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#$ ã(w).I(ω) = 0 ��I�"�� E ��
 � � I�m 
K�@
 � ����� � ?�
#"�m 
 � ³�6 ��?��E � �%¹ � ��$j��� ��
x�@
 � 
#$jCD$��Wl���?@�}
#l�
#"i$���� E I ��� �!� E ?@$jCk��" �@
xm 
 �T� � ?aI�$jCk��"�� � 
#�jl�
#$T����
 �j$jCDl�
#� E 
 �
�7CD$�
 ����
 �:�j?@�A�@
 �=CDl�I�F}
 �A�!I�"��:$j�!I�"�� � I���
#"�m 
 ³



7N N �1! "�)*]=.e< �=?1_W'*)S6;% ��V ,3T>, ? ) 68.\)A5>P8]>)�.\,95>ZY,��>:7,/.\PXT>,9PX,/P86;%1' )S68,9V>.ePaT>_9T=%1_/P

6 C�"���?��=m ��"���Ck�@�#����"��Al�I�CD"%$�
#"aI�"i$.?@"�
JCDl�I�F}
Jm ��l � �H�!� 
J�@
 n m ��?�m���
 � Ii �@
4�7CD$�
 ����
 � wi
�

I(p) =

n∑

i=1

Ii(p), � C	³ �H� �

I(ω) =

n∑

i=1

Ii(ω). � C	³ � C �

' "NI �@� E C � ?aI�"%$J�j?�m m 
 ����CD�}
#l�
#"%$ E 
 �G� � �#�!I�$�
#?@���G�@
 ha��$G� � $jC � ?�
 a(w1)
� a(w2)

³D³D³
a(wn)

� m 
 �
� � ?aI�$jCk��"����@"���?��A�#$!I�B E Ck���!��"�� E 
 �A�#F%I E CD$�� �.�j?@CD��I�"i$�
 �n�

a(w1)a(w2) . . . a(wn)I(p) = a(w1)a(w2) . . . a(wn)

n∑

i=1

Ii(p) � C	³ ��}�

=

n∑

i=1

a(w1)a(w2) . . . a(wn) Ii(p) � C	³ �#�i�
� � I�� E CD"���I��jCD$��n�@
 E ��� � �#�!I�$�
#?@�.�@
Qha��$=� � $jC � ?�
 �

=

n∑

i=1

( n∏

j=1

a(wj)
)
Ii(p) � C	³ �8j}�

� 
#"fCD"%$j���7�	?@Ck�!I�"%$.?@"�
G"���?@�}
 EDE 
G"���$!I�$jCk��"£�

=
n∑

i=1

( n∏

j=1,j 6=i

a(wj)
)
a(wi)Ii(p) � C	³ � L �

� � I��.m ��lKln?@$!I�$jCD�7CD$�� �@
 E ��� � �#�!I�$�
#?@�Gha��$A� � $jC � ?�
 �

=
n∑

i=1

( n∏

j=1,j 6=i

a(wj)
)

0 � C	³ �;BH�
� � I��.m ��"���
#�j��I�$jCk��"��@
 E � CD"%$�
#"��jCD$�� �@
 E IKm ��?�m���
JC �

= 0 � � I�� E CD"���I��jCD$��J�@
 E ��� � �#�!I�$�
#?@�=�@
 ha��$=� � $jC � ?�
 � ³ � C	³ ���}�
& 
4� I!+ ��"��jCDlKC E I�CD��
�����"�IW�
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(
I(p, t+ 1)− I(p + w1, t)− I(p + w2, t) + I(p + w1 + w2, t− 1)
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Î1
k+1

(p) = Î1
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8 6 MWM\CJa<4bMWVXc�4lAQP 834b` 2 PWVXE�E 2 �LK�VXBkI 6>2 ETAQMNE�834LK�KOCLgNP�4FM\R=4LK�R 6 M\KOV<8WC 2 C=4LK 4FE�a<4FP 2 wpAQVX`Wa<4JR 6 MYE 2 AmKHE54zo
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) a\K54FB�`Wa<4 8 6 M\R�MUAQEHP 2 4Fa�8:h 6 IWE54 2 I 6 P 2 PWM�4�K54FizB@4FMNETAQEHV 6 M V#	 5g�TWQ F�	 g�[ d h�[�F�	#d�	#f�T 8\AQM\K�aph VXB[AQi�4zo
D AQIWI74Fa 6 M\K�aph�AQIWI 256 ROG�4 834 %'6>256 4FE�AQapo+* % 6>256 ��� `�,bI 6 P 2 2 CLK 6 P�8 2 45R=4,I 256 `Waj�FB@4zt 8WCLR 2 VXE54�AQPROGUAQIWVXE 2 4b�so " 8\AQIWETAQMNE^PWM�4�BDCFEHG 6 834�I 256 ROG�4?834�R=4FaXa<4 8WCFc�4Fa 6 IWI}C=4ZIUA 2 *I�B4 2 i�4FM.-z�zA ,}AQPs�DVXB[AQi�4LKE 2 AQM\KHIUA 2 4FMNE54LKlt\a<4LK�AQPWE54FP 2 K�I 256 RLC=834FMNE�4FM 834FPs�¹CFETAQI74LK/�
$ 4LKOEHVXB[AQEHV 6 M 8:h PWM�ROGUAQBkI 834FM\K54 834G8WCFIWaxAmR=4FB@4FMNEOK�E 2 AQM\KHIUA 2 4FMNEOKlt
$ 2 4Fi 256 PWI74FB@4FMYE?834LK�c�4LRFE54FP 2 K?4FM,8sV|{}C 2 4FMNEOK�ROGUAQBkI\K?834bB 6 PWc�4FB@4FMYEJA 0DM�4LKlo
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8:h VXB[AQi�4LK�E 2 AQM\KOIUA 2 4FMYE54LKlo
H;h�AQPWE 2 4bIUA 2 EltsM 6 P\K^M�4JROG�4 2 RTG 6 M\K�IUAmK��K54FizB@4FMYE54 2 aph VXB[AQi�4JIWV|��4Fa ��IWV|�34FaptsB[AQVjK^`Wa 6 RrIUA 2 `Wa 6 Rzoq 6 P\K�c 6 PWa 6 M\K 4FM 4e{*4FEgNP�4[aph�AQaXi 6>2 VXEHGWB@4SAQVXE;PWM�R 6 �WEkRlAQajRFPWaxAQE 6 V 2 4 2 AQVjK 6 MWMUAQ`Wa<4�I 6 P 2 gNP h PWM�4A>8\AQIWETAQEHV 6 M[E54FBkI\K 2 C=4FaWM�4�K 6 VXE�IUAmK�V 2:2 ClAQaXVjKOE54zoI5�PWVjKOgNP�4^aph VXB[AQi�4 4LKOE�E 2 �LK�` 2 PWVXEOC=4 4FE£I74FPDR 6 MYE 2 AmK�dEOC=4zt M 6 P\K�I 4FM\K 6 M\K 834DIWaXP\K�gYP h PWM�4�K54FizB@4FMYETAQEHV 6 M 8sV 2 4LRFE54�AQP IWV|��4Fa�I 2 �LK�K54 2 AQVXE�E 2 �LKfVXM\KHETAQ`Wa<4zo
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IWV|��4FajK43etYM 6 P\K^ROG�4 2 ROG 6 M\K�[a<4LKZCFEHVjgNP�4FE54 2 KHPWVXcmAQMNEZaxADIUAQV 2 4�834�R 6 P\RTG�4LKrgNPWV~�,4LKHE�I 2 CLK54FMNE54zo}q 6 E 6 M\K e = {e(s), s ∈ S} a<4ROGUAQBkI 834LK�CFEHVjgNP�4FEHE54LK 6�� s M 6 E54Ja<4�KHVXE54\1 VjRFVptsa<4J`Wa 6 R]3et\ALc�4LR e(s) = (e1(s), e2(s))

2 4FI 2 CLK54FMYETAQMNEa<4kR 6 PWIWa<4 834LKbMYPWBDC 256 K;834LK 834FPs�,R 6 P\RTG�4LKJI 2 CLK54FMNE54LK�AQP5KHVXE54 s o}q 6 P\KJKHPWIWI 6 K 6 M\KJgYP�4aph VXB[AQi�4R 6 MYEHV<4FMNE£PWM;E 6 ETAQa3834 K R 6 P\ROG�4LK�E 2 AQM\KHIUA 2 4FMNE54LKlo � RTGUAmRFPWM�4 8:hI4FMYE 2 4 4FaXa<4LK 4LKOE�AmKOK 6 RFVjC�PWM;B 6 8W�Fa<4
834JB 6 PWc�4FB@4FMNErA 0DM�4G834JIUA 2 AQBD�FE 2 4LK θk

t34FE�M 6 P\K�M 6 E 6 M\K Θ = {θk, k = 1, ...,K} o
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q 6 P\K�R 6 M\KHV<8WC 256 M\K�PWM�4rKHE 2 P\RFEHP 2 4?834�c 6 VjKHVXMUAQi�4b� 4
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834fR 6 P\RTG�4LK K 4LKHE�`WV<4FM 4FMNE54FM�8sP�VXM\R 6 MWMNP oU@6Akw�A�� 6 M 834ba<4 8WCFE54 2 BkVXM�4 2 4LKHE 8WCLR 2 VXE54�;axA;K54LRFEHV 6 M
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tsR=4�gNPWV}AQPWE 6>2 VjK54 2 AQVXEPWM�4�K54FizB@4FMNETAQEHV 6 M�AmKOK 4�%�I 2 CLRFVjK 4�I 256 RTG�4 834�R=4FaXa<4 834^axA&!~VXi\o �\o���3eo � 8 256 VXE54�a<4^B 6 8W�Fa<4 834 J�A 2%K�6 cVXMYE 256 8sPWVXElo\@�4LK�KOVXE54LK�K 6 MYE 2 4FI 2 CLK 4FMYEOCLK 4FM¹`Wa<4FP t34FE�a<4FP 2 K 2 4FaxAQEHV 6 M\K�834Zc 6 VjKOVXMUAQi�4fK 6 MYE�E 2 AmRLC=4LK 4FM
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q 6 P\K 8WCe]\MWVjKOK 6 M\K�axAw 6 M\RFEHV 6 MWM�4FaXa<4;8:h�CFM�4 2 izV<4fiza 6 `UAQa<4fR 6 BkB@4�KHPWVXE/�

F (e,Θ) =
∑

s∈S

∑

p∈s

ρ
(
r(p, θe1(s), θe2(s))

)

+ µ
∑

<s,t>∈C

((
1− δ(e1(s), e1(t))

)(
1− δ(e1(s), e2(t))

)

+
(
1− δ(e2(s), e1(t))

)(
1− δ(e2(s), e2(t))

)) 1  oX�]3
6�� a<4ZKH�	B�` 6 a<4?834(' 256 M�4LR K 4 2 δ(., .) czAQPWE 1 KHV_a<4LK 834FPs��A 2 izPWB@4FMYEOK�K 6 MNE�CFiYAQPs�:t�4FE 0 KHVXM 6 M o �£aXa<4K54 8WCLR 6 BkI 6 K54@4FM5PWM5E54 2 B@4 8:h�AQEHETAmROG�4�AQPs� 8 6 MWM\C=4LK 1 KOP 2 axA�I 2 4FBkVj� 2 4DaXVXizM�4]3A4FEJPWM E54 2 B@4.834aXVjKOKTAQi�4zo	@�4rE54 2 B@4 8:h�AQEHETAmROG�4fAQPs� 8 6 MWM\C=4LK^M hI4LKHE�AQPWE 2 4rgNP�4 1 �\o � 3et	VXMYE 256 8sPWVXE 8\AQM\K�a<4bRTGUAQIWVXE 2 4b�\o
) aUVXBkI 6 K54bgYP�4Zaph�CLgYPUAQEHV 6 M�w 6 M�8\AQB@4FMYETAQa<4 834ZaxAfE 2 AQM\KOIUA 2 4FM\R=4JK 6 VXE�cnC 2 V|]UC=4JAQP�MWVXc�4lAQP 834ZRTGUAmgYP�4`Wa 6 RF1�ALc�4LR[PWM�4kE 6 ajC 2 AQM\R=4�AQPs� 6 PWEHaXV<4 2 K�c�4FMUAQMYE;834DaphI4LKHEHVXB[AQE54FP 2 256 `WP\KHE54 ρ t�4FM aph 6 RLRFP 2 4FM\R=4DaxAw 6 M\RFEHV 6 M 834 % P K 4F��3eo@�4bK54LR 6 M�8�E54 2 B@4rVXBkI 6 K54J��axAK54FizB@4FMNETAQEHV 6 M 8:h*)FE 2 4 2 AQVjK 6 MWMUAQ`Wa<4FB@4FMNE�aXVjKOK54zo ) a 4LKOE^R 6 M\KOEHVXEHP\C 834gNPUAQE 2 4�wpAmRFE54FP 2 K gNPWVYI74 2 B@4FEHE54FMYE�834£E54LKHE54 2 E 6 P\K a<4LK�AQIWIUA 2 V<4FB@4FMYEOK�I 6 KOKHVX`Wa<4LK'4FMYE 2 4�a<4LK R 6 P\RTG�4LK�834`Wa 6 RLK£A>8Q�HAmR=4FMNEOKlon@�4�IUA 2 AQBD�FE 2 4 µ I 6 M�8W� 2 4�aph VXBkI 6>2 ETAQM\R=4 2 4FaxAQEHVXc�4 834LK0834FPs�;E54 2 B@4LKlo,+ZPWE 2 4FB@4FMYE8sVXElt 6 M�VXMYE 256 8sPWVXE�PWM�4�I}CFMUAQaXVXEOC µ a 6>2 KOgNP h 6 M�R 2 C=4�PWM�4^w 256 MYEHVj� 2 4?4FMYE 2 4�a<4LK�KHVXE54LK s 4FE t VXBkIWaXVjgYPUAQMNE
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a<4�ROGUAQMWi�4FB@4FMYE 8:h PWM�4�R 6 P\RTG�4¹K54FPWa<4FB@4FMYElt�4FE;PWM�4[I}CFMUAQaXVXEOC 2µ
gNPUAQM�8�a<4LK9834FPs�yR 6 P\RTG�4LKkK 6 MYE

8sV|{:C 2 4FMYE54LKlo@6A;czAQa<4FP 2 8 6 MWM\C=4�� µ 8 6 VXE 8WCFI74FM�8 2 4G834LK�VXB[AQi�4LK�E 2 AQVXEOC=4LKlt\KTAQM\K�gYP 6 VY�
# I 6 P 2 834LK�czAQa<4FP 2 K 834 µ VXBkI 6>2 ETAQMYE54LKlt	VXa\wpALc 6>2 VjK 4 2 A;834LK�ROGUAQBkI\K�E 2 �LK�aXVjKOK54LK�KHP 2 834LK�VXB[AQi�4LKI74FPSR 6 MYE 2 AmKOEOC=4LKlt
# 4FEVXMYc�4 2 K 4FB@4FMYEkI 6 P 2 834LK�czAQa<4FP 2 K9834 µ wpAQVX`Wa<4LKlt axA 2 CFizPWaxA 2 VjKTAQEHV 6 M AQP 2 A�E 256 I�I74FP 8:h VXMsd$ P�4FM\R=4�KHP 2 834LK�VXB[AQi�4LK�IWaXP\K�E54e�	EHP 2 C=4LK o�rhI4LKHE�I 6 P 2 gNP 6 V:M 6 P\K 8WCe]\MWVjKOK 6 M\K µ R 6 BkB@4�KHPWVXE �

µ = λmed
s∈S

∑

p∈s

ρ
(
r(p, θ̂e1(s), θ̂e2(s))

)
.

