum.
E �

W [X jZ ] is called the conditional linear minimum variance
estimator.
It must be noticed that E �

W [X jZ ] is not an expectation.
Denoting � X ;Z jW = E[X Z t jW ] � E [X jW ]E [Z jW ]t , the
following importantresult is obtained(seeappendixI):

E �
W [X jZ ] = E[X jW ] + � X ;Z jW � � 1

Z;Z jW (Z � E [Z jW ]):
(2)

It can be checked that this estimator sharessome similar
properties to the linear minimum variance estimator. The
main propertiesthat are involved in the elaborationof the
ConditionalLinear Filter are listed below.

Theorem1 (propertyof beingunbiased):Let X ,Z ,W be
jointly distributedrandomvariables,then

E[X � E �
W [X jZ ]jW ] = 0:

Theorem2 (uncorrelatedconditioningquantities): Let X ,
Z1, Z2, ..., Zk , W be jointly distributed random variables
with Z1; Z2; :::; Zk uncorrelatedconditionally to W , then

E �
W [X jZ1:k ] =

kX

i =1

E �
W [X jZ i ] � (k � 1) E [X jW ]:

Theorem3 (change of conditioningvariables): Let
X ,Z ,W be jointly distributed random variables, and let
M = C Z + D (with C not singular),then

E �
W [X jZ ] = E �

W [X jM ]:
Theorem4 (orthogonality principle): Let X ,Z ,W be joint-

ly distributedrandomvariables,then

E[(X � E �
W [X jZ ]) Z t jW ] = 0:

B. Tracking with ConditionalLinear Filter

We considera linear model of the form describedin (1).
To simplify the notations, the index I 0:k will be omitted
in the following of this section. Let us denote x̂k+1 jk =
E �

I 0: k +1
[xk+1 jz1:k ] and� k+1 jk theassociatedconditionalerror

covariance.Consideringconditional expressionsinduced by
E � , and relying on the previously listed propertiesof E � , a
recursive formulationof x̂k+1 jk canbe found throughsimilar
manipulationsto the usualGaussiancase:

x̂k+1 jk = Ak+1 x̂k jk � 1 + bk+1 + eK k (zk � H k x̂k jk � 1);

wherematrix eK k is de�ned using the Kalmangain K k :

eK k = Ak+1 K k

= Ak+1 (� k jk � 1H t
k )(H k � k jk � 1H t

k + Rk )� 1:

A recursive expressionof the conditional estimation error
covariance� k+1 jk canalsobe obtainedas:

� k+1 jk = (Ak+1 � eK k H k ) � k jk � 1 (Ak+1 � eK k H k )t

+ Qk+1 + eK k Rk eK t
k :

Theseequationscanbe further split to distinguishthe predic-
tion stepandtheupdatestep,asin theblock diagramdepicted
in �gure 3.
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Validation gate: In orderto limit the computationalcost,it
may be useful to de�ne a researchareawherethe estimation
processof the measurementzk is applied. Such a region,
called validation region or gate, is de�ned as an area of
the measurementspacewherethe future observation will be
foundwith somehigh probability. Gatesaregenerallyusedin
radar tracking problems,for clutter reduction[25]. They are
here de�ned through the use of the probability distribution
p(zk jz1:k � 1; I 0:k ). In image sequencebased �ltering, this
measurementprediction region usually de�nes a part of the
imagewherethe future observation hasto be looked for. The
probabilityof themeasurementgivenall pastobservationsand
the imagesequenceis approximatedby a normaldistribution
(this expressionis exact in caseof Gaussiannoises):

p(zk jz1:k � 1; I 0:k ) = N (ẑk jk � 1 ; Sk );

whereẑk jk � 1 = H k x̂k jk � 1 representsthe predictive measure-
mentandSk = H k � k jk � 1H t

k + Rk theconditionalcovariance
given the sequenceof innovationsezk jk � 1 = zk � ẑk jk � 1. An
ellipsoidalprobability concentrationregion is thende�ned as:

gatek = f zk : � k = ezt
k j k � 1S� 1

k ezk jk � 1 � 
 g: (3)

Assuming (3), the distance� k is distributed accordingto a
Chi-squarelaw, of p degrees of freedom, where p is the
measurementvectordimension.It is importantto outline that
the validationgateclassicallydependson the estimatederror
covariancebut also on the image sequencethrough Rk and
H k .

The Conditional Linear Filter is synthesizedin �gure 3.
The doubleboxes representstepsprocessedfrom the image
sequence.The resulting�lter constitutesa tracker resembling
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Fig. 3. Block diagramof the ConditionalLinear Filter.

theKalman�lter for Gaussianlinearmodels.It is nevertheless
importantto notethat(i) theuseof Kalmanrecursiveequations
arenow well justi�ed for thisspeci�c casethroughtheuseof a
conditionalminimum varianceestimatorand(ii) it providesa
sound framework which enablesa probabilistic competition
betweentwo estimation processeson the image sequence.
Beforeprecisingsucha �lter for point trackingapplication,let
us presenta conditional�lter devotedto the nonlinearcase.

V. CONDITIONAL NONL INEAR FILTER

A. General case

When we have to facea systemwith a nonlineardynamic
and/or a nonlinearmeasurementequation,it is not possible
to constructan exact recursive expressionof the condition-
al expectationof the system at time k given all available

information. To overcome these computationaldif�culties,
particle �ltering techniquesproposeto implementrecursively
an approximationof the posteriordensity function (see[15],
[16] for an extended review). Such a technique consists
in propagatinga swarm of N particles.Each particle x ( i )

0:k
correspondsto a feasibletrajectoryof the initial systemx 0.
A weight assignedto eachtrajectory is computedfrom the
likelihood of observationsup to k. The optimal trajectory is
obtainedby weighting the particlesswarm.

As in the linear case,we now focus on the construction
of a particle �lter adaptedto the general class of image
sequencebasedmodels.As previously, a conditionalalgorithm
is derived from the classicalone. The possibledependence
on the sequenceis taken into accountthrougha conditioning
with respectto the imagesequencedata.We give below the
correspondingequations.

