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Abstract

We addressthe problemof tradking multiple objectsen-
counteed in many situationsin signal or image process-
ing. We considerstodastic dynamicsystemaonlinearly
and uncompletelyobserved. The difficulty lies on the fact
that the estimationof the statesrequiresthe assignationof
the observationgo the multiple targets. \We proposean ex-
tensionof the classicalparticle filter whele the stodhastic
vectorof assignationis estimatediy a Gibbssampler The
meritof themethods assesseth bearings-onlycontextand
wepresentoneapplicationin image-basedracking.

1. Intr oduction

Multiple objecttracking (MTT) dealswith stateestima-
tion of an unknovn numberof moving targets. Available
measurementsaybotharisefrom thetargetsif they arede-
tectedandfrom clutter. Clutteris generallyconsideredsa
modeldescribingfalsealarms. Its (spatio-temporalytatis-
tical propertiesare quite differentfrom target ones,which
males possiblethe extraction of target tracks from clut-
ter. To perform multiple objecttrackingthe obsener has
athis disposal hugeamountof data,possiblycollectedon
multiple recevers. In signal processingelementarymea-
surementsrerecever outputs,e.g.,bearingsrangestime-
delaysDopplers.etc. In image-basetrackingthey have to
becomputedrom theimages.

But the main difficulty comesfrom the assignmenbf a
given measurementd a target model. Theseassignments
aregenerallyunknown, asarethetruetargetmodels.Thisis
a neatdeparturefrom classicalestimationproblems.Thus,
two distinct problemshave to be solved jointly: dataasso-
ciation and estimation. As long asthe associatioris con-
sideredin a deterministicway, the hypothesisassociations
must be exhaustvely enumeratedwhich leadsto a NP-
hardproblem(asin JPDAF andMHT algorithms[3] for in-
stance). As soonas the associationvariablesare consid-
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ered as stochasticvariablesand moreover statisticallyin-
dependentike in the ProbabilisticMHT (PMHT), the com-
plexity is reduced.However, the above algorithmsdo not
copewith nonlinear stateor measuremennodelsandnon
Gaussiarstateor measuremenmntoises.Undersuchassump-
tions (stochasticstateequationandnonlinear stateor mea-
suremenequationnonGaussiamoises) particlefilters are
particularly adapted. They mainly consistin propagating
a weightedsetof particleswhich approximateghe proba-
bility densityof the stateconditionallyto the obsenations.
Particle filtering canbe appliedundervery weak hypothe-
ses,is ableto copewith heavy clutter, andis very easyto
implement. Numerousversionshave beenusedin various
contets: the bootstrapfilter for target trackingin [4], the
Condensatioralgorithmin imageanalysis[5] aretwo ex-
amplesamongothers.In imageanalysisa probabilisticex-
clusionprinciple hasbeendevelopedin [7] to track multi-
ple objectsbut the algorithmis very dependenbn the ob-
senation modeland seemscostly to extendfor morethan
two objects.We proposeherea quite generalalgorithmfor
multiple objecttrackingapplicablebothin signalandimage
analysis.

This work is organisedasfollows. In sectionll, we briefly
recallthe basicparticlefilter. Sectionlll dealswith our ex-
tensionof thebasicfilter to multiple objects.SectionlV be-
ginswith avalidationof our algorithmin the passve sonar
contet, i.e. to estimatethe trajectoriesof multiple “small”
targetsfrom their noisy bearings. Thenit is usedto track
pedestrianin avideo-sequence.

2. The basicpatrticle filter

For the sale of completenesghe basicparticlefilter is
now briefly reviewed. We considera dynamicsystemrep-
resentedy the stochastiprocesq X;) € R* whosetem-
poralevolutionis givenby the stateequation:

Xt = F(Xi-1,Vp). 1)
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Figure 1. Basicparticlefilter with adaptive resampling

It is obsered at discretetimes via realizationsof the
stochastiqprocess(Y;) € R™ governedby the measure-
mentmodel:

Y, = Hy(Xy, Wy). (2)

The two processegV;) € R™ and (W;) € R™ in (1)
and(2) areonly supposedo be independentvhite noises.
Moreover, it isto benotedthatnolinearity hypothesion F;
and H; is done.We will denoteby Yjy.; thesequencef the
randomvariablegYy, . . ., Y;) andby yo.; onerealizationof
thissequence.

