
Fluid motion recovery by coupling denseand parametric
vector fields
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Abstract

In this paperweaddresstheproblemof estimatingand
analyzingthemotionin image sequencesthat involvefluid
phenomena. In this context standard motion estimation
techniquesare not well adaptedand more dedicatedap-
proacheshaveto be designed. In this prospect,we pro-
poseto estimatein a joint and cooperative way a dense
motion field and a peculiar parametric representationof
the flow. The parametricmodelissuesfrom an extension
of Rankinevortex modelandincludesa laminar flow field.
Denseandparametricfieldsare estimatedby minimizinga
robust global objectivefunctionthanksto a specificalter-
natescheme. Themethodhasbeenvalidatedon different
kindsof meteorological imagesequences.

1 Background: Fluid Motion Estimation

In a numberof domains,imagesequencesthat involve
fluid phenomena,have to be analyzed: In environmental
sciences(oceanography, meteorology, climatology, etc.),
oceanandatmosphereevolutionsareobservedvia satellite
sensors[5, 9]; In medicalimaging,bloodflow canbemon-
itoredby angiography[14]; In thefield of fluid mechanics,
aero-andhydro-dynamicsexperimentsnow routinelypro-
ducelots of videodata[7, 10, 15]. In all thesedomainsof
applications,cameraoffers in a versatileandnon-intrusive
way, hugeamountsof spatio-temporaldata,asopposedto
in situmeasurementtechniquesthatareoftencomplex, very
specific,intrusive, andthat only provide with sparsedata.
With theselattertechniques,however, soughtquantitiesare
directly measuredwith dedicatedprobes,whereas,within
image sequences,the relevant information has to be ex-
tractedfrom theluminancedata.

Theanalysisof motionin suchsequencesis particularly
challengingdueto thegreatdealof spatialandtemporaldis-
tortionsthatluminancepatternsexhibit in imagedfluid phe-

nomena.Standardtechniquesfrom ComputerVision,orig-
inally designedfor quasi-rigidmotionswith stablesalient
features,arenot well adaptedin this context. The design
of alternateapproachesdedicatedto fluid motionthuscon-
stitutesa widely opendomainof research.Our work is a
contribution in thisdirection.

As in standardmotionanalysis,two typesof motionin-
formationcanbesought.First,densevelocity(or displace-
ment) fields[5, 9] constituteprecioussourcesof information
which canserve eitherasvalidationbasis,or asinput data
for numericalmodels(e.g., in short-termweatherpredic-
tion). They arealsousedfor visualizationpurposes,andal-
low to computeotherquantitiesof interest,suchasthevor-
ticity of theflow [15]. Second,somesalientstructuresmay
be sought. Vortices [14, 16], andmoregenerallysingular
points[5, 7, 10] arekinematicentitiesof particularinterest:
they providea compactandrelevantrepresentationof fluid
flows[7], they retainkey informationfor theunderstanding
of phenomena(e.g., vorticesin study of turbulence[15],
depressionsin meteorology[9]), and they provide tokens
for trackingpurposes[10]. Suchentitiescanbeextracteda
posteriorifromestimatedvelocityfields[5, 7, 14, 16]. They
canalsoberecovereddirectly from images[7, 10].

We suggestherethat both typesof informationshould
beextractedin a joint andcooperativeway. To this endwe
introduce,on the basisof a joint estimationsegmentation
approach[12], a coupledapproachwhich mixestheoptical
flow techniqueproposedin [13] with anoriginalnon-linear
parametricflow modelingbasedon vortices,sourcesand
sinks.

2 Dense/Parametric Robust Modeling

Densemotion estimationaims at estimatinga velocity
map���������	��
����� ateachpointof therectangularpixel
lattice � , basedonbrightnessfunction ������� ��� ��� 
�� ��� ��
���� attwo consecutiveinstants� and����� . Assumingtempo-
ralconstancyof thebrightnessfunction,standardoptic-flow



estimationrely on a differentialequationknown asoptic-
flowconstraint equation(OFCE):� ��� 
�� ���� � � �!�#"$� 
 � �&%
where

� � stands for the spatial gradient of � and�#"�� 
���� � �('� ��� 
�� ���)�	�+*,��� 
�� ��� denotesthefinite differ-
enceapproximationof thetemporalderivative . This equa-
tion issuesfrom a linearizationof thebrightnessconstancy
assumption.It mayalsobe seenasthe materialderivative
of � (i.e., therateof changeof � asobservedwhenmoving
with point 
 ).

