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Abstract

This work takes place in the context of hierarchical
stodasticmodeldor theresolutionof discreteinverseprob-
lemsfromlow level vision. Someof thesemodeldlie on the
nodesof a quad-treewhich leadsto non-iterativeinference
procedues. Neverthelessijf they circumventhe algorith-
mic drawbads of grid-basedmodels(computationalload
and/or great dependancen the initialization), they admit
modelingshortcominggcumbesomeand somehowartifi-
cial). We investigatea new hierarchical stochastic model
which takesbenefitfrom boththe spatialandthe hierarchi-
cal prior modelings Theindependancgraphis basedona
treewhich hasbeenpollardedwith thenodesat thecoarsest
resolutionexhibiting a grid-basednteractionstructuse. For
this classof modelswe addressthe critical problemof pa-
rameterestimation.To thisend,wederivean EM algorithm
onthehybrid structure which mixesan exactEM algorithm
onead subteesanda low costGibbsianEM algorithmon
the coarsespatial grid. Experimentson a syntheticimage
andon multispectal satelliteimagesare reported.

1. Intr oduction and background

Many inverseproblemsrom imageanalysiscanbeman-
agedby designingan enegy function U (z, y) which cap-
turesthe interactionbetweena large numberof unknovn
variablesz = (z;); to be estimatedandthe obsenedvari-
ables-themeasurementsr data—y = (y;);. Themanip-
ulation of this function is madetractableby its usualde-
compositionas a sumof local termsinvolving just a few
variablesat a time. This kind of problemis encountered
in Markov randomfield(MRF)-basedapproachess well
asin partial differentialequation(PDE)-basedapproaches.
Within theframeawork of MRF,  andy arerandomvectors
andwe have thefollowing relationbetweerthejoint distri-
bution andtheenepy function: P(z,y) «x exp{—-U(z,y)}.

Thedecompositiopropertymakesthe modelsveryflex-
ible, but implies a parameterizatioof the posteriordistri-
bution which hasto be known to performthe inferenceof

z. The crucial point hereis the estimationof parameters,
sinceit will stronglyconditionthe quality of theinference.
Supervisedaindunsupervisedhferencemethodshave been
proposedn theliterature.In thesupervisedpproacheghe
imageand the noisemodel parametersire assumedo be
known, whereasn theunsupervisedpproachethe param-
eterestimationandthe inferenceof xz areconductedat the
sametime withoutary humaninteraction.

1.1 Hierar chical energy-basedmodels

It turnsout that for mostenegy-basedmodelssuitable
for imageanalysisproblemsone hasto devise determinis-
tic or stochastidterative algorithmsexploiting the locality
of the modelin orderto conductthe inferenceof z. While
permitting tractablesingle-stepcomputationsthe locality
resultsin a very slow propagationof information. As a
consequencdheseiterative proceduresnay corvergevery
slowly. Thismotivatesthesearctfor specificmodelsallow-
ing non-iteratve or moreefficientinference.

So far, the morefruitful approacheé both caseshave
reliedon somenotion of hierarchy. Hierarchicalmodelsor
algorithmsallow the informationto be integratedin a pro-
gressive and efficient way (especiallyin the caseof mul-
tiresolution data, when imagescome into a hierarchyof
scales)providing gainsin termsof both computationakffi-
ciengy andquality of results.

Model-basedierarchicalapproachesim at defininga
new globalhierarchicamodelwhichhasnothingto dowith
ary original (spatial)model. It hasto be manipulatecasa
whole, but accordingto procedure®f reducedcompleity.
Thesemodelsusuallylie on the nodesof a quad-trege.g.,
seeFig. 1(a))whoseleavesfit the pixelsof (maximumres-
olution)imageq2, 6, 10, 11, 12]. In this casethe peculiar
dependengstructurelikein caseof Markov chains allows
non-itertive inferenceproceduresnadeof two sweeps:a
bottom-upsweeppropagatingall informationto the root,
anda top-dowvn onewhich in turn allows optimal estimate
to beobtainedat eachnodegivenall thedata

