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ConditionalFilters for Image Sequencd3ased
Tracking - Application to Point Tracking

Elise Arnaud', EtienneMémint and Bruno Cernuschi-Fas?

Abstract—In this paper, a new conditional formulation of
classical Itering methodsis proposed.This formulation is dedi-
catedto image sequencebasedtracking. Theseconditional lIters
allow solving systemswhose measuements and state equation
are estimated from the image data. In particular, the model
that is consideted for point tracking combinesa state equation
relying on the optical o w constraint and measuementsprovided
by a matching technique. Based on this, two point trackers
are derived. The rst one is a linear tracker well-suited to
image sequencesxhibiting global dominant motion. This Iter
is determined through the use of a new estimator, called the
conditional linear minimum variance estimator. The secondone
is a nonlinear tracker, implemented from a conditional particle
Iter . It allows tracking of points whose motion may be only
locally described. These conditional trackers signi cantly im-
prove resultsin somegeneralssituations. In particular, they allow
dealing with noisy sequences,abrupt changesof trajectories,
occlusionsand cluttered background.

Index Terms—point tracking, stochastic Itering, minimum
variance estimator, particle Itering, optimal importance func-
tion, robust motion estimation, correlation measuement, gating

I. INTRODUCTION

OINT tracking from an image sequenceconstitutesa

basic but essentialproblem in computervision. Many
high level tasks dependon it, such as motion estimation,
suneillance,video databasenanagementobotvision control
[1] or 3D reconstructiorf2]. This problem,which consistsin
reconstructing pointtrajectoryalongagivenimagesequence,
is indeed inherently dif cult. As a matter of fact, unlike
structuredshapetracking, no shapepriors can be imposed,
and the only possibility is to rely on a local characteristic
of the point. More precisely trackinga given point over time
impliesto assumehata local typical featureis invariantalong
its trajectory Anotherdif culty concernshe setupof a prior
dynamicalmodel of the point motion, which is very dif cult
to establishwithout any a priori knowledgeon the evolution
law of the surroundingobject. Theseintrinsic dif culties have
broughtresearcherso implementlocal techniquesbasedon
geometricandluminancenvariantswhich locally characterize
thegrayvaluesignal. Themostusedassumptions aconstang
hypothesidor local photometriccharacteristiof the pointand
its neighborhoodThis brightnessonstang assumptioralong
a trajectoryhasled to devise two differentkinds of methods.
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The rst onesare intuitive methodsbasedon correlation
criteria. Such techniquesare usedin numerousdomainsto
track pointsbut alsoto estimatemotionsof highly deformable
mediasuchascloudsin meteorologicalmageryor uid o ws
in particlesimagery [3]. An interesting comparatie study
of several similarity functions is describedby Aschanden
and Gegggenlill in [4]. Thesemethodsremain very popular
for their simplicity and ef ciency. Nevertheless,in case of
large geometrictransformationgscaling,rotation, perspectie
distortion), illumination changesor occlusionsthe ef ciency
of thesemethodsdecreasesiramatically

The secondonesare de ned as differential traclers, built
from a differential formulation of a similarity criterion. In
particular a simpleintensity conserationassumptiorieadsto
the optical ow constraint[5]. The well-known Shi-Tomasi-
Kanade(STK) tracker [6] is derived from sucha constraint
which is expressedon a small neighborhoodtogetherwith
a spatial parameterizationof the motion. However, these
trackersremainsensitve to illumination changesTo solve this
problem themostcommonsolutionconsistdgn includingsome
photometrigparametersf brightnessand/orcontras{7]. Other
adaptationdrave beensuggestedo improve resultquality and
to evaluatewhetherthe featureis tracked successfullyor not,
suchasthe useof robustrejectionrules[8].

In this paperwe proposeo combinethesetwo complemen-
tary formulationsof the motion matchingproblem.In orderto
properlymix thesetwo sourcesof information,we proposeto
setuptheir competitioninto a stochasticltering modelization.
Sucha framework modelsthe problemby a discretehidden
Markov chain,describedy a system.This systemconsistsof
a stateequation(alsocalleddynami@, which characterizethe
evolution law of the stateto be estimatedanda measuement
equationwhich links the obsenationto the state.The stateof
the Iter canbe the featurepositiontogetherwith additional
information such as its velocity or its intensity template
[9]. Stochastic lters give then proceduresto estimatethe
distribution probability of the state conditionally to all past
measurementJ.heselters, suchasKalman Iter in thelinear
Gaussiarcase[10] or sequentiaMonte Carlo approximation
methodsn the nonlinearcase[11] arewell-known to improve
tracker robustnesgo outliersandocclusionsTo the bestof our
knowledge,thesesequentiaMonte Carlo techniqueshave not
beenappliedfor point tracking problem.

In our case,it is importantto note that the whole system
describingthe point tracking problem dependson the image
sequencelndeed,both dynamicsand measurementsre ex-
tractedfrom theimagesequenceat eachdiscreteinstant. They
rely on the one hand on a differential method,and on the
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other hand on a correlation criterion. The considerednoise
distributionsdependalsoontheimagedata.As aconsequence,
all the elementsof our ltering problemare estimatedon the
image sequenceBuilding a ltering model entirely on the
image sequenceas a solutionto go round a lack of a priori
information on the tracked feature.

One key-point of our work is thereforeto proposea well-
founded ltering framework which allows sucha usualsitua-
tion to be dealtwith. The resulting Iters are built following
the traditional setup of stochastic lters, by consideringa
conditioningwith respecto the imagesequencealata.Sucha
conditioningrequiresan adaptatiorof the usualestimatorsfor
tracking applications.This adaptationleadsus to devise two
kinds of trackers:a linearoneanda nonlinearone. Thesetwo
trackers will be describedfor the problemof point tracking,
however, they will be dedicatedto two different kinds of
situations:the rst oneis dedicatedto sequencegxhibiting
global dominantmotion, andthe secondoneis usefulto track
points whosemotion can be only locally described Each of
them constitutesa robust andvery reactie tracker. They both
allow dealingwith occlusionproblemsand abruptchangesof
trajectories,in an elegantway.

The paperis organizedas follows. After a short review
on classicalstochastic Itering, we presentthe motivations
and the notations of the image sequencebased ltering.
Two general lters are derived, to solve linear and nonlinear
systemsThesetwo lters arethenprecisedfor point tracking
application.The applications resultsare presentedn the last
sectionandcomparedo existing methodsjncluding the well-
known Shi-Tomasi-Kanadéracker [6].

Il. FILTERING PROBLEM : FORMULATION AND EXISTING
SOLUTIONS

For the sale of clarity, the generalprinciple of Itering
problemsis brie y introduced.We considera discretehidden
Markov state processxo.n = fXo;X1;:::;Xng of transition
equationp(xkjXx 1). This probability distribution modelsthe
evolution of the stateprocess.lt is also known as dynamic
equation The set of obserations z;., = fz;;2;1;::5; 2,0,
of maminal distribution p(zxjxx), are supposedonditionally
independentgiven the state sequenceThe maminal distri-
bution de nes the measuementequation At each discrete
instantk, the Itering problemconsistsin having an accurate
approximationof the posterior probability density of state
Xk given the whole set of past and presentmeasurements
Z1.x. A Bayesianrecursve solution known as optimal Iter
is constitutedby two interleaved steps:

Assuming p(Xk 1jz1.k 1) known, the prediction step
relying on the dynamic equationenablesmakinga rst
approximationof the next stategiven all available infor-

mation:
Z

P(XkjZik 1) =  P(XkjXk 1) P(Xk 1jZ1k 1) dXk 1:

During the update state, the introduction of the new
obsenationzy correctsthis rst approximationusingthe

measurememequation:

_ p P(Zkixk) P(XkjZik 1)
P(ZkjXk) P(XkjZik 1) dXk

Dueto their hugedimensiona directcomputatiorof thesetwo
sumscan not be realizedin a generalcase.lndeed,de ning
a computationafformulation of the two sumsconstitutesthe
key pointto solve in ltering problems.

In the caseof linear Gaussiaimodels the Kalman Iter [12]
givesthe optimal solutionin termsof arecursve expressiorof
meanand covarianceof the Gaussiardistribution p(Xkjz1:k).
Suchan expressionmay be derived from the minimumvari-
anceestimator This estimatoris equialentto the bestlinear
estimator in the Gaussiancase, and then correspondsto
the conditional expectationof the stateat time k given the
set of obsenations E[xkjz1:k]. In the absenceof Gaussian
assumptionput keepingthe linear propertiesof the model,a
reasonablechoice consistsin relying on the linear minimum
varianceestimatorof xy givenzj.x. The useof this estimator
leads nally to the sameequationsas the classicalKalman
Iter . Neverthelesssuchan estimatorprovidesonly rst and
secondorder statisticsof p(xkjzi:x), and doesnot provide
other than incompleteinformation on higher order moments
[13].