The OFCE being known to be not valid in generalfor
largedisplacements(thelinearity domainof theluminance
function is drastically reducedfor long range displace-
ments,as well as at sharpedgelocations)an incremen-
tal version of this equationis usually considered. This
techniquewhich mayberelatedto non-linearleastsquares
Gauss-Newtonmethod[1, 11] is generallyusedin combi-
nationwith a standardmultiresolutionsetup[2, 6]. In the
following, weshallassumeto work ata givenresolutionof
sucha pyramidalstructure. However, onehasto keepin
mindthattheexpressionsandcomputationsaremeantto be
reproducedat eachresolutionlevel accordingto a coarse-
to-finestrategy.

Let usnow assumethata roughestimate�-�.�	� � ��
/���� of theunknown velocityfield is available(e.g.,from an
estimationat lower resolutionor from a previous estima-
tion). Basedon a linearizationof theconstancy brightness
assumptionfrom time � to ���0� around� , asmallincrement
fieldd �1�3254 �7698:6;��< canbeestimatedas:=?>A@+BDCFE

d �HGJI � d �LK � ��� �M�,N GDO � d ��K�� � � (1)

with [2, 11]:G I '�QP��R < S I?T � ��� 
 � � � � ���0�	�  d � � �!�#"$� 
��A� � �VU � (2)

G O '� PW ��X Y[Z\R^] S O_Ta` � � � � d � � ��*b� � Y � d � Y � ` U � (3)

where Ndc % , e is the set of neighboringsite pairs ly-
ing on grid � equippedwith someneighborhoodsystemf ,�#"�� 
���� � �g'� ��� 
 � � � � �h�i�#�j*���� 
�� ��� is now thedisplaced
frame difference,and S I and S O are standardrobust k -
estimators (with hyper-parametersl I and l O ). Suchfunc-
tionspenalizethedeviationsbothfrom thedatamodel(i.e.,
theOFCE) andfrom thefirst-ordersmoothingprior.

Thedenseestimator(1-3) is general;it is only basedon
theassumptionsof luminanceconservation(first term)and
of spatialsmoothnessof thevelocity (secondterm). It does
not rely onany prior knowledgeabouttypical fluid flows.

In most situations,it is relevant to considerthat fluid
motionis composedof threeparts:a smoothlaminar com-
ponent, a divergence-freecomponentstemmingfrom a few

Figure 1. Exampleof vortex ( mon�p�q_rts ), source( u�vxw�q_rs ), and translatedswirl with shear( y q{zo|�qVz mon�p q}z u�vxw q and~}����� m qM��&� �a� q��3��q7�}�M� ��� qh�3�^q��}� r�s ).
vortices, andan irrotationalcomponentproducedby a few
sinks/sources. Vorticescorrespondto localizedconcentra-

tions of vorticity rot� '����� * ��� , whereassinks and
sourcesare associatedto analogconcentrationsof diver-

gencediv � '����� ��� � .
ExtendingRankinevortex model[14], we introducean

original unified modeling of theseentities. Let a vor-
tex/sink/sourcebe locatedat 
��L� ��� ���A�?� � . In a certain
neighborhoodof 
	� , the velocity field is approximatedby
a linearmodel.Beyondthis neighborhood,thesamelinear
expressionis kept,but scaledby theinverseof thesquared
distanceto 
�� . Assuminga circularneighborhood� � of ra-
dius   � around
	� , wethusconsiderthefollowingparametric
velocityfield:� � � 
 ��'��B!CFE¢¡ � �   O�` 
 * 
	� ` O�£¥¤ ¡§¦�¨ �© �Vª � ¦�« �¬®�¯#� � �7ª ¦ ��*�� �� * � �}ª £ �°�± >;
²� ��� ��� � ��� ¤ (4)

Onecanverify that thedivergenceandthevorticity of this
field decreaseas ` 
 * 
 � `	³ O beyond � � , andthey respec-

tively amountto ´ CFµ�� '� « � �b� � and > ±^¶ � '� ¯ � * ¬ � within
thisdisk. Vorticescorrespondto significantlynon-zeroval-
uesof > ±^¶ � . Significantpositive (resp. negative) valuesof´ CFµ�� correspondto sources(resp. sinks). Both situations
canbecombinedwithin swirls. Seeexamplesin Figure1.