Assuming the knowledge of distributions p(x 0jI 0),
p(xk jxk � 1; I 0:k ) and p(zk jxk ; I 0:k ) 8k � 1, we are looking
for the best estimateof a point trajectory x 0:k given the
image data and all the measurements.We want to estimate
the conditionalexpectation:

T = E[x0:k jz1:k ; I 0:k ] =
Z

x0:k p(x0:k jz1:k ; I 0:k ) dx0:k :

Such an integral is impossible to compute becauseof its
dimension.Theuseof importancesamplingallows to approx-
imate this integral by introducing a probability distribution
� (x0:k jz1:k ; I 0:k ), from which one can easily sample.This
distribution is called the importance function. Drawing a
set f x ( i )

0:k g of N i.i.d samplesaccordingto the importance
function, the knowledgeof N associatednormalizedweights
ew( i )

k allows approximatingthe conditional expectationby a
�nite summation:

T̂ =
1
N

NX

i =1

x ( i )
0:k ew( i )

k :

The non-normalizedweightsaregiven by:

wk =
p(z1:k jx0:k ; I 0:k ) p(x0:k jI 0:k )

� (x0:k jz1:k ; I 0:k )
:

In orderto constructa recursive expressionof the conditional
expectation,a recursive expressionof the importancefunction
is assumed.This formulationalso introducesthe causalityon
imagedata:

� (x0:k jz1:k ; I 0:k )

= � (x0:k � 1 jz1:k � 1; I 0:k � 1) � (xk jx0:k � 1; z1:k ; I 0:k ):
(4)

Such an expression leads to a recursive equation for the
weights:

wk = wk � 1
p(zk jxk ; I 0:k ) p(xk jxk � 1; I 0:k )

� (xk jx0:k � 1; z1:k ; I 0:k )
:

Nevertheless,it alsoinducesanincreaseof theweightvariance
over time [26]. Consequently, in practice, the number of
signi�cant particlesdecreasesdramaticallyover time. To limit
sucha degeneracy, two methodshave beenproposed.They are
presentedherein theframework of theConditionalNonLinear
Filter.
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A �rst solutionconsistsin selectingan optimal importance
function which minimizes the variance of the importance
weightswk conditionaluponx0:k � 1, z1:k andI 0:k . It is then
possibleto demonstratethattheoptimalimportancefunctionis
p(xk jxk � 1; zk ; I 0:k ), andleadsto a new recursive formulation
of wk :

wk = wk � 1 p(zk jxk � 1; I 0:k ): (5)

The problemwith this approachis relatedto the fact that it
requiresto be able to samplefrom the optimal importance
function p(x k jxk � 1; zk ; I 0:k ), and to have an expressionof
p(zk jxk � 1; I 0:k ). Let us remarkthatusuallyin vision applica-
tionsthe importancefunction is not known andis identi�ed to
the diffusion process(i.e. � (x k jx0:k � 1; z1:k ) = p(xk jxk � 1))
[11], [27]. Such a choice excludes the measurementsfrom
the diffusion step. It is thus necessaryin that caseto rely
on an accuratedynamicmodel to ef�ciently sampleparticles.
We will seein our point tracking applicationthat a different
choiceis possible.A secondsolutionto handletheproblemof
weight varianceincreaserelieson a resamplingmethod[28].
This methodconsistsin removing the trajectorieswith weak
normalizedweights,and in addingcopiesof the trajectories
associatedto strong weights.Neverthelessit is important to
outline that the resamplingstep introduceserrors, since it
increasesthe Monte Carlo varianceof the estimate.As a
consequence,the resamplingstepis necessaryin practice,but
should be used as rarely as possible.Obviously, thesetwo
solutionsmay be coupledfor a betteref�ciency.

If the importancedensity only dependson x k � 1; zk ; I 0:k ,
the �rst momentof p(x k jz1:k ; I 0:k ) can be approximatedin
thesamewayasE[x0:k jz1:k ; I 0:k ]. Indeed,thisapproximation,
denotedx̂k jk , canbe shown to be:

x̂k jk =
1
N

NX

i =1

x ( i )
k ew( i )

k :

As mentionedpreviously, it may be bene�cial to know the
expressionof the optimal importancefunction.We will seein
the next sectionthat it is possibleto infer this function for a
speci�c classof models.

B. Conditionalpartial Gaussianstatespacemodels

Let us considera conditionalnonlinearsystem,composed
of a nonlinearstateequation,with anadditive Gaussiannoise:

xk = f I 0: k
k (xk � 1) + w I 0: k

k ; w I 0: k
k ; N (0; QI 0: k

k ) (6)

anda linear Gaussianmeasurementequation:

zk = H I 0: k
k xk + v I 0: k

k ; v I 0: k
k ; N (0; RI 0: k

k ): (7)

We will denotethesesystemsconditional partial Gaussian
statespacemodels. For thesake of clarity, we will againomit
theindex I 0:k . For thisclassof systems,theanalyticexpression
of the optimal importancefunction is known. As a matterof
fact, noticing that:

p(zk jxk � 1; I 0:k ) =
Z

p(zk jxk ; I 0:k ) p(xk jxk � 1; I 0:k ) dxk ;

we deduce:

p(zk jxk � 1; I 0:k ) = N (H k f k (xk � 1); Rk + H k Qk H t
k ); (8)

which yields a simple tractable expressionfor the weight
calculation(5). Thenwe have:

p(xk jxk � 1; zk ; I 0:k ) =
p(zk jxk ; I 0:k ) p(xk jxk � 1; I 0:k )

p(zk jxk � 1; I 0:k )

and thus,

p(xk jxk � 1; zk ; I 0:k ) = N (m k (xk � 1); Ck ); (9)

with

Ck = (Q� 1
k + H t

k R� 1
k H k )� 1

m k (xk � 1) = Ck (Q� 1
k f k (xk � 1) + H t

k R� 1
k zk ):

In that speci�c case,all the expressionsusedin the diffusion
process(9), and in the updatestep (8) are Gaussian.Let us
remarkthattheunconditionalversionof this resultis described
in [16]. The Conditional NonLinear Filter correspondingto
this classof speci�c modelsis thereforeparticularlysimpleto
implement.

Validation gate: As in the linear case,an important is-
sue is the de�nition of a validation gate correspondingto
a researcharea for the measurementat time k. As seen
previously, in the linear Gaussiancase,an analyticexpression
of p(zk jz1:k � 1; I 0:k ) may be obtained.For nonlinearmodels,
the validationgatemay be approximatedby a rectangularor
an ellipsoidal region, whoseparametersmay be complex to
de�ne. Breidt [29] suggeststo use Monte Carlo simulations
in order to approximatethe requireddensitybut this solution
appearsto be time consuming.In caseof conditionalpartial
Gaussianstatespacemodel,it is possibleto infer anellipsoidal
validation gate in a simple way. In order to de�ne such a
validation region, we have to computethe two �rst moments
of p(zk jz1:k � 1; I 0:k ). Empiricalapproximationsof thesequan-
tities canbeeasilyderivedconsideringthespeci�c form of the
model.As a matterof fact, observingthat

p(zk jz1:k � 1; I 0:k )