Similarly, in the nonlinearcase the extendedKalman Iter
leadsalsoto an estimationof the two rst momentsof the
requiredposteriordensity This non-optimalsolutionis derived
from alocal rst-order linearization,which is not satishctory
facing multi-modality. Other approachesnamed grid-based
methodsproposeto build a deterministmesh of the state
spacein orderto obtain numericalestimationsof the optimal
Iter integrals [14]. The optimal solution is reachedif the
state spaceis discrete and consistsof a nite number of
statesAn alternatie of thesehighly computationahlgorithms
lies in the use of sequentialMonte Carlo lters, also called
particle Iters [15], [16]. Theseapproachepresentheinterest
of not requiring to linearize the equationsof the system.A
representationf p(xxjzi.x) is thengivenin termsof a nite
weightedsumof Diracscenteredn elementof the statespace
named particles The associatedweights are chosenusing
the importancesampling principle. The swarm of weighted
particlesis updatedrecursvely.

A non-ehaustve list of existing solutions for Itering
problemshas beenbriey presentedin this section. More
detailson algorithmsandapplicationgparticularlyconcerning
Monte Carlo algorithms)can be found in the book edited by
Doucetet al. [17].

P(XkjZ1:k)

I1l. IMAGE SEQUENCE BASED FILTERING
A. Motivations

In our point of view, trackingfeaturefrom imagesequences
may require, in some cases,to de ne a slightly modi ed
framawork of stochasticltering. A rst problemcomesfrom
the choice of the obsenation model. As a matter of fact,
the measuremenbn which one should ideally rely is the
image sequencdtself. Unfortunately imageshave too large
dimensionsand too complec structuresto be used directly.
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Therefore,one usually de nes a digeststructuredobsenation
built from theimages Differentkind of datacanbetakeninto
account,suchasmotion [18], intensity level, color histogram
[19], information from gradients[20], etc. It is importantto
outline that the extraction of sucha measuremenis usually
done through a potentially highly nonlinear function with
respectto imagepixels.

Another sourceof dif culties comesfrom the de nition of
appropriatedynamic models. Thesedynamics,such as auto-
regressve models.areusuallyde ned a priori. Suchdynamics
are usedfor instancein [21], [19], for humantracking. State
equationsare also frequently obtainedby learning,asin the
Condensatioralgorithm. This methodis usedto track curves
in densevisual clutter [20], or to follow a drawing action of
a handholding a pen[22]. Anotherexamplecanbe found in
[23], where Sidenbladhet al. proposeto build a databaseof
motionsto de ne probabilistic modelsin order to track 3D
human motions. A severe limitation of thesemodels arises
facingthetrackingof featuresvhosetrajectoriesexhibit abrupt
changesand occlusionsor simply obey too complex dynamic
laws, which can hardly be learnedor predicted.Indeed, a
known statemodelis not always available [24]. This is par
ticularly the casewhentrackingvery generalpunctualentities
in imagesof ary kinds. To avoid this problem,we proposean
original constructionof the dynamicin this paper We state
thatin sucha contet, one possibility consistsin relying on a
dynamicalmodel extractedfrom the image sequenceSucha
dynamic- which may be relatedto a spatialrepresentatiof
the motion (af ne, quadraticand so on) - hasthe adwvantage
of introducing a contextual prior on the point motion in a
simpleway. Thus, it enablesus to extract the velocity of the
surroundingobjectwithout ary knowledgeon its nature(rigid,
uid or deformable).

Neverthelesswe now have to facea tracking problemfor
which the whole system (measurementpbsenation model
and statemodel) dependsn the images.For sucha peculiar
case,we proposehere a modi ed formulation of classical
stochasticltering approachesThese lters are extensionsof
classical Iters. They are namedconditional Iters as they
include a conditioning with respectto the image sequence.
This constitutesin someway a generalizationof traditional
trackers.Sucha priori-free modelsbut alsosystemsbuilt with
classicaldynamicscanbe solvedin the conditionalframewnork
we propose.

Basedon this idea, we proposeheretwo different Iters.
The rst oneis alinear Iter built from an estimatorderived
from the linear minimum varianceestimator We have called
such an estimatorthe conditional linear minimum variance
estimatorasit includesa conditioningwith respecto the im-
agesequenceThe secondlter is nonlinearandimplemented
througha particle lter. This latter Iter relieson the optimal
importancesamplingfunction. Thesetwo trackers have been
appliedto point trackingin imagesequence.

B. Notations

For the sale of clarity let us rst de ne thenotationsusedin
this paper Let | denotea randomvariablewhich corresponds

to animageobtainedattime k. The nite sequencef variables
flx;k = 0;:::;ng will be representeddy |o.n. Knowing a
realizationof | o.x, theimagebasedrackingsystems modeled
by the following dynamic:

—slo cuyloky-
Xk = %Xk 1;W, %),
associatedo a obsenation equationde ned as:
— nlo cyloky-
zk = h o (X, v, )

At eachtime k, arealizationof zy is obtainedas the result
of an estimationprocessappliedto the image sequencd g.k.
Functionsf ,** andh,** areassumedo be ary kind of possi-
bly nonlinearfunctions.Thesefunctionsmaybespeci edfrom
lo:k. The statenoisewLO:k and the measuremenmoisevl'(":k
may be speci ed as well from |4.x, and are not necessarily
GaussianTheir distributions may dependin particularon the
kind of estimationprocessesisedto de ne measurementsnd
dynamics.Theinvolved probability distributionsaresuchthat:

P(XkjXk 1;lo:n);
P(zkjXk;lo:n):

P(XkiXok 1;Z1:k 1:lomn)
P(zkjXo:k;Z1k 1;lon) =

By analogywith the classical ltering problem,conditionally
to the sequencethe Markovian assumption,as well as the
conditionalindependencef the obsenationsare maintained.
A causal hypothesiswith respectto the temporal image
acquisitionis added.Suchan hypothesianeansthat the state
Xk andthe measurementy are assumedo be independent
froml+1. . To clarify theproposectonditionalmodel, gures
1 and 2 presentthe different oriented dependeng graphs
associatedo classical lters andto conditional Iters.

O O O

Fig. 1. Orienteddependencgraphof the hiddenMarkov chainof processes
Xo:n andzi.n (classical ltering problem).

o

@)

Fig. 2.  Oriented dependenc graph of variablesxo.n, z1:n and lg:n
associatedo conditional lters.

Includingaconditioningwith respecto theimagesequence,
the optimal Iter' s equationscan be appliedto the proposed
model. The posteriorprobability distribution of the statexy
given all available information, readsnow p(Xkjzi:k;lo:k)-
Assumingp(Xk 1jZi:k 1;lo:k 1) known, the two stepscor-
respondingto a Bayesianoptimal recursve solution can be
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givenimmediatelyas:
P(xgizek 1;lox)

= p(XkjXk 1;lok) P(Xk 1JZik 1510k 1) OXk 15

R P(ZkjXk;lok) P(XkjZik 15loxk)
P(zkiXk; o) P(XkjZik 1;1ok) OXk

To solve this conditionaltracking problem,the standardlters
have to be derivedto be conditionaluponthe imagedata.Two
casesof this problemwill be detailed.The following section
presentsa Conditional Linear Filter (CLF) for linear image
basedltering problems.This casecorrespondso systemsor
which functionsf andh arelinear with respectto the state.
The resulting Iter adaptedo the point tracking problemwill
be devoted to featureswhosemaotion roughly correspondgo

P(XkjZ1:k; o) =

the global dominantmotion detectedin the image sequence.

SectionV will focusonthenonlinearcase.The corresponding
nonlinear Iter will allow us to considerpoints for which

the previous assumptiorof dominantmotion dynamicis not

veried. We will shav in the experimental section that a

combinationof thesetwo Iters will enableus to track ary

point of ary sequencerespectingsome kind of brightness
constang assumption.