If · vortices/sinks/sourcesare present,the total field
resultsfrom the sum of all ��� ’s with somelaminar flow
which “transports”them. We make interactthesedifferent
modelingingredientswith thedensefield througha robust
goodness-of-fitcostfunction:G!¸ � d �����J¹»º�¼/�A½ I¿¾�¾�¾ ½ÁÀ/KA� �g'�P � S ¸ T[` �0� � d �:� *Â� �J¹»º�¼ � 
 �M� ÀP �FÃ I � � � 
 ��� ` U (5)

where � ¹Fº�¼ denotesthe laminarpartof theflow and ½Á� '�� 
	�A�   �A� ¨ ��� © ��� « �A� ¬ �o� ¯ �A� � � �  gathersthe parametersrelative
to the Ä th vortex/sink/source.



3 Joint Estimation

Due to the classicalchoiceof non-convex robust func-
tions, the overall energy function may be highly non-
convex. Appropriatedminimizationschemesmustbe de-
signedto solve this problem.Accordingto a reformulation
of the k -estimator, theminimizationmaybeeasilyhandled
in analternateway.

Assuming certain simple conditions (mainly concav-

ity of Å¿���Æ� '� S �{Ç �Æ� , see [3, 4, 8] for a com-
plete account),any multidimensionalminimization prob-
lem of the form “find =^>�@_B!C»E ��È � S �aÉ � ������� ” can be
turnedinto a “semi”-quadraticminimizationproblem“find=^>�@;BDCFE �?X Ê¿È � T Ë�Ì � É � ����� O �ÎÍ²� Ì � �}U ” involving auxiliary
variables (or weights) Ì � ’s continuouslylying in � %�� ��U .Í is an increasingfunction, dependingon S , and Ë '�Ï CFBÑÐ�ÒÔÓ�Õ Å�ÖV���Æ� . Function Í maybeeasilycomputedfromS but it is never usedin practice.Thenew minimizationis
usually led alternativelywith respectto � andto the Ì � ’s.
The expressionbeingquadraticw.r.t. � if the É � ’s arelin-
ear, the correspondingminimizationis conductedthrough
a standardweightedleastsquaresminimization. In turn �
being frozen, the bestweightsaregiven by the following
closedform [4, 8]:×Ì � ����� � S Ö T É � �����VUØ Ë � � �Ë Å Ö T É � ����� O U ¤ (6)

The overall alternateprocedureconstitutesan iteratively
reweightedleastsquaresestimation.

Applying, thesereformulationsto our energy functionGÑI �ÂN G!O �,Ù G!¸ (with Ù beingsomepositive parameter)

leadsto thenew globalenergy function Ú1'� Ú I ��NMÚ O �ÙjÚ ¸ where:Ú I '� P��R <ÜÛ � T � ��� 
 � � � � ���0�#�o d � � �!�#"�� 
���� � �}U O �/Í I � Û � � �Ú O '�)PW ��X YaZMR^]Ý �}Y ` � � � � d � � ��*Â� � Y � d � Y � ` O ��Í O � Ý �}Y � �Ú ¸ '�QP��R <�Þ � ` � � � d � � *J� � ¹»º�¼ � 
 �M� ÀP �FÃ I ��� � 
 �A� ` O �ßÍ ¸ � Þ � � ¤
The appearingauxiliary variables Û � ’s and Þ � ’s ly within� %�� ��U . They are attachedto the imagegrid and they re-
spectively accountfor thedatamodelviolationsandfor the
“lik eness”degreeof the estimateddensefield to its para-
metricrepresentation.Theothervariables

Ý �}Y ’sareattached
to thedualedgegrid; they capturethespatialdiscontinuities
of velocitybetweenadjacentsites.

Assumingthat � and � ¹»º�¼ areavailablein someway,
the estimation of d � , · , ½ I ¾�¾�¾ ½ À , and the different

weightsis conductedin an alternateway. For a fixed in-
crementfield andparametricrepresentation,theminimiza-
tion of Ú with respectto theauxiliaryvariablesis explicitly
givenby equation(6).