=
Z

p(zk jxk � 1; I 0:k ) p(xk � 1 jz1:k � 1; I 0:k � 1) dxk � 1;

and reminding that an approximation of
p(xk � 1 jz1:k � 1; I 0:k � 1) is given by the weighted swarm
of particles (x ( i )

k � 1; ew( i )
k � 1), the following approximationcan

be done:

p(zk jz1:k � 1; I 0:k ) '
X

i

ew( i )
k � 1 p(zk jx ( i )

k � 1; I 0:k ):

Throughexpression(8), andafter few simplecalculations,we
�nally obtaina Gaussiandistribution for p(zk jz1:k � 1; I 0:k ):

p(zk jz1:k � 1; I 0:k ) ' N (Ek jk � 1; Vk jk � 1); (10)

with

Ek jk � 1 = E[zk jz1:k � 1; I 0:k ] =
X

i

ew( i )
k � 1 H k f k (x ( i )

k � 1);
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and

Vk jk � 1 = V [zk jz1:k � 1; I 0:k ]

=
P

i ew( i )
k � 1 [H k Q( i )

k H t
k + Rk

+ H k f k (x ( i )
k � 1) f t

k (x ( i )
k � 1) H t

k ]

� (
P

i ew( i )
k � 1 H k f k (x ( i )

k � 1)) (
P

i ew( i )
k � 1 H k f k (x ( i )

k � 1)) t :

This gives us an expressionof the ellipsoidal region corre-
spondingto our validationgateat time k:

gatek = f zk : � k = (zk � Ek jk � 1)t V � 1
k jk � 1(zk � Ek jk � 1) � 
 g:

(11)

In addition to a simple and optimal samplingprocess,being
able to build a validation gateconstitutesanotheradvantage
of conditionalpartial Gaussianstatespacemodels.

A synopsisof the resultingConditionalNonLinearFilter is
depictedin �gure 4.
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Fig. 4. ConditionalNonLinear Filter, with the use of optimal importance
function.

The modelingof a problemwith conditionalpartial Gaus-
sian statespacemodelsof the form (6-7) requiresa linear
measurementequation.We believe that sucha choice- which
consistsin constrainingthe systemto rely on a simple and
rough linear measurementmodel - can be compensatedby
a sound and accuratedynamic model. At the best of our
knowledge,trackingapplicationsin computervision,basedon
stochastic�ltering approaches,rely on the oppositechoice:a
lineardynamicmodelis associatedto a nonlinearmulti-modal
likelihood [19], [20], [30], [31]. We argue that a conditional
partial Gaussianstatespacemodel constitutesan interesting
alternative, as its propertiesinducea very simple�lter imple-
mentation.We believe that an accuratedynamic,a pertinent
estimationof the measurementnoisecovarianceand the use
of the optimal importancefunction allows counterbalancinga
multi-modal likelihoodeven for trackingapplicationsin clut-
teredenvironment.We will demonstratetheseabilities in the
experimentalsectionon several real-world imagesequences.
The next sectiondevelopsmore preciselythe proposedpoint
trackers.

VI . APPLICATION TO POINT TRACKING IN IMAGE

SEQUENCE

Let us consideringa given point in the scene.The problem
of tracking this featurein an imagesequencecan be de�ned

aslocatingan estimationof the point projectionin the image
plane at each time. We considerthe most generalcontext,
where no knowledge on the dynamic of the surrounding
objectis available.As saidbefore,the solutionwe proposeto
tackle the lack of a priori informationconsistsin computing
the model from the image sequenceand solve the system
with one of the previously proposedconditional �lter . In
the consideredtracking problem, each state x k represents
the location of the point projection at time k, in image I k ,
observablethroughthe measurementzk . Let us point out that
for the kind of systemwe focus on, both measurementsand
thedynamicequationarebuilt from I 0:k . Indeed,asmotivated
in the introduction,we combinea dynamicmodel relying on
the optical �o w constraintand measurementsprovided by a
matchingtechnique.

A. Conditionaldynamicequation

The motion of a point x k � 1 betweenthe frame instants
k � 1 and k is de�ned through the probability distribution
p(xk jxk � 1; I 0:k ). In order to be reactive to any changeof
speedanddirectionof the point, we proposeto de�ne sucha
stateequationfrom a robust parametricestimationtechnique
[32], [33]. At eachtime,this techniqueprovidesusthevelocity
of the featureof interest.

Robustmotionestimationusingparametricmodel: A robust
parametricmotion estimationtechniqueenablesto estimate
reliably a 2D parametricmodel representingthe dominant
apparentvelocity �eld on a given support region R. The
motion vectorof a point s, betweentime k � 1 andtime k is
modeledasa polynomial function of the point coordinates:

u(s) = P(s) � k

where u(s) denotesthe estimatedmotion vector of pixel
s = (x; y)t and � k the parametervector which contains
the polynomial's coef�cients. P(s) is a matrix relatedto the
chosenparametricmodelwhoseentriesdependon the spatial
coordinatesx andy. For example,a 6-parameteraf�ne motion
model is associatedto the following matrix:

P(s) =
�

1 x y 0 0 0
0 0 0 1 x y

�
:

Theparametervector� k is estimatedthroughtheminimization
of a robust function � 1(� ):

� 1(� ) =
X

s2R

� [I k (s + P(s)� ) � I k � 1(s)]: (12)

� is a non-quadraticrobustcostfunctionallowing dealingwith
outliers.Theseoutliersmaybeidenti�ed aspointsor areasthat
do not correspondto theestimatedmotionmodelor asregions
for which the brightnessconsistency constraintis not valid.
The minimization is achieved through a Gauss-Newton-type
multi-resolution procedure,which allows handling of large
magnitudemotion. The principle of the incrementalscheme
consistsin applyingsuccessive Taylor expansionsof theargu-
ment of � aroundthe currentestimateŝ� . The estimationof
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the motion parameterincrement� � is then obtainedthrough
the minimizationof:

� 2(� � ) =
X

s2R

� [I k (s + P(s)�̂ )

� I k � 1(s) + r I k (s + P(s)�̂ )t P(s)� � ]:
(13)

Theminimizationis embeddedwithin a coarseto �ne strategy
and performedthroughan iteratedleastsquarestechniqueat
eachlevel (see[33] for moredetailson the approach).