IV. CONDITIONAL LINEAR FILTER

The linear image based ltering problem can be modeled
by the following system:

Xy = ALo:ka 1+ bLo:k + WLo:k
Zi = HI|(o:k Xy + VLo:k

1)

Theindex 1¢.¢ indicatesa possibledependencen the image
data. Let us remind that, in our case,matricesA >, H o«
andvectorb,”* may be estimatedrom I o. Variablesw,**,
v,'(‘”k are supposedo be zeromeanindependentvhite noises
(conditionallyto the imagesequence)possiblynon Gaussian,
of known conditional covariancesdenotedQ,** and R’
respectiely. Thesecovariancesdependin particular on the
accuray of the estimationprocessegrom which A %%, H o
andbl'(‘):k have beencomputedIn orderto tacklethe problem
on non-Gaussiamoises,the Conditional Linear Filter is de-
rived through an extension of the linear minimum variance
estimator This estimatoywhich we call the conditionallinear
minimumvarianceestimator providesanestimationof thetwo
rst momentf p(Xkjz1:k;lo:k)- This descriptionis obviously
sufcient to have the entireknowledgeof the expecteddensity
if thelinear modelis GaussianFor non-Gaussiamoises this
description provides only a Gaussianapproximationof the
posteriordensityfunction.

A. Conditional linear minimumvariance estimator

As alreadysaid, the Conditional Linear Filter is built by
relying on a conditional linear minimum varianceestimator
Let us rst introducethis estimatorandits properties.

De nition 1: Let X ,Z,W be 3 jointly distributed random
variables.E,y [X jZ] denotesthe bestestimatorof X, linear
in Z, conditionallyto W':

Ew[XjZ]=AZ + B
with A andB suchthatE[kX AZ Bk?W] is minimum.
E\, [X]jZ] is called the conditionallinear minimum variance
estimator
It must be noticed that E,, [XjZ] is not an expectation.
Denoting x.z;w = E[XZ'JW] E[XJW]E[ZjWT]', the
following importantresultis obtained(seeappendixl):

Ew[XiZ]= EXjW]+ xzjw 22w (Z EIZ]W]):
2

It can be checled that this estimator sharessome similar
propertiesto the linear minimum variance estimator The
main propertiesthat are involved in the elaborationof the
ConditionalLinear Filter arelisted below.

Theoem 1 (property of beingunbiased):Let X ,Z,W be
jointly distributed randomvariables,then

EX EyI[XjzZ]jw]= 0:
Theoem 2 (uncorrelatedconditioningquantities): Let X,

Z1, Z3, ..., Zx, W be jointly distributed random variables
with Zy; Z,; 33 Zx uncorrelatecconditionallyto W, then
EwlXjZwkl=  Ew[Xjzi] (k 1) E[XjW]:

o1

Theoem3 (changla of conditioningvariables): Let
X,Z,W be jointly distributed random variables, and let
M = C Z + D (with C not singular),then

Ew[Xjz]= Ew [XM]:
Theoem4 (orthogonality principle): Let X ,Z,W bejoint-
ly distributedrandomvariablesthen

E[(X Ew[Xjz]) Z'jw]= o

B. Tracking with Conditional Linear Filter

We considera linear model of the form describedin (1).
To simplify the notations, the index 1o« will be omitted
in the following of this section. Let us denote Ry =
Eipn [Xk+1jZzik] and 41 ji theassociatedonditionalerror
covariance.Consideringconditional expressionsinduced by
E , andrelying on the previously listed propertiesof E , a
recursve formulationof R¢.1 jx canbe found throughsimilar
manipulationgto the usual Gaussiarcase:

Ris1jk = Aker Rk 1+ bres + B (zZk Hi Rk 1);

wherematrix € is de ned usingthe Kalmangain K y:
e = AxaKi
= A1 ( kk tHE(He ke 1HE + Re)

A recursve expressionof the conditional estimation error
covariance .1 jx canalsobe obtainedas:

ketjk = (Aksr B Hi) ke 1 (Aker K Hy)!

+ Q+1 + KBy R L
Theseequationscanbe further split to distinguishthe predic-

tion stepandthe updatestep,asin the block diagramdepicted
in gure 3.
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Validation gate: In orderto limit the computationatost, it
may be usefulto de ne a researchareawherethe estimation
processof the measuremeng, is applied. Such a region,
called validation region or gate, is de ned as an area of
the measuremenspacewhere the future obsenration will be
found with somehigh probability. Gatesare generallyusedin
radartracking problems,for clutter reduction[25]. They are
here de ned through the use of the probability distribution
pP(zkjzi:k 1;lo0:k). In image sequencebased ltering, this
measuremenprediction region usually de nes a part of the
imagewherethe future obsenation hasto be looked for. The
probability of the measuremergivenall pastobsenationsand
the imagesequenceas approximatedy a normal distribution
(this expressionis exactin caseof Gaussiamoises):

P(zkjzik 131ok) = N (2k 15 Sk);

where2yj, 1 = HikRyj 1 representshe predictve measure-
mentandSy = Hi yjk 1H,§ + Ry the conditionalcovariance
giventhe sequenceof innovationseyjc 1 = zx 2k 1. An
ellipsoidal probability concentratiorregion is thende ned as:

®3)

Assuming (3), the distance  is distributed accordingto a
Chi-squarelaw, of p degreesof freedom, where p is the
measurementectordimension.lt is importantto outline that
the validation gate classicallydependsn the estimatederror
covariancebut also on the image sequenceahrough R¢ and
Hyg.

The Conditional Linear Filter is synthesizedin gure 3.
The double boxes representstepsprocessedrom the image
sequenceThe resulting Iter constitutesa tracker resembling

— . — @t 1 .
gatex = fz 1« = Bk 1Sk "Bk 1 g

Update

A

Prediction A

Fig. 3. Block diagramof the ConditionalLinear Filter.

theKalman lter for Gaussiarinearmodels.lt is nevertheless
importantto notethat(i) theuseof Kalmanrecursve equations
arenow well justi ed for this speci ¢ casethroughtheuseof a
conditionalminimum varianceestimatorand (ii) it providesa
sound framewvork which enablesa probabilistic competition

betweentwo estimation processeson the image sequence.

Beforeprecisingsucha Iter for pointtrackingapplication let
us presenta conditional Iter devotedto the nonlinearcase.

V. CONDITIONAL NONLINEAR FILTER
A. Genenl case

Whenwe have to facea systemwith a nonlineardynamic
and/or a nonlinear measuremengquation,it is not possible
to constructan exact recursve expressionof the condition-
al expectationof the systemat time k given all available

information. To overcome these computationaldif culties,

particle Itering techniquegproposeto implementrecursiely
an approximationof the posteriordensity function (see[15],

[16] for an extended review). Such a technique consists
in propagatinga swarm of N particles. Each particle xf)':f(

correspondgo a feasibletrajectory of the initial systemxy.

A weight assignedto eachtrajectoryis computedfrom the
likelihood of obsenationsup to k. The optimal trajectoryis

obtainedby weighting the particlesswarm.

As in the linear case,we now focus on the construction
of a particle lter adaptedto the general class of image
sequencdasednodels.As previously, a conditionalalgorithm
is derived from the classicalone. The possibledependence
on the sequencés taken into accountthrougha conditioning
with respectto the image sequencalata. We give below the
correspondingequations.

Assuming the knowledge of distributions p(xojlo),
P(XkjXk 1;lo:x) andp(zkjXk;lok) 8k 1, we arelooking
for the best estimateof a point trajectory xo.x given the
image data and all the measurements/ie want to estimate
the conditional@(pectation:Z

T = E[XokjZik:lok] = Xo:k P(XokjZik: lo:k) OXok:
Such an integral is impossibleto compute becauseof its
dimension.The useof importancesamplingallows to approx-
imate this integral by introducing a probability distribution

(Xo:kjZ1:k;1o:x), from which one can easily sample. This
distribution is called the importance function Drawing a
setfxg'.f(g of N i.i.d samplesaccordingto the importance

function, the knowledgeof N associatechormalizedweights
(i)

w,’ allows approximatingthe conditional expectationby a
nite summation:
1 X G .
N ok W

The non-normalizedveightsare given by:

- P(Z1:kjXo:k; To:k) P(Xo:kjlo:k) .
(XO:ijl:k; IOzk) .
In orderto constructa recursve expressionof the conditional
expectation,a recursve expressionof theimportancefunction
is assumedThis formulation also introducesthe causalityon
imagedata:

(Xo:kjz1:k; Tok) 4)
= (Xok 1Zuk 13lok 1) (XkjXok 1;Z1k;lok):

Such an expressionleadsto a recursve equationfor the
weights:

P(zkjXk; lo:k) P(XkiXk 1;lo:k)

(XkiXok 15Z1kilok)
Neverthelessit alsoinducesanincreaseof theweightvariance
over time [26]. Consequentlyin practice, the number of
signi cant particlesdecreasedramaticallyover time. To limit
sucha degeneray, two methodshave beenproposedThey are
presentedherein the frameawork of the ConditionalNonLinear
Filter.