Oneof thedrawvbacksof thesetree-basedpproachekes
in the structuralconstraintsthey impose: first of all they



mightappeaatrtificial for certaintypesof problemsor data;
in ary casetherelevanceof the inferredvariablesat coars-
estlevelsis notobvious(especiallyattheroot). Secondthe
completetree-structurés cumbersomeén caseof largeim-
ages. To circumwentthis, a hierarchicalmodelbasedon a
“hybrid” structurewhich combinesa spatialgrid of reduced
sizeat a coarsellevel with “sub-trees”appendedelow it,
down to thefinestlevel hasbeenproposed4].

1.2 EM algorithm

Theso-calledEM algorithmis the mostusedmethodfor
parameteestimation.This algorithm[7] considerghe ob-
sened variablesy asthe “incomplete data” and the cou-
ple (z,y) asthe“completedata’ characterizedby the joint
distribution P(z,y|#) where# is a parameterectorto be
estimated. The purposeis to find 6 which maximizesthe
likelihoodof obsereddataP(y|6).

The EM procedureis iteratve and repeatsthe two
following stepsuntil corvergence: the E-step computes
the expectationof log joint likelihood, conditionnedon
obsered data and current parameterfit:  Q(|6() =
Elog P(X,Y|0)|y,0*)]; the Maximization step then de-
finesthe new parametewaluesasthosethat maximizethis
expectation: 8-+ = argmax, Q(6|0%)). The corver
genceis guaranteedbut toward an estimated thatdepends
very muchon theinitial gues99(®) [13]. As aconsequence
6% mustbechosercarefully:

This paperinvestigatesin EM-type algorithmon the hy-
brid structureintroducedn [4] andis organizedasfollows.
The section?2 first describeghe hybrid hierarchicalmodel
andits associate@negy functionandsecondiythe EM al-
gorithmderivedfromit. Thesection3 illustratesthis proce-
durefor anunsuperviseimageclassificatiorwith synthetic
andrealimages.

2. Hierar chical EM algorithm

2.1 Hybrid hierarchical models

gquadtree

hybrid structure

(a) (b)
Figure 1. Two hierarchical structures: (a)

guadtree with three levels; (b) truncated tree
with two levels.

Thehierarchicamodelwe useis basednahybrid struc-
ture for which oneexampleis shown in Fig. 1(b) for a sin-
glelevel below the coarsesgrid. To describehis graph,we
shallintroducesomenotations.

First, we definethe coarsestevel S° as a rectangular
grid with a 1st-ordemeighborhood.Then eachsite of S°
initiatesa quadtreesothatthesetS™ (0 < n < N) made
up by the nodesat the level n is 2 x 2™ timeslargerthan
S°. Now eachsite s of S™ hasfour naturalcorrespondents
in S™*! (providedthats doesnot belongto thefinestlevel
SN, its children,forming site sets, andonenaturalcorre-
spondentn S™~! (providedthat s doesnot belongto the
coarsestevel S°), its parent,denotedass. Finally, thesite
setformingthetreerootedat s is denoted (Fig. 1(b)). Vec-

torsz andy arenow indexedby thenodesof § = Ufj:o Sm.
Giventhis graphicalstructureconsideran enegy func-
tion of thefollowing form:

l-](may)é Z Ust(ms,.’tt)+ Z ws(ms,m§)+zls($s,ys),

<s,t>€850 seS\SO s€S

where< s,t > designategairs of neighborsin S, v,
andw, arelocal functionscapturingrespectiely the spatial
prior and the hierarchicalprior (they will usually encour
age identity betweenneighborsand betweenparentsand
children,resp.),andl, expresseshe point-wiserelationbe-
tweenthe obsened variabley, andthe unknovn one z;.
Froma probabilisticpoint of view, the associategbint dis-
tribution of (z,y) is: (with Z anormalizingconstant)
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2.2 EM algorithm onthe hybrid structure
In the caseof a spatialgrid (N = 0), the computation

of Q(#]9™) is untractabledueto the normalizingconstant
which depend®on . Someauthorg3, 15 attemptto over
come this difficulty by using the pseudo-likelihood (PL)
function P(z, y|#) insteadof the likelihoodfunction. It is
definedas:

P(z,y|0) = P(ylz,0)P(z|0)
= H P(yslﬂfs, G)P(mslmvsa 0)5

whereV, representshe setof the neighborsof s andlo-
cal prior conditionnaldistributions canbe exactly deduced
from (1), accordingo

Htevs 9st(Ts, Tt)
Z)\ Htevs gSt(/\7 (l?t)
Despitethe elimination of the normalizingconstantprob-

lem, the maximizationof Q(8|6(*)) still requiresthe com-
putationof an untractablesxpectation. This expectationis

P(zs|ey,) =




approximatedy usinga Gibbssamplerin the caseof the
GibbsianEM algorithm|[3].

In the caseof a completetree where S° reducesto
a single site, a non-iteratie two-sweepprocedure,simi-
lar to Baum-We&lch algorithm on a chain[1], can be de-
signedto computeexactly all sitewise and pairwiseposte-
rior maginals. Thenthe EM algorithm canbe conducted
without ary PL and Monte Carlo approximation([10, 14]

for discretecases|8, 9] for continuousGaussiamimodels).
With our hybrid structure we dealbothwith non-causal

interactiongon S°) andtree-basedhteractionson subtrees

s, s € S% We thushave to introducea PL function for

the non-causaspatialpartof the hybrid structure to avoid
theproblemof Z. Assumingwithoutlossof generalitythat
fs(1,7) = P(Xs = i|Xs = j), andhs(i,l) = P(Y; =
1| Xs = 1), thePL we dealwith is:

P(z,yl6) 2 ][] Plaslev,.0) [ fol(zs 2s,6)
seso s€S\S0
X Hhs(xs,ys,a).

SES
We further assumehat f, is independanfrom s whereas
hs only dependson the level n to which s belongs(these
two assumptionganeasilybe softenedor tightenedin the
following). We thendenote: f(i,j) £ P(X, = i|Xs =
§), Vs € S\ S8° andn™(i,l) £ P(Y, = I| X, = i), Vs € S™.
Each X, taking its valuesin discretestatespaceA, the
neighborhoodconfigurationset AY+ can always be parti-
tionnedin J partssuchthatP(z;|zy,,6) only dependon
the“type” v € {1...J} to which zy, belongs. Thenwe
denoteP (X, = i| Xy, of typer) £ a(i,v), Vs € S°.

The more general parameterizatioris given by 6§ £
{a(i,v), f(,7), k" (3,1)} underconstraintsy . a(i,v) = 1,
>, f(i,5) = 1andy, h"(i,1) = 1. The maximizationis
readilysolvedby usinga Lagrangiarbasecn:

Q816" =
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wheren;, (zs0) = #{s € S° : z, = i,zy, oftype v},
¥ (@) £ P(X, = ily,6%)) and¢f® (4, 5) & P(X, =i, X5 =
jly, 8®), the updatingformulaeof the parameterare:
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In the caseof Gaussiardatalik elihoodswith the param-
eters(u;, 0;), theequation(4) is replaceddy:
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The use of thesere-estimationequationsrequiresthe
computationof the expectationE[n, (X so)|y,8*)] onthe
coarsegrid, and the computationof the local posterior
maiginals~{* (i) andof ¢{* (i, ) on the sub-treeselow.
The computationof the local posteriormamginals is ex-
actly achieved on eachnode of a completetree through
a non-iteratie proceduremadeof two sweepg10]. This
procedurecan be easily extendedto the truncatedtree
[5]. The dowward recursionis now basedon P(z,|y) =
Yo P(@s|zs, y)P(zsly), Vs ¢ S°, whereP(z;|zs,y) =
P(zs|z5,ys) dueto separationproperty The useof this
recursionrequiresthat a previous upward sweepprovides
P(zs|zs,ys) for s ¢ S° andP(z,|y) for s € S°. Thefor-
mer is achieved by successiely summingout the z,’s for
all s ¢ S°. Therecursionis basecdn:

U?(k+1)

P(@s|es, ys)
o fs(s,z)hs(@s,ys) x D[] felwe, e)he(we, pe)

Zs\{s} t€s\{s}
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v

éﬁ“t(zs)

W|th ]Ft (.’173) = th ft(wt,z?)ht(zt,yt) erﬁle (CITt) FUnC'
tionsF; (x,) beingcomputedn a bottom-upway, onecan
thenderve:

_ fs(zs, x2)hs (s, ys) Hteé F (z5)
B 2o fs(A 25)hs (A, ys) Hteg F(\)

P(zs|s, ys)

Note that the functions F; (z5) dependon y,, even
though this is not made explicit by ahuse of notation.
The upward sweepalso provides eventually the probabil-
ity P(zgoly) = Zzs\so P(z|y). Becauseof the non-causal

structureon S°, P(xzsly) for s € S° hasto be approx-
imatedwith the help of a Gibbs samplingof distribution
P(zsoly). This samplingalso allows the approximation
of the expectationin (2). Now the laws 7§k> () areavail-
ableaswell asP(z;|zs,ys). Thecomputatiorof ¢ (,9)

can be done thanksto the relation: P(zs,zs|y,8%)) =
P(zs|zs,y, 0P (zs]y, 8F).

Thewholeproceduraes shovnin Tah 1. At corvergence,
anestimateof z is providedby the estimatoiof the Mode of
PosterioMarginals(MPM), asaby-productof theposterior
mamginalcomputation¥ s, &, = argmax,, P(zs|y).



Repeatuntil corvergence
A upwardsweep

Leaves(s € S™):

<«» coarseGibbsianEM:
Repeauntil corvergence:

EM algorithm on the hybrid structure
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Table 1. Synopsis of the EM algorithm on the hybrid structure

3. Unsupewisedclassificationcomparisons

To demonstrat¢ghepracticabilityandtherelevanceof the
approacHor discretelow-level imageanalysiswe first re-
portedcomparatie experimentsfor unsupervisealassifi-
cationled for N € {0,3,4,p}. For N = 0 thealgorithm
correspondgo the GibbsianEM of Chalmond[3], while
N = p, whenthe sizeof SV is 2P x 2P, correspondso
the completetree(|S°| = 1). N = 3,4 correspondo the
hybrid structurewith four andfive levels.

In sectionl.1,we mentionedhattheinitialization of the
EM algorithmdeterminedhe quality of the results. As a
consequenceye hadto pay a greatattentionto it anduse
the samefor all algorithms. To this end, a simple analy-
sis of the finestresolutiondatahistogramwas carried out
to getstartingvaluesfor the classparametersvhich were
usedin a standardMaximum Lik elihood inferenceproce-
dure.Theclassparametersverethenre-estimatedvith this
classification.In addition,for the GibbsianEM, the spatial

. /.0
prior parametersvereinitialized by % As for the
iMiv(Tgg

model parameter®n the truncatedtree, we initialized the
hierarchicalprior with the parameterizationf Bouman[2]:
£(i,5) = ad(3, §) + =2 [1-4(i, j)] , whereM wasthenum-
berof classesandwith o closeto 1. At eachnodes of S°,
we searchedor thelabelthatmaximizedthe contribution of
thesubtreerootedat s, i.e.,theterm[[, ., F; (z,). Fromthis
configurationafirst estimateof thespatialprior parameters
a9 (i, v) for the coarseGibbsianEM algorithm could be
computedasfor the GibbsianEM algorithmonthelattice.
The EM algorithmswerestoppedvhenthevariationsof
the classparameterdrom an iteration to anotherbecame
non-significant.In our experiments datawere only avail-
ableonthefinestresolutiorlevel, consequentlyhestopping

criterion was the following: ﬁ{ SM Y — p®)? 4

1

1/2 . . .
(oD — al-(k))2]} < ¢, with e = 0.1 in our experiments.

