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Abstract

An energy model-basedapproach for estimatingobject
boundariesis presented. We study a particular energy,
which minimizercanbedetermined.Themethodestimates
the unknownnumberof objectsand draws object bound-
ariesbyselectingthe“best” level linescomputedfromlevel
setsof theoriginal image. Unlike previousstandard meth-
ods,theproposedmethoddoesnotrequire iterationfor min-
imizing the energy. In addition, our segmentationalgo-
rithm combinesanisotropic diffusion-basedregularization
with level line selectionto extract smoothobject bound-
aries. Experimentalresultson 2D biomedicaland meteo-
rological imagesare reported.

1. Intr oduction

Imagesegmentationconsistsin partitioning the image
into homogeneousregions ideally correspondingto phys-
ical objects. Several differentmethodshave alreadybeen
proposedin theliterature:localfilteringmethods[8], region
growing techniques[20] or globaloptimizationtechniques
[5, 19,14, 10]. Many of themrely on thedesignandmini-
mizationof anenergy functionwhich capturesthe interac-
tion betweenmodelsandimagedata.They canberoughly
classifiedinto two main categories accordingto features.
Thefirst category of approachesrelieson gradientfeatures
nearobjectboundarieswhereastheotheroneexaminesthe
featureshomogeneityinsideobjectboundaries.Neverthe-
less,severalmethodscombinebothapproaches[24].

Among the boundary-basedapproaches,filtering tech-
niques(edgedetectors[8]) and energy-basedactive con-
tours (snakes[12] and variants) have been used to de-
tect discontinuitiesor to extract continuouscontourlines.
Geodesicactivecontours[13, 7] basedonthetheoryof sur-
facesevolution andgeometricflows have beenintroduced
to detectanarbitrarynumberof objectsin theimage.These
modelspreciselydelineateobject boundariesbut can rely
onunreliablelocal informationto makea decision.

In region-basedapproaches,the segmentationmodel
aimsat splitting or merging the imageinto zonesthe most
homogeneousas possible. Homogeneityis traditionally
measuredby a givencostfunctional[17] or a Bayesiancri-
terion[18, 10, 24]. In thatcase,theboundariesaretheset
of curves that minimizesa global energy function. Some
energy modelsarebasedon a discretemodelof theimage,
suchasMarkov randomfields([9, 1, 14,10] whereasvaria-
tionalmodelsarebasedonacontinuousmodelof theimage
[5, 19, 18]. Specifica priori constraintsgenerallyencour-
agetheemergenceof few regionswhichboundariesarereg-
ular [19, 14]. High-level constraints[10] canbeintroduced
to detectspecificcomplex objects. All thesemethodsare
generallyrobustto noisebut computationallydemandingif
stochasticiterativeproceduresareusedto conductthemin-
imization[5, 14, 10]. This motivatesthesearchfor energy
modelsallowing non-iterativeinference.

Theaimof thispaperis to provideenergy models,which
minimizerscanbedeterminedin advance.Accordingly, en-
ergy minimizationmethodsanditerativealgorithmsarenot
necessaryto solvetheoptimizationproblem.Wehavemod-
ified a particularsegmentationenergy first introducedin a
discretesettingby BeaulieuandGoldberg [2]. The origi-
nal modeltendsto obtaina partitionwith a few numberof
regionsandsmallvarianceswithout a priori knowledgeon
the image. However, the energy which is efficiently mini-
mizedusinga split-and-mergealgorithm[2], hasthedraw-
backof giving no control on the smoothnessof the object
boundaries[17]. Here,our approachis completelydiffer-
entto determineits minimizer. Indeed,weprove in Section
3 that thesetof curvesthatminimizesthemodifiedenergy
is a family of level linesdefinedfrom level setsof the im-
age.In thatcase,themethodis deterministicandequivalent
to a procedurethatselectsthe“best” level linesdelimiting
object boundaries.Additionally, we combineanisotropic
diffusion-basedregularizationwith level line selectionto
estimatesmoothobjectboundaries.For the completeness
of thepaper, a descriptionof thissegmentationalgorithmis
includedin section4. In section5, experimentson several
examplesdemonstratetheeffectivenessof theapproach.