1  o���3
q 6 P\K�I 6 PWc 6 M\KrAQa 6>2 K 2 CFiza<4 2 λ 4FMSw 6 M\RFEHV 6 M 8sPSE �NI74 8:h�AQIWIWaXVjRlAQEHV 6 M�I 256 � 4FEOC=4ztUVXM�8WCFI 4FM�8\AQBkB@4FMNE834LK�RlA 2 AmRFEOC 2 VjKHEHVjgNP�4LK 834baxAKOCLgNP�4FM\R=4 8:h VXB[AQi�4LK�IUA 2 EHVjRFPWaXVj� 2 4fR 6 M\KOV<8WC 2 C=4zo\·�M λ wpAQVX`Wa<4rwpALc 6>2 VjK54 2 A834LKA4LKHEHVXB[AQEHV 6 M\KA8sPuB 6 PWc�4FB@4FMNEJizPWV<8WC=4LKrIUA 2 a<4LKA8 6 MWM\C=4LKltvETAQM�8sVjKbgYP h PWM�4�czAQa<4FP 2 IWaXP\KrVXBkI 6>2 dETAQMYE54�BD�FM�4 2 AD��834LK�K54FizB@4FMNETAQEHV 6 M\KrIWaXP\K�aXVjKOK54LKlo
) a%4LKHEA8:h�AQVXaXa<4FP 2 KG4FMNcNVjKTAQi�4lAQ`Wa<4 834�wpAQV 2 4�CFc 6 aXP�4 2 λ AQP�]\a 834aph�AQaXi 6>2 VXEHGWB@4zo:@�4LK 4LKHEHVXB[AQEHV 6 M\K 834LKROGUAQBkI\K 834�B 6 PWc�4FB@4FMNEOK0834Fc�4FMUAQMYE�IWaXP\K ]_AQ`Wa<4LKltQM 6 P\K~I 6 PWc 6 M\K�RTG 6 VjKHV 2 834 8 6 MWM�4 2 IWaXP\K�834�I 6 V<8WKAQP"E54 2 B@4 834�aXVjKOKTAQi�4.1E4FM�AQPWizB@4FMYETAQMNEkaxA¹czAQa<4FP 2 834 λ 3bI 6 P 2 AmKTKHP 2 4 2 PWM�4�K54FizB@4FMYETAQEHV 6 M�IWaXP\K
2 CFizPWaXVj� 2 4zo}q 6 P\KbALc 6 M\KZE54LKHEOC98sV|{}C 2 4FMNEOK 2 CFizaxAQi�4LKZI 6 KOKHVX`Wa<4LK�834 λ 4FM�K54LRFEHV 6 M  o  KHP 2 a<4LK�VXB[AQi�4LKKH�	MYEHG\CFEHVjgNP�4LKltWI 6 P 2 ]\MUAQa<4FB@4FMYEbROG 6 VjKHV 2 834LK�cmAQa<4FP 2 K�834baph 6>2 8 2 4 834 0, 5

o
H;h�AQPWE 2 42IUA 2 EltkCFczAQaXP�4 2 1  o���3 4LKHE�I 4FPªR 6&% E54FPs� 4FM�E54FBkI\K 8342RlAQajRFPWaSIWPWVjKTgYP�4 a<4LK 2 CLKHV<8sP\K
ρ
(
r(p, θ̂e1(s), θ̂e2(s))

) K 6 MNE@8WC �H�,RlAQajRFPWajCLKDIUA 2 AQVXaXa<4FP 2 Klt 4FEkgYP�4�a<4�BDC=8sVxAQM 4LKHE 4FM\KHPWVXE54¹RlAQajRFPWajCAQPSMWVXc�4lAQP 834LK�`Wa 6 RLKlt34FE�M 6 M�AQPSMWVXc�4lAQP 834LK�IWV|�34FajK 834baph VXB[AQi�4zo
®$��¯ ��' ( QRUZQ M QRS�N�TGQ�³�U ��¶ P*) �XU�¶\²�	�Q�¶ 	�P�³ ZNBP�¶
@£h�CFM�4 2 izV<4+1  oX�]36K54�BkVXMWVXBkVjK54�VXEOC 2 AQEHVXc�4FB@4FMYElozq 6 P\K I 256 RLC=8 6 M\K�AQaXE54 2 MUAQEHVXc�4FB@4FMYE£R 6 BkB@4�KHPWVXE �
# � CFEHVjgNP�4FEHE54LKZ]W�sC=4LK t\M 6 P\K?8WCFE54 2 BkVXM 6 M\Kba<4LK�IUA 2 AQBD�FE 2 4LK 834LKZB 6 8W�Fa<4LKJA 0DM�4LK?834�B 6 PWc�4edB@4FMNE�BkVXMWVXBkVjKTAQMNE�1  oX�]3eo
# � IUA 2 AQBD�FE 2 4LK 834fB 6 PWc�4FB@4FMYE�]W�WCLKltsM 6 P\K�8WCFE54 2 BkVXM 6 M\K�aph�CFEHVjgNP�4FETAQi�4 6 IWEHVXB[AQapo� 4�KOROG\CFB[A?4LKHE~VXEOC 2 C�IWaXP\KOV<4FP 2 K6w 6 VjKloQ@�4�R 2 VXEO� 2 4 8:h�A 2:2 )FE 2 4FE54FMNP t¸I 6 P 2 aXVXBkVXE54 2 a<4�c 6 aXPWB@4B834�RlAQajRFPWapt

4LKHE�PWM�M 6 B�` 2 4?8:h VXEOC 2 AQEHV 6 M\K�B[A¸�sVXB[AQa n VXBkI 6 KOCzo HrV|{}C 2 4FMNE54LK�cmAQa<4FP 2 K 834 n K 6 MYE�E54LKHEOC=4LKB8\AQM\K�axAK54LRFEHV 6 M  o  t�4FE�M 6 P\K�CFETAQ`WaXVjKOK 6 M\K�gYP�4baxA;czAQa<4FP 2 n = 5 6 { 2 4bPWMS` 6 MSR 6 BkI 256 BkVjK o
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43 �£aXa<4 A wpAQVXE¹aph 6 `s�:4FE,8sPROGUAQIWVXE 2 4^�\o=HA4�w�AQVXEltQgNPUAQM�8�a<4LK�CFEHVjgNP�4FEHE54LK£K 6 MNE ]W�WC=4LKlt¸a<4�E54 2 B@4 834�aXVjKOK�AQi�4 834+1  oX�]3'4LKHE�R 6 M\KHETAQMYElt
4FE�VXarKHP 0DE 834uBkVXMWVXBkVjK54 2 a<4uE54 2 B@4 8:h�AQEHETAmROG�45AQPs� 8 6 MWM\C=4LKSAlc�4LR�axA"BDCFEHG 6 834�I 2 CLK54FMNEOC=45AQPIUA 2 AQi 2 AQIWG�4f�\o��so
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	� �;92��<3 @ 6>2 KTgYP�45a<4LK�B 6 8W�Fa<4LKA 0DM�4LK 834�B 6 PWc�4FB@4FMYE�K 6 MNE£]W�WCLKltX1  oX�]30834FcNV<4FMNE�PWM�4�w 6 M\RFEHV 6 M 8sP�ROGUAQBkI 834LK�CFEHVjgNP�4FEHE54LK e K54FPWapo� 6 BkB@4ZVXa_M hI4LKHE�IUAmK�I 6 KOKOVX`Wa<4 834�E54LKOE54 2 E 6 P\K�a<4LK�KTRLCFMUA 2 V 6 K�I 6 KOKHVX`Wa<4LK[1 VXaU�@4FM¹A

K2m KHV m 4LKHE�a<4M 6 B�` 2 4 834Z`Wa 6 RLK�R 6 M\KOV<8WC 2 CLK43et	B )FB@4bAlc�4LRrPWM�I74FEHVXE�M 6 B�` 2 4 834ZKOVXE54LKltYM 6 P\K�BkVXMWVXBkVjK 6 M\K^aph�CFM�4 2 dizV<4�iza 6 `UAQa<4 F (e)
IUA 2 axA[BDCFEHG 6 834>=&?�@ 1 ) E54 2 AQEHVXc�4D� 6 M�8sVXEHV 6 MUAQaYJ 6 834LKlt\B 6 834LKbR 6 M�8sVXEHV 6 MWM�4FajKVXEOC 2 CLK43eo@6A[BDCFEHG 6 834 2 4FE54FMNP�4kR 6 M\KHVjKHE54;�Dc	VjKHVXE54 2 AQajClAQE 6 V 2 4FB@4FMNEfa<4LKbKHVXE54LKltUI 6 P 2 ROGUAmRFPWM�8:hI4FMNE 2 494FPs� 834
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E54LKHE54 2 a<4LK K2 CFEHVjgYP�4FETAQi�4LKI 6 KOKHVX`Wa<4LK � t�4FE9834DiYA 2 834 2 R=4FaXPWV�gNPWV 8 6 MWM�4[a 6 RlAQa<4FB@4FMYEaph�CFM�4 2 izV<4�axAIWaXP\K[w�AQVX`Wa<4zo�@£h�AQaXi 6>2 VXEHGWB@4,Klh�A 2:2 )FE54Sa 6>2 KOgNP h VXa�M h � A IWaXP\K�AQP\RFPWM�ROGUAQMWi�4FB@4FMYE,8:h�CFEHVjgNP�4FEHE54zt 6 P`WV<4FM�gNPUAQM�8�PWMSM 6 B�` 2 4�B[A¸�	VXB[AQa'8:h VXEOC 2 AQEHV 6 M\KrA;CFEOCG4e{*4LRFEHP\Czo·ZM�4;E54FaXa<4kE54LROGWMWVjgNP�4@834;BkVXMWVXBkVjKTAQEHV 6 M�I 4 2 B@4FE 8:h�AQEHE54FVXM�8 2 4[PWM5BkVXMWVXB�PWB a 6 RlAQa£gNPWV08WCFI 4FM�8 2 A
834baph VXMWVXEHVxAQaXVjKTAQEHV 6 M,ROG 6 VjKHV<4zo@£h VXBkIWaxAQMNETAQEHV 6 M 834,aph )H� J 4LKHE 2 4FaxAQEHVXc�4FB@4FMYEuI 4FP)R 6&% E54FP\K 4 4FM�E54FBkI\K 8345RlAQajRFPWapo )�arwpAQPWE�AQPI 2 ClAQaxAQ`Wa<4,RlAQajRFPWa<4 2 a<4LK[VXB[AQi�4LK�VXMYE54 2 I 6 ajC=4LK¹KHPWVXczAQMYE�a<4LK K2/2

R 6 Ms]\izP 2 AQEHV 6 M\K�I 6 KOKOVX`Wa<4LK�1 PWM�4
8sV % AQVXM�4.4FM�I 2 AQEHVjgYP�4[I 6 P 2 I(., t) 4FE I(., t − 1)

3eo���GUAmgYP�4[VXEOC 2 AQEHV 6 M 834[aph )�� J 2 4Fc	V<4FMYEAQa 6>2 K;�RlAQajRFPWa<4 2 a<4 2 CLKHV<8sP r KHP 2 PWMD`Wa 6 R�I 6 P 2 E 6 P\K�a<4LK£CFEHVjgYP�4FETAQi�4LK�I 6 KOKHVX`Wa<4LKltnR=4�gYPWV�4LKOE 4e�sR=4LKTKHVXc�4FB@4FMYE
2 AQIWV<834zo
q 6 P\K 2 CLKHPWB 6 M\Kra<4�KORTG\CFB[A�� 6 VXMNE?8:hI4LKHEHVXB[AQEHV 6 M�834�B 6 PWc�4FB@4FMYEOKfIUA 2 AQBDCFE 2 VjgYP�4LK 4FEA834�K 4FimdB@4FMYETAQEHV 6 M 4FM�R 6 P\ROG�4LKr�;aph�AQaXi 6>2 VXEHGWB@4��so
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�� +ZaXi 6>2 VXEHGWB@4 8sP�KORTG\CFB[Ak� 6 VXMYE�8:hI4LKHEHVXB[AQEHV 6 M 834[B 6 PWc�4FB@4FMNEOK;IUA 2 AQBDCFE 2 VjgYP�4LKE 2 AQM\KHIUA 2 4FMNEOK�4FE 834fK 4FizB@4FMYETAQEHV 6 M 4FMuR 6 P\ROG�4LKlo
) EOC 2 AQEHVXc�4FB@4FMYElt
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# JuVXMWVXBkVjKTAQEHV 6 M 834baph�CFM�4 2 izV<4�iza 6 `UAQa<4JIUA 2 a<4LK�B 6 VXM�8 2 4LKZRlA 2:2 CLK�I 6 M�8WC 2 CLK�VXEOC 2 CLKlo
# ·ZEHVXaXVjKTAQEHV 6 M 834JIN� 2 AQBkV<834LK�834G��d�KHIWaXVXM�4LKlo
# D CLK 6 aXPWEHV 6 M�VXM\R 2 CFB@4FMNETAQa<4 834�E��	I74��JAQP\KOKHd�q�4���E 6 M¹�JIUA 2 EHV 2 8:h PWM�4�aXVXM\ClA 2 VjK�AQEHV 6 M 8sP 2 CLKHV<8sP¹AQPK54LR 6 M�8 6>2 8 2 4zo
# D 4LROG�4 2 ROG�4;8:h PWM�4G8sV 2 4LRFEHV 6 M 834 834LKOR=4FMYE54JIUA 2 a<4bi 2 A>8sV<4FMYEZR 6 Mm��PWizP\Czo
# �^AQajRFPWa 8sP�IUAmK 4e�WAmRFE�4FM�AQMWMYPWaxAQMYErPWMSI 6 aX�NM 
 B@4 834 834Fi 2 C 4
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5�A 2 axA;E54LROGWMWVjgNP�4 )H� Jyo
# � VjKHVXE54�AQajClAQE 6 V 2 4G834fKOVXE54LK 1 `Wa 6 RLKC3eo
# ��M�RTGUAmgYP�4�KHVXE54ztsE54LKHE 834JaphI4FM\K 4FB�`Wa<4 834LK�CFEHVjgYP�4FETAQi�4LK�I 6 KOKOVX`Wa<4LKlo
# ��M�RTGUAmgYP�4�KHVXE54ztsE54LKHE 834JaphI4FM\K 4FB�`Wa<4 834LK�CFEHVjgYP�4FETAQi�4LK�I 6 KOKOVX`Wa<4LKlo

q 6 P\K 4e�sIWaXVjgYP 6 M\K 8\AQM\K�a<4LK�K 6 P\K�d�K 4LRFEHV 6 M\K�KHPWVXczAQMYE54LK
# R 6 BkB@4FMNE�M 6 P\K^VXMWVXEHVxAQaXVjK 6 M\K^a<4rM 6 B�` 2 4G834rR 6 P\ROG�4LK K t	a<4FP 2 B 6 8W�Fa<4A834rB 6 PWc�4FB@4FMYE�4FE�axAK 4FizB@4FMYETAQEHV 6 M 834faph VXB[AQi�4G4FM�R 6 P\ROG�4LK��
# R 6 BkB@4FMNE�M 6 P\K^wpAQVjK 6 M\K�CFc 6 aXP�4 2 K �
# 4FE^R 6 BkB@4FMYE�R=4FE�AQaXi 6>2 VXEHGWB@4 2 ClAQizVXE�KHP 2 834LK�`Wa 6 RLK��fPWM�4rK54FPWa<4rR 6 P\ROG�4 6 P¹�fIWaXP\K 834?834FPs�R 6 P\RTG�4LKlo
��� ) � 	�������������#!����� # 	������ )��!����������% ��#���������� ) � � �') 	 & ���
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) a�M 6 P\K[w�AQPWE�VXMWVXEHVxAQaXVjK54 2 a<4uKOROG\CFB[A VXEOC 2 AQEHV|w;8:hI4LKHEHVXB[AQEHV 6 M 4FE 834uK54FizB@4FMYETAQEHV 6 My� 6 VXMYE54LK 834B[AQMWVj� 2 4[AQP\KOKOV�A>8WCLgNPUAQE54DgNP�4I 6 KOKOVX`Wa<4�I 6 P 2 AmKOKHP 2 4 2 K�A�R 6 MNc�4 2 i�4FM\R=4Dc�4 2 KJPWM,BkVXMWVXB�PWB a 6 RlAQa

� I74 2 EHVXM�4FMYE��To � axA 8sV|{:C 2 4FM\R=4,8sP ROGUAQIWVXE 2 4u�st�M 6 P\KkM�4¹ROG�4 2 RTG 6 M\K[IUAmK[K54FPWa<4FB@4FMYE 834LKkcmAQa<4FP 2 KVXMWVXEHVxAQa<4LK�I 6 P 2 a<4LK�B 6 8W�Fa<4LK 834DB 6 PWc�4FB@4FMNE9834LK�R 6 P\ROG�4LKlt B[AQVjK�CFiYAQa<4FB@4FMNE;PWM�4kI 2 4FBkVj� 2 4�K 4FimdB@4FMYETAQEHV 6 M 4FM�R 6 P\ROG�4LK t�4FE�PWM�4G4LKHEHVXB[AQEHV 6 M 8sPSM 6 B�` 2 4;834JR 6 P\ROG�4LK?4FM¹I 2 CLK54FM\R=4zoq 6 P\K 2 4FI 2 4FM 6 M\K�aph V<8WC=4 8:hI4e�sIWa 6 VXE54 2 a<4LK 2 CLKHPWaXETAQEOK0834^axAZBkVjK54 4FMDR 6>2:2 4LKHI 6 M�8\AQM\R=4^IUA 2 `Wa 6 RLK£A>8\AQIsdEOC=4��axAE 2 AQM\KHIUA 2 4FM\R=4zo8��aXa<4�K h�AQIWIWaXVjgYP�4 4FM 4e{*4FE�KHP 2 PWM¹c 6 VjKOVXMUAQi�4�AmKOK54�%Ja 6 RlAQaXVjKOCJI 6 P 2 gYP�4faph 6 MIWPWVjKOK54�R 6 M\KHV<8WC 2 4 2 gNP h PWM�4�axA 2 i�4�B[A¸� 6>2 VXEOC 834LK�`Wa 6 RLK£K 4�E 256 PWc�4 4FM[KHVXEHPUAQEHV 6 M 834�`WV|dpE 2 AQM\KHIUA 2 4FM\R=4zo
) aNwpAQPWE�I 6 P 2 R=4FaxAr`WV<4FMDK %32 VXizM 6>2 4 2 a<4LK�`Wa 6 RLK£KOVXEHP\CLK£�ZRTG�4FcmAQa_KHP 2 axAZw 256 MNEHVj� 2 4 4FMYE 2 4 834FPs�kR 6 P\ROG�4LK
1 gNPWV K 6 MNEZaxA 2 i�4FB@4FMNErBkVXM 6>2 VXETAQV 2 4LKC3 4FEZa<4LK 2 A 2 4LKZ`Wa 6 RLKZI 6 PWcmAQMNE 2 4LR 6 PWc 2 V 2 PWM�4�R 6 Ms]\izP 2 AQEHV 6 M �
3
R 6 P\ROG�4LK 6 PSIWaXP\Klo