Wk = Wk 1
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A rst solutionconsistsin selectingan optimal importance
function which minimizes the variance of the importance
weightswy conditionaluponXxo.x 1, Z1.k andlg.. It is then
possibleto demonstrat¢hatthe optimalimportancefunctionis
P(XkjXk 1;Zk;lok), andleadsto a new recursve formulation
of wy:

®)

The problemwith this approachis relatedto the fact that it
requiresto be able to samplefrom the optimal importance
function p(XkjXk 1;Zx;lok), andto have an expressionof
pP(zkjXk 1;lo:k). Let usremarkthatusuallyin vision applica-
tionsthe importancefunctionis not known andis identi ed to
the diffusion process(i.e. (XxjXo:k 1;Z1:k) = P(XkjXk 1))
[11], [27]. Such a choice excludesthe measurementfrom
the diffusion step. It is thus necessaryin that caseto rely
on an accuratedynamicmodelto ef ciently sampleparticles.
We will seein our point tracking applicationthat a different
choiceis possible A secondsolutionto handlethe problemof
weight varianceincreaserelies on a resamplingmethod[28].
This methodconsistsin removing the trajectorieswith weak
normalizedweights,and in adding copiesof the trajectories
associatedo strongweights. Neverthelesst is importantto
outline that the resamplingstep introduceserrors, since it
increasesthe Monte Carlo varianceof the estimate.As a
consequencehe resamplingstepis necessaryn practice,but
should be used as rarely as possible.Obviously, thesetwo
solutionsmay be coupledfor a betteref ciency.

If the importancedensity only dependson xx 1;Zx; ok,
the rst momentof p(Xxjzik;lo:k) canbe approximatedn
thesameway asE [Xo.xjZ1:k; | 0:k]- INndeed this approximation,
denoted®;x, canbe shavn to be:

Wk = Wk 1 P(ZkjXk 15 10k):

As mentionedpreviously, it may be bene cial to know the
expressionof the optimalimportancefunction. We will seein
the next sectionthat it is possibleto infer this function for a
speci ¢ classof models.

B. Conditional partial Gaussianstate spacemodels

Let us considera conditional nonlinearsystem,composed
of a nonlinearstateequationwith an additive Gaussiamoise:

Xy = fllo:k (X 1)+ WLo:k; WLo;k : N(0; QLo:k) (6)
anda linear Gaussiarmeasuremengquation:
Zk = HILMXK—F VLo:k; VLo:k : N(O;RLO:")Z 7)

We will denotethesesystemsconditional partial Gaussian
statespacemodels For the sale of clarity, we will againomit
theindex | .k . For this classof systemstheanalyticexpression
of the optimal importancefunction is known. As a matter of
fact, noticing that:

P(zkjxk 1;lok) = P(zkjXk;lok) P(XkjXk 1;lo:k) dXk;

we deduce:

P(zkjXk 1;10k) = N (Hifk(Xk 1); Rk + HkQxHy); (8)

which yields a simple tractable expressionfor the weight

calculation(5). Thenwe have:

P(ZkjXk; To:k) P(XkjXk 1;10:k)
P(zkjXk 1;10:k)

P(XkjXk 1;2Zk;lok) =

andthus,

9)

P(XkjXk 1;Zk;lok) = N(mi(Xk 1);Ck);
with

Ck = (Q '+ HiR, THy) 1
Me(Xk 1) = Ce(Q, * fr(xk 1) + HER, * zk):

In that speci ¢ case,all the expressionsusedin the diffusion
process(9), and in the updatestep (8) are GaussianLet us
remarkthatthe unconditionalersionof this resultis described
in [16]. The Conditional NonLinear Filter correspondingo
this classof speci ¢ modelsis thereforeparticularlysimpleto
implement.

Validation gate: As in the linear case,an important is-
sue is the de nition of a validation gate correspondingto
a researcharea for the measurementt time k. As seen
previously, in the linear Gaussiarcase,an analyticexpression
of p(zkjz1.k 1;lo0:k) May be obtained.For nonlinearmodels,
the validation gate may be approximatecby a rectangularor
an ellipsoidal region, whose parametersnay be complex to
de ne. Breidt [29] suggestdo use Monte Carlo simulations
in orderto approximatethe requireddensitybut this solution
appeargo be time consuming.In caseof conditional partial
Gaussiarstatespacemodel,it is possibleto infer anellipsoidal
validation gatein a simple way. In order to de ne such a
validationregion, we have to computethe two rst moments
of p(zkjz1.k 1;l0:k). Empiricalapproximation®f thesequan-
tities canbe easilyderivedconsideringhe speci ¢ form of the
model. As a matterof fact, observingthat

p(Zijl:k 1; o)
= p(zkjxk 1:1ok) P(Xk 1jZek 151ok 1) dXk 1;

and reminding that an approximation  of
p(Xx 1jz1:k 1;lok 1) is given by the weighted swarm
of particles (xﬁ') 1?W|(<I)1)' the following approximationcan
be done:

P(zkjzik 1:1ok) " W|(<i) 1 p(ijX(ki) 1 lok):
[
Throughexpression(8), andafter few simplecalculationswe
nally obtaina Gaussiardistribution for p(zxjz1.k 1;l0:k):

P(zkjzik 1:lok) " N (Ekjk 15 Vkjk 1) (10)

with

Exik 1= Elzkjzak 1;1ok] = Ws)l Hy fk(X(ki)l);
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and

Viik 1= VIzkjzok 1:1ox]
= ) [He QY HE+ Ry

I
FH () T ) HE
P e 1y £ (x® My £t
( |Wk 1 k k(Xk 1))( k k(Xk 1))

i W1
This gives us an expressionof the ellipsoidal region corre-
spondingto our validation gateat time k:

gatex = fzx © k= (zx  Exjk 1)thjkl 1(2x

(11)

In additionto a simple and optimal samplingprocess being
able to build a validation gate constitutesanotheradvantage
of conditionalpartial Gaussiarstatespacemodels.

A synopsisof the resultingConditionalNonLinearFilter is
depictedin gure 4.

- ‘ Resampling if necessary ‘

A

Output

Update

4
Particles diffusion

\

Fig. 4.
function.

Conditional NonLinear Filter, with the use of optimal importance

The modelingof a problemwith conditional partial Gaus-
sian state spacemodelsof the form (6-7) requiresa linear
measuremengquation.We believe that sucha choice- which
consistsin constrainingthe systemto rely on a simple and
rough linear measuremenmodel - can be compensatedy
a sound and accuratedynamic model. At the best of our
knowledge,trackingapplicationan computervision, basedon
stochasticltering approachesiely on the oppositechoice:a
lineardynamicmodelis associatedio a nonlinearmulti-modal
likelihood [19], [20], [30], [31]. We argue that a conditional
partial Gaussianstate spacemodel constitutesan interesting
alternatve, asits propertiesinducea very simple lter imple-
mentation.We believe that an accuratedynamic, a pertinent
estimationof the measurementoise covarianceand the use
of the optimal importancefunction allows counterbalancing
multi-modal likelihood even for tracking applicationsin clut-
teredervironment.We will demonstrateheseabilities in the

experimentalsectionon several real-world image sequences.

The next sectiondevelopsmore preciselythe proposedpoint
traclkers.

VI. APPLICATION TO POINT TRACKING IN IMAGE
SEQUENCE

Let us consideringa given point in the scene The problem
of tracking this featurein animagesequencean be de ned

Exk 1) O

aslocating an estimationof the point projectionin the image
plane at eachtime. We considerthe most general context,
where no knowledge on the dynamic of the surrounding
objectis available.As said before,the solutionwe proposeto
tackle the lack of a priori information consistsin computing
the model from the image sequenceand solve the system
with one of the previously proposedconditional Iter. In
the consideredtracking problem, each state xx represents
the location of the point projection at time k, in image |,
obsenablethroughthe measuremenrty . Let us point out that
for the kind of systemwe focus on, both measurementand
the dynamicequationarebuilt from | .« . Indeed,asmotivated
in the introduction,we combinea dynamicmodelrelying on
the optical ow constraintand measurementprovided by a
matchingtechnique.