2. Preliminaries

Ourtheoreticalsettingis thefollowing. Oneassumesthe
existenceof an unknown function � , i.e. the true image,
from our imagedomain �����	��
������� ��
�� to � . Themini-
mizationof theenergy on � definesthe truesegmentation.
Oneobservesa regulardiscretizationof a corruptedimage��� ����� , where� is agaussianwhitenoise(variance���� ).
Theobservationsaretherefore� �"!$#�� � �%!&# �'� �"!$# 
 ��( ! (*) (1)

with !+�,�"- 
 �.#0/ � is ononeof ) pixels.A nonparametric
estimatorof � is built andpluggedin thedefinedenergy. We
assumethat theminimizationwith respectto � leadsto an
imagepartitioninto regions.
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 (3)O is agivenpositiveweightand Q � <S
81 2 # is aa priori func-
tional correspondingto a loose constraintto be defined.
Note that (2) can be interpretedas a maximuma posteri-
ori estimatorwhenweassumeall sitesareindependentand
all sitesbelongingto a givenobject 132 have identicaldistri-
butionscharacterizedby parameters
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Our aim is now to defineobjectsin � . Therefore,we
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A directminimizationwith respectto all unknowndomains1 2 andparameters� H J is a very intricateproblem. In the
next section,we prove that the objectboundariesarelevel

lines of the nonparametricestimatorof � if we chooseQ � <S
81 2 #C� < or Q � <S
81 2 #C��� B_mK?2�E ? T 1 2 T . In that case,Q � <S
81 2 # givesnocontrolon thesmoothnessof boundaries
and O canbeinterpretedasascaleparameterthatonly tunes
thenumberof regions[2, 17].

3. Estimator

Ourplug-inestimatoris definedby (whenexists)�A�1 ? 
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Thequestionof theexistenceof anadmissibleglobalmin-
imum for energieslike BeaulieuandGoldberg’senergy [2]
or Mumford andShah’s energy [19] is a difficult problem
(see[17] for moredetails).Here,our aim is not to investi-
gateconditionsfor having anadmissibleglobalminimum.

3.1.Minimizer description

In what follows,we makeanad-hocassumptionensur-
ing theexistenceof anuniqueminimumof theenergy taken
for functionsin anneighborhoodof the true image � [11].
In thatcase,weproposethefollowing lemma

Lemma If there existsan uniqueadmissibleglobal min-
imumfor each functionof a small neighborhoodof � and
thatnopathologicalminimumexists[11], then���� � HKJw��� 2 
 7 ��9 
&;$;&;Z
 �< L69 ;
i.e. theborderof each 132 is a boundaryof a level setof �� .

Proof of lemma Without lossof generality, weprovethis
lemmafor oneobject 1 anda background13� , where 13�
denotesthe closureof the complementaryset of 1 . For

two sets� and � , denote
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Let Ó be a fixed point of the border Ô>1 . Choose13�
suchthat Ôh13� � Ô>1 except on a small neighborhoodofÓ . The energy having a minimumfor 1 , �� � Ó # needsto
besolutionof thefollowingequation< È �� � Ó # �P< ? � ��; (10)

Equation(10) hasan uniquesolution. < È and < ? do not
dependon Ó and �� � Ó # and < È `� � . �� is continuousandÔ>1 is aconnectedcurve. Therefore �� � Ó # is constantwhenÓ covers Ôh1 . Õ

In conclusion,we provedthat theminimizer is a family
of iso-intensitycurves of the image. They can be deter-
minedby boundariesof level setsdefinedin Section3.2.

3.2.Imagerepresentationby level sets

As arguedby theMathematicalMorphology[15, 23], it
follows thatthebasicinformationof an imageis contained
in the family of its binaryshadows or level sets, that is, in
thefamily of setsÖ�× definedbyÖ�× � � !Ø/ �Ù�²� �%!&# X6Ú�� (11)

for all valuesof Ú in the rangeof � . Level setsprovide
a complete,contrastinvariantimagerepresentationunlike
representationby “edges”or “luminance”[16].