Our problemconsistan computingat eachtime ¢ the con-
ditionaldensityL; of thestateX; givenall theobsenations
accumulatediptot,i.e.,L; = p(X¢|Yo = yo,-.-, Y = 4t)
andalsoin estimatingary functionalof the stateg(X;) by
theexpectationE(g(X;)|Yo.t). TheRecursie Bayesiarfil-
ter, alsonamedOptimalFilter, resohesexactly this problem
in two stepsateachtime [4].

Supposewe know L;_;. The predictionstepis doneac-
cordingto the following equation:

P( Xt = 2¢|Y0:t—1 = Yo:t—1) = 3)
fan p(Xt = Z‘t'Xt,l = .’L’)Ltfl(.’E)d.’L'.

Theobsenationy; enablesusto correctthis predictionus-
ing the Bayessrule:

p(Y: = ye|ze)p(Xy = 2¢|yo:e—1)
Jrne PV = ye|2)p(Xy = zlyo:e—1)dx

Theseequationgprovide a closed-formrecursionif we as-
sumerestrictve hypothesissuchas Kalman Filter’'s ones.
ThefunctionsF; andG; arethensupposedo belinearand
the noisesV; and W; to be Gaussian.Unfortunatelythis
modellingis notappropriaten mary problemsn signaland

Ly(z¢) = (4)

imageprocessingwhich renderghe calculationsof thein-
tegralsin (3) and(4) infeasible(no closed-form).

The original particle filter, named bootstrapfilter [4],
proposesto approximatethe densities(L;); by a finite
weightedsumof N Dirac densitiescentredon elementsof
R™ , namedparticles.Theapplicationof thebootstradilter
requiresthatoneknows how:

o to samplefrom initial prior maminal p(Xo);
e to samplefrom p(V%) for all ¢;

e to computep(Y; = y| Xy = =) for all ¢ througha
known functionl; suchthatl;(y; z) o
p(Y; = y|X: = z) wheremissingnormalizationmust
notdepencdon z.

The algorithmthen consistsin making evolve the particle
setS; = (s}, 4}")n=1,...,n, Wheres; is the particleposition
andg; its weight,andto useit to estimatehedensityL; by
thedensityLg, = Eﬁzl q;'ds7 . Theweakcornvergenceof

the probabilitydensityLg, towardsL,; whenN — oo with

rate1/+/N canbe proved. To avoid the degeneray of the
particle set,i.e. only few particleswith high weightsand
the otherswith very smallones,aresamplings donein an
adaptve way whenthe numberof effective particles,esti-
matedby N, ;y, is underagiventhreshold2]. Besideshe
discretizatiorof thefiltering integrals,the useof suchparti-
clesenablego voice mary hypothesi®nthepositionof the
objectandto keepin thelong termonly the particleswhose
positionis likely given the sequenceof obsenations. In

bootstailter, the particlesare“moved” by samplingfrom

the dynamics(1), andimportancesamplingtheory shovs
thatthe weightingis only basedon likelihood evaluations.
In the mostgeneralsetting[2], the displacemenbf parti-

clesis obtainedby samplingfrom an appropriatedensity




f which might dependon the dataaswell. The complete
procedures summarizedn figure 1. Thereademwill find
moredetailson the differentfiltersin [4], [5] or [2] andon
adaptve resamplingn [6] and[2]. After theserecalls,we
proposean extensionof this algorithmto multiple-object
tracking.

3. Multiple object particle filters
3.1 Notations

Let M bethenumberof objectsto track(first assumedo
be known andfixed). The statevectorwe have to estimate
is madeby concatenatinghe statevectorof eachobject. At
timet, X; = (X},..., X}) follows the stateequation(1)
decomposeth M partialequations:

X} =F{(X] |, V}}) Vi=1,...,M. (5)

The noises(V;i) and (V;') areonly supposedo be white
both temporally and spatially independentfor : # 4’

The obsenation vector at time ¢ is denotedby y; =

(yt,...,y/™). Following the seminalideasof R. Streit
andT. Luginbuhl [10], we introducethe stochastiovector
Ky € {1,...,M}™ suchthatK] =i if y] is issuedfrom

theit® object.In thiscasey] is arealizationof thestochas-
tic process:

Y/ = Hi(Xi, W) it Ki = i. ©)

Again, the noises (W/) and (Wj) are only sup-

posedto be white noises, independentfor j # j'.