A. Conditional dynamicequation

The motion of a point xx 1 betweenthe frame instants
k 1 andk is de ned through the probability distribution
p(XkjXk 1:;lo:k). In orderto be reactve to ary changeof
speedanddirection of the point, we proposeto de ne sucha
stateequationfrom a robust parametricestimationtechnique
[32], [33]. At eachtime, thistechniqueprovidesusthe velocity
of the featureof interest.

Rolustmotionestimationusingparametricmodel: A robust
parametricmotion estimationtechniqueenablesto estimate
reliably a 2D parametricmodel representingthe dominant
apparentvelocity eld on a given supportregion R. The
motion vectorof a point s, betweentime k 1 andtime k is
modeledas a polynomial function of the point coordinates:

u(s) = P(s) «

where u(s) denotesthe estimatedmotion vector of pixel
s = (x;y)! and  the parametervector which contains
the polynomial's coefcients. P(s) is a matrix relatedto the
chosenparametricomodelwhoseentriesdependon the spatial
coordinatex andy. For example,a 6-parameteaf ne motion
modelis associatedo the following matrix:

1 x vy 0O0O

PO= 6001 x y

Theparametevector  is estimated¢hroughthe minimization
of a robustfunction 1( ):

X
()=

s2R

[k(s+P(s) ) T a(s)]: (12

is anon-quadraticobustcostfunctionallowing dealingwith
outliers.Theseoutliersmaybeidenti ed aspointsor areaghat
do not correspondo the estimatednotion modelor asregions
for which the brightnessconsisteng constraintis not valid.
The minimization is achieved through a Gauss-Neton-type
multi-resolution procedure,which allows handling of large
magnitudemotion. The principle of the incrementalscheme
consistgn applyingsuccessie Taylor expansionf the argu-
mentof aroundthe currentestimates”. The estimationof
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the motion parametelincrement
the minimization of:

X
2( )=

s2R
Ik 1(S)+ 1 Ik(s+ P(9)N)'P(s) [

is then obtainedthrough

[lk(s+ P(s)")
(13)

The minimizationis embeddedvithin a coarseo ne stratgy
and performedthroughan iteratedleastsquaregechniqueat
eachlevel (see[33] for more detailson the approach).
Linear or nonlinear state equation: For our point tracking
application,sucha robust parametricmotion estimationtech-
nigue allows us to de ne the following stateequation:

Xk = Xk 1+ U(Xk 1)+ Wg

Xk 1+ P(Xk 1) k + Wy;

(14)

wherewy is awhite noiseof covarianceQy. Qy is either x ed
a priori or computedfrom the estimationresidualswhich are
obtainedduring the regressionprocedure.lt is importantto
point at that the motion vectoru(xx 1) correspondsn fact
to the dominantapparentvelocity on an estimationsupport
R containingthe point of interestxy 1. Two casesmay be
distinguishedo choosean appropriatesupportregion:

Whenthe point motion correspondso a globaldominant
motion (for example, the motion of a backgroundfea-
ture), the estimationsupportis x ed to the whole image
grid. In that case,the motion parametewector ¢ does
not dependon the location of xix 1 andthe dynamicis
linear For anaf ne motionmodel,the stateequation(14)
turnsto be the following linear dynamic:

Xk = Ak Xk 1+ b + wy; (15)
where Ay is the matrix relatedto rotation, divergence
and shearmotion, and by is a translationvector As
the noisevariablew, accountsfor errorsrelatedto the

global motion model, it is likely to be non-Gaussian.

Nevertheless,w, is assumedto be a white noise of

zero meanand covarianceQg conditionallyto I¢.x. Let
us remarkthat estimatingthe motion parameterson the
wholeimagegrid bringsa globalinformationon the point
motion. Suchtypeof informationis crucialin caseof lack
of local information (facing noiseor occlusions).

When the feature point follows a motion that may be
only describedby alocal parametriomodel(for instance,
a point on a moving object), the supportR is setto a
small domain centeredat xx ;. As a consequencethe
estimatedparametervector ¢ dependson xx 1. The
consideredstate equationbecomesthus nonlinear with

respectoxy 1.Inthatcasethenoisevariablewy gures

errorscoming from a local motion modelization.It can
be assumedo be a Gaussianwhite noise process,i.e.

p(wgjlok) = N (O;Qk). The correspondingnonlinear
dynamicreadsthen:

P(XkjXk 1;lok) = N(Xk 1+ P(Xk 1) «;Qx) (16)

B. Conditionalmeasuementequation

Whereaghe stateequationde nes the modelof the instan-
taneoudeaturemotion, the conditionalmeasuremergquation
pP(zkjXk;lo:x) will allow usto x agoodnesf t criterion
betweenthe initial image and the currentimage. Such an
informationis requiredto overcomefeaturedrift over time.

At time k, we assumethat x is obsenable through a
matchingprocessvhosegoalis to provide,in theimagel « , the
mostsimilar pointto aninitial pointxg, in areferencéemplate
fo. Theresultof this processorrespondso a correlationpeak
andde nesthe measuremertty of our system.The reference
templateis de ned as the initial image |, which has been
eventually updatedby registrationin caseof large geometric
and/or photometricdeformationsaroundthe tracked feature.
Sucha referenceupdateprocedurewill be further described
in a specic section.Let us rst preciseour measurement
equation.

Several matchingcriteria can be usedto quantify the sim-
ilarity betweenthe target point and the candidatepoint. The
consenration of the intensity patternassumptionhas simply
led us to considerthe sum-of-squared-diérerces(SSD). The
measuremerty is %(chie/ed suchas:

Fo(xo+y) Ik(z+y)*:
{z }

rk(z)

Zx = argmin a7)
z

TZW

rk(z) is the residualcomputedon W, a small neighborhood
aroundz, of size(n n). It is assumedhatthis measurement
carries enoughpiecesof information about the state of the
tracked point to be able to write that x, = zx to within an
additionalwhite Gaussiamoisev . This noisevariablemodels
alocal estimationerrorandaccountgor a con dencemeasure
on this matching.The obsenation equationreadsthen:

P(zkjXk: lo:k) = N (Xk; Rk): (18)

Estimation of measuementcon dence (noise covariance
matrix): A good estimationof the measurementoisecovari-
anceRy is essentiato make the tracker robust to corrupted
obsenations. Indeed, mary factorscan affect the quality of
the obsenation: the intensity pattern may undego afne
geometricdeformations(scaling, rotation, translation),af ne
intensity changes(contrastand brightnessmodi cations) or
be occluded.To thatend,we de ne an SSD surface,given by
residualsri (z) on a supportW?, of size(n® n% aroundthe
measuremertt,. To evaluatea con denceon the SSDresult,
Papanilolopoulos[10] proposesan extensionof techniques
exploiting the topological changesof the SSD surface [34],
[35]. His methodconsistsin tting parabolago the directions
of the four main axeson the surface.

Our approachusesthe idea of Singh and Allen [36]. It
consistsin transformingthe SSD surface- which corresponds
to an error distribution - into a responselistribution:

Dk (z) = exp( crg(2);

where chs a normalization factor As in [37], c is xed
chas ,y 0Dk(z) = 1 throughan iteratve adjustment
( ,owoDk(z) 1is acontinuousdecreasindgunction). We

(19)
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assumethat this distribution correspondsto a probability
distribution of the true matchlocation. The covariancematrix
R, associatedo the measurementy is constructedrom the
distribution (19):

Ry= ™ Y (20)
p Xy yy
where , = Dk(2)(u  uwd(v W), z = (xy)
z2W ©

andzx = (Xk;Yk)'. Sucha modelizationde nes an adaptve
ellipse of uncertaintyof the matchlocationzy. Let usremark
that the varianceterms can not exceed n® (the size of the
support),sincethe uncertaintyellipseis built on the window
WO aroundzy . Limiting oursehesto sucha procesamay lead
to two problematicissues.

The correspondindy surfacemay be very smoothand
much tted by a uniform distribution. To overcomea
mis-approximationa Chi-square“goodnessof t” test
is realized(in practiceat 90%y), in orderto checkif the
responsalistribution is betterapproximatedy a normal
or a uniform law. In this latter case,the diagonalterms
of R are x ed to in nity , and the off-diagonal terms
aresetto 0. An illustration of sucha problematiccaseis
presentedn gure 6.
MeasuementProcedue: Finally, the overall measurement

processmay be summarizeasfollows:

1) Estimationof the measurement with (17).
2) Constructiornof the SSDsurfacein W9, a neighborhood
of zg.