Linear or nonlinearstateequation: For our point tracking
application,sucha robust parametricmotion estimationtech-
niqueallows us to de�ne the following stateequation:

xk = xk � 1 + u(xk � 1) + w k

= xk � 1 + P(xk � 1)� k + w k ; (14)

wherew k is a white noiseof covarianceQk . Qk is either�x ed
a priori or computedfrom the estimationresidualswhich are
obtainedduring the regressionprocedure.It is important to
point at that the motion vector u(x k � 1) correspondsin fact
to the dominantapparentvelocity on an estimationsupport
R containingthe point of interestx k � 1. Two casesmay be
distinguishedto choosean appropriatesupportregion:

� Whenthepoint motioncorrespondsto a globaldominant
motion (for example, the motion of a backgroundfea-
ture), the estimationsupportis �x ed to the whole image
grid. In that case,the motion parametervector � k does
not dependon the location of x k � 1 and the dynamicis
linear. For anaf�ne motionmodel,thestateequation(14)
turns to be the following linear dynamic:

xk = Ak xk � 1 + bk + w k ; (15)

where Ak is the matrix related to rotation, divergence
and shearmotion, and bk is a translation vector. As
the noisevariablew k accountsfor errors relatedto the
global motion model, it is likely to be non-Gaussian.
Nevertheless,w k is assumedto be a white noise of
zero meanand covarianceQk conditionally to I 0:k . Let
us remarkthat estimatingthe motion parameterson the
wholeimagegrid bringsaglobalinformationon thepoint
motion.Suchtypeof informationis crucialin caseof lack
of local information(facingnoiseor occlusions).

� When the feature point follows a motion that may be
only describedby a local parametricmodel(for instance,
a point on a moving object), the supportR is set to a
small domain centeredat x k � 1. As a consequence,the
estimatedparametervector � k dependson x k � 1. The
consideredstate equationbecomesthus nonlinear with
respectto x k � 1. In thatcase,thenoisevariablew k �gures
errorscoming from a local motion modelization.It can
be assumedto be a Gaussianwhite noise process,i.e.
p(w k jI 0:k ) = N (0; Qk ). The correspondingnonlinear
dynamicreadsthen:

p(xk jxk � 1; I 0:k ) = N (xk � 1 + P(xk � 1)� k ; Qk ) (16)

B. Conditionalmeasurementequation

Whereasthe stateequationde�nes the modelof the instan-
taneousfeaturemotion, theconditionalmeasurementequation
p(zk jxk ; I 0:k ) will allow us to �x a goodnessof �t criterion
betweenthe initial image and the current image. Such an
information is requiredto overcomefeaturedrift over time.

At time k, we assumethat x k is observable through a
matchingprocesswhosegoalis to provide,in theimageI k , the
mostsimilarpoint to aninitial pointx0, in areferencetemplate
eI 0. Theresultof this processcorrespondsto a correlationpeak
andde�nes the measurementzk of our system.The reference
templateis de�ned as the initial image I 0, which has been
eventually updatedby registrationin caseof large geometric
and/or photometricdeformationsaroundthe tracked feature.
Sucha referenceupdateprocedurewill be further described
in a speci�c section.Let us �rst preciseour measurement
equation.

Several matchingcriteria can be usedto quantify the sim-
ilarity betweenthe target point and the candidatepoint. The
conservation of the intensity patternassumptionhas simply
led us to considerthe sum-of-squared-differences(SSD).The
measurementzk is achieved suchas:

zk = argmin
z

X

y 2W

[eI 0(x0 + y) � I k (z + y)]2

| {z }
r k (z)

: (17)

r k (z) is the residualcomputedon W, a small neighborhood
aroundz, of size(n � n). It is assumedthat this measurement
carriesenoughpiecesof information about the stateof the
tracked point to be able to write that x k = zk to within an
additionalwhiteGaussiannoisev k . Thisnoisevariablemodels
a local estimationerrorandaccountsfor a con�dencemeasure
on this matching.The observation equationreadsthen:

p(zk jxk ; I 0:k ) = N (xk ; Rk ): (18)

Estimation of measurementcon�dence (noise covariance
matrix): A goodestimationof the measurementnoisecovari-
anceRk is essentialto make the tracker robust to corrupted
observations. Indeed,many factorscan affect the quality of
the observation: the intensity pattern may undergo af�ne
geometricdeformations(scaling, rotation, translation),af�ne
intensity changes(contrastand brightnessmodi�cations) or
be occluded.To that end,we de�ne an SSDsurface,givenby
residualsr k (z) on a supportW 0, of size(n0 � n0) aroundthe
measurementzk . To evaluatea con�denceon the SSDresult,
Papanikolopoulos [10] proposesan extension of techniques
exploiting the topological changesof the SSD surface [34],
[35]. His methodconsistsin �tting parabolasto thedirections
of the four main axeson the surface.

Our approachusesthe idea of Singh and Allen [36]. It
consistsin transformingthe SSDsurface- which corresponds
to an error distribution - into a responsedistribution:

Dk (z) = exp(� c r k (z)) ; (19)

where c is a normalization factor. As in [37], c is �x ed
such as

P
z2W 0 Dk (z) = 1 through an iterative adjustment

(
P

z2W 0 Dk (z) � 1 is a continuousdecreasingfunction). We
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assumethat this distribution correspondsto a probability
distribution of the true matchlocation.The covariancematrix
Rk associatedto the measurementzk is constructedfrom the
distribution (19):

Rk =
�

� xx � xy

� xy � yy

�
; (20)

where � uv =
P

z2W 0
Dk (z)(u � uk )(v � vk ), z = (x; y)t

and zk = (xk ; yk )t . Sucha modelizationde�nes an adaptive
ellipseof uncertaintyof the matchlocationzk . Let us remark
that the varianceterms can not exceed n0 (the size of the
support),sincethe uncertaintyellipse is built on the window
W 0 aroundzk . Limiting ourselvesto sucha processmay lead
to two problematicissues.

� First of all, in caseof noisy imagesequences,or almost
uniform areas,the correlationsurfacemay show several
peaksof smallmagnitudethatmaybeinferior to thenoise
level. In that case,differencesbetweenthe magnitudes
of thesepeaksare not signi�cant. None of thesenoisy
peaksshouldhavea predominanteffect on thecovariance
calculation. We propose to detect them and equalize
their SSD surface value. Their detection relies on an
approximationof the distribution of residualsr k (z).
As shown in [8], residualsmay assumedto be Gaus-
sian distributed for almost identical regions. Therefore,
assuminga brightnessconstancy assumptionto within aa
additionalGaussianwhite noisefor two matchedpoints,
we have:

I k (z) � I 0(x0) ; N (0; � 2) (21)

where � correspondsto the noisestandarddeviation. It
ensuesthat for two matchedareasof sizen2, r k (z)=� is
distributed as a Chi-squarewith n2 degreesof freedom
(weremindthatn is thesizeof thesupportusedto imple-
ment r k (z)). Consideringa suf�ciently large estimation
support,due to the Fisherapproximation,we can safely
assumethat:

p
2 � r k (z)=� 2 �

p
2 � n2 ; N (0; 1): (22)

In practice,if severalpointsof thecorrelationsurfaceare
detectedto follow this law (22), their surfacevaluesare
limited to thesamelevel (i.e. their valuearesetto theone
of the lowest residual).We thereforeassignto them the
sameprobability of being the true match location. This
processprovidesusa methodwhich permitsto estimatea
moremeaningfulcovariancematrix in caseof correlation
surfacesexhibiting several low magnitudepeaks.In the
following, thetestof law (22) will becalledresidualtest,
and will be achieved in practiceat 95%. An illustration
of this improvementis presentedin �gure 7.