We assumethat the functions H} are such that they

can be associatedto functional forms I defined by

li(y;z) o p(Yy = y|K =i, X] = z).

We malke the assumptionthat one measurementcan

originatefrom one objector from the clutter andthat one

object can producezero or several measurementat one

time. For that, we dedicatethe model 0 to falsealarms.
The falsealarmsare supposedo be uniformly distributed

in the obsenation area. Their numberis assumedo arise
from a Poissondensity of parameterA\V whereV is the

volumeof the suneillanceareaand A the numberof false
alarmsby volume unity. Of course,we do not associate
ary kinematicmodelto falsealarmsandthen no particles
representheir density Let m, € [0, 1]M+! definedby

mi = P(K{ = i) forallj = 1,...m;. This definition

implicitly assumeshatthe probabilitiesr; areindependent
of the measurementastheir indexationis arbitrary These
assumptionsmply that m; may differ from M and that

the associatioris exclusive and exhaustve. In particulay

Y M, @i = 1. Furthermoreit is assumedhat the assign-
mentvector K; hasindependentomponentgsee[1(). To

estimatethe densityL; = p(X: = (X},..., XM)|yo.t),

we proposeto use particleswhosedimensionis the sum
of the onesof theindividual statespacesorrespondingo
eachobject,asin [7]. Eachof theseconcatenategectors
then givesjointly a representatiorof all objects. Let us
presenthe proposednultiple objectparticlefilter (MOPF).

3.2 The MOPF

Theinitial particlesetSy = (s§,1/N)p=1,..,n iS such
thateacmomponentsg’i fori =1,..., M is sampledrom
p(X¢) independentlyrom the others.Assumewe have ob-
tainedS; 1 = (571, ¢ 1)n=1,.. v With Y0 g0 | = 1.
Eachparticleis a vectorof olimensionzg1 ni wherewe
denoteby s/, the it componenbf s, andwheren?,
designateshe dimensionof objects.

The predictionis performedby samplingfrom somepro-
posaldensity f. In bootstrapfilter case,f coincideswith
thedynamicy(5):

FH s, vph)
Forn=1,...,N § = : @)
FM (s o)
with (v") beingrealizationsof (V;’). Examinenow the
computationof the likelihood of the obsenations condi-
tioned by the nt* particle. We can write for all n =
1,...,N:

p(Yi = (i, ..,y Xe = &) =TI, pf|57)

0 M i i omie
oc [T52 [3F + 203y li(yis 8¢

It mustbe notedthat first equality in (8) is true only un-
dertheassumptiorof conditionalindependencef themea-
sures,which we will make. Moreover, the normalization
factorsbetweerli andp(Y/ = y|K} =i, X} = x) mustbe
thesamefor all ¢ to write the secondequalityin (8).

It remains to estimate the association probabilities
(m})i=1,...,m Which can be seenas the stochasticcoefi-

cients of the M —componentmixture. To estimatethem
we proposeto usea Gibbs samplerwhoseprinciplesare
briefly recalled (see[1] or [9] for more details). For
0 = (X, K, 11,), it consistdn generatinga Markov chain
which corvergesto the stationary distribution p(8|Yo.+)

which cannot be sampleddirectly. Given a partition
6, ...,8% of §, onesamplesalternatiely from the condi-
tional posteriordistribution of eachcomponenbf the par

tition. Assumethe 7 first elementsof the Markov chain
(04, -..,0;) have beendrawvn. We samplethe P compo-
nentsof 4, asfollows:

(8)

Draw 6L, from p(6*|Yoy,62,...,6F)
Draw 62, from p(62|Yo., 6%, ,,6%

Ty

.,6P)

T
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Figure 2. MOPF: multiple objectparticlefilter with adaptie resampling.

a. As the (K{)jzl,,,,,mt are supposedo be independent,

Draw 62, from p(%|Yo.,0%,,,...,05)

In our caseatagiveninstantt, the partitionningof 4 is:

i = KJ forj=1,...,my
gmati = i fori=1,..., M; 9)
gmtM+i — X, fori=1,..., M.