First, the experimentswere carriedout on a 256 x 256
syntheticimageinvolving 5 classeqFig. 2). We applied
an additive Gaussiarwhite noisewith a differentstandard
deviation for eachclass thusthegraylevel meansandvari-
ancequ;, 0?)2_, wereknown andcouldbecomparedo the
onesestimatedy thedifferentEM proceduresn Tah 2(a).
We reportedherethe resultsobtainedby the four methods
with the numberof classedorcedto five. The obtained
MPM classification@reshowvn in Fig. 2 andtherespectie
percentagesf goodclassificatiorandcomputationaloads,
including cputimes(on a 360 MHz Ultra 60 Sunworksta-
tion), canbefoundin Tah 2(b).

As canbe seenfrom theresultsthe hierarchicaimodels
providedmuchbetterresultsthanthe plain spatialGibbsian
EM algorithmandtook lesscputime. Increasinghe num-
berof retainedsamplegm —r, seeTah 1) in theplain Gibb-
sianEM algorithmimproved slightly the classificationbut
implied a redhibitorycomputationaload. It shouldbe no-
ticedthatthe hierarchicaklgorithmsprovidedalmostsame
resultsboth in termsof quality of the classificationandin
termsof accuray of the parameteestimates.The coarse
GibbsianEM took no morethanfive iterationswith 20 re-
tainedsampleswithin eachiteration. If we computedcpu
time neededor oneiterationof eachhierarchicalmethod,
we found 4.3s for the complete-tree-basednd the five-
level-basedalgorithmsand 4.5sfor the lastone. Thusthe
useof asamplingproceduren the hybrid EM algorithmdid
notseemto imply a significantextra computationaload.

The previous algorithmswere appliedto SPOF satel-
lite imagesprovidedby Costel(geographyaboratoryof the
Universityof Renneg) in thecontext of remotesensinge-
searchesvithin aresearctprojectcalled GSTB (“Groupe-



Ground-truth

Noisyimage

N=3 N =4 N =28

Figure 2. Unsuper vised classifications with a synthetic image. ((1)=5 samples (2)=100 samples)

T > Cataegones Z 5 Model [ good [ nb nb cpu
GT [ 20(15) 50(30) 100(20) 50(30) 10(25) —{Gass. | fter | samples| time
0 | 16.5(12.8) | 55.2(24.2) | 105.3(19.0) | 152.5(25.1) | 207.3(22.0) e 88% | 29 5 120s
0 | 14.9(11.8) | 53.6(23.5) | 103.0(18.5) | 151.9(26.1) | 208.0(22.4) o o Rl
3 [ 18.8(13.1) | 50.2(28.6) | 99.0(20.4) | 149.3(29.8) | 209.2(23.7) 2o 1] x| 8
7 14.3(10.3) | 49.1(284) | 99.1(20.4) | 149.4(29.7) | 209.1(23.7) i oot a1 5xa0 | 4%
8 1 19.7(13.9) | 49.9(27.9) | 98.8(20.2) | 149.0(29.6) | 208.7(23.8)

a) Estimatedclassmeansandstandardieviations. (GT=Groundtruth)
(Thebold-facednumbercorrespondso the meanandthe onein parentheset thevariance.)

Table 2. Comparative results for the different EM algorithms with the synthetic
(0 =Gibbsian EM with 5 samples, 0(2)=Gibbsian EM with 100 samples, 3=four-level hybrid structure-

(b) Performancesf thedifferentEM algorithms.

image in Fig. 2.

based EM, 4=five-le vel hybrid structure-based EM, 8=quad-tree-based EM)