� aph VjKOKHP�4 834DaxASBkVjK54 4FMyR 6>2:2 4LKHI 6 M�8\AQM\R=4�IUA 2 `Wa 6 RLK t M 6 P\K98sVjKHI 6 K 6 M\K;8:h PWM 4FM\K54FB�`Wa<4 834�c�4LRedE54FP 2 K9834 8WCFIWaxAmR=4FB@4FMNE;K�AQM\K�KHE 2 P\RFEHP 2 4zt%4FE�I 6 E54FMYEHV<4FaXa<4FB@4FMNE.4FMYE��mRTG\C 8:h 6 PWEHaXV<4 2 K 1E8sP\K;AQP"` 2 PWVXEKHP 2 834LK % 6 M�4LK�I 4FP�E54e�	EHP 2 C=4LK t 4FE¹CFiYAQa<4FB@4FMNE�AQPs� `Wa 6 RLK�gNPWVbM h�CFETAQV<4FMYE¹IUAmK 4FM2KHVXEHPUAQEHV 6 M `WV|dR 6 P\ROG�4]3etvR 6 BkB@4fVXaXaXP\KOE 2 C��;iYAQP\ROG�4;834JaxA]\izP 2 4  o��soUq 6 P\K�K 6 PWGUAQVXE 6 M\K?8WCFE54 2 BkVXM�4 2 �;IUA 2 EHV 2 834R=4FE 4FM\K54FB�`Wa<4G834Jc�4LRFE54FP 2 K�834 8WCFIWaxAmR=4FB@4FMYE �
# a<4bM 6 B�` 2 4 834fR 6 P\RTG�4LK�I 2 CLK54FMNE54LK 8\AQM\K�aph VXB[AQi�4�
# PWM�4ZI 2 4FBkVj� 2 4bAQIWI 256 �sVXB[AQEHV 6 M,834LK�B 6 8W�Fa<4LK 834�B 6 PWc�4FB@4FMNE�IUA 2 AQBDCFE 2 VjgYP�4LKB834LK^R 6 P\ROG�4LK �
# PWM�4�K54FizB@4FMYETAQEHV 6 M 834baph VXB[AQi�4 4FMSR 6 P\ROG�4LK oq 6 P\K RTG 6 VjKHVjKOK 6 M\K%8:h PWEHVXaXVjK54 2 ��M 6 PWc�4lAQPaxA�E 2 AQM\K�w 6>2 BDC=4 834
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  	 � <��=> 	4$ � 	 � � � � � 	
� ��� :=<�@ 	 �WB 6 8W�Fa<4LKZA 0DM�4LKZKHVXBkIWaXV|]UCLK?4e�	E 2 AQVXEOK�IUA 2 axA;E 2 AQM\K�w 6>2 BDC=4 834 	 6 PWizG 4FEZAQEHE 2 VX`WP\CLKbAQPs�`Wa 6 RLKfgYPWV 6 MNE�c 6 EOC;I 6 P 2 4FPs�:t}B 6 8W�Fa<4LKA 0DM�4LK�KHVXBkIWaXV|]UCLKAQEHE 2 VX`WP\CLK�AQPs�,`Wa 6 RLK;8 6 MYEfVXajKJBkVXMWV|dBkVjK54FMNEka<4 2 CLKOV<8sP t�IWPWVjK;I 2 4FBkVj� 2 4¹VXEOC 2 AQEHV 6 M 834�axAuBkVXMWVXBkVjKTAQEHV 6 M 834�aph�CFM�4 2 izV<4 1  oX�]3;ALc�4LR�E 6 PWE
8:h�AQ` 6>2 8[aphI4LKHEHVXB[AQEHV 6 M,834LK�B 6 8W�Fa<4LK�A 0DM�4LK�R 6 BkIWa<4FEOK���K54FizB@4FMNETAQEHV 6 M,8 6 MWM\C=4ztNIWPWVjK�a<4 2 CLCFEHVjgYP�4edETAQi�4��ZB 6 8W�Fa<4LK�834�B 6 PWc�4FB@4FMYE 8 6 MWM\CLK o�
 � :=< A < 
  	 � <��=> 	 �=)�EOC 2 AQEHV 6 M\K 2 4FE 3 834�axA�BkVXMWVXBkVjKTAQEHV 6 M834baph�CFM�4 2 izV<4Jiza 6 `UAQa<4\1  oX�]3eo� 	 � >�< 
 �%	 � <��G> 	 � ) EOC 2 AQEHV 6 M\K 4 4FE 5 834baxABkVXMWVXBkVjKTAQEHV 6 M 834baph�CFM�4 2 izV<4iza 6 `UAQa<4�1  oX�]3eo
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5�A 2 R 6 M\KOCLgNP�4FMYE2�
# a<4,KORTG\CFB[A 8:hI4LKHEHVXB[AQEHV 6 M)I 256 I 6 KOC�I 4 2 B@4FE,834,RlAQajRFPWa<4 2 a<4LK�B 6 PWc�4FB@4FMNEOK 834�axA�R 6 P\ROG�4I 2 CLK 4FMYE54fKHP 2 a<4LK�`Wa 6 RLK�B 6 M 6 d�R 6 P\ROG�4LKlo
# R=4FI74FM�8\AQMYEltsaxA�BDCFEHG 6 834ZczA�CFiYAQa<4FB@4FMYE 4LKHEHVXB@4 2 PWM�B 6 8W�Fa<4Z]URFEHV|wHtNK�AQM\K�KOVXizMWV|]URlAQEHV 6 M¹IWGY�NdKOVjgYP�4JKHP 2 R=4b`Wa 6 Rzt�8 6 MNE�aph�AQIWIUA 2 VXEHV 6 MuI74FPWE�ALc 6 V 2 834FPs��R 6 M\KTCLgYP�4FM\R=4LK�i�)FMUAQMYE54LK��
# 4FaXa<4�I 4FPWE�4FMYE 2 A��jM�4 2 PWM�4�K54FizB@4FMNETAQEHV 6 MuVXM�4e�\AmRFE54ztUR=4fgNPWV 4LKHE�I 256 `WajCFB[AQEHVjgYP�4�I 6 P 2 R=4 2 dETAQVXM�4LKrAQIWIWaXVjRlAQEHV 6 M\K �
# R=4FEHE54[K54FizB@4FMYETAQEHV 6 M�I 4FPWEJi�)FM�4 2 aphI4LKOEHVXB[AQEHV 6 M 8sP5B 6 PWc�4FB@4FMYElt6IUA 2 4e��4FBkIWa<4 4FM R 6 B;dIWajCFETAQMNE 4FE�czAQaXV<8\AQMYE0834LK£R 6 P\RTG�4LK�I 4FP 2 4FI 2 CLK54FMNETAQEHVXc�4LKltYR=4^gNPWVsaXVXBkVXE54 2 AbaphI4e{74FE08sP;aXVjKOK�AQi�4VXMNE 256 8sPWVXE?8\AQM\K�aph�CFM�4 2 izV<4�1  oX�]3eov� 4JI 256 `Waj�FB@4 4LKHE�E 6 PWE54ew 6 VjK�K54LR 6 M�8\AQV 2 4zo

®���� �� ��³�M�±�³ ²GTz¶XM�¶XU&TFS��£² �ZU  Pp³�´ M ��P�T�Q��L´s³���´Nµ£¶ �
� 6 BkB@4�M 6 P\Kfaph�Alc 6 M\K;4e�sIWaXVjgYP\C 4FM 8WCF`WPWE�834DROGUAQIWVXE 2 4zt~RzhI4LKHE�I 2 CLRFVjKTCFB@4FMYEaxA 2 A 2 4FEOC.834[axAR 6 Ms]\izP 2 AQEHV 6 M;B�PWaXEHV|d�R 6 P\RTG�4�gYPWVNA�w�AQVXE I 2 VXcNVXajCFizV<4 2 axA�M 6 EHV 6 M9834£`WV|dpE 2 AQM\KHIUA 2 4FM\R=4B8sVjKHE 2 VX`WP\C=4�I 6 P 2AQIWI 2 CFG�4FM�834 2 a<4[RlAmKJinCFM\C 2 AQapo6@ 6>2 KTgYP�4kM 6 P\K 2 4FM\R 6 MYE 256 M\K�B[AQaXi 2 CDE 6 PWEfPWM5`Wa 6 RkB�PWaXEHV|d�R 6 P\ROG�4ztIUA 2 4e�34FBkIWa<4JE 2 V|d�R 6 P\ROG�4ztUM 6 E 2 4fR 2 VXEO� 2 4 4LKOE�AQa 6>2 K 8WCew�AQVXaXaxAQMNEloU@�4 2 CLKHV<8sP�Klh�CLR 2 VXE 8\AQM\KZR=4JRlAmK�dpax� �

r(p,w1,w2) = I(p, t+ 1)− I(p + w1, t)

−I(p + w2, t) + I(p + w2 + w1, t− 1)
1  o���3

= I1(p, t+ 1)− I1(p + w1, t)

−I1(p + w2, t) + I1(p + w2 + w1, t− 1)

+I2(p, t+ 1)− I2(p + w1, t)

−I2(p + w2, t) + I2(p + w2 + w1, t− 1)

+I3(p, t+ 1)− I3(p + w1, t)

−I3(p + w2, t) + I3(p + w2 + w1, t− 1).
1  o��G3

# ·ZM�4�KHVXEHPUAQEHV 6 M�w�Alc 6>2 AQ`Wa<4SAQIWIUA 2 A��jE;a 6>2 KOgYP h PWM�4 834LKE 256 VjKkR 6 P\RTG�4LKlt~IUA 2 4e�34FBkIWa<4 I3 t'4LKOEG 6 B 6 in�FM�4ZKHP 2 a<4�`Wa 6 R�R 6 M\KHV<8WC 2 C�1 2 4FaxAQEHVXc�4FB@4FMYE�AQPs�@834FPs�DAQPWE 2 4LKC3eoIHJAQM\K£R=4�RlAmKltna<4LK 834FPs�
834 2 MWVj� 2 4LK£aXVXizM�4LK 834^aph�CLgYPUAQEHV 6 MF1  o��G3~K54�R 6 BkI 6>2 E54FMYE � R 6 BkB@4�PWM;` 2 PWVXE�A>838sVXEHV|w �Ton� 4FaxArI74 2 dB@4FE�834fR 6 M\KHV<8WC 2 4 2 gNP�4Japh 6 M 2 4LKOE54�AQIWI 256 �sVXB[AQEHVXc�4FB@4FMYE 4FM�KHVXEHPUAQEHV 6 M 834J`WV|dpE 2 AQM\KHIUA 2 4FM\R=4
8sVjKOE 2 VX`WP\C=4zt34FE 8:hI4LKHEHVXB@4 2 a<4LK�B 6 PWc�4FB@4FMNEOK 834LK 834FPs��AQPWE 2 4LK�R 6 P\RTG�4LK�AmKOK54�%bR 6>2:2 4LRFE54FB@4FMYElo
�£MkE 6 PWE£CFETAQE0834�RlAQP\K 4ztmaxA�I 2 CLK 4FM\R=4 834�axAbR 6 P\ROG�4 3

KHP 2 a<4^`Wa 6 R�M�4�K54 2 AZIUAmK08WCFE54LRFEOC=4zt(4FE�axAK 4FizB@4FMYETAQEHV 6 M�IUA 2 EHV<4FaXa<4FB@4FMYE^wpAQP\KOKOC=4zo )�aUK h�AQizVXE 8:h�AQVXaXa<4FP 2 K�ax�G8:h PWM�I 256 `Waj�FB@4rIWaXP\K�inCFM\C 2 AQaptgNPWV R 6 M\R=4 2 M�4fa<4LK 2 CFizV 6 M\K�G 6 B 6 in�FM�4LKlt�4FEZKHP 2 a<4LgYP�4Fa6M 6 P\K�AQaXa 6 M\K 2 4Fc�4FMWV 2 o
# HJAQM\K6a<4£RlAmK inCFM\C 2 AQapt BkVXBkVXMWVjK54 2 1  o��G3 KHP 2 PWMf`Wa 6 R04FM�KHVXEHPUAQEHV 6 M9834£B�PWaXEHV|dpE 2 AQM\KHIUA 2 4FM\R=4�M h�AIUAmK 834^K54FM\K~IWGN�	KHVjgNP�4zoz@�4 2 CLKHV<8sP 4LKHE£AQa 6>2 K�VXBkI 6>2 ETAQMYE�gNP�4FaXa<4LK�gYP�4^K 6 V<4FMNE�a<4LK�B 6 PWc�4FB@4FMYEOK
4LKOEHVXBDCLKltYR=4ZgYPWVvK54�E 2 A>8sPWV 2 A�IUA 2 834LK�I 6 V<8WK�wpAQVX`Wa<4LK 8\AQM\K�a<4�KORTG\CFB[A 8:hI4LKOEHVXB[AQEHV 6 M 256 `WP\KHE54zo@�h VXMsw 6>2 B[AQEHV 6 M,834bR=4Z`Wa 6 RbK54 2 AAQa 6>2 K^VXizM 6>2 C=4ztsR=4rgNPWV}CFcNVXE54 2 A9834Zw�AQP\KTK54 2 aphI4LKHEHVXB[AQEHV 6 M,834LKB 6 8W�Fa<4LK 834JB 6 PWc�4FB@4FMNErA 0DM�4LK�IUA 2 AQVXaXa<4FP 2 Klo
5�A 2 R 6 MNE 2 4ztWPWMSCFEHVjgYP�4FETAQi�4�KTAQM\K�i 2 AQM�8SK54FM\K^IWGN�	KOVjgYP�4 2 VjKOgNP�4 2 A�8:h�ALc 6 V 2 aXV<4FPSKHP 2 R=4b`Wa 6 Rzo
5£PWVjKOgYP�4uR=4FEHE54�R 6 Ms]\izP 2 AQEHV 6 M 4LKHE 2 A 2 4zt�M 6 P\KDI 6 PWc 6 M\K 4LKOIvC 2 4 2 gYP�4¹a<4LK�R 6 MYE 2 AQVXMNE54LK 834aXVjKTKTAQi�4kK54 256 MYE�I 2 C=8 6 BkVXMUAQMYE54LK�4FEJI 4 2 B@4FEHE 256 MNE�PWM"CFEHVjgNP�4FETAQi�4[AQIWI 256 I 2 VjC 8sP `Wa 6 RkK 4Fa 6 M
834FPs� 834LK�E 256 VjKZR 6 P\ROG�4LK 4FM 4e�	IWa 6 VXETAQMNE�a<4JR 6 MYE54e�sE54�KOIUAQEHVxAQa 834JR=4J`Wa 6 Rzo
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�$#����  o ���6)�B[AQi�4�RFaXVXMWVjgYP�4�ALc�4LR�PWM"`Wa 6 R 4FM�KHVXEHPUAQEHV 6 MyB 6 M 6 R 6 P\RTG�4 1 256 PWi�4]3et6PWM 4FM�KHVXEHPUAQEHV 6 M`WV|d�R 6 P\ROG�4�cNVjKOVX`Wa<4\1 c�4 2 E43 4FE�PWM 4FMSKHVXEHPUAQEHV 6 M�`WV|d�R 6 P\ROG�498sV 0[RFVXa<4FB@4FMYE�8WCFE54LRFETAQ`Wa<4�1 `Wa<4FP83eo
®���� ��' �;¶\²�TGQ U£¶XU�´s¶ ��¶ P ) N �YN}±ZT=N�T�Qp³&U ��� Sm´Yµ��XMON � )j¶XS T�QRMON�TGQ�³�U �;SQ¶
	�M�¶XU&TGN8T�Q�³�U±�³ �£² ���
Tz¶U´ Tz¶\² Pp¶8S¹´s³�U���	��£²�N�T�Qp³&UZS�µ�³ ²IS  Q��L´s³���´Nµ£¶XS
q 6 P\K�I 256 I 6 K 6 M\K9834FPs�"B 6 ��4FM\K�834 8WCFE54LRFE54 2 a<4LK�`Wa 6 RLK�B 6 M 6 dG4FE�B�PWaXEHV|d�R 6 P\ROG�4LKlt 4FE�4e�sIWaXV|dgNP 6 M\K�R 6 BkB@4FMNEkA>8\AQIWE54 2 a<4[KTROG\CFB[A 8:hI4LKHEHVXB[AQEHV 6 Msd�K54FizB@4FMYETAQEHV 6 M 4FM�R 6 M\KOCLgNP�4FM\R=4 4FM�AQMWM�4e��4

H;oz@�4FP 2 4C0[RlAmRFVXEOC 4LKOE�B 6 MYE 2 C=4�KHP 2 834LK£VXB[AQi�4LK�dpE54LKHE 834^E54e�sEHP 2 4LK�` 2 PWVXEOC=4LKltYAQVXM\KOV\gYP�4 834LK�VXB[AQi�4LKc	V<8WC 6 K�RFaxAmKOKHVjgNP�4LK 4FM�AQMWM�4e�34/��o@6A BDCFEHG 6 834 834 8WCFE54LRFEHV 6 M 834LK[`Wa 6 RLKDB 6 M 6 d�R 6 P\RTG�4LK¹ROG�4 2 ROG�4,� 2 4FI}C 2 4 2 a<4LK�c	VXE54LKOK54LK;]URFEHVXc�4LK
1 R=4FaXa<4LK�gNPWV\M�4�R 6>2:2 4LKOI 6 M�834FMNE�IUAmK��rPWM�4ZR 6 P\ROG�4 2 C=4FaXa<4]3et 4FM[Klh�AQIWIWPW�YAQMNE�KHP 2 a<4�w�AQVXE�gNP�4�a<4 2 CLKOV<8sPM�4�RTGUAQMWi�4�I 2 AQEHVjgNP�4FB@4FMYE^IUAmK�KHV 6 M�a<4LK 2 4FBkIWaxAmR=4ZIUA 2 8:h�AQPWE 2 4LK�c	VXE54LKOK54LK�RTG 6 VjKHV<4LK^AQajClAQE 6 V 2 4FB@4FMYElo