We now detailthe differentstepsof this Gibbssampler
1. Theinitialization of Gibbssamplerconsistsn assigning

uniform associatiorprobabilities,i.e., 7} , = 157 for all

i =1,...,M, andtaking X; o = Efj:l g 187, i.e., the
centroidof the predictedparticleset. Then,supposehatat
instantt we have alreadysimulated(6; 1, . .., 6,7 ).

2. Ther + 1t* iterationis handledasfollows.

theirindividual conditionaldensityreads:
(K] [Youe Xo, (K1, ) = p(K7 Y7, X, ). (L0)
(K7) arediscretevariablesandwe canwrite:

J_ v — 0
P(Kt = 'llY; = ytthyl_[t)
(Y =yi | K] =i,X:, 11 )P(K]=i| X, 1)

L 'p(YgzyﬂXt,Ht) (11)
oA mlilia) =1, M
) |V if i = 0.

Therealizationsk,{’ﬂrl of thevector K, ., arethensam-
pledaccordingo theweightsp"?, ; = 7?/V, and
i = Ai(ylx) ) fori=1,..., M.



b. Mixture proportionvectorHtlji‘fH is drawvn from thecon-
ditional density:

P M| Ky 1, Xe,r, Your) =

p(Hia R Hi\/I|Kt1,T+17 s 7K%-+17Xt,7'7 YOlt) S8
p(K} 41, .,K%+1|H}, L IMYp(TL, L TIM)
= (1 — mo) DI | M, {n* (K¢ 741)i=1,...,.M})

(12)
wherewe denoteby n?(K) thenumberof k’ equalto and
D standdor Dirichlet distribution.

X¢,r+1 hasto besamplecdaccordingo the density

M
P(Xt|Yot, Kt,r1, My prg1) = Hp(XﬂYO:t, Kiri1, g7 41)

i=1
(13)
Thevaluesof K; .1 canimply thatoneobjectis associated
with zeroor several measurementthatis why we decom-
posethe precedingproductin two products:

. .1 .i
Hi/ajl,...,ji/Kf 'p(XﬂYO:t—l,yg ,---,yi 7Ht,‘r+1)

tr41=0

Hi/ijtj,r+17éi p(‘XtZ |Y0:t71; Ht,7—+1)

(14)
c. Leti beanintegerin thefirst product.We canwrite
p(Xlzlyblt_—hyt seees Ut ;Ht,r—i-l) =
Pl vl | XD (X[ You1) (15)

Pl el [You1)
We are not able to sample directly from the density

-1 - . .
plyi ooty |XP(Xe|Y041) for the samereasonsas those
p(yi 5oyl [Yo—1) . .
exposedin section?2 to justify the use of the particle fil-

ter (intractability of the integrals). We proposeto build the
particlesetX, .1 = (67,1, X?4+1)n=1,...,.n Whoseweights
X7, measurehelikelihoodof theobsenationsaffectedby
K, .41 toobjectX} . More preciselywelet:

ol =85
(16)

-1 G
p(yp s--¥: IXZ=<7¢+1)QZ‘_1
T T R— .
eyl v ‘th:‘72+1) a7

n —
XT+1 -

ThedensityA, 11 = Zflvzl X741007,, corvergesweakly

to thedensityp(X7 |yl , ...,y , Yo—1). Not beingableto
samplefrom this lastdensity X/ _ ,, is drawn asarealiza-
tionfrom A ;.

d. Now let ¢ be aninteger in the secondproduct. As we
do not have ary measureo correctthe predictedparticles
we draw a realizationfrom the densityZi:’:1 q; 1057 for
Xg,‘r+1'

3. After afinite numberof iterations,we estimatehevector
7 by theaverageof its lastrealizations:

1 Tend

~7 4
T (17)
Theg — Tend =13

=Theg

Finally theweightsarecomputedaccordingto (8) usingthe
estimations; of . Figure2 summarizeshe whole proce-
dure.

