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Abstract

This paper deals with .the optimization of the receiver tra-
jectory for target motion analysis. The observations are
made of estimated bearings. The problem consists in deter-
mining the sequence of controls (e.g.: the receiver headings)
which maximizes a cost functional. This cost functional is
generally a functional of the FIM matrix (Fisher Information
Matrix).

1 Introduction

A fundamental problem for ' BOT tracking is the fol-
lowing : if the system is observable what is the accuracy
of the state estimate and how to optimize the inputs of
the system? In this system approach, the observer ma-
neuvers are the system inputs. This is a very difficult
problem of control since, in the first hand, the system
is only partially observed, and in the second, the cost
functional is non-additive. This means that the effects
of the inputs are not separable.

A classic approach consists then in considering the
Fisher Information Matrix (FIM) and more precisely
its determinant. The choice of the determinant func-
tional is reasonable. However, as we shall see later, the
det functional does not have the (additive) monoton-
icty property, so that the classical tools like the dy-
namic programming priciple or the Pontryagin Maxi-
mum principle are irrelevant.

This explains, for a large part, the relative complex-
ity of this problem. We shall show that using ele-
mentary multilinear algebra accurate approximations
of det( FIM) may be obtained. More specifically, we
shall prove that det{ Fim) may be approximated by a
functional involving only the successive source bearing-
rates, thus yielding the general form of the optimal
inputs (observer maneuvers). In particular it will be
shown that, under the long-range and bounded con-
trols hypotheses, the sequence of optimal controls lies
in the general class of bang-bang controls. These re-
sults demonstrate the interest of maneuver diversity.
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2 Problem formulation

The source, located at the coordinates (rys,7ys) moves
with a constant velocity vector v (vzs, vys) and is thus
defined to have the state vector [1,2]:

A
Xs = [Tzsa Tyss Vzs, vys]* . (1)
The observer state is similarly defined as :

A *
Xree = [7':1: recy Ty recy Vz rec) Vy rec] ,

so that, in terms of the relative state vector X defined
by :
A *
X=X~ Xpee = [Tz;Ty,U:u'Uy] s
the discrete-time equation of the system (i.e. the equa-
tion of the relative motion) takes the following form :

Xpy1 = FXp + Uy

where :
I
F=d(kk+1)= < Igb O}d‘? ),Idzé (é ‘1))
and
A
a =tpy1 —t =cst. (2)

In the above formula ¢ty is the time at the k-th sample
while the vector Uy = (0, 0, u,(k),uy (k)" accounts for
the effects of observer accelerations (or controls). ).
The measurements are the estimated angles 6y (bear-
ings) from the observer to the source, so that the ob-
gervation equation stands as follows :

ék = O + wy,
with :
_ = (k)
0; = tan~! (’"—(——> 3

and wy is the measurement noise.

Given the history of measured bearings @ 2 {él}?zl
the likelihood function is :
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P(6]X) = cst exp [—%”é - @(X)”i]

O(X) defined by egs (2,3)
and
e - @(X)”Z 2 (6-0(x)) 57 (6 - 0(x))
¥ = diag (a .
4)

The calculation of the gradient vector is easily derived
from (4), yielding :

cosf; __sinf; cos 0 __sind;
T ™ r r
B@ (X) .l 1 1 1
X : . -
cosf, _sinf, ncosf; _ nsinf,
Tn Tn Tn Tn
(8)

where {6;};_; represent the source bearing at the in-
stant ¢ and {r;} the source-observer distance. In (5),
the reference time is the instant 0. Obviously, another
reference time may be chosen but it is quite remark-
able that the determinant of the FIM does not depend
on the reference time.

Consider the case of a non maneuvering source (con-
stant velocity vector), then the calculation of the FIM
is a routine exercice yielding, under the Gaussian as-
sumption:

FIM = <?%-§—(X—)>*E‘l (-a—(ggi)—) . (6)

Thus, we deal with the following problem :
Denoting Gy the gradient vector of the log-likelihood
functional (5), i.e. :

1
OkTk

Gy = (cos(B), — sin(8), k cos(6x), —k sin(6z))" ,

the problem is to determine the sequence of controls
{u1,-++,un} (denoted U) such that :

U — argmax(det (i GkG,*;> )

k=1
75(0) + kvy + Y Uie
ry(0) + vy + Y1, ury

tan(fx) =

The difficulty and the originality of the above problem
stem from the two following facts. First, the source
motion is unknown which means that the state vector
X is unknown.