� The secondproblematicissueoccurswhen the response
distribution can not be approximatedby a Gaussian
distribution. This is thecasewhenthecorrelationsurface
exhibits numeroussigni�cant peaks,which areabove the
noiselevel. Thecovarianceconstructiondescribedin (20)
is then not relevant anymore. This may happenin case
of occlusionsand particularly for highly textured areas.

The correspondingDk surfacemay be very smoothand
much �tted by a uniform distribution. To overcomea
mis-approximation,a Chi-square“goodnessof �t” test
is realized(in practiceat 90%), in order to checkif the
responsedistribution is betterapproximatedby a normal
or a uniform law. In this latter case,the diagonalterms
of Rk are �x ed to in�nity , and the off-diagonal terms
aresetto 0. An illustration of sucha problematiccaseis
presentedin �gure 6.

MeasurementProcedure: Finally, the overall measurement
processmay be summarizeas follows:

1) Estimationof the measurementzk with (17).
2) Constructionof theSSDsurfacein W 0, a neighborhood

of zk .
3) Detectionof the noisy peaksby residualtests(22) and

modi�cation of theSSDsurfaceif someresidualsbelong
to the imagenoise.

4) Constructionof the responsedistribution from the mod-
i�ed SSDsurfacewith (19).

5) Chi-squaretest to verify or not the goodnessof �t of a
uniform distribution to the responsedistribution.

6) Estimationof the measurementcovarianceerror matrix
Rk .

Some illustrations of the measurementnoise covariance
estimationarepresentedin �gures 5, 6 and7 for sometypical
cases.In these�gures, we present:(a) the referenceimage,
the featureto be matched,and the obtainedobservation in a
secondimage,(b) thecorrespondingSSDsurfacebetweenthe
matchedpoints and (c) the associatedresponsedistribution.
We also present the residual test, (d) the modi�ed SSD
surface and (e) the resultantresponsedistribution on which
the covariancematrix is �nally estimated.

The �rst example (�gure 5) presentsan ideal case for
point matching: the featureis well-characterized,on a non-
noisy sequenceand the luminancepatterndoesnot undergo
large deformations.In that case, the SSD surface is not
affected by residual tests, and the responsedistribution is
well-approximatedby a Gaussianlaw. The covarianceesti-
mationis thenachieved through(20). The estimatedmatrix is�

0:45 � 0:12
� 0:12 0:37

�
.

(c)(b)(a)

Fig. 5. Estimationof themeasurementnoisecovariance.(noiselevel �x edto
� = 1) (a) top image:referencepatternandfeatureto bematched(thecorner
of theroof), bottomimage:secondimageandobtainedmeasurement;(b) SSD
surfacebetweenthe matchedpoints; (c) correspondingresponsedistribution.
In this case,the uniform law hypothesishas been rejected.The response
distribution is approximatedby a 2D Gaussianlaw, and the covarianceis
estimatedthrough(20).

An occlusion case is depicted in �gure 6 to show the
interestof theChi-square“goodnessof �t” teston theresponse
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distribution.Theuniform law hypothesisis herepreferred.The

measurementnoisecovarianceis thus�x ed to
�

1 0
0 1

�
as

theresponsedistribution revealsseveralpeakswhich arelikely
to correspondto wrong matching.

(c)(b)(a)

Fig. 6. Estimationof themeasurementnoisecovariancein caseof occlusion:
interestof the Chi-squaretest. (noise level �x ed to � = 1) (a) top image:
referencepatternand feature to be matched,bottom image: secondimage
andobtainedmeasurement;(b) SSDsurfacebetweenthe matchedpoints; (c)
correspondingresponsedistribution. In this occlusionexample, the uniform
law hypothesisof the responsedistribution is preferred.

The last exampleshown in �gure 7 demonstratesthe utility
of the residualtestsfor noisy sequences.In sucha caseit is
clearthatmostof thepointscannot be well-matchedbecause
of the noiselevel. This illustration shows a miss-matchon a
noisy sequence.If � is �x ed to 1, the SSDsis not modi�ed,
and the resultantresponsedistribution is approximatedby a
Gaussiandistribution. This is presentedon surface7 (c). The
correspondingcovariancematrix thatis estimatedthrough(20)

showsrelatively smallentries:
�

2:01 � 0:95
� 0:95 4:34

�
. This result

is obviously not relevant as it doesnot re�ect the uncertainty
of themeasurement.On thecontrary, by setting� to 5, andby
leveling the noisy peaksthrough the residualtests,the SSD
surface is modi�ed (see �gure 7 (d)), and the uniform law
hypothesisis preferredfor theassociatedresponsedistribution
(see�gure 7 (e)). This betterdescribesthe uncertaincy of the
obtainedmeasurement.

These illustrations demonstratethat the proposed tests
(residualtestandChi-squaretest),which areaddedto a Gaus-
sianmodelizationof theSSDsurfaceimprovesigni�cantly the
results,by allowing a robustdetectionof occlusionsandother
ambiguoussituations.

Referencetemplateupdateprocedure: The last point to be
explainedconcernsthe referencetemplateeI 0. As mentioned
previously, this templatearoundx 0 is usedasa patternwhich
has to be recovered in the current image.eI 0 has a crucial
role in the relevance of the determinedobservation (17).
Limiting ourselves to set eI 0 = I 0 is too restrictive in case
of long sequences,with large photometricand/or geometric
deformations.The referencetemplatehas to be updatedto
follow the evolutionsof the luminancepatternof the tracked
point. To thatend,onehasto answertwo questionswhich are
whenandhow the referencehasto be updated.