A recentvariantof this representationis proposedin [6]
by consideringthe boundaryof level sets,that is the level
lines.This representationdoesnotdiffer with respectto the
setof level sets.Level setscanbecomputedfrom all pos-
sible connectedcomponentswhich arebasedboth on the
imagegray levelsandspatialrelationsbetweenpixels. To
extracta connectedcomponentof a level set Ö × , we thresh-
old theimageatthegraylevel Ú andextractthecomponents

of the binary imagewe obtain. In the following, we basi-
cally considerthat the level linesarebuilt from connected
components1 2 extractedat eachlevel set. They are just
a setof Ú -isovaluepixelsat the bordersÔh1 2 of connected
components.More preciseconceptsaboutlevel lines,level
setsandconnectedcomponentscanbefoundin [16]. Nev-
erthelesslevel lines, i.e. objectboundaries,arenot gener-
ally regularcurvesin theimage.Therefore,anisotropicdif-
fusion is introducedto remove noiseandfine-scaledetails
andpreserve well-localizedsmoothlevel lines.

3.3.Regularization of level lines

Anisotropicdiffusionaimsat smoothingoriginal image
while preservingbrightnessdiscontinuities[21]. Black et
al. showedthatanisotropicdiffusioncanbe interpretedas
a robustprocedurethatestimatesa piecewiseconstantim-
agefrom noisyinput image[4]. They derivedarelationship
betweenanisotropicdiffusionandtheerrornormandinflu-
encefunctionin therobustestimationframework, yielding
to new anisotropicdiffusionequations.

In [4] it is establishedthattheTukey’sbiweightrobuster-
ror normproducessharperdiscontinuitiesthantheoriginal
“stopping-edge”function introducedby PeronaandMalik
[21]. Thecorrespondinganisotropicdiffusionequationsare�&Û%Ü ? �%!&#�� �&Û �%!&# � ÝT Þnß@T Dà �«áIâ ã ß à � �&Û �åäh#_L �&Û �%!&#Z# (12)ã ß à �,æ'ç 93LW�A� � Û �åäh#_L � Û �%!&#Z#Zè � # �&é � T � Û �åäh#KL � Û �"!$# T (^�� otherwise

where � Û �%!&# is afilteredimageof � �"!$# , ê denotesiterations,Ý is a strictly positive constantthat determinesthe rateof
diffusion,

Þ ß
representsthefirst-orderspatialneighborhood

of ! , T Þ ß T is thenumberof neighbors,� is a “robustscale”
parameter[3] and

ã ß à / �	� 
 9 � is analogto a line process.
Theline processindicatesthepresence(

ã
closeto 0) or ab-

sence(
ã

closeto 1) of discontinuitiesor outliers.
Scaleparameter� canbeestimatedin a robustway(see

[22]). Here,we adaptively estimatea scaleparameter� 2 �ëíì� 2 for eachobject 1 2 where
ë

is a positiveconstant,ì� 2 �5¢ 
î�ï¿ð.ðòñóóô ¢T 132 T �
HKJ � õ �D ö E È6÷ �ø | ö � 
 (13)

and ÷ �ø | ? � ( ÷ �ø | � � (·ù$ù&ù�( ÷ �ø | � H J � õ � � are the
T 132 T è.¢

orderedsquaredresiduals. The constantfactor makes
ì� 2

roughlyunbiasedat gaussianerrordistributions[22]. Only
the first rankedhalf of data belongingto 1 2 is usedto
estimate� 2 and ÷ �ø |�ú � is computedfrom the imagegradi-
ent magnitudeapproximation(in a particulardirection)as� Û �åäh#_L � Û �%!&# 
 äq/ Þnß

. This filter createsconsistentresults
with thelevel line selectionapproach.



The connectionbetweenanisotropicdiffusion and ex-
tractionof objects1 2 is thenestablished.At eachiterationê , dataaresmoothedin eachregion 1 2 using(12) where � 2
is substitutedto � . In that case,the numberof iterations
to converge canbeeasilycontrolled. The samelevel lines
areinvariablyselectedif therestoredimageis a piecewise
smoothimage.Usually this canbeaccomplishedwith less
than10 iterationsin sufficient precision.Notethat thetwo
taskswould be independentin the original formulation in
[21], for which the diffusion stoppingrule is not well de-
fined. This relationshipis moreunderlinedthrougha prac-
tical segmentationalgorithmdescribedin thenext section.