First of all, in caseof noisy imagesequencesyr almost
uniform areas the correlationsurface may shov several

peaksof smallmagnitudethatmaybeinferior to thenoise
level. In that case,differencesbetweenthe magnitudes
of thesepeaksare not signi cant. None of thesenoisy

peaksshouldhave a predominaneffect on the covariance
calculation. We proposeto detect them and equalize
their SSD surface value. Their detectionrelies on an

approximationof the distribution of residualsr(z).

As showvn in [8], residualsmay assumedio be Gaus-
sian distributed for almostidentical regions. Therefore,
assuminga brightnessconstang assumptiorto within aa
additional Gaussiarwhite noisefor two matchedpoints,

we have:

lk(z) lo(xo); N(O; 2?) (21)

where correspondgo the noise standarddeviation. It

ensueghat for two matchedareasof sizen?, ri(z)= is

distributed as a Chi-squarewith n? degreesof freedom
(weremindthatn is thesizeof the supportusedto imple-
mentry(z)). Consideringa sufciently large estimation
support,dueto the Fisherapproximationwe can safely
assumehat:

P 2 rg(z)= 2 p2 nZ; N(0;1): (22)

In practice,if severalpointsof the correlationsurfaceare

detectedo follow this law (22), their surfacevaluesare

limited to thesameélevel (i.e. their valuearesetto theone

of the lowestresidual).We thereforeassignto them the

sameprobability of being the true matchlocation. This

procesgprovidesus a methodwhich permitsto estimatea

moremeaningfulcovariancematrix in caseof correlation
surfacesexhibiting several low magnitudepeaks.In the

following, the testof law (22) will be calledresidualtest,

andwill be achieved in practiceat 95% An illustration

of this improvementis presentedn gure 7.

The secondproblematicissueoccurswhenthe response
distribution can not be approximatedby a Gaussian
distribution. This is the casewhenthe correlationsurface

exhibits numeroussigni cant peakswhich areabove the

noiselevel. The covarianceconstructiordescribedn (20)

is then not relevant arymore. This may happenin case
of occlusionsand particularly for highly textured areas.

3) Detectionof the noisy peaksby residualtests(22) and
modi cation of the SSDsurfaceif someresidualsbelong
to the imagenoise.

4) Constructionof the responsalistribution from the mod-
ied SSDsurfacewith (19).

5) Chi-squaregtestto verify or not the goodnesof t of a
uniform distribution to the responsalistribution.

6) Estimationof the measurementovarianceerror matrix
Rk.

Some illustrations of the measuremennoise covariance
estimationare presentedn gures 5, 6 and7 for sometypical
cases.In these gures, we present:(a) the referenceimage,
the featureto be matched,and the obtainedobsenationin a
secondmage,(b) the correspondingSD surfacebetweerthe
matchedpoints and (c) the associatedesponsedistribution.
We also presentthe residual test, (d) the modied SSD
surface and (e) the resultantresponsedistribution on which
the covariancematrix is nally estimated.

The rst example (gure 5) presentsan ideal case for
point matching: the featureis well-characterizedpn a non-
noisy sequencend the luminancepatterndoesnot undego
large deformations.In that case, the SSD surface is not
affected by residual tests, and the responsedistribution is
well-approximatedby a Gaussianlaw. The covarianceesti-
mationis thenachieved through(20). The estimatednatrix is

0:45 0:12
0:12 0:37

N
FZeeil ===

Dt

(©)

Fig.5. Estimationof the measurememntoisecovariance (noiselevel x edto

= 1) (a) top image:referencepatternandfeatureto be matchedthe corner
of theroof), bottomimage:secondmageandobtainedmeasurementp) SSD
surface betweenthe matchedpoints; (c) correspondingesponselistribution.
In this case,the uniform law hypothesishas beenrejected. The response
distribution is approximatedby a 2D Gaussianlaw, and the covarianceis
estimatedthrough(20).

An occlusion caseis depictedin gure 6 to show the
interestof the Chi-squaré'goodnesof t” testontheresponse
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distribution. The uniform law hypothesiss herepreferred The
1 0

0 1
theresponsalistribution revealsseveralpeakswhich arelik ely

to correspondo wrong matching.

measurementoisecovarianceis thus x edto as

Fig. 6. Estimationof the measurementoisecovariancein caseof occlusion:
interestof the Chi-squaretest. (noiselevel xedto = 1) (a) top image:
referencepatternand featureto be matched,bottom image: secondimage
and obtainedmeasurement(b) SSD surface betweenthe matchedpoints;(c)
correspondingesponselistribution. In this occlusionexample, the uniform
law hypothesisof the responselistribution is preferred.

The lastexampleshaovn in gure 7 demonstratethe utility
of the residualtestsfor noisy sequencedn sucha caseit is
clearthat mostof the pointscannot be well-matchedbecause
of the noiselevel. This illustration shovs a miss-matchon a
noisy sequencelf is x edto 1, the SSDsis not modi ed,
and the resultantresponsedistribution is approximatedby a
Gaussiardistribution. This is presentedn surface? (c). The

correspondingovariancematrix thatis estimatedhrough(20)
2:01 0:95

0:95 4:34
is obviously not relevantasit doesnot re ect the uncertainty

of the measuremen®On the contrary by setting to 5, andby
leveling the noisy peaksthroughthe residualtests,the SSD
surfaceis modi ed (see gure 7 (d)), and the uniform law
hypothesigs preferredfor the associatedesponsalistribution
(see gure 7 (e)). This betterdescribeghe uncertaing of the
obtainedmeasurement.

These illustrations demonstratethat the proposedtests
(residualtestand Chi-squardest),which areaddedto a Gaus-
sianmodelizationof the SSDsurfaceimprove signi cantly the
results,by allowing a robust detectionof occlusionsandother
ambiguoussituations.

Refeencetemplateupdateprocedue: The last point to be
explained concernsthe referencetemplate®,. As mentioned
previously, this templatearoundx g is usedasa patternwhich
hasto be recoveredin the currentimage.®, hasa crucial
role in the relevance of the determinedobsenation (17).
Limiting oursehesto set®, = |, is too restrictive in case
of long sequenceswith large photometricand/or geometric
deformations.The referencetemplate has to be updatedto
follow the evolutions of the luminancepatternof the tracked
point. To thatend,one hasto answertwo questionswhich are
whenand how the referencehasto be updated.

The rst questionis equivalentto the questionWhenare
we sufciently con dent on the estimateto useits photometric
patternto updatethe refeence? In thelinear case the quality
of the estimateRy;, is simply given by the conditionalerror
covariance ;.. Thereferenceemplateis thusupdatedvhen
its eigervaluesare below a given threshold.In the nonlinear

shaws relatively smallentries: . Thisresult

10

[CY

() (e)

Fig. 7. Estimationof the measuremenhoise covariancein caseof noisy
sequence®r uniform areas:interest of the residual tests. (a) top image:
referencepatternand featureto be matched bottomimage:later imageand
obtainedmeasurement(b) SSD surface betweenthe matchedpoints; (c) the
responsalistribution correspondingo = 1 is approximatediy a Gaussian
distribution; (d) modi ed SSD surface obtainedafter the residualtestswith

= 5; (e)theresultantesponsadlistributionwith = 5 is well-approximated
by a uniform distribution.

case,the procedureis the same. The differenceresidesin
the estimationof the conditional error covariancewhich is
computedempirically from the particle swarm.

To answerthe secondjuestion the chosenapproactde nes
fo asbeinga part of the initial image,centeredn xo, which
canbewarpedto bettert to thetrackedpatternlIf theestimate
is sufciently accurateat time k, a motion modelis estimated
betweerthe currentreferencéy, centeredn xo andawindow
around I (Rjx) of samedimensions.Let M, , e be this
motion model and let M, , | = be the motion model which
hasbeenusedto constructthe currentreferencefrom | 9. The
new referencetemplateis then built by computinga motion-
compensatedmage. The combinationof thesetwo motion
modelsM, , e M, is appliedto theinitial imagel g to
build the new referencepattern€y.

Figure 8 illustrates this referenceupdate procedure.The
bottomimagesetrepresentshe estimatesandtheir associated
uncertaintyellipse on four imagesat different instants.The
top imagespresenthe referencetiemplatesvhich are updated
by successie warpings.

C. Initial stepsof the point tracker

In this section,we describethe initial stepsof our point
tracking technique. These steps involve a point selection
processand the choice betweenthe nonlinear lter and the
linear Iter.