The �rst questionis equivalent to the questionWhenare
wesuf�ciently con�dent on theestimateto useits photometric
patternto updatethereference? In the linearcase,thequality
of the estimatex̂k jk is simply given by the conditionalerror
covariance� k jk . Thereferencetemplateis thusupdatedwhen
its eigenvaluesare below a given threshold.In the nonlinear

(c)(b)

(d) (e)

(a)

Fig. 7. Estimationof the measurementnoisecovariancein caseof noisy
sequencesor uniform areas:interest of the residual tests. (a) top image:
referencepatternand featureto be matched,bottom image: later imageand
obtainedmeasurement;(b) SSDsurfacebetweenthe matchedpoints; (c) the
responsedistribution correspondingto � = 1 is approximatedby a Gaussian
distribution; (d) modi�ed SSD surfaceobtainedafter the residualtestswith
� = 5; (e) theresultantresponsedistribution with � = 5 is well-approximated
by a uniform distribution.

case,the procedureis the same.The differenceresidesin
the estimationof the conditional error covariancewhich is
computedempirically from the particleswarm.

To answerthesecondquestion,thechosenapproachde�nes
eI 0 asbeinga part of the initial image,centeredin x 0, which
canbewarpedto better�t to thetrackedpattern.If theestimate
is suf�ciently accurateat time k, a motion modelis estimated
betweenthecurrentreferenceeI 0, centeredin x0 anda window
around I k (x̂k jk ) of samedimensions.Let M šI 0 ! I k

be this
motion model and let M I 0 ! šI 0

be the motion model which
hasbeenusedto constructthe currentreferencefrom I 0. The
new referencetemplateis thenbuilt by computinga motion-
compensatedimage. The combinationof thesetwo motion
modelsM šI 0 ! I k

� M I 0 ! šI 0
is appliedto the initial imageI 0 to

build the new referencepatterneI 0.
Figure 8 illustrates this referenceupdateprocedure.The

bottomimagesetrepresentstheestimatesandtheir associated
uncertaintyellipse on four imagesat different instants.The
top imagespresentthe referencetemplateswhich areupdated
by successive warpings.

C. Initial stepsof the point tracker

In this section,we describethe initial stepsof our point
tracking technique. These steps involve a point selection
processand the choice betweenthe nonlinear �lter and the
linear �lter .

Point selectioncriterion: A point is consideredto betracked
reliably if its neighbourhoodde�nesa luminancepatternwhich
carriesenoughinformation.To discardareaswith unsuf�cient
luminancegradient,we usetheselectioncriterionproposedin
[6] at theinitial time.Thiscriterionis basedon theeigenvalues
of the structuretensorT :

T(x0) =
Z

W (x 0 )

�
r I 2

x r I y r I x

r I x r I y r I 2
y

�
;



IEEE TRANSACTIONS ON IMAGE PROCESSING 11

Initialisation :
the reference template is
set to the initial image

estimate is pertinant
updated as soon as the

The reference pattern is

The reference template is not updated
in case of too large eigenvalues of the
conditional error covariance

. . .

#0 #1 #3#2

. . .

Estimation (two first moments)

Reference template

#11

estimated motionestimated motion

applied motion model:
M3 = M2 M1

model: M2model: M1

Fig. 8. Illustration of the referenceupdateprocedure.

with [r I x ; r I y ] = [@I 0=@x; @I 0=@y]. The two eigenvalues
� 1 and � 2 give information on the intensity pro�le within
the window W(x0). Too small eigenvalues are associated
to constant intensity pro�le, whereaslarge values indicate
a luminancepatternwhich can be successfullytracked. The
correspondingfeatureis thereforeacceptedif min (� 1; � 2) >
� . Typical valuesof � arewithin the range[0:1; 1].

Filter selection- useof a motion detectionmap: The use
of a robust motion estimation techniqueassociatedwith a
motion detectiontechnique[38], [39] givesa practicalway to
decidewhethera consideredpoint belongsto the supportof
dominantmotion or to a mobile areacharacterizedby a local
motion model.This motion-basedsegmentationis performed
to partition the initial image in regions that correspondto
the global motion and in regions associatedto secondary
motions.The procedureis appliedbetweenthe imageI 0 and
theregisteredimageI 1 at theinitial time.Thedeterminationof
theregion boundariesareestimatedthrougha Markov random
�eld statisticalregularization.This partition is initially usedto
determinethetypeof dynamic(linearor not) of a givenpoint.

For points belongingto the dominantmotion support the
�ltering problem correspondsto a linear model, with a dy-
namic of the form (15) and the linear observation equation
(18). A synopsisof the correspondingpoint tracker basedon
the Conditional Linear Filter is describedin �gure 9. It is
importantto point out that this tracker enablesus to combine
global and local piecesof information on the featurepoint
motion.Whenthemotionof apointcanbeonly representedby
a local parameterization,the �ltering problemwe aredealing
with is formulatedthroughthe linear likelihood (18) and the
nonlineardynamic(16). It inducesthe useof the Conditional
NonLinearFilter as depictedon the block diagramin �gure
10.

D. Remarkson computationalcomplexity

Beforepresentingthe experimentalresultsof the proposed
trackers, let us make someremarksabout the tracker com-

� initialization
set x̂ 0j 0 = x 0 . Set � 0j 0 , R0 andQ0:n .

for k = 1; :::; n
� model (fr om I 0:k ): computeA k , b k

� prediction:
x̂ k j k � 1 = A k x̂ k � 1j k � 1 + b k

� k j k � 1 = A k � k � 1j k � 1 A t
k + Qk

� measurement (fr om I 0:k ):
de�ne gatek with (3),
computezk andestimateRk following the described
procedurein xVI-B

� update:
K k = � k j k � 1(� k j k � 1 + Rk ) � 1

x̂ k j k = x̂ k j k � 1 + K k (zk � x̂ k j k � 1)
� k j k = (I � K k ) � k j k � 1

Fig. 9. Point tracker with Conditional Linear Filter, dedicatedto points
belongingto the global dominantmotion.

� initialization
For i = 1; :::; N , x ( i )

0 ; p(x 0 jI 0), w( i )
0 = 1

N . Set R0 and
Q0:n .

for k = 1; :::; n
� measurement (fr om I 0:k ):

de�ne gatek with (11),
computezk andestimateRk following the described
procedurein xVI-B

� model (fr om I 0:k ): for i = 1 : N , evaluate ›

( i )
k

� prediction: for i = 1 : N x ( i )
k ; N (m k (x ( i )

k � 1); Ck )
� update: for i = 1 : N

w( i )
k = w( i )

k � 1 p(zk jx ( i )
k � 1 ; I 0:k ) with

p(zk jx ( i )
k � 1 ; I 0:k ) = N (x ( i )

k � 1 + P(x ( i )
k � 1) ›

( i )
k � 1 ; Rk + Qk )

� trajectory estimation: Evaluatex̂ k j k = œ

N
i =1 x ( i )

k •

w( i )
k

� resampling if necessary

Fig. 10. Point tracker with ConditionalNonLinearFilter, dedicatedto points
whosemotion canbe only locally described.

plexity. The computationalcost is essentially due to the
motionmodelestimationandto themeasurementcomputation
and its associatedcon�dence. The �ltering part is not time
consuming,evenfor thenonlineartracker. Indeed,thepeculiar
proposedmodelleadsto a very simpleandef�cient algorithm.
Obviously, the tracker complexity dependson the numberof
tracked points.