� aph VXMYc�4 2 K54ztWPWM�4fcNVXE54LKOK 4JR 6>2:2 4LKHI 6 M�8\AQMNEr�PWM�4fR 6 P\RTG�4 2 C=4FaXa<4G8 6 MWM�4 2 AkPWM 2 CLKHV<8sP¹E 2 �LK 8sV|{:C 2 4FMYEK54Fa 6 MSgNP�4Japh 6 MSROG 6 VjKOVjKOK54fKTAczAQa<4FP 2 2 C=4FaXa<4 6 P,834LK�cmAQa<4FP 2 KZAQajClAQE 6 V 2 4LKloqrClAQMWB 6 VXM\Klt£KHV�M 6 P\K 6 `\K54 2 c 6 M\K.4e{*4LRFEHVXc�4FB@4FMYE 834LK[R 6 BkI 6>2 E54FB@4FMYEOK�E 2 �LK@8sV|{:C 2 4FMYEOK 8\AQM\K[R=4LK
834FPs��RlAmKba 6>2 KTgYP�4a<4LK 834FPs��R 6 P\RTG�4LKfK 6 MNE�AmKOK54�%E54e�	EHP 2 C=4LKlt}VXajKJK 6 MYEb` 4lAQP\R 6 PWI5IWaXP\K 8sV 0[RFVXa<4LK��
8sVjKHEHVXMWizP�4 2 KHP 2 834LKrVXB[AQi�4LKJRFaXVXMWVjgYP�4LKlo � V�4FM,IWaXP\KZa<4LKrB 6 8W�Fa<4LKA834�B 6 PWc�4FB@4FMNEfK 6 MYEfAQIWI 256 ROG\CLK
834;B[AQMWVj� 2 4kVXBkIUA 2 wpAQVXE54zt:a<4kR 6 BkI 6>2 E54FB@4FMYE;834LK 2 CLKHV<8sP\KJR 6>2:2 4LKHI 6 M�8\AQMYE� 834LKJR 6 P\RTG�4LKJ]URFEHVXc�4LK
4FE 2 C=4FaXa<4LK 834Fc	V<4FMWM�4FMYEZE 2 �LK 8sV 0[RFVXa<4LKb��8sVjKHEHVXMWizP�4 2 o
5�aXP\K�VXMYEHPWVXEHVXc�4FB@4FMYEltsaxAb]\izP 2 4  o �fVXaXaXP\KHE 2 4�axA 8sV 0[RFPWaXEOC?834�axAbE��mROG�4?834 8WCFE54LRFEHV 6 M 834�R=4LK�R 6 Ms]\izPsd
2 AQEHV 6 M\Klo ��aXa<4�I 2 CLK54FMNE54�PWM�4�VXB[AQi�4�RFaXVXMWVjgNP�4�KHP 2 axAmgYP�4FaXa<4�E 256 VjK�`Wa 6 RLK�K 6 MYE 834LKTKHVXM\CLKlon@£h PWM 8:hI4FMYE 2 4
4FPs��1 a<4 256 PWi�4]3 4LKHE 4FM¹KHVXEHPUAQEHV 6 M�B 6 M 6 d�R 6 P\RTG�4ztWR 6>2:2 4LKHI 6 M�8\AQMNE�AQPs�[I 6 PWB 6 M\Klos@�4�`Wa 6 Rrc�4 2 E 4LKOE
4FM"KHVXEHPUAQEHV 6 M�`WV|d�R 6 P\ROG�4�1 I 6 PWB 6 M\K94FE�R 
 E54LK43JAlc�4LR.834FPs� R 6 P\ROG�4LK 2 4FaxAQEHVXc�4FB@4FMYE 8sVjKHEHVXMWizPUAQ`Wa<4LKlo
� A�R 6 Ms]\izP 2 AQEHV 6 M"I 6 P 2:2 AQVXE )FE 2 4�8WCFE54LRFEOC=4zo 5~A 2 R 6 MNE 2 4zt:a<4`Wa 6 R;`Wa<4FP5K54E 256 PWc�4;aXPWV|d AQP\KOKOV04FM,KOV|dEHPUAQEHV 6 M¹`WV|d�R 6 P\ROG�4fB[AQVjK^axA�R 6 P\RTG�4G8sP¹R � P 2 � 4LKHE�KHVvG 6 B 6 in�FM�4fgNP hI4FaXa<4ZM�4bK54 2 A�IUAmK 8WCFE54LRFETAQ`Wa<4VXM�8WCFI74FM�8\AQBkB@4FMYEA834LK�AQPWE 2 4LKlo
HJAQM\KJa<4kB )FB@4 6>2 8 2 4.8:h V<8WC=4zt:M 6 P\K�I 256 I 6 K 6 M\K 834@8WCFE54LRFE54 2 a<4LKf`Wa 6 RLK 4FM"KHVXEHPUAQEHV 6 M 834kB�PWaXEHV|dR 6 P\ROG�4LK�IUA 2 axAScmAQa<4FP 2 834ka<4FP 2 2 CLKOV<8sP t6gNPWV 8 6 VXE )FE 2 4[IWaXP\K�CFa<4FcnC=4�gYP�4DKOP 2 PWM"`Wa 6 RkB 6 M 6 d 6 P
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`WV|d�R 6 P\ROG�4zo~@6�SAQP\KTKHVpt:KHV�R=4FaxA�w 6 M\RFEHV 6 MWM�4k`WV<4FMyKHP 2 834LKfVXB[AQi�4LK�E54e�	EHP 2 C=4LKlt6R=4DR 2 VXEO� 2 4kM hI4LKHEfIUAmKPWEHVXaXVjKTAQ`Wa<4G834fB[AQMWVj� 2 4b]_AQ`Wa<4fKHP 2 a<4LK�VXB[AQi�4LK�RFaXVXMWVjgYP�4LK oq 6 P\KJROG 6 VjKHVjKOK 6 M\KG8 6 M\R@834 2 4FM 6 M\R=4 2 ��A>8\AQIWE54 2 M 6 E 2 4DKTROG\CFB[A 8:hI4LKHEHVXB[AQEHV 6 Msd�K54FizB@4FMNETAQEHV 6 M 834K 6>2 E54,gNP h VXaZIWPWVjKOK 4 4e�sIWaXVjRFVXE54FB@4FMYE�VXM\RFaXP 2 4uaxA 8WCFE54LRFEHV 6 M 834LK�R 6 Ms]\izP 2 AQEHV 6 M\KSB 6 M 6 d@4FE�B�PWaXEHV|dR 6 P\ROG�4LK t�4FE�R=4G8:h�AQPWETAQMNE�IWaXP\K�gNP�4baph�AQaXi 6>2 VXEHGWB@4 6>2 VXizVXMUAQa 2 4LKHE54 256 `WP\KHE54��kR=4LK�R 6 Ms]\izP 2 AQEHV 6 M\K2�
# a<4LK�cNVXE54LKOK 4LK 834LK�`Wa 6 RLK�B 6 M 6 d�R 6 P\ROG�4LKrK 6 MYE�`WV<4FM 4LKHEHVXBDC=4LK �
# a<4LK[`Wa 6 RLKDB�PWaXEHV|d�R 6 P\ROG�4LK�M�4Si�)FM�4FMYE�IUAmK.8sV 2 4LRFE54FB@4FMYE�a<4LK.4LKOEHVXB[AQEHV 6 M\K 834LK[B 6 8W�Fa<4LK 834B 6 PWc�4FB@4FMNE�834LK�8sV|{}C 2 4FMNE54LK�R 6 P\ROG�4LK o

� 6 PWaXVXizM 6 M\KfCFiYAQa<4FB@4FMNE�gYP�4aph�AQIWIWaXVjRlAQEHV 6 M I 2 VXM\RFVXIUAQa<4;c	VjKOC=4 1 a<4�8WCF` 2 PWVXETAQi�4DR 6 BkI74FM\KOC�4FM�B 6 Psdc�4FB@4FMYE@834LK;VXB[AQi�4LK $ P 6>256 KTR 6 IWVjgYP�4LK43�M 6 P\KDAQPWE 6>2 VjK 4��,AmRLR=4FIWE54 2 PWM�4�RlA 2 E54 834�K54FizB@4FMYETAQEHV 6 MVXBkIUA 2 wpAQVXE54�I 6 P 2 c	P�gNP�4�a<4LK�B 6 PWc�4FB@4FMNEOKkc 2 AQVXB@4FMYE;I 2 CLK54FMYEOKkK 6 V<4FMYEkKHP 0[KTAQBkB@4FMNEk`WV<4FM 4LKOEHV|dBDCLKlo
� � � ��� �  �H¦_©^¦ �)¤ �J� � � �T¢�¤ �Z¦_© ��
� 6 BkB@4 8\AQM\K�a<4LK^ROGUAQIWVXE 2 4LK��;4FE��\tNM 6 P\K�I 2 CLK54FMNE 6 M\K 8\AQM\K�PWM�I 2 4FBkV<4 2 E54FBkI\K 834LK 2 CLKHPWaXETAQEOKKHP 2 834LKbKOCLgNP�4FM\R=4LKJKH�NMNEHG\CFEHVjgYP�4LK 2 ClAQaXVjKOE54LKlo � 4LRFV~M 6 P\KbI74 2 B@4FE 834�]W��4 2 a<4LK 2 CFizaxAQi�4LK 834axA�BDCedEHG 6 834zt14FE 8:hI4FM�BkV<4FPs��R 6 BkI 2 4FM�8 2 4;axA�K54FM\KHVX`WVXaXVXEOCzovq 6 P\KrI 2 CLK54FMNE 6 M\K 4FM\KHPWVXE54�834LK 2 CLKOPWaXETAQEOKrKOP 2

834LK�KOCLgNP�4FM\R=4LK�RFaXVXMWVjgNP�4LK 2 C=4FaXa<4LKlo
®�� ®	��¯ �r²�NBQ Tm¶8M ¶8U�T ��¶ S � � ��¶XU�´s¶XS�S	�YU�Tnµ��
T�Q�� �£¶XS

��
������ � �������������������! "�#�$%���
@�4LK�KOCLgNP�4FM\R=4LK.8:h VXB[AQi�4LK�KH�	MYEHG\CFEHVjgNP�4LK 4FM KOVXEHPUAQEHV 6 M 834S`WV|dpE 2 AQM\KOIUA 2 4FM\R=4 8sVjKHE 2 VX`WP\C=4�K 6 MNEinCFM\C 2 C=4LK 834raxAB[AQMWVj� 2 4 8WCFETAQVXaXajC=4 4FM¹�\o��soX�zoX�zo
5�PWVjKOgNP�4rM 6 P\K�ROG�4 2 RTG 6 M\KZ��B@4LKHP 2 4 2 a<4LK 2 CLKHPWaXETAQEOK

8:h PWMuKTROG\CFB[Ab� 6 VXMYE�8:hI4LKHEHVXB[AQEHV 6 M 834fB 6 PWc�4FB@4FMYEA4FE 834fK54FizB@4FMNETAQEHV 6 M 4FM�R 6 P\ROG�4LKltUaxAkgYP�4LKOEHV 6 M
834�axArBDCFE 2 VjgYP�4��ZPWEHVXaXVjK54 2 I 6 P 2 � PWi�4 2 834�axArgYPUAQaXVXEOC 834^K54LK 2 CLKOPWaXETAQEOK�K54�I 6 K54zomq 6 P\K 4FM;I 256 I 6 K 6 M\KE 256 VjK/�
# � � 	�� �#	 � � � � � ��� � @ < � � 	  : �I	 >�> 	'&)('* @,+Qo])�aYK h�AQizVXE 834£aphI4 2:2 4FP 2 B 6 ��4FMWM\C=4�KHP 2 E 6 PWE54£aph VXB[AQi�4
4FMNE 2 4�a<4LK6c�4LRFE54FP 2 K 834�B 6 PWc�4FB@4FMYE£RlAQajRFPWajCLK�1E8WC=8sPWVXEOK�834LK~B 6 8W�Fa<4LK�834�B 6 PWc�4FB@4FMYE04LKHEHVXBDCLK
	 @ � � �
	 > ��� >X@ � 	�� �\A;	 �  	 >8@ � @ < :G> � � : � � < @ 	 3 4FE�R=4FPs�,834baxA;cnC 2 VXEOCedpE54 2:2 AQVXM �

EQM =

√
1

2N

∑

p∈=−T

‖we1(p)(p)−w1(p)‖2 + ‖we2(p)(p)−w2(p)‖2 1  o D�3
6�� T 8WCLKHVXizM�4Ja<4LK % 6 M�4LK�834bE 2 AQM\KHVXEHV 6 M t�4FE N a<4bM 6 B�` 2 4;834fIWV|��4FajK 834faph VXB[AQi�4fI 2 VXcnC=4G834LK% 6 M�4LK;834DE 2 AQM\KHVXEHV 6 M o @�4LK�c�4LRFE54FP 2 K w1(p)

4FE
w2(p)

R 6>2:2 4LKHI 6 M�834FMYEkAQPs�5cNVXE54LKOK 4LKG834DaxAcnC 2 VXEOCedpE54 2:2 AQVXM o8��aXa<4LK 6 MNE�CFEOC�AmKOK 6 RFVjC=4LK��axAc	VXE54LKOK54 4LKOEHVXBDC=4fgYPWV:a<4FP 2 4LKHE�axA;IWaXP\K�I 256 ROG�4zo@�h �.- J 8WCFI 4FM�8y�¹axA�w 6 VjK 834[axASgNPUAQaXVXEOC.834LK�B 6 8W�Fa<4LK9834kB 6 PWc�4FB@4FMYE 4LKHEHVXBDCLK94FE 834[axA��P\KHE54LKOK 4 834ZaxA�K 4FizB@4FMYETAQEHV 6 M 6 `WE54FMYP�4zo
�£aXa<4rA98 6 M\RZaph VXM\R 6 MYcnCFMWV<4FMYE?834�wpAQV 2 4�� 6 P�4 2 PWM 2 
 a<4VXBkI 6>2 ETAQMYED� 834LK�4 2:2 4FP 2 K9834�K54FizB@4FMNETAQEHV 6 M KHP 2 834LK�`Wa 6 RLK�I74FPyE54e�	EHP 2 CLKlt�AQa 6>2 K;gYP hI4FaXa<4LKK 6 MYE 4FM�wpAQVXE�KTAQM\K�R 6 M\KOCLgNP�4FM\R=4fI 6 P 2 a<4LK�AQIWIWaXVjRlAQEHV 6 M\KZcNVjKTC=4LK�R 6 BkB@4fa<4 8WCF` 2 PWVXETAQi�4zo
# � � 	�� �#	 � � ��� 	CA @ <  � @ < :=> � �  : � F�	  	 >X@ &)(/( @,+mo�) asKlh�AQizVXE%834�aphI4 2:2 4FP 2 B 6 ��4FMWM�4�KHP 2 aph VXB[AQi�4
4FMNE 2 4ba<4LKB8WCFIWaxAmR=4FB@4FMYEOK 2 C=4FajKB4FE^a<4LK�B 6 8W�Fa<4LK 834LK^B 6 PWc�4FB@4FMNEOK 4LKHEHVXBDCLKltsCFczAQaXP\CLK��fIUA 2 EHV 2
834 � � F � � < 	/A�	 �  	 >X@ � @ <�:=> �I	 �#� <  � � 	 1 R 6 MWMYP�4fIUA 2 R 6 M\KHE 2 P\RFEHV 6 M83eo
� V R=4FEHE54�BDCFE 2 VjgNP�4fM�4 2 4FM�8SIUAmK�R 6 BkIWE54;834faxA[gYPUAQaXVXEOC;834JaxADK54FizB@4FMNETAQEHV 6 MuI 256 8sPWVXE54 1 6 P
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E 2 �LK�VXM�8sV 2 4LRFE54FB@4FMYElt:RlA 2 a<4LK�B 6 8W�Fa<4LK�834�B 6 PWc�4FB@4FMYE 4LKHEHVXBDCLK?8WCFI 4FM�834FMNE?834�axADK54FizB@4FMsdETAQEHV 6 M 6 `WE54FMYP�4]3et�4FaXa<4rKlh�ALcn� 2 4ZIUA 2 R 6 MNE 2 4�IWaXP\K�I 4 2 EHVXM�4FMNE54rI 6 P 2 CFcmAQaXP�4 2 4e{74LRFEHVXc�4FB@4FMNE�a<4LKB 6 PWc�4FB@4FMNEOK�4LKOEHVXBDCLK 4FMSETAQMYEZgYP�4bE54FajKltUR=4JgYPWV 4LKOE�M 6 E 2 4 6 `s� 4LRFEHV|w�I 2 VXM\RFVXIUAQapo
# � 	 � � A < � ���Z> � � A � � � � A � � � 	 > � 	 >8:G> � � � < @ � 	 &���� +mo�)�a�K h�AQizVXE.834¹axA�B 6 ��4FMWM�4ugYPUA>8 2 A¸dEHVjgNP�4 834LK 2 CLKHV<8sP\K+1��so��G-�3�CFcmAQaXP\C=4rKHP 2 aphI4FM\K54FB�`Wa<4A834Zaph VXB[AQi�4zt�4FM�PWEHVXaXVjKTAQMNE^a<4LK�B 6 8W�Fa<4LKB834B 6 PWc�4FB@4FMNE;A 0DM�4LK;4FEfaxA¹K54FizB@4FMNETAQEHV 6 M 6 `WE54FMNP�4[IUA 2 axA�BDCFEHG 6 834f� 6 VXMNE54@8:hI4LKHEHVXB[AQEHV 6 MsdK 4FizB@4FMYETAQEHV 6 M oq 6 P\KfCFczAQaXP 6 M\K�R=4FEfVXM�8sVjRlAQE54FP 2 KHP 2 a<4LK�VXB[AQi�4LKfM 6 M ` 2 PWVXEOC=4LKgYP�4DM 6 P\KfinCFM\C 256 M\KfIUA 2 AQa|daj�Fa<4FB@4FMNEbAQPs�SVXB[AQi�4LK 2 ClAQaXVjKHE54LKrKHP 2 a<4LKTgYP�4FaXa<4LK�a<4LK�4LKHEHVXB[AQEHV 6 M\K?834fB 6 PWc�4FB@4FMNE 4FE�axADK 4FimdB@4FMNETAQEHV 6 M,4FM¹R 6 P\ROG�4LK�K 6 MNE 4e{74LRFEHP\C=4LKlo ��aXa<4LK^a<4FP 2 K 6 MNE^V<834FMYEHVjgNP�4LKlt\AQP�` 2 PWVXE�I 2 �LK oW� 4FEHE54I 2 CLRlAQPWEHV 6 M�M 6 P\K£I74 2 B@4FE 8:h�Alc 6 V 2 PWM�4�BDCFE 2 VjgYP�4ZE 2 �LK£I74 2 EHVXM�4FMYE54zt	RlA 2 4FaXa<4�B@4LKHP 2 4�aphI4 2:2 4FP 2
834bI 2 C=8sVjRFEHV 6 MuKHP 2 aph�AQMUAQE 6 BkV<4JIUA 2 R 6 BkI74FM\KTAQEHV 6 M 8sP¹B 6 PWc�4FB@4FMNEltUR 6 BkB@4G8WCFETAQVXaXajCG8\AQM\Ka<4JRTGUAQIWVXE 2 4 ���

RF =

√∑
p∈=−T r(p, Θ̂)2

N
.