4. Numerical implementation

To implementour level set imagesegmentation,a four
stepmethodis used.Givena smoothedimage �&Û obtained
using (12), the first step completesa mapping of each
image pixel on a given level set. It is followed by an
objectextraction stagein which setsof simply connected
pixels are extractedfrom the level sets. The connected
componentsare then combinedduring the third step to
form objectconfigurations.Objects1 2 aredefinedby con-
nectedcomponentsand Ôh1 2 areboundariesof connected
components.In thefinal stage,calculationsareperformed
on all object combinations. The configurationwith the
lowestenergy is thenselectedasthebestsegmentation.

LEVEL SET CONSTRUCTION Let � Û �%!&#R/ � �&û 2yü 
8�&û0ý8þ��
the imagepartitionedin É � ï>
²ÿ or 9 î equal-sizedand
non-overlappingintervals

� � � ? 
�� ? �y
&;$;&;Z
&� ����
����Ã��� . A pixel! will thenbelongto theinterval � �	c 
��.cI� if � cg(^�&Û �%!&#�� �Uc .
OBJECT EXTRACTION A crude way to build pixels
setscorrespondingto objectsis to proceedto a connected
componentslabeling and to associateeach label with
an object 132 . The background1 B correspondsto the
closure of the complementaryset of objects 132 . This
amountsto building É images	 c Û 
M[ �Ù9 
&;&;$;A
É in which
	 c Û �"!$#3� Úh
�
 !g/ Ö�× and 	 c Û �%!&#S� � 
�
 ! `/ Ö�× . Thelist of
connectedcomponentsof eachof thesethenforms the list
of objects

� 1 ? 
&;&;$;�1 B_mn? � .
CONFIGURATION DETERMINATION Having thefinal ob-
ject list, configurationsarecombinationsof objectsof theV à class. Theseconfigurationscan be built by enumera-
tion of all possibleobjectcombinations,i.e. ¢ B_mK? config-
urations.Nevertheless,we decideto discardobjectswhich
areasareundera predeterminedthreshold. Eachpossible
configurationcanthenbe representedby a binary number� 2 which is thebinaryexpansionof 7 � �µ( 7M( ¢ B_mn? L*9&# .
The valueof eachbit in � 2 determinesthe presenceor ab-
senceof a givenobjectin theconfiguration.

ENERGY COMPUTATION Eachconfigurationrepresents
a set of objectswhich in turn is a set of pixels. Energy
calculationstake the image intensitiesat each of these
pixels to establishmean(3) and approximationerror (2).
Note that only energies correspondingto eachobject are
computedonce and stored, and energies corresponding
to the backgroundare efficiently updatedfor eachcon-
figuration. The configurationthat minimizes the global
energy correspondsto the optimal segmentation. The
time necessaryto performimagesegmentationessentially
dependson the lengthof theobjectlist, i.e. thenumberof
connectedcomponents< . Nevertheless,all configurations
are independentand could be potentially evaluated on
suitableparallelarchitectures.

Thestepsof thealgorithmarethefollowing:

 INITIALIZATION: Let � Û�� theoriginal imagedata.Set
parametersÉ , O , Ý and

ë
.

 WHILE �&Û"Ü ? �"!$# `� �&Û �%!&# 
�
 !¤/ � REPEAT

– Imagesegmentation:

1. Level setconstruction
2. Objectextraction
3. ¢ B_mn? configurationsdetermination
4. Energy computationand configurationse-

lectionwith thelowestenergy.

– Anisotropicdiffusion:see(12).

– Updatingof � 2 and
ë�� � ;�� ë andincrementê ;

END WHILE.

5. Experimental results

We demonstratesegmentationresultson syntheticim-
agesas well as on 2D confocalmicroscopy, medicaland
meteorologicalimages.Thealgorithmparameterswereset
as follows: É � ÿ , Q � <S
132 #w�P� B_mK?2�E ? T 132 T andregions
whichareas

T 132 T � � ;	� 9 � ) arediscarded,Ý �:9 andthe
valueof

ë
is initially setto 5 andlinearlyloweredbyafactor

of � ;�� at eachiteration. The segmentationwasterminated
if the convergencecriterion wasmet. Most segmentations
requiredlessthan10 iterationsfor convergence,according
to imagecontentsandnoise,andtookapproximately5sper
iterationona296MHzworkstation.