4. Application to bearings-onlyproblems

We first deal with the classical bearings-onlyprob-
lem using syntheticdata. The objectsare then “point-
objects”in the z — y plane. Their statevector X; rep-
resentsthe coordinatesand the velocitiesin the z — y
plane: X; = (x¢,ys, v, vy). The following multitarget
scenariohasbeenconsideredthreetargetsfollow a near
constant-elocity model definedby (18). The discretized
stateequationassociateavith time period At is:

_( Idy Atld, A rg,
Xoao= (" 0l ) e (31 Y a9)

whereId, is the identity matrix in dimension2 andV; is
a Gaussiarzero-mearvector of covariancematrix Xy =

2 A
g”” 22 ] Let X, bethe estimationof X; computecby
Yy

theMoPF with g(z) = x, i.e., X; = N, ¢73". For this
applicationwe usea bootstrapfilter, i.e., the importance
function f is in factthe prior law p(z.|z;—1). Eachobject
producemnemeasuremerdteachtime periodaccordingo
(19)exceptduringthetimeinterval [600 700] wherethefirst
objectdoesnot produceary measuremerdéndthe second
produceswo y' andy? accordingto:

(19)

whereW, is a zero-mearGaussiamoiseof covarianceo?,
independendf V;. x5 andy,ps arethe Cartesiarcoordi-
natesof the obsener, which areknown. Thetrajectoriesof
thethreetargetsandof theobsenerareplottedin figure 3.1
andthe differenceshetweenthe three couplesof bearings
simulatedareplottedin figure 4. As soonasthedifference
betweentwo bearingsissuedfrom two differenttargetsis
lower thanthe standarddeviation of the obsenationnoise,
thetwo measuresannotbedistinguishedwhich makesthis
scenariovery difficult. This difficulty is increasecdby the
detectiongapfor thefirst object. Oneparticularrun of the
particlefilter with 5000 particlesis presentedn figure 3.2.
The plot of the three estimatedrajectoriesshavs that the
dataassociatioris overcome. Thereis no trajectoriesre-
versalandthe estimationsare quite satisactory Figure5
shaws theresultsof the estimationof thethreecomponents
of 7y andfigure 3.3 representshe averageof eachcompo-
nentri oversuccessie intervalsof 100 time stepsandover
the 20 trials. Whenthereis an ambiguity aboutthe origin
of themeasurements.e.,whenthedifferencedbetweerthe
bearingsare lower than the standarddeviation noise), the
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componentsf 7 varyin averagearoundl /3 for M = 3 ob-

jectsandit stabilizesatuniform estimation(1/3 for M = 3

objects)when the ambiguity disappears.The momentary
measuremergapfor thefirst objectis correctlyhandledas
thefirst componentr; is instantaneouslgstimatecas0.15

from instant600 to 700.

Thevectorr; canthenin turnhelptheestimationanobject
leaving the suneillanceor vision areacanbe detectechy a

dropof its 7, componentOn the otherhand,the appearing
of a new objectmight be relatedto an obsenation whose
likelihoodis low whatever objectit is associatedvith. The

statisticframawork of our algorithm,throughaninteraction
betweerthe estimatiorof the objectstrajectoriesandof the

dataassociationseemghenvery promisingin orderto deal
with the appearinganddisappearin®f objectsof the study

area,.e. to dealwith avaryingnumberof objects.

5. Application in image-basedracking

We focuson a video sequencavherethreepersonsare
moving accordingto unknovn dynamics. As they are
crossingin the 2D-plane of the images,the tracker must
solve partial and completeocclusionsas showvn on figures
6.{1,2,3}. The modelizationof the tracking problemcon-
sistsin defining a statevector, its evolution modelandan
obsenationmodel. Sucha designstages quite easyin sig-
nal processingbecauseéhe modelsand the different mea-
suresarewell definedin theliterature. It is notthe casefor
the problemof video-basedracking: we have usually few
knowledgeon the a priori motion of the objectsand ary
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Figure 6. (1,2, 3): Frames7, 30 and67 of apedestriavideo-sequenceith occlusions(4): Outlineof themotionarea
detectedaroundoneof themoving person;(5): Fouriercontourobtainedby inverseFouriertransformof thetruncated
discreteFouriertransformto thefive first coeficientsof the previousoutline.
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Figure 7. Mapsof motion-basedeggmentatiorassociatedo theframesl ,3 and7 .
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Figure 8. Estimatedutlinesof thethreepedestriansvith 100 particlesand Fouriercoeficientsfor theframesl ,3

and7 .