1  o -�3
@ 4 D !yI 4 2 B@4FE�834JB@4LKHP 2 4 2 KHV}aphI4LKHEHVXB[AQEHV 6 M 834LK�B 6 PWc�4FB@4FMYEOKA4e�sIWaXVjgYP�4JR 6>2:2 4LRFE54FB@4FMNEZa<4LKczA 2 VxAQEHV 6 M\KB834LK^MWVXc�4lAQPs� 834Zi 2 VjKB834LK^VXB[AQi�4LKlo 5~A 2 R 6 MYE 2 4ztWK�AfczAQa<4FP 2 MYPWBDC 2 VjgNP�4 4LKHE�B 6 VXM\K
4e�sIWaXVjRFVXE54fgNP�4baphI4 2:2 4FP 2 8:hI4LKHEHVXB[AQEHV 6 M�KHP 2 a<4LK�c�4LRFE54FP 2 K�834bB 6 PWc�4FB@4FMYEA4FPs�NdpB )FB@4LKlo
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F (e, θ)
3 q 6 KbI 2 4FBkV<4 2 KfE54LKHEOK 6 MNEI 6>2 EOC�KHP 2 a<4 2 CFizaxAQi�4 834�axArBkVXMWVXBkVjK�AQEHV 6 M 834�aph�CFM�4 2 izV<4 F (e, θ)

1  oX�]3�4FM[R=4�gNPWV\R 6 M\R=4 2 M�4�a<4LK0834FPs�AmKHI74LRFEOK�KHPWVXczAQMYEOK/�
# a<4M 6 B�` 2 4;B[A¸�	VXB[AQa08:h VXEOC 2 AQEHV 6 M\KG834axA�` 6 P\RFa<4�w 6>2 BDC=4 834aphI4LKHEHVXB[AQEHV 6 M�834LKbB 6 8W�Fa<4LK 834B 6 PWc�4FB@4FMNE��rCFEHVjgYP�4FETAQi�4�]W�WCB4FE0834�axAZK 4FizB@4FMYETAQEHV 6 M��ZIUA 2 AQBD�FE 2 4LK 834�B 6 PWc�4FB@4FMNE�]W�sCLK oq 6 P\K�Alc 6 M\K 6 IWEOCJI 6 P 2 3

t
5
4FE

7
VXEOC 2 AQEHV 6 M\K�iza 6 `UAQa<4LK o

# a<4kw�AmRFE54FP 2 λ t:I74 2 B@4FEHETAQMYE�834DI 6 M�8WC 2 4 2 aXVjKOK�AQi�4@4FEAQEHETAmRTG�4�AQPs��8 6 MWM\C=4LK98\AQM\K�aph�CFM�4 2 izV<4iza 6 `UAQa<4 F (e, θ)
1  oX�]3eo^q 6 P\KSALc 6 M\K�E54LKHEOC�a<4LK�czAQa<4FP 2 K 0, 3

t
0, 5

4FE
0, 7
tZAQVXM\KHVrgNP�4 834LKczA 2 VxAQEHV 6 M\K 4FM�R 6 P 2 K 834JE 2 AQVXE54FB@4FMNE 834 0, 3

�
0, 7

1
0, 3
�kaxA;I 2 4FBkVj� 2 4�VXEOC 2 AQEHV 6 M t 0, 4 �;axA834FPs�sVj�FB@4zt_IWPWVjK

0, 5
t
0, 6

4FE
0, 7

3�4FEA834LK�czA 2 VxAQEHV 6 M\KA834 0, 4
�

0, 6
1
0, 4
t
0, 45
t
0, 5
t
0, 554FE

0, 6
3�KOV 6 MSK54baXVXBkVXE54�� 5

VXEOC 2 AQEHV 6 M\Klo@�4LK 2 CLKOPWaXETAQEOK"K 6 MNE 2 AmKOK54FB�`WajCLK 8\AQM\K a<4�ETAQ`Wa<4lAQP  oX�4I 6 P 2 250
inCFM\C 2 AQEHV 6 M\K 834 KOCLgNP�4FM\R=4LK

8:h VXB[AQi�4LKlonq 6 P\K���8 6 MWM 6 M\K£a<4LK�cmAQa<4FP 2 K�B 6 ��4FMWM�4LK 834LK£E 256 VjK£BDCFE 2 VjgNP�4LK£I 256 I 6 KOC=4LK�IWaXP\K£GUAQPWE 1E4FEa<4FP 2 CLRlA 2 E�dpE��	I 4]3JKHP 2 aphI4FM\K54FB�`Wa<4@834LKJKTCLgYP�4FM\R=4LK 834i 2 AQIWGWV<4LK�1E4e�\AQB@4FM�8sVxAQizM 6 KHEHVjgNP�4zt σ = 10
3

4FE 834LK�KTCLgYP�4FM\R=4LK $ P 6>256 KTR 6 IWVjgYP�4LK�1E4e�WAQB@4FMSVXMNE54 2 c�4FMYEHV 6 MWM�4Fapt σ = 20
3eoq 6 P\K�ALc 6 M\K�CFiYAQa<4FB@4FMNE�RlAQajRFPWajCuaxA5czAQa<4FP 2 8sP 2 CLKHV<8sP ]\MUAQaZB 6 ��4FM D !(I 6 P 2 a<4LKDB 6 8W�Fa<4LK 834B 6 PWc�4FB@4FMYE 834�axAkcnC 2 VXEOCedpE54 2:2 AQVXM 1 2 CLKHV<8sP � V<8WClAQa � 3eo ) a czAQPWE 6, 69 KHP 2 a<4LK�VXB[AQi�4LK?8sVxAQizM 6 KHEHVjgNP�4LKlt4FE

6, 80
KHP 2 a<4LKkVXB[AQi�4LKkVXMNE54 2 c�4FMYEHV 6 MWM�4FaXa<4LKlt�R=4¹gYPWV^I74 2 B@4FE@834 � RlAQaXVX` 2 4 2 �¹a<4LK 2 CLKHPWaXETAQEOK 6 `WE54edMYP\K�no�) a~�uA 834FPs� 2 AQVjK 6 M\K 4e�sIWaXVjgYPUAQMNEJI 6 P 2 gNP 6 V�VXa�M hI4LKHEbIUAmK 4e�WAmRFE54FB@4FMNEfMYPWapt}B )FB@4kALc�4LR;a<4LKB 6 PWc�4FB@4FMYEOK?4e�\AmRFEOK/�
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�
	�������& ��� & ��� ���!� ��� 	 ���!� ����% 	����!��� ��	�)�� �#�������� ) � 	����') � ��	 � �
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# @�h�CLgYPUAQEHV 6 ME1��so��G-�36KHP 2 axAmgNP�4FaXa<4 4LKOE6` �QEHV<4�aph�AQEHETAmROG�4�AQPs� 8 6 MWM\C=4LK�834�aph�CFM�4 2 izV<4 F (e, θ)
1  oX�]3M hI4LKOE 4e�\AmRFE54ZgNP�4�I 6 P 2 834LK�B 6 PWc�4FB@4FMNEOK^a 6 RlAQa<4FB@4FMNE�E 2 AQM\KOaxAQEHV 6 MWM�4FajKltsR=4ZgNPWVUM hI4LKHE�IUAmK�a<4RlAmKbVjRFV�I 6 P 2 834FPs� 834LKbE 256 VjKJR 6 P\ROG�4LK o qZClAQMWB 6 VXM\K t}axA[c	V 6 axAQEHV 6 M�834;R=4FEHE54;GY�	I 6 EHG\�LK 494LKOEwpAQVX`Wa<4^VjRFV�1 IWPWVjKOgNP�4^a<4LK�B 6 8W�Fa<4LK£A 0DM�4LK 834^B 6 PWc�4FB@4FMYE�PWEHVXaXVjKOCLK�czA 2 V<4FMYE0834^B[AQMWVj� 2 4 8 6 P\R=4a 6 RlAQa<4FB@4FMYElt34FE�IWPWVjKOgNP�4�a<4LK�VXB[AQi�4LK^E 2 AQVXEOC=4LK^R 6 MYEHV<4FMWM�4FMNE 834raxA 2 i�4LK�% 6 M�4LK^G 6 B 6 in�FM�4LK43 4FEA�8 6 M\RfPWMSVXBkIUAmRFE�B[A 2 izVXMUAQa KOP 2 axAcmAQa<4FP 2 8sP 2 CLKHV<8sP � V<8WClAQa �To

# @ 4LKZVXMNE54 2 I 6 axAQEHV 6 M\KfPWEHVXaXVjKOC=4LKrI 6 P 2?2 4LRlAQa<4 2 a<4LK�VXB[AQi�4LKJK54�R 6 BkI 6>2 E54FMNEfR 6 BkB@4�834LK�]\aXE 2 4LKIUAmKTK54edp`UAmKloN� 4 2 ETAQVXM�4LK�GUAQPWE54LK£w 2 CLgNP�4FM\R=4LK 834�aph VXB[AQi�4 I(p, t−1)
K 6 MNE�AQEHEOCFMYP\C=4LK�a 6>2 K 834�axA

� �C>�� � � @ <�:=>@834 I(p, t) 4FE I(p+1, t)
o H?4£B )FB@4ztla<4�RlAQajRFPWa�834LK VXB[AQi�4LK

I(p+u, t)
t
I(p+v, t)4FE

I(p+u+v, t)
VXBkIWaXVjgNP�4raph�AQEHEOCFMYPUAQEHV 6 M,834ZG\AQPWE54LK�w 2 CLgYP�4FM\R=4LK o � 2 t	R 6 BkB@4�a<4LK�VXB[AQi�4LKgNP�4�M 6 P\K�PWEHVXaXVjK 6 M\K£I 6 P 2 R 6 M\KHE 2 PWV 2 4�a<4LK�R 6 P\ROG�4LK�I 256 c	V<4FMWM�4FMYEB8:hI4e�\AQB@4FM\K 2 C=4FajKlt�4FaXa<4LK�K 6 MNE

4FMNETAmROG\C=4LK�834b` 2 PWVXEltWR=4JgYPWV:K54rE 2 A>8sPWVXE�IUA 2 PWM�4bE54e�sEHP 2 4JKHIUAQEHVxAQa<4f�GUAQPWE54rw 2 CLgNP�4FM\R=4ztsI74FPI74 2 R=4FIWEHVX`Wa<4JIUA 2 PWM 6 `\K54 2 cmAQE54FP 2 t\B[AQVjK�E 2 �LK�K54FM\KOVX`Wa<4fAQPs��VXMNE54 2 I 6 axAQEHV 6 M\Klo
����� �  oX�G� 5 2 CLRFVjKHV 6 M�834aphI4LKHEHVXB[AQEHV 6 M�� 6 VXMYE54�834B 6 PWc�4FB@4FMYE 4FE 834;K54FizB@4FMYETAQEHV 6 M�4FM5KHVXEHPUAQEHV 6 M
834�`WV|dpE 2 AQM\KHIUA 2 4FM\R=4 8sVjKOE 2 VX`WP\C=4zoG5 6 P 2 R 6 BkIUA 2 AQVjK 6 M tza<4 D !�RlAQajRFPWajCZALc�4LR^a<4LK�c	VXE54LKOK54LK 2 C=4FaXa<4LK�czAQPWE
�st��G-kKHP 2 a<4LK�VXB[AQi�4LK 834bi 2 AQIWGWV<4zt�4FE �st D��;KHP 2 a<4LK�VXB[AQi�4LK $ P 6>256 KTR 6 IWVjgYP�4LKlo

D CFizaxAQi�4 � 2 AQIWGWV<4 ! aXP 6>256 KTR 6 IWV<4 % 4FBkI\K 834
�.- J �Y�ZJ D ! �.- J �Y�YJ D ! RlAQajRFPWa 1 K43

3
VXElt
λ = 0.3

�so��GD �st �Y� �st�� � �stX� � �ztX� � -st��  �¸�
3
VXElt
λ = 0.5

�st��z� �st��G- �st��Q� �zt -G- �ztX��D -st�� � �m�
3
VXElt
λ = 0.7

�st�� � �st ��� �st��GD �st�� � �zt��Q� -st���� �m�
5
VXElt
λ = 0.3

�st��Q� �st��G- �st�� � �st��  �ztX�	� -stX��D �z�l�
5
VXElt
λ = 0.5

�st��z� �st��GD �st��s� �zt -�� �ztX�	� Dst D � �z�l�
5
VXElt
λ = 0.7

�st��  �st ��� �st��G- �zt -  �ztX�F� Dst DQ� �z�z�
7
VXElt
λ = 0.3

�st��z� �st��GD �st���� �st�� � �zt��GD -st���� �  �
7
VXElt
λ = 0.5

�st��z� �st��G- �st��s� �zt DQ� �ztX�	� Dst��=- �  �
7
VXElt
λ = 0.7

�st��Q� �st��G- �st��Q� �zt -Q� �ztX�F� Dst D  �  �
5
VXElt
λ = 0, 2 − 0, 7

�st��s� �st��G- �st  D �zt -GD �ztX�z� Dst DG- �z�z�
5
VXElt
λ = 0, 4 − 0, 6
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��'&(�43 ������� 8 6 MWM�4�AmRLRL�LK�AQPs�2KOCLgNP�4FM\R=4LK 834,E 256 VjKSVXB[AQi�4LKR 6>2:2 4LKHI 6 M�8\AQMYE5AQPs� 4LKOEHVXB[AQEHV 6 M\K�I 2 CLK54FMNEOC=4LK 8\AQM\KuR=4�8 6 RFPWB@4FMYElt 4FE�I 2 CLK54FMYE54�CFiYAQa<4FB@4FMYE�axAKOCLgNP�4FM\R=4G4FMYEHVj� 2 4 4FM�gYP�4LKOEHV 6 MuALc�4LRJa<4LK�B 6 8W�Fa<4LK�834bB 6 PWc�4FB@4FMYEOKrgYPWV aXPWV K 6 MYEZAmKOK 6 RFVjCLKloq 6 P\K 2 4FI 2 CLK54FMNE 6 M\K"a<4LK�ROGUAQBkI\K 8344B 6 PWc�4FB@4FMYEOK 834LK�8sV|{:C 2 4FMYE54LK�R 6 P\ROG�4LK 4FM�R 6 PWa<4FP 2 t;4FMB�PWaXEHVXIWaXVxAQMNEfaxA[ETAQVXaXa<49834LKrc�4LRFE54FP 2 KbIUA 2 4

IUA 2?2 AQIWI 6>2 EJAQP 8WCFIWaxAmR=4FB@4FMNEG4LKHEHVXBDC;KHP 2 a<4LKrVXB[AQi�4LK
864 × 864

t 4FE�IUA 2 2
KHP 2 a<4LK[VXB[AQi�4LK 576 × 576

o D AQIWI74Fa 6 M\K�gYP�4 8\AQM\K�E 6 PWE�R=4uE 2 ALczAQVXapt�a<4LKc�4LRFE54FP 2 K 834 8WCFIWaxAmR=4FB@4FMYEZRlAQajRFPWajCLKZK 6 MYE 6>2 V<4FMYEOCLKZc�4 2 K�a<4JIUAmKOKOCzo
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I 2 CLK54FMNEOC=4b��axA�]\izP 2 4  o���K54 2 Cew�� 2 4r��PWM 4e�WA¸dB@4FM 8sVxAQizM 6 KHEHVjgNP�4fRlA 2 8sVxAmgNP�4�AQPSR 6 P 2 K�8sP\gYP�4Fa PWM�4fVXMm� 4LRFEHV 6 MuAaXV<4FP oU@�4LK�VXB[AQi�4LK�E 2 AQVXEOC=4LK�K 6 MNE

834 8sVXB@4FM\KHV 6 M 576× 576
IWV|��4FajKlo �ZM¹� 6 `\K54 2 c�4ba<4JR � P 2 KHPWI74 2 I 6 KTCb�axA;R 6 a 6 MWM�4fc�4 2 EOCF` 2 AQa<4zt�4FEIUA 2 EHVjRFPWaXVj� 2 4FB@4FMYE^c	VjKHVX`Wa<4^IUA 2 KTAZw 256 MYEHVj� 2 4 4FMDGUAQPWE��A8 256 VXE54 834�aph VXB[AQi�4zo �ZPWE 2 4�a<4�w 6 M�8DKHETAQEHVjgNP�4zta<4LKZB 6 PWc�4FB@4FMYEOK 6 `\K54 2 cnCLKbK 6 MNEZa<4LKZ`UAQEHE54FB@4FMYEOKJRlA 2 8sVxAmgNP�4LK 1 gYPWV�4FMYE 2 A��jM�4FMNEJa<4LK�I 6 PWB 6 M\K43et 4FER=4FPs� 834LKZA 2 EO� 2 4LK�R 6>256 MUAQV 2 4LK 1 KHP 2 E 6 PWE�c	VjKHVX`Wa<4LK�AQI 2 �LK�aph VXMm�:4LRFEHV 6 M83eo