Point selectiorcriterion: A pointis consideredo betracked
reliablyif its neighbourhoodie nesaluminancepatternwhich
carriesenoughinformation.To discardareaswith unsufcient
luminancegradient,we usethe selectioncriterion proposedn
[6] attheinitial time. This criterionis basedntheeigervalues
of the structureter}sorT:

ri2
rixrly

rlyr ly

T(XO): r I)Z/ ’

W (X0)
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applied motion model:

initialization
M3 = M20 M1
Reference template Setkojo = Xo. Set 0j0s Ro and Qo:n-
. fork = 1;:;n
model (from lo.x): computeAy, bk
prediction:
P Rejk 1= Ak R 1k 1+ bx
i ; ) ) — t
estimated motion estimated motion kjk 1 — Ak k 1ljk 1 Ak + Qk

measurement (from 1o.¢):
de ne gatex with (3),
computezx andestimateRy following the described

model: M1

Estimation (two first moments)

* procedurein xVI-B
update:
Kk = ik 1( kjk 1+ Ri) *
Rijk = Rije 1+ Kk (zZk Rk 1)
#0 #1 #2 #3 #11 kik = (1 Ki) ki1
T The reference pattern . . . » . . . .

Initialisation - updated as soonas ~ Fig. 9. Point tracler with Conditional Linear Filter, dedicatedto points

the reference template s The reference template is not updat&ftimate is pertinant  Pelongingto the global dominantmotion.

setto the initial image i case of too large eigenvalues of the

conditional error covariance initia._ﬁzation 0 . 0 )
Fig. 8. lllustration of the referenceupdateprocedure. (F)(::nl._ LnNy Xo™ 5 P(Xojlo), Wo ™ = - SetRo and
fork = 1;::;5n

with [r Ix;r 1y] = [@0=@; @o=@]. The two eigervalues m%aéslgeerg:trétk(f\:vci)tw(lfﬁ?.

1 and » give information on the intensity pro le within computez, and estimateR, following the described
the window W (xo). Too small eigervalues are associated proceduren xVI-B _
to constantintensity pro le, whereaslarge values indicate model (from lo.): fori=1:N, evaluate {
a luminancepatternwhich can be successfullytracked. The prediction: fori=1:N x{’; N(mk(xy’,);Cy)
correspondindeatureis thereforeacceptedf min( 1; ) > ”pd?it)e:_ fozi; =1:N 0 .

. Typical valuesof arewithin the range[0:1; 1]. Wi 0 Wic" s p(zijk(i%, lox) W'(tir; 0

Filter selection- useof a motion detectionmap: The use P(ZjX" g3 low) = N (37 g + P(Xi7y) kNl;R(ki)Jr %‘)
of a robust motion estimation techniqueassociatedwith a trajectory estimation: EvaluateRijx = .y Xi' W
motion detectiontechnique[38], [39] givesa practicalway to resamplingif necessary

deCI(_jeWheth_era conS|derec#_)0|nt belongsto the supportof Fig.10. Pointtracler with ConditionalNonLinearFilter, dedicatedo points
dominantmotion or to a mobile areacharacterizedy alocal \whosemotion canbe only locally described.

motion model. This motion-basedsegmentationis performed
to partition the initial image in regions that correspondto

the global motion and in regions associatedto secondary plexity. The computationalcost is essentially due to the
motions.The procedureis appliedbetweentheimagelo and  motion modelestimationandto the measuremertomputation
theregisteredmagel ; attheinitial time. Thedeterminatiorof  and its associatecton dence. The lItering part is not time
theregion boundariesareestimatedhrougha Markov random - consuminggvenfor the nonlineartracker. Indeed the peculiar
eld statisticalregularization.This partitionis initially usedto proposednodelleadsto avery simpleandefcient algorithm.
determinethe type of dynamic(linearor not) of agivenpoint. - ohviously, the tracker complexity dependson the numberof
For points belongingto the dominantmotion supportthe  tracled points.

ltering  problem corresponddo a linear model, with a dy-  Thecomputationatostof thedynamicparameteestimation
namic of the form (15) and the linear obseration equation hasiq be relativized. For the linear tracker, this routineis run
(18). A synopsisof the correspondingoint tracker basedon  gnetime at eachframeinstantwhatever the numberof tracked
the Conditional Linear Filter is describedin gure 9. It is points. In the nonlinearcase, this routine is run N*p times

importantto point out that this tracker enablesus to combine wherep is the numberof tracked pointsandN the numberof

global and local piecesof information on the featurepoint o icles. However, consideringa simple translationalmodel
motion.Whenthemotionof apointcanbeonly representely  gios a signi cant decreasef the computationatost.Indeed,

a local parameterizatiorthe Itering problemwe aredealing iyereis no necessityto use more complex model on a small
with is formulatedthroughthe linear likelihood (18) and the support.

nonlineardynamic(16). It inducesthe useof the Conditional
NonLinear Filter as depictedon the block diagramin gure
10.

Concerningthe obsenation step, a way to acceleratethe
computingtime would be to use a correlationcriterion, that
can be efciently computedin the Fourier domain. Such
) . techniquesare usedin uid imagingto estimatedensecor
D. Remarkson computationalcomplexity relation eld, known as Particle ImageVelocimetry[40]. The

Before presentingthe experimentalresultsof the proposed measuremernton dencecouldbealsoestimatedn the Fourier
trackers, let us make someremarksaboutthe tracker com- space.
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VII. EXPERIMENTAL RESULTS

In this section,we presentsome experimentalresults on
real-world sequenceto demonstratéhe ef ciency of the two
proposedpoint trackers, namelythe ConditionalLinear Filter
(CLF) and the Conditional NonLinear Filter (CNLF). We
comparethemto the Shi-Tomasi-KanadgSTK) tracker and
to a robust differentialmethod(RDM), which correspondgo
an Euler integration of our dynamicdescribedkVI-A.

A. Resultsof Conditional Linear Filter

A rst result of the CLF is presentecon Hangars, a 10-
frame (512 512 pixels) noisy sequenceresentinga global
chaoticmotion. A comparisorbetweenCLF, STK and CNLF
is presentedn gure 11.In sucha sequencave canremark
thatSTK leadsto poortrackingresults.Thisis particularlytrue
for pointswhich may not be easilyidenti ed by characteristic
luminancepatterns(cornerpointsetc.). Indeed,this is a well-
known de ciency of sucha tracker. On the opposite,for the
CLF, thetrajectoriesof all the pointsarewell-recovered.This
is even more notavorthy that the sequenceés noisy and the
motion comple, asdepictedin gures 12 for a representation
of point 5 and point 13 trajectories.In these gures we plot
the meanover successfulealizationsof the CLF and CNLF,
100 trials have beenrun on this sequencend no failure has
beenobsenred. It is clearthat for sucha sequencehaving a
global information on top of local informationis crucial. As
the global motion informationis not takeninto accountby the
CNLF, the resultsobtainedwith this later are lessgood than
thus suppliedby the CLF (see gures 11, 12). Although our
nonlineartracker canbe appliedin every situationsthe linear
Iter better suits to sequence®xhibiting a global dominant
motion for a lower computationatime.

The secondsequenceCorridor , is a 7-frame (512 512
pixels) sequencewhich constitutesan extreme casefor a
global afne motion model due to depth discontinuitiesand
large motions.The initial pointsarepresentedn gure 13(a).
The completetrajectoriesprovided by CLF, STK, RDM and
CNLF are presentedn gure 14. In sucha sequenceit can
be noticedthatthe STK leadsto goodtrackingresultsonly for
two pointsandlosestheotherson frame2. Ontheoppositefor
the CLF, the trajectoriesof all the points are well-recovered.
We believe thatin the onehand,the global dynamicon which
werely on givesa quitegoodpredictionfor thedifferentpoints
(evenif anaf ne modelconstitutesa crudemodelin thatcase),
and on the other hand, the matching measurementgnable
correctingthe de ciency of sucha motion model. This can
be checled by looking at the resultsof the tracker built from
the dynamic (RDM). On this result, it can be obsenred that
a dominantmotion model constitutesa quite rough motion
modelfor somepoints (seepoints 1,2,9). Anotherillustration
of thesecommentds presentedn gure 13(b,c)which shows
the comparatie trajectoriesof the testedalgorithms,and a
ground truth given by a user for points 1 and 2. In these
graphics,we presentthe mean trajectoriesover successful
realizationsof CLF andCNLF. As it canbe obsenred,thereis
a signi cant deviation betweerthe groundtruth andthe RDM
trajectory The poor result of the STK can also be obsened
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on the graphic 13(c). In the sameway as for the sequence
Hangars,the CNLF gives better results than the STK, but
worse trajectoriesthan the CLF for a higher computational-
time.