In turn,consideringgivenweightsandparametricrepre-
sentationof thevelocityfield, theminimizationwith respect
to d � amountsto solvingastandardweightedleastsquares
problem. This is conductedhereby extendingan efficient
multi-parametricadaptivemultigrid techniqueintroducedin
[13].

As for the parametricmodelestimation,we have to es-
timatethe numberof sink/sources/vortices,the sizeof the
diskssupportingthelinearmodelsof theflow andtheaffine
modelassignedto eachof them. For a given densefield
from which laminar componentis removed � � d � *� ¹»º�¼ � � �¿� �Æ�  , sinks,sourcesandvorticesshouldbesin-
gular pointswhich canbe extractedin differentways. As
in [5], we usewindingnumbers. Thewinding number(or
index) of a closedcurve in a vector field amountsto the
numberof turns, IOAàá ¬ � ¶ =^E ³ I �ãâ �h� , that the field under-
goesalongthecurve. Its valueis +1 iff theconsideredJor-
dan curve surroundsa vortex/sink/source.Suchan index
is computedaroundeachpixel usinga small closedcurve.
Around eachvortex/sink/source,a small blob (whosesize
dependsonthesizeof usedcurve)of �/� -index pixelsis ob-
tained.Thenumberof blobsis · , andthecenterof the Ä th
blobprovides 
�� .

At this stageit remainsto estimateradii   � , and pa-
rameters� ¨ � ¾�¾�¾ � � � for each Ä . For a given radius   � , the
minimizationof G ¸ w.r.t. � ¨ � ¾�¾�¾ � � � is a non-linearleast-
squaresproblemthatcanbereadilysolvedusingiteratively
reweightedleast-squares.Minimization of G ¸ w.r.t. radius  � is moreinvolved. Gradientdescenttechniquescouldbe
usedto this end. Instead,we designeda simpler heuris-
tic. It is reminiscentto the approachin [10] whereone
tries to find a compromisebetweenthe mostrobust linear
regression(usinga largeneighborhood)andthelessbiased
regression(not usinga neighborhoodlarger that theactual
“linearity” domain). Startingfrom a small valueof   � , we
make it grow. For eachnew valueof   � , theassociatedpa-
rameters� ¨ � ¾�¾�¾ � � � arecomputed.If thecorrespondingsin-
gularpoint :

¦ ��ä� ä ª � ¦ � �� �Vª � ¦ « � ¬ �¯#� � ��ª ³ I ¦ ¨ �© �Vª
remainswithin theconcernedblob of �/� -index pixels,the
estimationis consideredasreliable,andwe proceed.If not
theprocedureis stoppedandthepreviousvalueof   � is se-
lected. The · parametricmodelsdefinedthroughthe ½Á� ’s
interactvia Ú ¸ . Usinga block Gauss-Seidelminimization



weupdatethemiteratively accordingto:

½Á�M�Îå�P��R?æ�ç Þ � ��è � � 
 �o ¿è � � 
 �A�{é ³ I P�$R?æ¿ç Þ � è � � 
 �� Ü� � � � d � � *êë � ¹Fº�¼ � 
 �M� P ì�íÃî� è ì � 
 � ½ ì�ïð � (7)

whereè � � 
 ��'�ñ¦ � % �J*ò� � � * � � % %% � % % �J*�� � � * � ��ª ,
for 
²� ��� ��� � .

So far, laminarcomponent� ¹»º�¼ , anddensefield to be
refined � wereassumedasgiven. As usualin incremental
multiresolutiontechniques,the latter one is provided, via
simpleinterpolation,by thedensefield finally estimatedat
previousresolution.As for thelaminarcomponent,it could
simplybeconsideredasaglobaltranslationto beestimated
in someway [14]. We tried to belessrestrictive. Thelami-
narfield is takenasthevelocityfield estimatedat thecoars-
estresolutionwith thecoarsestestimationgrid of themulti-
grid techniqueproposedin [13]. This very smoothfield is
thenproperlyinterpolatedon thecurrentresolution.