HA4FPs� R 6 P\ROG�4LK�K54FPWa<4FB@4FMYE¹K 6 MNE[M\CLR=4LKOK�AQV 2 4LK[I 6 P 2 4e�sIWaXVjgYP�4 2 a<4LKDB 6 PWc�4FB@4FMNEOK 834Saph VXB[AQi�4 1 KOVaph 6 M 4e�WR=4FIWE54�R=4FaXPWV%834LKrA 2 EO� 2 4LKrR 6>256 MUAQV 2 4LKZVXMm� 4LRFEOC=4LK43eo � R=4 2 ETAQVXM\KZVXM\KOETAQMYEOK 1 R 6 BkB@4fa<4fI 2 4FBkV<4 2I 2 CLK54FMNEOC]3et�axAuBDCFEHG 6 834�M h VXMNE 256 8sPWVXEDgNP�4�a<4LK 834FPs�yR 6 P\ROG�4LKDM\CLR=4LKOKTAQV 2 4LKlt�B[AQVjK;VXa�A 2:2 VXc�4¹gNP h PWMM 6 B�` 2 4SIWaXP\K;i 2 AQM�8 834�R 6 P\RTG�4LK[K 6 VXE;VXMNE 256 8sPWVXElo£·ZM�4�KHP 2 d�K54FizB@4FMNETAQEHV 6 M 834LKkR 6 P\ROG�4LK�A�AQa 6>2 KaXV<4FPO1 R 6 BkB@4�KHP 2 aph VXB[AQi�4 834@8 256 VXE54]3fB[AQVjKfa<4LKfB 6 8W�Fa<4LK9834kB 6 PWc�4FB@4FMYEkR 6>2:2 4LKHI 6 M�8\AQMYEOK;K 6 MNEI 256 ROG�4LK+1E8sP�B 6 VXM\K^KHP 2 a<4LK 2 CFizV 6 M\K�E54e�sEHP 2 C=4LKB834�aph VXB[AQi�4]3eos@�4LK 4LKHEHVXB[AQEHV 6 M\K�AQVXM\KHV_w 6 P 2 MWV<4LK^K 6 MNEE 6 PWEJ�;wpAQVXE?4e�sIWa 6 VXETAQ`Wa<4LKrI 6 P 2 a<4LK�B 6 PWc�4FB@4FMNEOKG4FMuRTGUAmgYP�4�I 6 VXMNE 834faph VXB[AQi�4ztvB )FB@4�KOV6axADKOP 2 dK54FizB@4FMNETAQEHV 6 M 2 4FM�8¹aph�AQMUAQaX�sK54JIWaXP\K 8WCFaXVjRlAQE54zo@ 6>2 KOgNP�4Ja<4LKrA 2 EO� 2 4LK�VXMm�:4LRFEOC=4LK 6 MNE�PWMSB 6 PWc�4FB@4FMNEZVXM\R 6 G\C 2 4FMNElt14FaXa<4LKrK 6 MYE�VXizM 6>2 C=4LK�1 axA;IWaXPWIUA 2 E
8sP"E54FBkI\KC3JR 6 BkB@4[KOP 2 aph VXB[AQi�4 834.8 256 VXE54zo -ZPUAQM�8"a<4FP 2 K�B 6 PWc�4FB@4FMNEOKK 6 MYE�IWaXP\K 2 CFizPWaXV<4 2 Klt6VXaA 2:2 VXc�4gYP h VXajKrK 6 V<4FMYEJAQIWI 2 CFG�4FM�8WCLKlo:�rhI4LKHE�a<4RlAmKrKHP 2 aph VXB[AQi�4;R=4FMYE 2 AQa<49834�axA !~VXi\o  o��E�\axA�R 6 P\ROG�4
2 4FI 2 CLK54FMNEOC=4 4FM4c�4 2 E[R 6>2:2 4LKHI 6 M�8 AQPs� A 2 EO� 2 4LKDR 6>256 MUAQV 2 4LK.8\AQM\K[KTA�IUA 2 EHV<4SKHPWI}C 2 V<4FP 2 4zt04FE[AQPs�`UAQEHE54FB@4FMYEOK�RlA 2 8sVxAmgYP�4LK 8\AQM\KJKTA�IUA 2 EHV<4;VXMsw C 2 V<4FP 2 4zo @ A[E 2 AQM\KOVXEHV 6 M 4FMYE 2 4;a<4LK 834FPs� 4LKHEbI 6 KOKOVX`Wa<4RlA 2 axA % 6 M�4JVXMNE54 2 BDC=8sVxAQV 2 4;4LKOE�I 4FP¹E54e�sEHP 2 C=4zo
) a�4LKHE08WCFaXVjRlAQE 8:h�CFczAQaXP�4 2 axAJgNPUAQaXVXEOC 834LK 4LKHEHVXBDCLK£KOP 2 aph VXMYEOCFi 2 AQaXVXEOC?834^axAJKOCLgNP�4FM\R=4zo �ZMDI 4FPWE�ETAQ`Wa<4 2KHP 2 85%
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576 × 576
IWV|��4FajK43eo6q 6 P\K�aph�ALc 6 M\KCFiYAQa<4FB@4FMYE�E 2 AQVXEOC=4�ALc�4LR[axA�BDCFEHG 6 834 8:hI4LKHEHVXB[AQEHV 6 M 834DB 6 Psdc�4FB@4FMYEkA>8\AQIWEOC=4���axASKHVXEHPUAQEHV 6 M 834D`WVXE 2 AQM\KHIUA 2 4FM\R=4�KHVXBkIWa<4 4FM��so  o��so~@6ASKOCLgNP�4FM\R=4[R 6 BkI 2 4FM�8

4FM5wpAQVXEJE 256 VjK�R 6 P\RTG�4LK�E 2 AQM\KHIUA 2 4FMNE54LK �%4FaXa<4;w�AQVXEJVXMNE54 2 c�4FMWV 2 PWM w 6 M�8 KOETAQEHVjgYP�4zt:a<4LKfB 6 PWc�4FB@4FMYEOK
2 4LKHIWV 2 AQE 6 V 2 4LK�1E834LK�I 6 PWB 6 M\K 4FE 8sP,8sVxAQIWG 2 AQizB@4]3 4FE�a<4LK�`UAQEHE54FB@4FMYEOKrRlA 2 8sVxAmgYP�4LK o-ZPUAQM�8 834FPs�"B 6 PWc�4FB@4FMYEOK[K54FPWa<4FB@4FMYEkK 6 MNEI 2 CLK 4FMYEOKlt~VXajKK 6 MYE 4LKHEHVXBDCLK;R 6>2:2 4LRFE54FB@4FMYEDR 6 BkB@4KHP 2 axAJI 2 4FBkVj� 2 4�VXB[AQi�4zt	AQPDI 2 V|�@8:h PWM�4�CFc�4FMYEHP�4FaXa<4bKHP 2 d�K 4FizB@4FMYETAQEHV 6 M o	@ 6>2 KOgNP�4�a<4LK£E 256 VjK�R 6 P\ROG�4LKK 6 MNEbAQMWVXBDC=4LK 834�B 6 PWc�4FB@4FMYEOK 8sV|{:C 2 4FMYEOKltvM 6 P\KbK 6 BkB@4LKA4FM�B@4LKHP 2 4;834�a<4LKA4LKHEHVXB@4 2 E 6 PWE54LKZa<4LKE 256 VjK.1E4FE[M 6 M IUAmKDK54FPWa<4FB@4FMNE�a<4LK@834FPs� gNPWV 8 6 BkVXM�4FMYE�R 6 BkB@4,4FM �so  o���3eo^�rhI4LKHEDa<4SRlAmK@834SaxA
834FPs�sVj�FB@4�VXB[AQi�4zt~KOP 2 axAmgNP�4FaXa<4�R=4FEHE54�R 6 P\ROG�4¹`Wa<4FP�4�R 6>2:2 4LKHI 6 M�84AQPs��`UAQEHE54FB@4FMYEOK[RlA 2 8sVxAmgYP�4LKlo
� 4FPWajK�a<4LK�`Wa 6 RLK�KOP 2 a<4LKOgYP�4FajK�axA;R 6 P\ROG�4 1 R 6 d 3 8 6 BkVXM�4�aXPWV6K 6 MNEZAQEHE 2 VX`WP\CLKlo
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t*4FM KHVXEHPUAQEHV 6 M 834;`WV|dE 2 AQM\KHIUA 2 4FM\R=4;8sVjKHE 2 VX`WP\C=4�1 c 6 V 2 E54e�sE54JI 2 VXM\RFVXIUAQa?3eo

@£hI4LKHEHVXB[AQE54FP 2 A¹KHP RlAQIWE54 2 a<4;B 6 PWc�4FB@4FMYE�834kaph�A 2 EO� 2 4.8\AQM\KJaxAmgNP�4FaXa<4[K 4kKHVXEHP�4ka<4kRlAQEHG\CFE54 2 �¹axAE 256 VjKHVj�FB@4[VXB[AQi�4zt�4FEfaXPWV�AQEHE 2 VX`WP�4 2 PWM�4[R 6 P\ROG�4 8 6 MYE�a<4LKJaXVXBkVXE54LK�R 6>2:2 4LKHI 6 M�834FMYE`WV<4FM���aph 6 PWEHVXaVXMYE54 2 c�4FMNEHV 6 MWM�4Fapo£� 4 2 CLKHPWaXETAQEfE 2 �LK�R 6 MNcmAQVXM\RlAQMNE�M hI4LKHE�B[AQaXG�4FP 2 4FP\K54FB@4FMYEIUAmK 2 4FI 2 CLK54FMNETAQEHV|w 8sPR 6 BkI 6>2 E54FB@4FMYE�M 6>2 B[AQa1834�axAbBDCFEHG 6 834 �YKHV�4FaXa<4ZA 2:2 VXc�4�K 6 PWc�4FMYE��JAQIWI 2 CFG�4FM�834 2 a<4LK�B 6 PWc�4FB@4FMYEOK
834LK 6 PWEHVXajKZVXMYE54 2 c�4FMNEHV 6 MWM�4FajK 6 P 834LK�VXMm� 4LRFEHV 6 M\K 1 gNPUAQM�8SVXajK�K 4 8WCFIWaxAmR=4FMYEA834fB[AQMWVj� 2 4K 6 PWIWa<4]3etUVXa
4LKHE 2 A 2 4fgNP�4baxAkR 6 P\RTG�4fR 6>2:2 4LKHI 6 M�8\AQMYE54K 6 VXE 8WCFaXVXBkVXEOC=4 834bB[AQMWVj� 2 4AQP\KOKHV}]_AQ`Wa<4zo·ZM�4 AQPWE 2 4"KHPWI}C 2 V 6>2 VXEOC�8345axA�BDCFEHG 6 8345VXMNE 256 8sPWVXE54 8\AQM\KSR=4 RTGUAQIWVXE 2 4"IUA 2,2 AQIWI 6>2 Eu��axA4`WV|dE 2 AQM\KHIUA 2 4FM\R=4uKHVXBkIWa<4,8sP RTGUAQIWVXE 2 4�� 4LKHE 834¹I 6 PWc 6 V 2 K54�aXVXBkVXE54 2 �,PWM�4�R 6 P\ROG�4SPWMWVjgNP�4 1 KHV�axAE 2 AQM\K�w 6>2 BDC=4;834 	 6 PWizG�M hI4e�sE 2 AQVXEbgNP h PWM�B 6 8W�Fa<4KHVXizMWV|]URlAQEHV|wC3eo}� 4FaxA�R 6 MYE 2 
 a<4a<4 2 VjKOgNP�4 834fc 6 V 2AQIWIUA 2 A��jE 2 4 834LK�B 6 8W�Fa<4LK0834�B 6 PWc�4FB@4FMYEOK � ]URFEHV|w�K��[1 c 6 V 2 axA?834 2 MWVj� 2 4�VXB[AQi�4�I 2 CLK54FMYEOC=4]3eoN� 4FaxAG8sVXEltR=4 2 VjKTgYP�4�M hI4LKHE�IUAmKrR 6 BkIWaj�FE54FB@4FMYEJCLRlA 2 EOC�IWPWVjKOgYP�4�M 6 P\KrAlc 6 M\KbROG 6 VjKHV%834fM�4�IUAmK�VXMYEOCFi 2 4 2 �DaxABDCFEHG 6 834Ja<4bB 6 8sPWa<4 834G8WCFE54LRFEHV 6 M 834LK�R 6 Ms]\izP 2 AQEHV 6 M\KbAQPWE 2 4fgNP�4b`WV|d�R 6 P\ROG�4LKlo
� P 2 aphI4FM\K 4FB�`Wa<4 834¹axA KOCLgNP�4FM\R=4zt£aphI4LKOEHVXB[AQEHV 6 M M�4�K 4FB�`Wa<4¹wpAQVXaXaXV 2 gNP�4¹a 6>2 KOgNP�4Saph GN�NI 6 EHG\�LK54 834R 6 M\KHETAQM\R=4bE54FBkI 6>2 4FaXa<4 834LK^B 6 PWc�4FB@4FMYEOK�4LKHE�w�AQP\KOKTC=4zt	R=4bgNPWV:KHVXizMWV|]�4JgYP�4ra<4LK 4LKHEHVXBDCLK�K 6 MYE�VXMYEOCed
2 4LKOKTAQMNEOK 8\AQM\K 90% 834LK�RlAmKlo
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1E834fETAQVXaXa<4
864 × 864

IWV|��4FajK tAQP\KOKHV�E 2 AQVXEOC=4 4FMy�\o��so���3bVXaXaXP\KHE 2 4�a<4LK�I 256 `Waj�FB@4LK�aXVjCLK�¹axA�KHP 2 d�K54FizB@4FMYETAQEHV 6 M o�) a�K54FB�`Wa<4�gNP�4Da<4LK
2 CFizaxAQi�4LK�PWEHVXaXVjKOCLKltnI74 2 EHVXM�4FMYEOK^KHP 2 834LK£VXB[AQi�4LK 576×576

tNM�4ZK 6 MYE�IUAmK�AQP\KOKOVvAQIWI 256 I 2 VjCLK^gYPUAQM�8[VXaKlh�AQizVXEB834rE 2 AQVXE54 2 834LK�VXB[AQi�4LK 864× 864
�Naph VXMYE 256 8sP\RFEHV 6 M,834ZM 6 PWc�4lAQPs��B 6 8W�Fa<4LKB834rB 6 PWc�4FB@4FMYE

4LKHE£AmRLR=4FIWEOC=4�E 256 I;wpAmRFVXa<4FB@4FMYE�CFETAQMNE 8 6 MWM\C^a<4^M 6 B�` 2 4 834^`Wa 6 RLK�I 2 CLK54FMNEOKlon@�4LK�I 2 4FBkV<4 2 K�B 6 8W�Fa<4LK
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�$#����  o�� � �£KOEHVXB[AQEHV 6 M 8sP B 6 PWc�4FB@4FMNE9834DaxASKOCLgNP�4FM\R=4 $ P 6>256 KOR 6 IWVjgNP�4 6
t 4FM�KHVXEHPUAQEHV 6 M 834k`WV|dE 2 AQM\KHIUA 2 4FM\R=4;8sVjKHE 2 VX`WP\C=4�1 c 6 V 2 E54e�sE54JI 2 VXM\RFVXIUAQa?3eo

VXMYE 256 8sPWVXEOKJK 6 MNEbK 6 PWc�4FMYEba<4LKrIWaXP\KZI74 2 EHVXM�4FMYEOK\1 a<4LKbR 6 PWa<4FP 2 KA834LKbR 6 P\ROG�4LKbI74 2 B@4FEHE54FMYEG834KTALc 6 V 2
8\AQM\K�gNP�4Fa 6>2 8 2 4JVXajK 6 MYE�CFEOC;4e�	E 2 AQVXEOK�834JaxAB[AQE 2 VjR=4 834 	 6 PWizG � 256 PWi�4zt\IWPWVjK�`Wa<4FP t\c�4 2 Eltz�OAQPWM�4ztc	V 6 a<4FE43eo
� VbPWM B@4FVXaXa<4FP 2 2 CFizaxAQi�4 AQP 2 AQVXE�I 256 `UAQ`Wa<4FB@4FMNESB@4FM\C5� 834LK 2 CLKHPWaXETAQEOK�c	VjKHP�4FaXa<4FB@4FMNE¹IWaXP\KSAmRedR=4FIWETAQ`Wa<4LKlt~VXa 4LKOE�VXBkI 6>2 ETAQMYE 834 2 4FB[A 2 gYP�4 2 gYP�4�a<4LK�B 6 8W�Fa<4LK�834�B 6 PWc�4FB@4FMYE 4LKHEHVXBDCLK 2 4LKHE54FMYEI74 2 EHVXM�4FMYEOK��}VXajK�R 6>2:2 4LKHI 6 M�834FMYE�`WV<4FM�AQPs��8WCFIWaxAmR=4FB@4FMYEOK;AL�YAQMYEaXV<4FP"KHP 2 a<4LK�`Wa 6 RLKfE54e�	EHP 2 CLK;834aph VXB[AQi�4zo	@6AJaXVjKHVX`WVXaXVXEOC�834LK 2 CLKHPWaXETAQEOK 4LKHE�R=4 2 E54LK 2 4FM�8sP�4 8WCFaXVjRlAQE54?8:h PWM�4�IUA 2 E�IUA 2 R=4 2 ETAQVXM\K�ROGUAQBkI\K
� ]URFEHV|w�K�� 4FE 8:h�AQPWE 2 4�IUA 2 EkIUA 2 aph�CFEHVjgYP�4FETAQi�4 834�`Wa 6 RLK�M 6 M4E54e�sEHP 2 CLKlt~B[AQVjK;a<4LKB 6 PWc�4FB@4FMYEOK 8sPR � P 2 t�834LK£I 6 PWB 6 M\K 4FE 8sP 8sVxAQIWG 2 AQizB@4bK 6 MYE�axAJIWaXPWIUA 2 EB8sP[E54FBkI\K�R 6>2:2 4LRFE54FB@4FMYE�AQIWI 2 CFG�4FM�8WCLKlo
��ETAQMNE?8 6 MWM\C�a<4JB[AQM\gYP�4 834faXVjKHVX`WVXaXVXEOC;834LK�B 6 8W�Fa<4LK 834JB 6 PWc�4FB@4FMNEA4LKOEHVXBDCLKltWM 6 P\K�M h�Alc 6 M\K�IUAmKIWP5CFcmAQaXP�4 2 axA�gNPUAQaXVXEOC 834LK 4LKHEHVXB[AQEHV 6 M\KfKHP 2 aphI4FM\K54FB�`Wa<4 834;axA�KOCLgYP�4FM\R=4zo � 4FPWa<4a<4FP 2 PWEHVXaXVjKTAQEHV 6 M
8\AQM\K�a<4ZRlA>8 2 4?834�aph�AQIWIWaXVjRlAQEHV 6 M�c	VjKOC=421E4FM�R=4�gNPWVUM 6 P\K^R 6 M\R=4 2 M�4zt	a<4 8WCF` 2 PWVXETAQi�4]3�I74 2 B@4FEHE 2 AQVXE 834R 6 M\RFaXP 2 4�Alc�4LRJI 2 CLRFVjKHV 6 M�KOP 2 a<4FP 2 I 4 2 EHVXM�4FM\R=4zo
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1 VXB[AQi�4LK@834�ETAQVXaXa<4
576×576