Second, the effects of the various controls are not sepa-
rable. In this context, the dynamic programming prin-
ciple should be very attractive. Unfortunately, it nec-
essarily requires that the cost functional f (from H,,
the vector space of n-dimensional hermitian matrix to
R) satisfies the following motonicity property, denoted
MDP (Matrix Dynamic Programming Property) and de-
fined below :

Definition 1

o — fis smooth (C?)
e — let Aand B inH,
be two matrices and assume that :
f(B) > f(4)
then whatever the matriz C inH,, we have :
f(B+C)> f(A+0O)

So, a fundamental question consists in determining the
functionals f having the MDP property. An answer is
provided with the following result [3].

Property 1: Let f salisfying the MDP property
then :
f(A) =g (tr(AR))

where g is any monotonic increasing function and R is
@ fized matriz.

3 A direct analysis of the FIM determinant :

For the sake of simplicity, the following assumptions
are made along this section. First, the distance will be
assumed to be constant. Further, we consider that the
diagonal noise matrix ¥ is proportional to the identity
(i.e. £ = 0?Id). Even if the first hypothesis seems
rather restrictive, we shall see later that the effects of
range and bearing-rate variations are uncoupled, allow-
ing us to analyze them separately. Furthermore, the
effects of range variations are concentrated in a multi-
plicative term, factor of the determinant.

We shall thus consider a simplified model of the source
motion :

!
O =0+ 0+ > wur, (8)
k=141

where 6 is the bearing-rate (for a given reference time),
and u is the bearing-rate change corresponding to an
observer maneuver (control). For the sequel, the con-
trols will be the observer bearing-rate changes ug.

The fundamental interest of this approach lies in the
fact that no a priori knowledge of the source trajectory
is assumed.

We shall denote Fy, 4 the FIM corresponding to an ar-
bitrary reference time ky and 4 consecutive measure-
ments, g, -« ,0k,+3. Then the FIM Fj, 4 takes the
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following form (4 measurements 2) :

-2
Froa = (0’7‘) Oko 4 g;ckoA ’
where :

gko,4 = (Gkoy Gk0+15 Gkg—f—?; Gko+3) .

and Gy, is the gradient vector of the observation 8
w.r.t. Xg, i.e. :

G = (cos O, — sin Oy, k cos by, —~ksin ;)" . (9)

Assuming Gy, 4 invertible, we have :
det (Fyg 4) = (ar)—s(det gk0,4)2 .

Of course, our attention is not limited to four measure-
ments per legs. So, the previous calculations will now
be extended to any number of measurements. Let £
be the number of measurements and consider now the
(4 x 4) FIM Fy, ¢ (I > 4) defined as in (9) by® :

-2
Frot = (07) " "Groot Gro e
where :

gko,l = (Gkoa Gko+17 ) Gko-l—l) 4 Z 0. (10)

Using classical properties of multilinear algebra,
namely the Cauchy-Binet formula, det (Fj, ¢) is given
by the following formula :

det (Fiy,e) = (07) 7 Z [det (G5)]”

E

where :

E = {iy,i2,13,04) 8.t.1< iy <ip <iz<ig <l
and :

Gr = (Ci, Ci,, Cyy, Cuy)  Cy 2 Grotis- (11)

We stress that the above formula plays a central role
in the analysis of the FIM determinant.

The case of constant bearing-rate :

In (11) C;, stands for the i; -th colurn of the matrix G.
Considering for instance, a first order expansion of the
bearings Ogyri (i-e. Oroti = B, +16), the calculation of
det (Fi,,¢) is reduced to the calculation of the determi-
nants det (Gg). Now each of these determinants is the
determinant of a 4 x 4 matrix. Its calculation is greatly
eased by using the following basic result.

Zmore generally Fj,; = (ar)—zgko,,g,go .