To seetheeffectof adaptiveestimationof ��2 onsegmen-
tationresultsconsiderthesimpleexamplein Figure1. The
corruptedversionwith a whitegaussiannoise(s.d.10)of a¢�� îl� ¢�� î imagecomingfrom theGdRISISis shownonthe
left. This imageis composedof six objectedagainstaback-
ground. The next columnshows the segmentationresults
when � 2 � ��
�
�132 and � is computedin a robustway for



Figure 1. Segmentation results � O � î � � # after
5 iterations. Left: corrupted image . Middle:
segmentation with � 2 � ��
�
 132 . Right: seg-
mentation with ��2S`� �UcI
�
 � 1328
1_c # .

thewholeimage.Backgroundis labeledin “white” andun-
desirableregionsarevisiblecloseto edges.Thecolumnon
theright of Fig. 1 showsbetterresultswhen � 2 is adaptively
computedfor each 1 2 using(13). This modelingprevents
oversmoothingof edges.

We have testedthe proposedalgorithmon 2D confocal
microscopyimages(Figs. 2-3), courtesyof INSERM 413
IFRMP ��� ¢�� (Rouen,France).Confocalfluorescencemi-
croscopyis a non-invasive technologyfor visualizingspec-
imensin their naturaltissuecontext. A 3D representation
of the fluorescence-stainedspecimenand unstainedback-
groundis built up from a stackof 2D imageslices,referred
to asoptical sections. The first 9U9�� � � 9&¢ imagedepicts
a neurite in culturedcerebellargranulecells. This study
aimsat estimatingcalciumconcentrationin neurites.Fig-
ure 2 shows regions correspondingto threedifferentcal-
cium densities. The segmentboundariesarecorrectly lo-
catedandsmooth.Thesecond¢�� î{� ¢�� � confocalimage
depictsmotility of two splitting neuralcells. In this study,
real-timechangesin the shapeof granulecells areexam-
ined.Figure3 showsthedetectionof two objectsof interest
madeupconnectedregions.

Figures4-5illustratehow ourmethodselectsthenumber
of segmentsin a2D medicalMR image( ¢�� î+� ¢U¢ ÿ ). in this
application,backgroundis previouslyeliminatedby thresh-
olding. Theaim is to segmentthecorpuscallosum(Fig. 4)
or boththecorpuscallosumandbrain(Fig. 5) by increasingO . Semanticsegmentationsareobtained.

An exampleof clouddetectionis providedin Fig. 6. The
algorithmlabeledseasandsmall cloudsas“background”.
Thesignificantcloudsandcontinentsarecrudelyextracted
from the � ÿ � � ¢ î.� image.Here,our approachcanpoten-
tially provideaninsighton theanalyzedweathersituation.

6. Conclusionand perspectives

In thispaper, wehave presenteda level line selectionap-
proachfor extractingstructuresin images.We provedthat
the minimizer of our segmentationenergy can be directly
determined.We introduceda robust anisotropicdiffusion

Figure 2. Segmentation in 2D conf ocal mi-
croscop y after î 9$! and 9 � iterations � O � î � � # .

Figure 3. Segmentation in 2D conf ocal mi-
croscop y after ��9$! and ÿ iterations � O ���U¢�� � # .

framework to preserve sharperboundariesof objectsand
regularizelevel lines in the image. A total CPU time of a
few secondsfor segmentinga ¢�� î�� ¢�� î imageona work-
stationmakesthe methodattractive for many time-critical
applications.Thecontributionof thisapproachhasbeenil-
lustratedon syntheticas well as real-world images. Sev-
eral promisingdirectionsmay be explored for continued
research.First, we plan to examinenew energy functions
which minimizerscanbedeterminedaswell. An otherdi-
rectionfor futurework is to extendthe proposedapproach
to operateonmulti-spectral3D images.
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