IWV|�34FajK436A�CFEOC�E 2 AQVXEOC=4zo ��aXa<4^A 8WC �O��CFEOC 8WCLR 2 VXE54�AQP�IUA 2 AQi 2 AQIWG�4��\o��so��so @�hI4e�	I}C 2 VXB@4FMYETAQEHV 6 MR 6 M�8sPWVXEZ� 2 CFI}CFE54 2 R=4 2 ETAQVXM�4LK 6 `\K54 2 cmAQEHV 6 M\K2�
# -ZPUAQM�8 834FPs�,R 6 P\RTG�4LK�K54FPWa<4FB@4FMNE�K 6 MNE 4FM5B 6 PWc�4FB@4FMYElt axA�BDCFEHG 6 834DI 4FPWE 6 P `WV<4FM"M hI4FMVXMNE 256 8sPWV 2 4bgNP�4�834FPs� 1E834FPs�	Vj�FB@4rVXB[AQi�4]3et 6 P�`WV<4FM�KOP 2 d�K54FizB@4FMYE54 2 R=4 2 ETAQVXM�4LK 8:hI4FMYE 2 4 4FaXa<4LK tAQPs�WgNP�4FaXa<4LK 4FaXa<4�AQEHE 2 VX`WP�4 834LK�B 6 8W�Fa<4LK 834fB 6 PWc�4FB@4FMYE�I 256 ROG�4LK�1 gYPUAQE 2 Vj�FB@4�VXB[AQi�4]3eo
# @ A2BDCFEHG 6 834 8:hI4LKHEHVXB[AQEHV 6 M0I74 2 B@4FEyCFiYAQa<4FB@4FMNE 8:hI4e�	IWaXVjgNP�4 2 834LK�B 6 PWc�4FB@4FMYEOK4K 4LR 6 Msd
8\AQV 2 4LKgNPWV�AQP 2 AQV<4FMYE;CFEOCDi 6 BkBDCLKIUA 2 PWM�4�AQIWI 256 ROG�4�R 6 M\KHV<8WC 2 AQMYE;PWM�4[KOVXEHPUAQEHV 6 M 834[`WV|dE 2 AQM\KOIUA 2 4FM\R=4�KHVXBkIWa<4\1 I 2 4FBkVj� 2 4�VXB[AQi�4]3eo

# �£aXa<4�I 256 8sPWVXE�IUA 2 R 6 MYE 2 4ZIUA 2 w 6 VjK 834LK£RTGUAQBkI\K 834 8WCFIWaxAmR=4FB@4FMYEOK�E 2 �LK�R 6 Msw P\K£c	VjKHP�4FaXa<4FB@4FMYEltB )FB@4KHV~a<4LK�B 6 PWc�4FB@4FMNEOKJI74 2 EHVXM�4FMYEOKbK 6 MYEbaxADIWaXPWIUA 2 EA8sP�E54FBkI\KbR 6>2:2 4LRFE54FB@4FMYEfRlAQajRFPWajCLK
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t 4FM2KHVXEHPUAQEHV 6 M 834`WV|dpE 2 AQM\KHIUA 2 4FM\R=4;8sVjKHE 2 VX`WP\C=4 1 c 6 V 2 E54e�sE54bI 2 VXM\RFVXIUAQa?3eo

KOP 2 a<4LK 2 CFizV 6 M\K�E54e�sEHP 2 C=4LK21 E 256 VjKHVj�FB@4fVXB[AQi�4]3eo
�ra 6 `UAQa<4FB@4FMNElt�a<4LKkB 6 PWc�4FB@4FMNEOK�K54FB�`Wa<4FMNE�R 6>2:2 4LRFE54FB@4FMYE 4LKHEHVXBDCLK�KHP 2 �,I74FP4I 2 �LK 80%

834¹axAKOCLgNP�4FM\R=4zo
� � � �����
	���
�������

q 6 P\KZAlc 6 M\KZE 2 AQVXEOC98\AQM\K�R=4�ROGUAQIWVXE 2 4a<4�RlAmKZinCFM\C 2 AQa'834LKrKOCLgNP�4FM\R=4LK�8:h VXB[AQi�4LKZVjKOKHP�4LK?8:hI4e�\A¸dB@4FM\K�IUA 2�2 AL� 6 M\K��;tz�ZE 2 ALc�4 2 K�a<4^R 6 M\R=4FIWE0834�axAZ`WVXE 2 AQM\KHIUA 2 4FM\R=4 8sVjKHE 2 VX`WP\C=4zoz@6ArBDCFEHG 6 834^I 256 I 6 dKOC=4B4LKHE04FMNEHVj� 2 4FB@4FMYE�AQPWE 6 B[AQEHVjgNP�4/�(4FaXa<4^M�4�M\CLR=4LKOKHVXE54^IUAmK�gYP�4�aph PWEHVXaXVjKTAQE54FP 2 w 6 P 2 MWVjKOK54^axArK54FizB@4FMsdETAQEHV 6 M@834�aph VXB[AQi�4 4FMkR 6 P\ROG�4LKloG��aXa<4^K54�`UAmK54^KHP 2 PWMDKORTG\CFB[A£� 6 VXMYE08:hI4LKOEHVXB[AQEHV 6 M@834LK�B 6 PWc�4FB@4FMYEOKE 2 AQM\KHIUA 2 4FMNEOKG4FE 834K 4FizB@4FMYETAQEHV 6 M KHIUAQEHVxAQa<4;IUA 2 a<4�B 6 PWc�4FB@4FMYE 834LKJR 6 P\RTG�4LKbE 2 AQM\KHIUA 2 4FMYE54LK;834aph VXB[AQi�4zo\q 6 P\K�ALc 6 M\K�E54FMYPu�M�4bIUAmK 8WCLR 6 PWIWa<4 2 R=4LK 834FPs��AmKHI74LRFEOK�RlA 2 VXajK�K 6 MNE^w 6>2 E54FB@4FMNE�VXMYE54 2 d
8WCFI74FM�8\AQMYEOKlo q 6 P\K�Alc 6 M\KfI 6 P 2 R=4FaxA�VXMYE 256 8sPWVXE�PWM�4kw 6>2 B[AQaXVjKTAQEHV 6 M�B[A 2%K�6 c	V<4FMWM�4.8sP I 256 `Waj�FB@4gNPWV£Klh�AQIWIWPWV<4DKHP 2 axA�BkVXMWVXBkVjKTAQEHV 6 M�VXEOC 2 AQEHVXc�4@8:h PWM�4;w 6 M\RFEHV 6 MWM�4FaXa<4kwpAQVjKTAQMYE�VXMYE54 2 c�4FMWV 2 PWM5E54 2 B@4
1 256 `WP\KHE54]3 8:h�AQEHETAmRTG�4�AQPs� 8 6 MWM\C=4LK 4FE�PWM¹E54 2 B@4G834raXVjKOKTAQi�4zoWq 6 P\K�ALc 6 M\K 4e�	IWaXVjgNP\CJR 6 BkB@4FMYE 2 Cediza<4 2 axAfI 6 M�8WC 2 AQEHV 6 M,4FMYE 2 4JR=4LKB834FPs��E54 2 B@4LK�VXM�8WCFI74FM�8\AQBkB@4FMYE?834�aph VXB[AQi�4bIUA 2 EHVjRFPWaXVj� 2 4bE 2 AQVXEOC=4zo@6AbBkVXMWVXBkVjK�AQEHV 6 M 4FM.4FaXa<4edpB )FB@4rKlhI4e{*4LRFEHP�4 834�B[AQMWVj� 2 4�VXEOC 2 AQEHVXc�4ztYIUA 2 axAbBDCFEHG 6 834�834LK£B 6 VXM�8 2 4LKRlA 2:2 CLK^I 6 M�8WC 2 CLK�VXEOC 2 CLK�gYPUAQM�8�aph�CFEHVjgNP�4FETAQi�4G4LKHE�]W�WCrI 6 P 2 4LKHEHVXB@4 2 a<4LK^B 6 8W�Fa<4LK 834bB 6 PWc�4FB@4FMYElt
4FEfIUA 2 axA¹E54LROGWMWVjgNP�4�)�� J*gNPUAQM�8 a<4LKfB 6 8W�Fa<4LK9834kB 6 PWc�4FB@4FMYEkK 6 MNEf]W�WCLKlo ��aXa<4 4LKHEfVXMWVXEHVxAQaXVjKOC=4ALc�4LRra<4LK�B 6 8W�Fa<4LK 834ZB 6 PWc�4FB@4FMNE�A 0DM�4LK�KHVXBkIWaXV|]UCLK�gNP h PWM�4ZE 2 AQM\KHw 6>2 BDC=4A834 	 6 PWizG 4e�sE 2 AQVXEB834LK
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�$#����  o - � ��KHEHVXB[AQEHV 6 M 8sP B 6 PWc�4FB@4FMYE 834�axA�KOCLgNP�4FM\R=4 $ P 6>256 KOR 6 IWVjgNP�4 19
t 4FM2KHVXEHPUAQEHV 6 M 834`WV|dpE 2 AQM\KHIUA 2 4FM\R=4;8sVjKHE 2 VX`WP\C=4 1 c 6 V 2 E54e�sE54bI 2 VXM\RFVXIUAQa?3eo

ROGUAQBkI\K 834�8WCFIWaxAmR=4FB@4FMYE�RlAQajRFPWajCLK^IUA 2 BkVjK54 4FM�R 6>2:2 4LKHI 6 M�8\AQM\R=4rIUA 2 `Wa 6 RLKlo	� 4FEHE54rVXMWVXEHVxAQaXVjKTAQEHV 6 MI74 2 B@4FEZCFiYAQa<4FB@4FMYE 834;8WCFE54 2 BkVXM�4 2 a<4�M 6 B�` 2 49834�R 6 P\RTG�4LKZI 2 CLK 4FMYE54LKA8\AQM\K�aph VXB[AQi�4zovq 6 P\K�I 6 Psdc 6 M\K 4FM\KHPWVXE54 2 C=8sPWV 2 4;R=4M 6 B�` 2 4zt*4FMuw P\KHV 6 MWMUAQMNEG834FPs��R 6 P\RTG�4LKfAQPs��B 6 PWc�4FB@4FMYEOK�I 256 RTG�4LK 6 P
4FM;wpAQVjKTAQMYE08sVjKHIUA 2 A��jE 2 4�PWM�4�R 6 P\ROG�4�E 256 I[I 4FP 2 4FI 2 CLK54FMNEOC=4zoI��M 2 CFizaxAQMNE£axArE 2 AQM\K�w 6>2 BDC=4 834 	 6 PWizGI 6 P 2 wpALc 6>2 VjK54 2 a<4LK�KOP 2 d�K54FizB@4FMYETAQEHV 6 M\Klt~VXa�M�4�Klh�Alcn� 2 4[IUAmK�M\CLR=4LKOKTAQV 2 4 8:h PWEHVXaXVjK54 2 834DBDCLRlAQMWVjKHB@4
8:h�A¸� 6 PWE 834JR 6 P\ROG�4LKlo@£h�AQIWI 256 ROG�4I 256 I 6 KOC=4fI74 2 B@4FEZCFiYAQa<4FB@4FMNEA8:hI4LKOEHVXB@4 2 a<4LK�B 6 PWc�4FB@4FMYEOKbI 2 CLK54FMNEOKZKHP 2 a<4LK 2 CFizV 6 M\KB 6 M 6 d�R 6 P\ROG�4LK+1�AQP�I 2 V|�.834�aph VXMYE 256 8sP\RFEHV 6 M 8:h PWMDB 6 8W�Fa<4�]URFEHV|wC3et 4FE 4LKOE 256 `WP\KHE54Z�JaxAJI 2 CLK54FM\R=4�834
2 CFizV 6 M\K£�ZIWaXP\K 834B834FPs�R 6 P\ROG�4LK 1 KHV�4FaXa<4LK�K 6 MYE�I 4FP;M 6 B�` 2 4FP\K54LK43eoG) a�4LKOE%8 6 M\R^VXMNPWEHVXa<4 834�RTG�4 2 ROG�4 2��8WCFE54LRFE54 2 R=4LK 834FPs�¹R 6 Ms]\izP 2 AQEHV 6 M\K t\E��mROG�4fE 2 �LK 8sV 0[RFVXa<4fKHP 2 a<4fE��	I 4 8:h VXB[AQi�4LKZR 6 M\KHV<8WC 2 Czo@6A[BDCFEHG 6 834�K54�R 6 BkI 6>2 E549834fB[AQMWVj� 2 4�]_AQ`Wa<4�KHP 2 a<4LKZKTCLgYP�4FM\R=4LKrKH�	MYEHG\CFEHVjgNP�4LKZgNP�4fM 6 P\KbALc 6 M\KPWEHVXaXVjKOC=4LKlo���aXa<4[K54DB 6 MYE 2 4 4FM IUA 2 EHVjRFPWaXV<4 2 I74FP"K54FM\KOVX`Wa<4[��aph GY�	I 6 EHG\�LK54.834DR 6 M\KOETAQM\R=4.834LKfB 6 Psdc�4FB@4FMYEOKKHP 2 834FPs� VXMNE54 2 cmAQaXa<4LK9834kE54FBkI\Klo @6ASR 6 BkIUA 2 AQVjK 6 MyALc�4LR[PWM�4�AQIWI 256 ROG�4�B 6 M 6 d�R 6 P\ROG�4R 6 BkI}CFEHVXEHVXc�4�B 6 MNE 2 4;gYP�4�axAkBDCFEHG 6 834;8:hI4LKHEHVXB[AQEHV 6 M 834LKrB 6 PWc�4FB@4FMYEOKbE 2 AQM\KOIUA 2 4FMYEOKJR 6 M�8sPWVXEJ�
834LK�I 2 CLRFVjKHV 6 M\KZRFaxAQV 2 4FB@4FMYEbKHPWI}C 2 V<4FP 2 4LKlo
��M�R=4�gYPWVvR 6 M\R=4 2 M�4�a<4LK 4e�	I}C 2 VXB@4FMYETAQEHV 6 M\K^KHP 2 KOCLgYP�4FM\R=4LK 2 C=4FaXa<4LKltYKOV\aph 6 M 8WCFIUAmKOK 4�a<4LK£I 256 `Waj�FB@4LK
834ZaXVjKHVX`WVXaXVXEOC�834LK 2 CLKHPWaXETAQEOK^gNP h VXBkIWaXVjgYP�4FMNE�a<4LK^CFc�4FMNEHP�4FaXa<4LK�KHP 2 d�K54FizB@4FMYETAQEHV 6 M\K tsM 6 P\K�Alc 6 M\K�B 6 MsdE 2 C�gYP�4�axA�BDCFEHG 6 834�� 6 VXMYE54 8:hI4LKHEHVXB[AQEHV 6 M 4FE 834�K 4FizB@4FMYETAQEHV 6 M 834�B 6 PWc�4FB@4FMYEOK[E 2 AQM\KHIUA 2 4FMYEOKI74 2 B@4FE 834bRlAQajRFPWa<4 2 a<4LK�RTGUAQBkI\K 834rB 6 PWc�4FB@4FMYE 834LK 6>2 iYAQM�4LKlt�4FE�`WV<4FM¹K 6 PWc�4FMNEB834LK 6 PWEHVXajK�VXMYE54 2 dc�4FMYEHV 6 MWM�4FajK t�834JB[AQMWVj� 2 4fK�AQEHVjK�w�AQVjK�AQMYE54zo
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HJAQM\K~R=4FEHE54 834FPs�sVj�FB@4�IUA 2 EHV<4zt¸M 6 P\K�ALc 6 M\K�I 256 i 2 4LKTKHVXc�4FB@4FMYE04e�sI 6 KTC£a<4 8WCFc�4Fa 6 IWI74FB@4FMYE08:h PWM�4BDCFEHG 6 834;8:hI4LKHEHVXB[AQEHV 6 M�834LKrB 6 PWc�4FB@4FMNEOK 834LK 6>2 iYAQM�4LKfA>8\AQIWEOC=4k�DaxADI 256 `WajCFB[AQEHVjgNP�4kR 6 BkIWa<4e��4R 6 M\KHV<8WC 2 C=4\�
# @ A�B 6 8\AQaXVXEOC 8:h VXB[AQi�4 2 V<4^IUA 2�2 AL� 6 M\K���K54�E 2 A>8sPWVXE�IUA 2 834LK VXB[AQi�4LK ����� ��� ������
 ����
�� �3#'#  �
�� ��
	��
 ��� om� 6 BkB@4 4FMIUA 2 EHVjRFPWaXV<4 2 aph GN�NI 6 EHG\�LK54 834�R 6 M\K 4 2 cmAQEHV 6 M�834£aph VXMNE54FM\KHVXEOCB834LK I 6 VXMYEOKa<4�a 6 MWi 834a<4FP 2 KZE 2 A¸�:4LRFE 6 V 2 4LKJM hI4LKHErIWaXP\KbcnC 2 V|]UC=4ztva<4LKbBDCFEHG 6 834LKJRFaxAmKTKHVjgYP�4LK?8:hI4LKHEHVXB[AQEHV 6 M
8sP¹B 6 PWc�4FB@4FMNEOK�M�4�K 6 MYE�IUAmKZAQIWIWaXVjRlAQ`Wa<4LKlo

# � 6 BkB@4ba<4 2 Al� 6 MWM�4FB@4FMYErAQP\gNP�4Fa K 6 MNE 4e�	I 6 KOCLK�a<4rIUAQEHV<4FMYE 4FE^aph�CLgNPWVXI 4bBDC=8sVjRlAQa<4 4LKHE�AQP\KOKOVaXVXBkVXEOCgNP�4fI 6 KOKHVX`Wa<4zt �,
�� ������ 
�� ��"���
�� "�
�� ��� ��� #��/ &	,�,
	� ��4FaXa<4LKbK 6 MNE�` 2 PWVXEOC=4LKlt_I74FPR 6 MNE 2 AmKHEOC=4LKlt�4FE�4FMYETAmROG\C=4LK?8:h PWM � c 6 VXa<4��TtWa<4 8sV|{vP\KOCzo
# @ 4^ETAQPs� 8:h�AmRLgNPWVjKHVXEHV 6 M.4LKOE£CFa<4FcnC 1 30 VXB[AQi�4LK£IUA 2 K 4LR 6 M�834]3et�4FE£aph�AQIWIWaXVjRlAQEHV 6 M[c	VjKOC=4��rE54 2 B@4834Fc 2 A;K54 8WC 256 PWa<4 2 4FM ��
	����� �62�
.� o