3Note that the source-observer distance is again assumed to
be constant.
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Property 2: Let E the first vector of the canon-
ical basis of ]R4, (E = (1,0,0,0)"), then the following
equality holds :

detGp = det (RP*E, R?E, R¥E,R{'E) . (12)

Proof :Consider the determinant det Gz (see eq. 11)
where as previously, E = {i1,%2,%3,94} and #; < iz <
i3 < 4.

deth = det (Gilv”';GirA)
= det (Ri' Gy, R?Gro, BY Gy, Ri* Gty )

where :

af B 0 A cosf siné
Rl——(Ro Ro)and’R()‘('Asiné cosf))'
(13)

In the same spirit, the vector G, may be written as :

Gy, = THE
where :
Al Ty O A [ cosf +siné
Tl_(To Ty ) and,To—( —sinf  cosé
0 £ Oy, /ko, B =(1,0,0,0)" (14)

Now the following properties are instrumental :

e the matrices Ry and Ty are rotation matrices,
hence they commute ,

o det(Ry) = det(Rp)> =1.

The matrices R; and T then also commute and using
this property det Gg becomes :

det Gp

Il

ft

det(Tf°) det (RE, RZE, REE, RYE) ,
= det(E,Ry "E,R{"E,R{'"E) .

Furthermore, the following property has thus been
proved in passing : det Gg is independent of ky and 6, .
This remarkable property is due to the basic properties
of the determinant and the structures of the matrices
R1 and Tl‘

ooo

The above determinant itself (i.e. : detGgp =
det(E, RiE, RIE, R¥E) ) can now be easily calculated
by means of exterior algebra , yielding the following
simple and general result :
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Property 3: detGg = j(k — i) sin((k -
j)z) sin(iz) + i(k ~ §) sin{jz)sin((i — k)z) ,

where ; ‘i=i2—i1,j=1:3—i1, k=1t4—11.

Proof : The calculation of det Gg is greatly eased by
using exterior algebra. The canonical basis of R* is de-
noted {E1, - --,E4}. For the coherence of notations, the
vector E is identified with E;. Then, the components
of the exterior products Eq A RiEj, in the "reduced”

basis {E; AEy , By AE3 , E; AEg)} of A2(RY) are
straightforwardly calculated and given below :

op = —sin(iz) +— E, AE,,
Bo = icos(iz) «— Ey AE;, (16)
Yo = —isin(iz) +— E; AE,.

Similarly, the components of R{E; A R*E,, in the "re-
duced” basis {E3 AEs, E; AEy, E; AE3} are :

ay = jksin( (j —k)z ) «— EsAEy,
B1 = (k — j)sin(jz)sin(kz) +— Ex AE4,
v = jsin{(k ~ j)z) — (k - j) sin(jz) +— Es A E£3 )
17
The determinant det Gg is deduced from the above cal-
culations, by considering the sum of the coefficients
of the vector E; A Es A E3 A E4 which spans the 1-

dimensional space A*(R*), i.c. :

detGe = apar — Bobi+ om , (18)
= j(k—)sin((k — j)z)sin(iz) ,
+i (k — j)sin(jz) sin((i — k)z) .

oono

Using Prop.3 and the Cauchy-Binet formula, a general
formulation of det(Fim) stands as follows :

det(FIM) = ZE (G(k — i) sin((k — 7)) sin(iz) ,
+i(k — ) sin(jz) sin((i — k)x)) 2.

Practically, the following approximations are easily de-
duced from the above property .

Result 1 :
dei6p & B s iy~ )5 - i) o*,
and therefore :

det(Fko,l) ~ )
Li<icij<k<l [Q%Q(k — i)k -~ i)] (%Tﬁ)

8

(19)
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From Result 1, the following approximation is
deduced* :

or
N

o F16 sin @
or '

Using the previous formalism, an extension to higher
order expansions of 0,.; is quite straightforward but
not truly enlightening.

Lo\ 8
det(Fy, ) ~ P(l) (S‘n”) a”l,  (20)

Remarks :

o If a 3-rd order expansion of §i,4; is considered in place
of the 1-st order one then the value of det(FiM) is exactly
zero. This corroborates the fact that the T™MA problem is
not observable when the observer does not maneuver.

¢ However, the BOT problem is observable if multiple mea-
surements are available (at each time). In this case, bounds
derived from (20) are accurate.

oIn fact, a small variation model for the bearing-rate, i.e. :
Bry1 = O +mi (e w.gn.) yields a value of the type (20),
eq. 20 roughly appears as an upper bound of det(FIM) .

It has thus been shown that det(Fy, ;) is proportional
.5\ 8 .

to 616(%"7’1) . As practically, 6 is very small, this

means that det(Fy, ;) remains very small as far as no

observer maneuver occurs. So, we shall now investigate
the effects of a bearing-rate change.