4 Experiments

We reporthereexperimentson the threedifferentkinds
of Meteosatimages:theinfraredchannel,thevisible chan-
nel and the watervaporchannel(Fig. 2 and3). In these
experimentswe usedthesamerobust function in the three
energy terms(namelyS ����� � �g*�ó�ôhõ\� �	ö÷ � ). As for thepa-
rametervaluesweusedthesameonesin all theexperiments
(exceptfor thevisible imagesequencewherewe imposeda
higherregularizationterm). In the threecasesthevelocity
fieldsseemphysicallyplausible;they arealsoin accordance
with what canbe expectedbasedon simplevisual inspec-
tion of thesequences.

Let us notice the essentialrole playedby the laminar
flow. Indeed,in situationswhere there is a large global
motion(suchasin thewatervaporsequenceFig. 2a), tak-
ing this “transport” field into considerationallows to re-
coveraccuratelythelocationof depressionsdespitethedis-
placementof theircenters,andto extractsecondaryvortices
which would be lost in the whole flow otherwise(seethe
vortex in thelower right cornerof thewatervaporimagein
Fig 2a).

The combinationof the different flow representations
providesvery interestingresults. The parametricfield al-
lows to geta physicalinterpretationof theflow. For exam-
ple, themainswirls (correspondingto depressions),aswell
ascounter-vorticesarewell captured.A sink anda source
can alsobe seenin the right lower cornerof the infrared

Figure 4. Flow computedwith the generic model
[13] on thevisibleimage(similar setof parameter)

sequence(Fig. 3). Besidethesestructuresof interestcap-
turedby the parametricfield, complex and lessstructured
informationis carriedby thelaminarcomponentandthees-
timateddensevelocityfield.

It is alsointerestingto point out thebenefitof thepara-
metricmodelingin areaswith low photometricgradient.In-
deed,in theseareas(aswell asin regionswith many data
outliers)velocityfieldsestimatedby thewayof genericmo-
tion estimator(equ. 1) arepoorly constrainedandthenon-
linearsmoothnesstermtendsto introduceinexistentdiscon-
tinuities aroundandwithin theseregions(seeFig. 4). By
contrast,the parametricprior introducedherecircumvents
in an elegantway this problem: In suchareas,the field is
not only dependenton thespatialcontext, it is alsoguided
towardasmoothsolutionhaving muchmorephysicalsense
(seeFig. 2b).

5 Conclusion

In thispaperwehaveproposedamethodtoestimatefluid
flows. This methodrelieson theextensionof a genericro-
bustmotionestimator. This extensionconsistsin consider-
ing in a coupledway the estimationof the velocity field
and of somestructuresof interestwhich are explanatory
to the unknown flow. The methodhasbeentestedon the
threekinds of Meteosatsatellite images. The recovered
flows seemsto be in accordancewith the underlyingphe-
nomena. Comparedto classical(first-orderregularization
based)optical-flow estimators,this methodallows a more
robustestimationin largeareasof low photometriccontrast
anda betterextractionof highly diverging or swirling mo-
tions. Finally, themethodprovidessimultaneouslya dense
estimationof theflow andastructuredparametricrepresen-
tationwhich is believedto retainrelevantphysicalinforma-
tion.



a �

� ¹»º�¼ � È O�»Ã I ��� È O�FÃ I ��� � ¹Fº�¼

b �

� ¹»º�¼ � È&ø�FÃ I ��� È5ø�FÃ I �0� � ¹»º�¼
Figure 2. Resultsampleon satelliteMeteosatimages: (a) water vapor images and (b) visible images; extracted
vortices/sinks/sources( �Á
 � �   � � À�»Ã I ), with · � Ø , resp.5; estimateddensefields � ; estimatedparametricandlaminar
fields ��¹»º�¼ � È À�»Ã I � � ; parametricfieldalone È À�FÃ I � � ; laminarfieldalone �J¹»º�¼ .



Figure 3. Resultson infraredsatelliteMeteosatimages;extractedvortices/sinks/sources( �#
 � �   � � À�FÃ I ), with · �Qù ;
estimateddensefields � ; estimatedparametricandlaminarfields � ¹»º�¼ � È À�FÃ I ��� .
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[12] E. Mémin andP. Pérez. Joint estimation-segmentationof
opticflow. In ECCV’98, Freiburg, Germany, June1998.
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