Thecomputationalcostof thedynamicparameterestimation
hasto be relativized.For the linear tracker, this routineis run
onetime at eachframeinstant,whatever thenumberof tracked
points. In the nonlinearcase,this routine is run N*p times,
wherep is the numberof tracked pointsandN the numberof
particles.However, consideringa simple translationalmodel
allowsasigni�cant decreaseof thecomputationalcost.Indeed,
thereis no necessityto usemore complex model on a small
support.

Concerningthe observation step, a way to acceleratethe
computingtime would be to usea correlationcriterion, that
can be ef�ciently computed in the Fourier domain. Such
techniquesare usedin �uid imaging to estimatedensecor-
relation�eld, known asParticle ImageVelocimetry[40]. The
measurementcon�dencecouldbealsoestimatedin theFourier
space.
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VII . EXPERIMENTAL RESULTS

In this section,we presentsome experimentalresults on
real-world sequencesto demonstratethe ef�ciency of the two
proposedpoint trackers,namelythe ConditionalLinear Filter
(CLF) and the Conditional NonLinear Filter (CNLF). We
comparethem to the Shi-Tomasi-Kanade(STK) tracker and
to a robust differentialmethod(RDM), which correspondsto
an Euler integrationof our dynamicdescribedxVI-A.

A. Resultsof ConditionalLinear Filter

A �rst result of the CLF is presentedon Hangars, a 10-
frame(512 � 512 pixels) noisy sequencepresentinga global
chaoticmotion.A comparisonbetweenCLF, STK andCNLF
is presentedin �gure 11. In sucha sequencewe can remark
thatSTK leadsto poortrackingresults.This is particularlytrue
for pointswhich maynot be easilyidenti�ed by characteristic
luminancepatterns(cornerpointsetc.). Indeed,this is a well-
known de�ciency of sucha tracker. On the opposite,for the
CLF, the trajectoriesof all thepointsarewell-recovered.This
is even more noteworthy that the sequenceis noisy and the
motioncomplex, asdepictedin �gures 12 for a representation
of point 5 and point 13 trajectories.In these�gures we plot
the meanover successfulrealizationsof the CLF andCNLF.
100 trials have beenrun on this sequenceand no failure has
beenobserved. It is clear that for sucha sequence,having a
global information on top of local information is crucial. As
theglobalmotion informationis not taken into accountby the
CNLF, the resultsobtainedwith this later are lessgood than
thus suppliedby the CLF (see�gures 11, 12). Although our
nonlineartracker canbe appliedin every situations,the linear
�lter better suits to sequencesexhibiting a global dominant
motion for a lower computationaltime.

The secondsequence,Corridor , is a 7-frame(512 � 512
pixels) sequence,which constitutesan extreme case for a
global af�ne motion model due to depth discontinuitiesand
large motions.The initial pointsarepresentedin �gure 13(a).
The completetrajectoriesprovided by CLF, STK, RDM and
CNLF are presentedin �gure 14. In sucha sequence,it can
benoticedthattheSTK leadsto goodtrackingresultsonly for
two pointsandlosestheotherson frame2. Ontheopposite,for
the CLF, the trajectoriesof all the points are well-recovered.
We believe that in theonehand,theglobaldynamicon which
werely ongivesaquitegoodpredictionfor thedifferentpoints
(evenif anaf�ne modelconstitutesacrudemodelin thatcase),
and on the other hand, the matching measurementsenable
correctingthe de�ciency of such a motion model. This can
be checked by looking at the resultsof the tracker built from
the dynamic (RDM). On this result, it can be observed that
a dominantmotion model constitutesa quite rough motion
model for somepoints(seepoints1,2,9).Another illustration
of thesecommentsis presentedin �gure 13(b,c)which shows
the comparative trajectoriesof the testedalgorithms,and a
ground truth given by a user for points 1 and 2. In these
graphics,we present the mean trajectoriesover successful
realizationsof CLF andCNLF. As it canbeobserved,thereis
a signi�cant deviation betweenthegroundtruth andtheRDM
trajectory. The poor result of the STK can also be observed

on the graphic 13(c). In the sameway as for the sequence
Hangars,the CNLF gives better results than the STK, but
worse trajectoriesthan the CLF for a higher computational-
time.

B. Resultsof ConditionalNonLinearFilter

A result of the CNLF is presentedon Caltra , a 40-frame
sequenceof images (190 � 180), showing the motion of
two balls �x ed on a rotating rigid circle, in front of a
clutteredbackground.Let us note that the number of used
particleshave been�x edto 100,to limit thecomputationtime.
Comparedto STK andto RDM (�g.15), theCNLF succeedsin
discriminatingthe balls from the wall-paper, andprovidesthe
exacttrajectories.Sucha resultshows theability of this tracker
to deal with complex trajectoriesin a clutteredenvironment.
Details of white ball trajectoryare presentedin �gure 16(a).
The obtainedtrajectoriesfor the white ball with the different
trackers can be observed and compared.The CNLF result
accountsfor the meanover the successfultrajectorieson 100
Monte Carlo runs(2 failureshave beenobserved).

The �gure 17 presentstheresultsobtainedby theCNLF on
thesequenceExam. This sequenceof 60 frames(512 � 512)
is a medicalimagerysequenceof an angiography, showing a
motionof contractionanddilation of vessels.Theseresultsare
comparedwith the trajectoriesgiven by the STK. The CNLF
succeedsin recoveringcompletetrajectorieswhereastheSTK
loseshalf of the points.

The CNLF has also been testedon a meteorologicalse-
quenceof 13 frames(276 � 396), showing the evolution of
a throughof low pressure.Although the SSD measurements
are not very relevant in sucha situation,the CNLF succeeds
in recovering the vorticity motion asshown in �gure 18.

CNLF # 12initial points on image # 0

Fig. 18. SequenceFluid: trajectoriesestimatedwith the ConditionalNon-
Linear Filter.

For thesethree sequences,it is important to note that it
would be dif�cult to rely on a standardlinear stateequation.

C. Robustnessto largegeometricdeformationsandocclusions

We now demonstratethe robustnessof the two trackers
(CLF andCNLF) to large geometricdeformationsandocclu-
sions.The�rst sequenceusedfor thatpurposeis thesequence
Minitel . It is a 15-frame(512� 730)sequencewhich presents
a largecameramotion.Figure19presentsthepoint trajectories
providedby the CLF. Without the referenceupdateprocedure
describedxVI-B, the large rotating deformationsdoes not
allow theachievementof a goodSSDmatchingmeasurement.