The case of bearing-rate change

We shall now quantify the effects of observer maneu-
vers. First, the following property is an extension of
the previous one to this case.

Consider that the temporal evolutions of the source
bearings on two successive legs are described by the
two following linear models :

O, + i6; on the 17°¢ leg
O +jf2 onthe2 ™l leg.  (21)

eko—i—i

= =

Orky+5

Then the following property holds (see [2]) and extends
the previous result (Prop.3):

Property 4: Consider the case of two consecu-
tive bearing-rates x and y, then we have :

det (Ex, R{E:, B} R{E:, RY RiE,) =
G + 3')(K') sin(i ) sin((k' ~ 5') v) , (22)
—i (k' — 7)) sin(i z + j' y)sin(k' y) .

‘o = 54432000 ,

[B(1+ 02 +20-8)(2 + 20 - 3)* (2 +1)°]

PQ) =
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In (22), the matrices Ry and R» are the bearing-rate
matrices (cf. 13) associated with the bearing-rates z
and y. From (22), the following approximations are
easily deduced :

det (El,RgEl,Rg'RgEl,Rg’R;'El) ~

ol ! -/ ! 2 2 (23)
iGK =) K)y (2 -y + Fay) .

The proof of Prop. 4 is completely similar to that of
Prop. 3. So, we omit it.

The above property allows us to approximate det F, ¢
in the case of a maneuvering observer and thus to in-
vestigate the effects of the observer maneuvers. In
particular, the role of the bearing-rate changes then
clearly appears. Indeed, since the parameters #; and
6 are usually small (both are proportional to 1/r2 )s
we shall examine an expansion of det (Gg) wr.t. 6
and 6, around the point (0,0). Then, we obtain the
following types ® of fourth-order expansions (in 6; and
92) of det (QE) :

(det Gp)* = K (y(e — y))* ,
or: K(z(z —y))*. (24)

with : A A
K>0, .1}‘—‘-91,3/:92.

This result is quite fundamental for TMA and will be
clarified by a geometric interpretation. For the two
bearing-rate case, the expansion of det Fi, ¢, ¢, ¢ is :

5
1 —i e
on® > Bl L)y" i, (25)
=1

where the polynomials {P;(¢1,£62)}2.; are detailed in
[3]. :

From (25), we note that the maximum value of
det Fi, ¢, .6, is proportional to £126% (6, ~ £y , 6; ~
—63).

In fact, denoting Fp(z) the FIM associated with a con-
stant bearing-rate  and Fy/o ¢/2(x, —) the FIM asso-
ciated with a two-leg observer trajectory (leg 1: £/2
meas., bear. rate z; leg 2: ¢/2 meas., bear. rate —x),
we have :

det Fko,ll L2 =

det(Fe@) 1
det(F[/2,Z/2 (3:, —113) - 134

1
= m(AiErﬁG)

where Az denotes the total bearing variation (i.e.
Az = {z). For usual scenarios, Az is small in regard to
1 and ,therefore, the increase in the FIM determinant

Res. 2:

Sthe type of the expansion only depends on the relative values
of 41,142,143, 14
8¢; measurements asociated with 8;,i=1, 2

3130

gained by optimized observer maneuvers may be rather
impressive. Further, note that this gain is proportional
to (Az)_4. The above calculation is easily extended
to the case of a maneuvering source. The dimension
of the state vector is then equal to 6, while the gain
of a bearing-rate change is, this time, proportional to
(Az)~" :

Actually, it seems that the optimumn corresponds to a
"long” first leg in order to maximize the observer base-
line, followed by a ”short” second leg.

The previous results are more formally summarized by
the following property.

Property 5: Let zy,x2, -, %, the consecutive
bearing-rates, then :
a'rgivl,"';Zn ma’Xdet(FIM) =& (émaxy - émaxa émax; te )

e==1. (27)
We refer to [3] for a proof of Prop. 5.