computatioron theimagecanconstitutea measurement.
5.1 Statespacemodel

In orderto keepreasonablelimensionof the statespace,
onehave to comeup with a compactrepresentationf the
object silhouetteunlessstrong prior on the shapeof the
object of interestis available. An appealingand generic
approachconsistsin using Fourier descriptorsobtainedby
inverseFourier transformof the truncateddiscreteFourier
transformof theinitial objectcontour Forinstancetheout-
line of onemoving pedestriarn(asobsened througha mo-
tion segmentationmap, seesection5.2) associatedo the
five first Fourier coeficientsis presentedn figure 6.5. For
eachobject,the statevectoris thencomposedf 2N + 1
Fourier coeficients X¢i and of the 2D translationvector
X! of the objectcenterbetweent — At andt:

X = (Xcj, X0}). (20)

Noticethatthe objectcenteris capturedoy thefirst Fourier
coeficientdenotedX cf;o. We usethe following dynamics
prior:

Xoj =W};

Xe® = X5, + AtXof + Vs

Xc;’kZXc;LkAt'i'V?’kfork:_N 7-"7_15+17"'7N ’
(21)

whereV; is a Gaussiarzero-meamoiseof standarddevia-
tiono andW, isuniformon[—V,, .; Vi 2]

5.2 Measurements

We usetwo typesof measurementeelatedto position
andvelocity of moving objectsin the scene.By a motion-
basedsegmentatiorof theimage(see[8]), we first compute
connecteccomponentsf motion ¢} forj =1,...,m; as
shawn in figure 7. Sucha segmentationprovidesinforma-
tion onthelocalization(andshape)f the objectsin motion



w.r.t. the camera. The likelihood of the connectedcom-
ponent ¢, conditionnalyto the;** componenbf the nt"
particleSc;"" is choseras:

B
|S¢;|

(22)

where Sc¢ denoteghe inside of the closedcontourdefined
by Fourier descriptorsSe, and |.| standsfor setcardinal.
The denominatorprevents a bias toward large contours.
We then estimatethe translationin the 2D-plane of each
connectedcomponentbetweenthe frame at currenttime
and the previous one. Thesetranslationswill be noted
T? forj = 1,...,m,; andare supposedo arisefrom the
model: ‘ ' '

T} = Xvi+ ]ifK] =i (23)
where / is a zero-meanGaussiamoiseof std o . As
the velocity prior is very weak (uniform distribution, in
(21)), we usethesemotion measurementt constructan
importancefunction thatwill performbetterthanstandard
bootstrap-typehoicebasednly onthedynamicsto guide
particlestowardregionsof highlikelihood.

5.3 Importance function

Givena partciles, atranslationestimationis considered
available when only one of the object centersbelongsto
the connecteccomponenunderconsideration.Otherwise
it meanghatseveralobjectsareobsenedthroughthe same
motion region (asin figure 7.2) andits global motion re-
sultsin generafrom anintricatemix of individual motions.
Then,if s;"", is theonly objectfrom s} ; whosecenterlies
in c{, we proposethe displacemenbf the i-th objectin
thenew particleaccordingo:

Sopt=T1) + [ (24)

where [ is the samenoiseasin (23) . The othercompo-
nentsSc;"* arepredictedaccordingto the dynamicprior in
(21).

If notranslatiormotionestimatioris available,thenew par
ticle is displacedaccordingto:

Svt = Sut + (25)
5.4. Importance weights

Theweightof thent" particleis proportionnato

& p(Sep1SP ) P(SVPIST ay) P(THIST) (- 1| ST)
-1 z z
(S [SP ay) f(SvP|Th)

(26)

As the prior on the motion is uniform, it doesnot affect
the weights. Whenwe usethe currenttranslationestima-
tion, the choice of the importancefunction implies that
p(Ti|Xe) = p(Ty| Xvy) is equalto f(Xv|Ty). If thisis
the casefor all the objectsof the predictedparticle, the
new weightis obtainedby multiplying the previousoneby
thelikelihoodof the connectedomponentik elihoodof the
motion-basedeggmentation.

Resultsampleon multiple peopletrackingarepresentedn
figure8.

6. Conclusion

We proposednultiple objecttrackingbasedon a mix of
particlefiltering and Gibbs sampling. Target statevectors
and associatiorprobabilitiesare estimatedointly without
enumerationpruning or gating, by meansof particle sets
representinghe joint a posteriorilaw of the target states.
We have demonstratedhe relevanceof the approachboth
in bearings-onlyrackingandimage-basettacking.We are
currentlyinvestigatingts extensionto a varyingnumberof
objects,usingparameterstatistics.
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