IEEE TRANSACTIONS ON IMAGE PROCESSING 13

CNLF (# 9)STK (# 9)CLF (# 9)initial points on image # 0

Fig. 11. SequenceHangars:trajectoriesrecoveredby the ConditionalLinear Filter, the Shi-Tomasi-Kanadetracker andthe ConditionalNonLinearFilter.
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(a) point 5 (b) point 13

Fig. 12. SequenceHangars,comparisonbetweenestimatedtrajectoriesandgroundtruth trajectories.TheCLF andCNLF trajectoriescorrespondto themean
trajectoriesover successfulrealizations(0 failuresover 100 trials).
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(a) initial points on image # 0 (b) trajectories of point 1 (c) trajectories of point 2

Fig. 13. SequenceCorridor, initial points and comparisonbetweenestimatedtrajectoriesand ground truth trajectories.The CLF and CNLF trajectories
correspondto the meantrajectoriesover successfulrealizations(0 failuresover 100 trials).

This procedureincreasesthe robustnessto large geometric
deformations.

The last sequence,Garden, is a 27-frame (240 � 360)
sequence.Exceptfrom thetree,this sequencepresentsa global
translationalmotion. Figure 20 shows the CNLF resultsfor
the tree's points (points 2,3,4), and the CLF results for the
others.Let us remark that we have intentionally chosento
track a point of the background(point 1) with the CNLF
to demonstratethe �lter robustnessto occlusions.The mean
trajectory of point 1 over 100 successfulMonte-Carlotrials
is given in �gure 16(b). 15 failures have been observed.

Following the trajectoriesof points moving behind the tree,
we can remarkthat both trackers recover the point locations
afterthey havebeenhidden,without specifyingany occlusions
scheme.Indeed,theadaptive covariancenoise,estimatedfrom
thesequence,allows theconditionaltrackersto be resistantto
occlusions.

VI I I . CONCLUSION AND PERSPECTIVES

In this paper, we proposeda new formulation of stochas-
tic �lters adaptedto image sequencebasedtracking. This
framework allows consideringa priori -free systemswhich
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STK (# 6) CNLF (# 6)RDM (# 6)CLF (# 6)

Fig. 14. SequenceCorridor: trajectoriesrecovered by the Conditional Linear Filter, the deterministictracker basedon a robust differential method,the
Shi-Tomasi-Kanadetracker andthe ConditionalNonLinearFilter.

initial points on image # 0 CNLF (# 7, # 20, # 30, # 39)

CNLF trajectories RDM (# 7, # 20, # 30, # 39)

global motion outliers STK (# 7, # 20, # 30, # 39)

Fig. 15. SequenceCaltra:illustrationof thetrackingperformedby theConditionalNonLinearFilter, therobustdifferentialmethod,andtheShi-Tomasi-Kanade
tracker.

entirely dependon the image data. In that framework, two
point trackers have beendescribed.The Conditional Linear
Filter is particularlywell-suitedto imagesequencesexhibiting
dominant motion situations. Indeed, it enablescombining
global and local piecesof information on the point motion.
TheConditionalNonLinearFilter is dedicatedto pointswhose
motion may be only describedby a local parametricmodel.
For both trackers,the combinationof measurementsprovided
by a matchingtechniqueanda statemodelrelying ona motion
estimationhasled to very goodtrackingresultsfor trajectories
undergoing abrupt changesin noisy situations.Finally, an
automaticcomputationof the measurementnoisecovariance
leadsthe trackers to be robust to occlusions.

Several perspectives of this work are envisaged.In a �rst
step, the proposedmodel has to be extended in order to
increasethetracker robustnessto falsealarms.In particular, we
would like to proposea likelihoodallowing to considerseveral
observationsbut which is still associatedto a known optimal
importancefunction. We believe that the explicit knowledge
of this function is of greatinterest.This work is currently in
progress.In a secondstep, it would be interestingto extend
the presentedmethodsfor the trackingof complex objects.It
would bealsointerestingto includesomeregularizingcapabil-
ities on the motion parametersfor somespeci�c applications.
Especially, in this prospect,we plan to investigatethetracking
of characteristicstructuresin meteorologicalimages.
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(a)  Sequence Caltra, white ball trajectories (b)  Sequence Garden, point 1 trajectories

Fig. 16. SequenceCaltraandGarden,comparisonof estimatedtrajectoriesandgroundtruth trajectories.The CNLF resultsaccountfor themeanrealizations
over the successfultrajectorieson 100 Monte Carlo runs (2 failuresfor Caltra,15 failuresfor Garden).

initial points on image # 0

initial points on image # 0

CNLF (# 14, # 39, # 49)

STK (# 14, # 39, # 49)

Fig. 17. SequenceExam: trajectoriesrecoveredby the ConditionalNonLinearFilter andthe Shi-Tomasi-Kanadetracker.

initial points on image # 0 CLF # 6 CLF # 14

Fig. 19. SequenceMinitel: trackingresultof the ConditionalLinear Filter
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initial points on image # 0 # 10 # 16 # 26

Fig. 20. SequenceGarden:Associationof the ConditionalLinear andthe ConditionalNonLinearFilters.

APPENDIX I
EXPRESSION OF E �

W [X jY ]

Remindingthat,for two arbitraryrandomvectorsY andW ,
onehas:

E [kYk2jW ] = E[Y t YjW ] = E[tr f Y Y t gjW ]

= tr f cov(Y; Y jW )g + E[Y jW ]t E[Y jW ];

wheretr meansthetraceof thematrix in braces,anddenoting
for arbitrary randomvectorsX , Y andW

� X ;Z jW , cov(X ; Z jW )

= E[(X � E [X jW ]) (Z � E [Z jW ]) t jW ]

= E[X Z t jW ] � E [X jW ] E [Z jW ]t ;

after few manipulations,onecanwrite:

E [kX � A Z � B k2jW ]

= tr f (A � � X ;Z jW � � 1
Z;Z jW )� Z;Z jW

(A � � X ;Z jW � � 1
Z;Z jW )t g

+ kE[X jW ] � AE [Z jW ] � B k2

+ tr f � X ;X jW � � X ;Z jW � � 1
Z;Z jW � Z;X jW g:

All the threetermsarenonnegative.
E [kX � A Z � B k2jW ] reachesits minimum for:

A = � X ;Z jW � � 1
Z;Z jW ;

B = E[X jW ] � � X ;Z jW � � 1
Z;Z jW E[Z jW ]:

We deduce(2), the expressionof E �
W [X jZ ].
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