Geometric interpretations of the properties of
the FIM determinant

Since we are especially interested in the effects of ob-
server maneuvers, we shall investigate them by means
of the previous results and differential calculus. Con-
sider for instance the following determinant (E = E;):

f(y) = det (E, Ri ,E, R JE, R} R, ,E),  (28)

whepe: )
= 91 y Y = 02-

Let us now calculate the partial derivative %5(:5), we
obtain:

8 ) )
a—i(m) =1 det (E R} ,E,R] E, Rf:‘m‘l‘lSl,zE) :
(29)

where 51, = (%Rl,y)(yzw), or, explicitely:

_f( Soz O
Sl,z - ( SO,Z SO,:I: ) ? (30)

—sinxz —cosz
SO,.’L' = . .
COsS -—S8Sinx

Using the definitions of R; , and Sy ., and denoting J
the two-dimensional /2 rotation matrix, the following
properties are then easily proved : '

with:

Property 6: The following properties hold :
SO,:L' = JRO,:L‘ P 56550,9: = "RO,z = Jz RO,:z: )

k ok’ _ ok pk _ ck+k k ok’ _ qk+k
Rl,zsl,z—sl,le,z_Sl,z ’Rl,zsl,y— l,ze+y -

(31)
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From Prop. 6, we directly deduce :

8 (c) =1 det (E, B ,E, R] ,E, 1 (k422 F) ,
Z4(z,5) = - det (E, R{ ,E,R] ,E,REL'E)
etc.

(32)

At this
point, it is worth noting that the vector S;m F =
(—sinmz,cosmz, —msinmxz, m cosmz)* is approxi-
mately orthogonal to the vectors {E,R} E,R] E}.
This is due to the fact that Sp . is a 2D-rotation with
an angle equal to z — /2. This fact is typical of a four-
dimensional state vector and corresponds to a diversity
in maneuvers. Thus, %5(:2) is proportional to z, while

%%(m,a:) is proportional to z*.

Using the previous calculations, the following approxi-
mations are easily proved :
2
(@)~ oz and: Thzz)~pat,
so that :
fy)~valy—-x).

(33)

From (33) it is clear that the increase of det(Fy,,) is
maximized when the terms (z(z — y))? are maximized.
Since 6 is bounded, an optimal sequence of controls is
necessarily a bang-bang one .

Geometric considerations provide also another inter-
pretation of Prop. 5. More precisely, defining f(z,y) =
det (E, Ry oE, R o Ry yE, Ry B2 E), we see that %5

and %5 are simultaneously null iff :

det (E, Sl,zEa Rl’le,yE, Rl’zR%,yE) y (34)

= det (E, Rl,zE, Rl‘le,yE, R11$R1,ySl,yE) .
It is then easily seen that the maximum of f? is nec-
essarily attained for an extreme point of the constraint
set.

This optimization problem may be connected with the
Hadamard inequality . Indeed, let us recall a classical
formulation of the Hadamard inequality:

MaX{vi}?zll det(Vl, e ,Vn)!

under the constraints |[Vi| =e€1,- -, [[Val =¢€n

dim(V) = n.

(35)

A solution to the above problem is easily obtained by
means of differential calculus (Lagrange multipliers)
yielding: the vectors solving (35) are mutually orthog-
onal vectors satisfying the constraints. However, the
problem is greatly complicated, here, by the constraints
associated with the vectors {V,},.
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Since the values of (—n@maa, , émaz) can be estimated
by the observer (e.g. from the estimated bearings), it
remains to determine the optimal number of switch-
ings (from 8,0z t0 —0pa,) as well as their locations.
However, it seems rather impossible to derive a general
bound relative to the number of switching,.

3.1 The effects of range variations:

Up to now, the effects of range variations have not been
considered. However, the analysis is greatly simplified
if we remark that the effects of range and bearing-rate
variations are geometrically uncoupled. - This follows
easily by considering det(Gg). Including the range, the
elementary determinant det(Gg) becomes :

detGp = det|-—RUE,...,LRSE)
\ril LEA
1 1 ; ;
= — .. —det (R'E,-.-,R“E)
T4y Tig
so that :

1

1
coo—det
Tiy :

4

2
det (Fee) = (07)* Y [ (RUE, - ,Ri‘E)J
? (36)

From the above equality, we note that the effects of
range and bearing-rate variations are uncoupled.

Conclusion

Optimization of the observer maneuvers has been consid-
ered along this paper. This problem is not relevant of classi-
cal optimal control. Using basic tools of multilinear algebra,
it has been proved that this functional may be accurately
approximated by a functional involving only the successive
source bearing-range rates. In particular, it has been shown
that under the long-range and bounded controls hypothe-
ses, the sequence of optimal control lies in the general class
of bang-bang controls’. '
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