mentScientifiquede Téleédetectionen Bretagne”). The ex-
tractedscene(Fig. 3) was composedf three512 x 512
imageswith differentwavelenghtsandrepresentethe Bay
of Lannion,locatedin the north-westof Franceduring De-
cemberl996. The goal of this studywasto determinethe
land cover of this area. To reachthis aim, the geographers
of Costelbuilt a list of eight classificationcateyories: (1)
Seaandwater, (2) Sandandbaresoils, (3) Urbanareas(4)
Forestsandheath,(5) Temporarymeadavs, (6) Permanent
meadavs, (7) Colza, (8) Vegetables.Thanksto both tests
on the landsand photointerpretationghey were also able
to extract small image portionswhich are samplesof the
eightcategoriesonthethreeSPO imagesof thescene We
usedthemto assesshe accurag of the classificationsaand
comparedhe parameterggray level meansyariancesand
possiblycorrelationcoeficients)of eachcategory for each
imagelearnedfrom the samplesto the onesgiven by the
EM algorithms(seeTah 3(a)). In fact,we fixedthe param-
etersof the last four cateyories,becausahey were undis-
tinguishablewith automatigprocesdut they wereessential
for theaddressedpplication.

The modelcanbe easily extendedto the caseof multi-
spectradataby takinginto accounthecorrelationbetween
the three spectralbands. We experimentedboth uncorre-
latedandcorrelateddatalik elihoods. However, evenif the
SPA bandsare known to be correlated,consideringcor-
relatedchannelsn our exampledid notimprove the classi-
fication resultssignificantly Thuswe hereonly presented
resultsconsideringhe channelsaasindependent.

The algorithmsprovided quite similar resultsof a good
quality (seeTah 3 andFig. 4). About 89% of the pixels of

thesamplesverewell classified.

4. Conclusionand extensions

In this paper we presentecan EM algorithmbuilt on a
hybrid hierarchicalstructurewhich is an interestingcom-
promisebetweenstandardspatialmodelsand hierarchical
modelsbasedon a completequad-tree. To study this al-
gorithmthoroughly we shouldconcentraten how it deals
with differentinitializations of the classparametersespe-
cially whenthey becomeveryfarfrom theright parameters.

With this structurewe now planto addresghe issueof
automaticallyestimatingheoptimalnumberof levelsin the
struture.Moreover, we would lik e to investigatethe possi-
bility to truncatethetreein aheterogeneousianneysothat
we couldobtainpiecesf coarsegridsatdifferentresolution
dependingntheavailabledata.
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xs2 | 12.2(0.6) | 24.8(2.9) 17.5(1.1) 13.6(1.0)

Xs3 6.5(0.6) | 23.9(4.3) 26.6(3.5) 22.8(7.3)
N=0 =xs1 | 34.9(2.2) | 40.6(4.1) 34.1(1.4) 30.4(1.9)
xs2 | 13.7(1.6) | 25.0(3.8) 19.7(1.5) 15.6(1.4)

Xs3 6.5(0.6) | 26.7(8.9) 28.9(5.5) 26.3(6.3)
N=3 xs1 | 35.0(2.2) | 39.6(4.2) 33.9(1.2) 30.6(1.5)
xs2 | 13.8(1.7) | 24.4(3.7) 19.2(1.3) 15.8(1.4)

Xs3 6.6(0.6) | 27.3(8.2) 31.9(7.2) 26.9(6.6)
N=4 «xs1 | 35.0(2.2) | 39.1(4.2) 33.8(1.1) 30.6(1.5)
xs2 | 13.8(1.7) | 23.9(3.7) 19.1(1.2) 15.8(1.4)

Xs3 6.6(0.6) | 27.5(8.2) 31.9(7.1) 26.9(6.5)
N=9 «xs1 | 35.1(2.2) | 40.0(4.2) 33.9(1.3) 30.5(1.4)
xs2 | 13.8(1.7) | 24.7(3.7) 19.2(1.4) 15.7(1.4)

Xs3 6.6(0.6) | 27.0(8.4) 31.9(7.2) 26.8(6.6)

(a) Estimatecclassparameters(GT=Groundtruth)
(meansn bold-facedtypeandvariancesn parentheses.)

Model good nb nb cpu

class. | iter | samples| time
N =0 89% 15 5 880s
N=3]892%| 9 5x20 | 670s
N=411898%]| 10 5x20 | 700s
N=9 [893%] 9 none 660s

(b) Performancesf thedifferentEM algorithms

Table 3. Comparative results for the diff erent
EM algorithms with the multispectral satellite
images in Fig. 3.