B. Resultsof Conditional NonLinearFilter

A resultof the CNLF is presentecn Caltra, a 40-frame
sequenceof images (190  180), shaving the motion of
two balls x ed on a rotating rigid circle, in front of a
cluttered background.Let us note that the number of used
particleshave been x edto 100,to limit the computatiortime.
Comparedo STK andto RDM ( g.15), the CNLF succeed
discriminatingthe balls from the wall-paper and providesthe
exacttrajectoriesSucharesultshavs the ability of thistracker
to dealwith comple trajectoriesin a clutteredervironment.
Details of white ball trajectoryare presentedn gure 16(a).
The obtainedtrajectoriesfor the white ball with the different
trackers can be obsered and compared.The CNLF result
accountsfor the meanover the successfutrajectorieson 100
Monte Carlo runs (2 failureshave beenobsened).

The gure 17 presentgheresultsobtainedby the CNLF on
the sequencé&xam. This sequencef 60 frames(512 512)
is a medicalimagerysequencef an angiographyshaving a
motionof contractionanddilation of vesselsTheseresultsare
comparedwith the trajectoriesgiven by the STK. The CNLF
succeeddn recovering completetrajectorieswhereaghe STK
loseshalf of the points.

The CNLF has also beentestedon a meteorologicalse-
guenceof 13 frames(276  396), shaving the evolution of
a throughof low pressureAlthough the SSD measurements
are not very relevantin sucha situation,the CNLF succeeds
in recovering the vorticity motion asshowvn in gure 18.

initial points on image # 0 CNLF # 12

Fig. 18. Sequencd-luid: trajectoriesestimatedwith the Conditional Non-
Linear Filter.

For thesethree sequencesit is importantto note that it
would be dif cult to rely on a standardinear stateequation.

C. Rolustnesdgo large geometricdeformationsandocclusions

We now demonstratethe robustnessof the two trackers
(CLF and CNLF) to large geometricdeformationsand occlu-
sions.The rst sequencaisedfor that purposes the sequence
Minitel . It isa 15-frame(512 730)sequencevhich presents
alargecameramotion.Figure19 presentshe pointtrajectories
provided by the CLF. Without the referenceupdateprocedure
describedxVI-B, the large rotating deformationsdoes not
allow the achiezementof a good SSD matchingmeasurement.
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initial points on image # 0 CLF (#9)

13

STK (#9) CNLF (#9)

Fig. 11. Sequencédangarsirajectoriesrecaveredby the ConditionalLinear Filter, the Shi-Tomasi-Kanadéraclker andthe ConditionalNonLinearFilter.
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Fig. 12. Sequencédangarscomparisorbetweenestimatedrajectoriesandgroundtruth trajectoriesThe CLF and CNLF trajectoriescorrespondo the mean

trajectoriesover successfutealizations(0 failuresover 100 trials).
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(c) trajectories of point 2

SequenceCorridor, initial points and comparisonbetweenestimatedtrajectoriesand groundtruth trajectories.The CLF and CNLF trajectories

correspondo the meantrajectoriesover successfutealizations(0 failuresover 100 trials).

This procedureincreasesthe robustnessto large geometric
deformations.

The last sequenceGarden, is a 27-frame (240  360)
sequenceExceptfrom thetree,this sequenc@resents global
translationalmotion. Figure 20 shavs the CNLF resultsfor
the tree's points (points 2,3,4), and the CLF resultsfor the
others.Let us remark that we have intentionally chosento
track a point of the background(point 1) with the CNLF
to demonstrateahe Iter robustnesgo occlusions.The mean
trajectory of point 1 over 100 successfulMonte-Carlotrials
is given in gure 16(b). 15 failures have been obsened.

Following the trajectoriesof points moving behindthe tree,
we canremarkthat both trackersrecover the point locations
afterthey have beenhidden,without specifyingary occlusions
schemelndeed the adaptive covariancenoise,estimatedrom

the sequenceallows the conditionaltrackersto be resistanto

occlusions.

VIIl. CONCLUSION AND PERSPECTIVES

In this paper we proposeda new formulation of stochas-
tic lters adaptedto image sequencebasedtracking. This
framavork allows consideringa priori-free systemswhich
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CLF (# 6) RDM (# 6)

Fig. 14.
Shi-Tomasi-Kanaderacler andthe ConditionalNonLinearFilter.

initial points on image # Q

CNLF trajectories

global motion outliers

14

STK (# 6) CNLF (# 6)

SequenceCorridor: trajectoriesrecovered by the Conditional Linear Filter, the deterministictracler basedon a robust differential method, the

CNLF (#7, # 20, # 30, # 39)

RDM (# 7, # 20, # 30, # 39)

STK (#7, # 20, # 30, # 39)

Fig. 15. Sequence&altra:illustrationof thetrackingperformedby the ConditionalNonLinearFilter, therobustdifferentialmethod andthe Shi-Tomasi-Kanade

tracler.

entirely dependon the image data. In that framework, two
point trackers have beendescribed.The Conditional Linear
Filter is particularlywell-suitedto imagesequencesxhibiting
dominant motion situations. Indeed, it enablescombining
global and local piecesof information on the point motion.
The ConditionalNonLinearFilter is dedicatedo pointswhose
motion may be only describedby a local parametricmodel.
For both trackers,the combinationof measurementgrovided
by a matchingtechniqueanda statemodelrelying on a motion
estimationhasled to very goodtrackingresultsfor trajectories
undegoing abrupt changesin noisy situations. Finally, an
automaticcomputationof the measuremennoise covariance
leadsthe trackersto be robustto occlusions.

Several perspecties of this work are ervisaged.In a rst
step, the proposedmodel has to be extendedin order to
increasehetracker robustnesso falsealarms.n particular we
would like to proposea lik elihoodallowing to considerseveral
obsenationshut which is still associatedo a known optimal
importancefunction. We believe that the explicit knowledge
of this function is of greatinterest.This work is currentlyin
progressin a secondstep,it would be interestingto extend
the presentednethodsfor the trackingof complec objects.It
would be alsointerestingto includesomeregularizingcapabil-
ities on the motion parameter$or somespeci ¢ applications.
Especiallyin this prospectwe planto investigatethe tracking
of characteristicstructuresn meteorologicaimages.
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(a) Sequence Caltra, white ball trajectories (b) Sequence Garden, point 1 trajectories

Fig. 16. Sequence&altraand Garden,comparisorof estimatedrajectoriesandgroundtruth trajectories The CNLF resultsaccountfor the meanrealizations
over the successfutrajectorieson 100 Monte Carlo runs (2 failuresfor Caltra, 15 failuresfor Garden).

initial points on image # 0 CNLF (# 14, # 39, # 49)

initial points on image # 0 STK (# 14, # 39, # 49)

Fig. 17. Sequencd=xam:trajectoriesrecoseredby the ConditionalNonLinearFilter and the Shi-Tomasi-Kanaderacler.

initial points on image # 0 CLF#6 CLF # 14

Fig. 19. SequenceMinitel: trackingresultof the ConditionalLinear Filter
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initial points on image # 0 # 10

16

#16 #26

Fig. 20. Sequencésarden:Associationof the ConditionalLinear and the ConditionalNonLinearFilters.

APPENDIX |
EXPRESSION OF E,y [XjY]

Remindingthat, for two arbitraryrandomvectorsY andw,
onehas:

E[KYk3jW]

E[Y'YjW] = E[trfYYigw]
trfcov(Y; YjW)g+ E[YjW]'E[YjW];

wheretr meanghetraceof the matrixin bracesanddenoting
for arbitraryrandomvectorsX, Y andW

coUX;ZjW)

E[(X EXjW]) (Z E[ZjW]'jw]
E[XZ'jW] E[XjW]E[ZjW];

X:ZiW

after few manipulationspne canwrite:

EkX AZ BKk}wW]

=tuf(A  xzjw zéjw) z,Z jw
(A X;Zjw zé jw)tg
+ KE[XjW] AE[ZjW] BK?

1 .
+rf xoxijw XZiWw zzjw zxjwd:

All the threetermsare nonngative.
E[kX A Z BKk?W] reachests minimum for:

A=
B = E[X|W]

1 .

X;ZjW Z:Z jW>
1 : .
X5ZjW  zz jw E[ZjW]:

We deduce(2), the expressionof E,, [XjZ].
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