� ���� � 	��¤ ��
�H �O¤
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Ī(., t) = Î(., t− 1) � S � . "%2%�M���3$/'(.��?!g�e+B"%2#��]r�4�*.
�o26. "#4*��);'�� ¬
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Ĩ
28�*$8U:��)5'qC;.��<)��*.92q�34��*)92 �*@92#� �(4�=

I
FQGW�����
�6\32^!g���6\/AE!����
�+7n�3K��32&S$��/'('��B�
���*@:��@ "#!#"#'6=��32('?�
���*�����('("��*) )��/!#!��p��. �
���$��. "#'��
�
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p(I|Ĩ) 2���� =���. "#'���"5���3$/'��/+��/)5'?]W�:���('("5�%��.<+��/� \/!����.<@
�(. "#'&S "#!8�32('o+��*"#)92P=/4;"��
�/);'%�D�x=/'8��@ !#"5�

p(Ĩ)
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aI��� �*�/!��*)92n!g�WJ"���(+j. !��-��>�F�� � 2(.��n!g�*C;.��/!#!���2��i@:�*2��c$��Ih9!#'���� ¬
Î(p, t) = (1− α(p, t))Ī(p, t) + α(p, t)I(p, t)

��Q�FX� �
= Ī(p, t) + α(p, t)(I(p, t) − Ī(p, t)) ��Q�F�� �

�34��3$
I(p, t)

!1� "#+-��A��i+��326.��6=�� �/'
Ī(p, t)

. )��I���6=���"%$/'("��*) ���I!1� "#+-��A���]e!g� �9��'��
t
�"�M�$�3$/'(.9=��?2���)92!g�W$��*) ):��"%2628��)9$��&���

I(p, t) � F:aI��� �*�/!��*)92o=/A5��!��/+��/);'PC;.�� Î(p, t) � =32("#AE)��?!1� "#+-��A��:� =/@��(. "#'6=��EF�����626C;.��X!g�<���6=���"%$/'("��*) �32('jh£��@ !��ES�$��Xh9!#'����X�$���(+��/'6���p$��*)920���(4����e!1� "#);'6=/A,�8��!#"#'6=)���326� =/'8��"#!%2+���!1� "#+-��A��ES '��*. '!�/)���'('��/"#AE):��)5'O. )I�My�$��/!#!��/);'!� =/@��(. "#'8��A��X�"���?�:���P28�W2('��(.9$/'(.���� �6=3$/.��62("#4�� � F
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α(p, t) =





α(p, t) = αid(t)
sL� |I(p, t) − Ī(p, t)| < 20

α(p, t) = A|I(p,t)−Ī(p,t)|2+B|I(p,t)−Ī(p,t)|+C

|I(p,t)−Ī(p,t)|sL� 20 < |I(p, t)− Ī(p, t)| < 40

α(p, t) = 1− D
|I(p,t)−Ī(p,t)|

sK� |I(p, t) − Ī(p, t)| > 40
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Î(p, t) = α(p, t)I(p, t)

+ (1− α(p, t))(I(p + w1, t− 1)

+I(p + w2, t− 1)− I(p + w1 + w2, t− 2)).
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σ2
Î
(t) = α(p, t)2σ2

+ (1− α(p, t))2(σ2
Î
(p + w1, t− 1)

+σ2
Î
(p + w2, t− 1) + σ2

Î
(p + w1 + w2, t− 2)).
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σ2

Î
(t) = α(t)2σ2 + (1− α(t))2(2.σ2

Î
(t− 1) + σ2

Î
(t− 2)).

��Q�FX�&| �`��*.92o2��*. U:��"#'��*)92O$8U��*"%2("1�o!��?A5��"#)
α(t)

+B"#) "#+B"%28��)5'P!��i@��(. "#'!���?!1� "#+-��A��?'��8��"#'6=��
σ2

Î
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(t)

dα(t)
= 2

(
α(t)σ2 + (α(t) − 1)

(
2.σ2

Î
(t− 1) + σ2

Î
(t− 2)

)
= 0.
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α(t) =
2σ2

Î
(t− 1) + σ2

Î
(t− 2)

2σ2
Î
(t− 1) + σ2

Î
(t− 2) + σ2
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σ2

Î
(t) =

(
2σ2

Î
(t− 1) + σ2

Î
(t− 2)

)2
σ2 + σ4

(
2σ2

Î
(t− 1) + σ2

Î
(t− 2)

)
(
2σ2

Î
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Î
(t− 2) + σ2
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t→∞

σ
Î
(t) =

√
2

3
.σ ' 0.816σ.
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Ī(p, t)
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Ī(p, t) = Î(p+w1(p), t−1)+ Î(p+w2(p), t−1)− Î(p+w1(p)+w2(p), t−2).
Q�6.DX�ZY

F (C1)
� 
&/ ? �� B � - �� � � )�� �.� 0 '��0)�
&� B ��.+�1�*'2� �.,*��,* ����- .�� �������"!��I����&:�3&(�$��B��L��������&5S

�' ��� =D�(G�<%*�2�'����!������+���������;���2�?�����>���1����,-%*�2���0���k!��*�k,����'���2,��2�;���7����!c�)%����2,-&:j����"��������#��
�0�2�'!��2,��2�?��N$�����>�

I(p, t) = I1(p, t) + I2(p, t)
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= I1(p + w1(p), t − 1) + I2(p + w2(p), t− 1).
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I(p, t) ' I1(p + w1(p), t− 1) + I2(p + w1(p), t − 1)
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= I(p + w1(p), t− 1).
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Î(p, t) = α(p)I(p, t) + β(p)Î(p + w1(p), t− 1)

+δ(p)Î(p + w2(p), t− 1) + γ(p)Ī(p, t)
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Ī(p, t) = Î(p + w1(p), t − 1)

+Î(p + w2(p), t− 1)− Î(p + w1(p) + w2(p), t − 2)
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α(p) + β(p) + δ(p) + γ(p) = 1.
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!��b/�!(�����b#;V;A��3&����uQ��������* ��2��A'!��2�iY[Nv,����'j2!��J���0A��3�'&(�L�'�3&(!(&:�� lQ��������* H�2� �����'B��ZY[D6\��*�6���������'�� ��*�
���������*�3%$�������2�?�R7�!UO¡ *�����3�TSU�WVX%$�I�.� A��3�'&(�b�����3,b��!(&:�� �Q

σ
Î
(t)/σ

Y[N5�2�<!��*�0��A����2&:�����*�07�!UO &(���.&:���L���
!UO &(,b��B��!�' 2A��3�'&(�� ��=D;\��]/�!(������#;V;A��3&����1�'�3&(!(&:�� 8�*�3�k!�� � � BkJ]Q /�!(�����1#?VXA��3&�����%$���k%$������#b&(�� ��� ZY?�' *���3&(�
%'!(����!���&(�PD

�>w�� 
 =v~i� � ~i{�� � �M� }�� �v� ��� ���I���]~i{�� �
� 2�� 254 � ���K� ?�� � ��������&2�,��� � % 2
B �����M��%'%'!(&:@;�����I�'�������0���*�>�2&(��@��3�������� 2B=&��*��N &(!k�������)4U���'�:�_O`��A*�����F�' *�2&������L�3&�!��*�L��������#��*�

�����;�G#���,���Brj2���*� ���l���������l%'&5d��2!
p
�������3&��' ��� =D 6F&:���2�'�������F%$�����[d'�2,-%'!�� ���I!UO #���,���Br 2�� 2&(�� +���

V N��[�G¢T�3��§o�%N:�	�f�=�v¦[��§U ����o�����U ��y�`�%Y��p���3¨
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� �	�	
�6.DX�=�ma" 2B=!c��B��*�3��%'�3&(,b���.d ���*�_B?��&(���<������� !��*� �2&(��@������./�B=�������3&������v%*�=���3&(A'!��*��D��������_�����������
σ!UO¡ *�����3�TSU�WVX%$�&�.�|A��3�'&(�#���>,��*�������=N

σ
Î

!UO¡ *�����3�TSU�WVX%*�6�.�|A��3�'&(�G�3���G!UO &(,b��B��&�' 2A��3�'&(�� ��L%��� *�* ����2�?���
�2�
σ̄
!UO¡ *�����3�TSU�WVX%*�)�.� A��3�'&(�����8!UO &(,b��B��C%��� ��.&(���nQ"�������-���)���X�2�',��2�?��Nk���2�3���8���������3&����s�������C!c�

%��� ��.&:�2�3&����I�2�������E!c�M,���V��2�'���?L�Y[D
D

�5���./�B=�������3&����
α β

(C0) σ̄2

σ2+σ̄2

9

(C1)
σ2

Î
σ̄2

σ2
Î
σ̄2+σ2σ̄2+σ2

Î
σ2

σ2σ̄2

σ2
Î
σ̄2+σ2σ̄2+σ2

Î
σ2

(C2)
σ2

Î
σ̄2

σ2
Î
σ̄2+σ2σ̄2+σ2

Î
σ2

9

(C3)
σ4

Î
σ̄2

σ4
Î
σ̄2+σ2σ2

Î
σ̄2+σ2

Î
σ2σ̄2+σ4

Î
σ2

σ2σ2
Î
σ̄2

σ4
Î
σ̄2+σ2σ2

Î
σ̄2+σ2

Î
σ2σ̄2+σ4

Î
σ2

(C4)
� 9

�5���./�B=�������3&����
δ γ

(C0)
9 σ2

σ2+σ̄2

(C1)
9 σ2

Î
σ2

σ2
Î
σ̄2+σ2σ̄2+σ2

Î
σ2

(C2) σ2σ̄2

σ2
Î
σ̄2+σ2σ̄2+σ2

Î
σ2

σ2
Î
σ2

σ2
Î
σ̄2+σ2σ̄2+σ2

Î
σ2

(C3)
σ2

Î
σ2σ̄2

σ4
Î
σ̄2+σ2σ2

Î
σ̄2+σ2

Î
σ2σ̄2+σ4

Î
σ2

σ4
Î
σ2

σ4
Î
σ̄2+σ2σ2

Î
σ̄2+σ2

Î
σ2σ̄2+σ4

Î
σ2

(C4)
9 9
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!c�6���2�.d.&:j2,��I��������#��0Q"�����?�"!��*�1���*�2���2�����!���)�X&(���*�����)�����;�8�����'�� *�1%$���
w2(p)

Y[D
�5��,-,��:�[d.%'!(&:@?�� >%'!(����#$���'��N'�������1�����'!������G 2����A'!(&1�"�3&

I2(p + w2(p), t− 1) ' I2(p + w1(p), t− 1)
Q�6.DX�A9rY

���)@;�'&3�*�3�1 *@;�'&(����!��2�;�!�_O`��%���j*�LQ�6.D54rY�7C�

I(p, t) ' I(p + w1(p), t− 1).
Q�6.DX�z�ZY

JK!P��O`��B=&(�!������� ���I����,-%$�������
I(p, t)

�2�
I(p + w1(p), t − 1)

N��2�!���:�' *�2&������F�3& ���*�8���2�.dR�=��!��2�����
�����;���K 2B?��!��*����D(����%������3&:@?���=N6&(!��ZO`��B=&(�&��� �' 2�����3,-&(�����-�3&5�2!(!��*�&�.&5�_j����2�?�-���2�'!��2,��2�;�^7E�����������.�
A��3�'&(��Q�!c� ��������#����*�3�R#���,���Brj2���ZY[N!��� A'&��2� ��&:�2!(!��*�m���������*�3%$�������2�?�|7 ���*�R%$��&(�?���m%'#?V.�3&:@?���*�
�.&5�_ ����2�?���LQ�!c�<��������#�� �*����#� 2�� �����Brj2���ZY[D
� ���2��� ?  � �(
&, B / �8� � ).� � � ����' ?�� . � (��)$ �-!.(�� (-=9!	� ����
�
&�� ) �A
����/ � � / �(/ ? ��/ �8� ByN?@;�$�����
���E��#�������#��L76�' 2�����3,-&(�����F�3&_!UOB���E�������3&��'j����>A'&��2� ���2�.dR%'&5d'�2!:�8�_O �'���:�� 2B=&����E�3�����3&����'�$��&1���=D
JK!'4o���'�� 2B?��!��2,��2�?�-�' *�2&���������&�!��*�(�*�3�3&(,< *�7�.�b,����'���2,��2�;�����b%'&5d'�2!��������3&��' ��� "�����;�k/i��A'!��*��D;�#�����
�������MA$���������M%*�����^���b4o��&1���8�3���M!c�E����,-%$������&:����� ���

I(p, t)
�2� ���

Ĩ(p, t)
Nv���8@;�'&����������*�3%$�����

 2B?��!��2,��2�?�����m%�����A'!:j2,��I��������&��' ��� )%$���1!��*�]/�!(�����*�"������%'�����3&54o��D
�������m��%'%'!(&:@?�������I��������!���,<H2,���������&(���2,��2�?�l@?�������2!(�'&>@;�'&:�*�3�)�[�$�*�2�3�� �%$���R!��*�C/��3!1���*�

������%'�����3&54o��D B�!(�'��
��>@?��� ���6�' *�2&������ ���L,b���'&:j����MA'&(�$��&1���+���M!UO #���,���Br 2�� 2&(�� +���M!c�b��������#��+�2� ���
!c�^@;�$��!(&(�� :���)!UOB�*�3�3&(,b���3&����L���*��,����'���2,��2�?����N
F �������6����!:�2�'!������<�2�M��#$��@;���k%'&5d��2! p ���2�.d�4o���2���2�����v���������*�3%$���������?��7]!c�������./�B=�������3&����^!��;����!�����*�&���2�.d9��������#��*�8�

h1(p)
@?�'&@���2%��� *�0�2�?���0!��^4o���2���2���^�������X�2&: <7C!UO #?VX%$���3#�j*���
�W!c�E��������#��

1
�*�3��#���,���Brj2�����bQ�%$���1!UO¡ *@;�$���3&�����Q�6.DX��4rY]�2&5S ���*���������yY5�2�

h2(p)
@;�'&D���2%��� *���2�?���)!��)4o���2���2���

�������;�2&: G7�!UO #?VX%*���3#�j*�0���W!c�)��������#��
2
�*�3�k#���,���Brj2�����MQ�%$����Q�6.DX�A>rY3Y[D.�5�*�7���2�.d-4o���2���2�����������?�

�����3,b��!(&:�� *�!�2�?�����
0
�2�

1
D

�5��,-,��E!��*�bB?��&(���J�_O`������%'�����3&�����K�2!c�����3&:@;���*����Nk���E�0���?�J���*�<4"�����2�3&��������' *������&:�������;���*�H���
|I(p, t)− I(p + w1(p), t− 1)| Q ���*�3%PD |I(p, t) − I(p + w2(p), t− 1)| Y[D6���!c�],<H2,��+,b���'&:j����=N��'�)4U���2���2���

h12(p)
�*�3�6�������;�2&: k7�!UO #;V;%$���3#�j*�����

Ĩ(p, t)
�*�3�P�'����A$���'���

%��� ��.&:�2�3&����L���
I(p, t)

��D$JK!P��O`��B=&(�8�_O �'����4%�����2�3&���� �' *������&:�������;��� ��� |I(p, t)− Ĩ(p, t)| D3G&(���3&UN
F !c�L�����./�B=�������3&���� (C0)

Q�!��*�>�*�3�3&(,< *�5���*��,����'���2,��2�?���������;�+/i��A'!��*�>�2��!��*�7���2�.d8��������#��*�
�0���?�1#� 2�� �����Brj2���*�yY1��������&(�G�����0�;�2&: ���!��F4U���2���2���

h12(1− h1)(1− h2)
N

F !c�t�����./�B=�������3&����
(C1)

Q"�*�3�3&(,< *�I���n,����'���2,��2�?���|/i��A'!��*��NG��������#��
1
#� 2�� �����Brj2���F�2�

��������#��
2
#���,���Brj2���ZY[N$!��F4o���2���2���

h12(1− h1)h2
N

F !c�1�����./�B=�������3&���� (C2)
Q"�*���3&(,< *�3����,����'���2,��2�;��� /i��A'!��*�ZNZ��������#��

1
#���,���Brj2���5�2� ��������#��

2
#� 2�� �����Brj2���ZY[N$!���4U���2���2���

h12(1− h1)h1(1− h2)
N

F !c�m�����./�B=�������3&���� (C3)
Q"�*�3�3&(,< *�&���^,����'���2,��2�?���L/i��A'!��*��N����2�.du��������#��*�L#���,���Brj2���*�yY

!��)4o���2���2���
h12h1h2

N
F �2�"!c�^�����./�B=�������3&���� (C4)

Q"�*�3�3&(,< *�#����,����'���2,��2�?�������������� *�yY
1− h12

D
F �������)/�!(���������L!c�m�� *@?���2�����J�_O &(,b��B��*� �������M��#$���2�'�������*�L#?VX%*���3#�j*���*� (Ci)

N3�2�&��A'���2�������
�2&(��@0&(,b��B��*�

Î(Ci)(p, t)
D
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Î(p, t) = h12(p)(1 − h1(p))(1 − h2(p))Î(C0)(p, t)

+h12(p)(1 − h1(p))h2(p)Î(C1)(p, t)

+h12(p)h1(p)(1− h2(p))Î(C2)(p, t)

+h12(p)h1(p)h2(p)Î(C3)(p, t)

+(1− h12(p))Î(C4)(p, t)
Q�6.DX�60rY

�����*�

Î(Ci)(p, t) = α(Ci)(p)I(p, t) + β(Ci)(p)Î(p + w1(p), t− 1)

+δ(Ci)(p)Î(p + w2(p), t− 1) + γ(Ci)(p)Ī(p, t).
Q�6.DX��3;Y

\ �M/�B=�����'6.D 3-&(!(!(���3�����)!���4%�����2�3&����'���2,��2�?���.�C/�!(�����)#?VXA��3&����I@;���������������2�������#���)%��� *���2�?������D
� 2�� 2�� � � %	& � � � % �	� �	�#&2�,��� � %

� ? ,��*�	� ��/ �8� � . �(�*' B / � ����)��'
h
� �5��,-,��5�������v!�������� �.�I/�!(������������%'�����3&543NZ!��+4U���2���2���

h1
Q ���*��%PD

h2
N
h12

Y:�*�3�I�'���<4"�����2�3&���� �' *������&:�������;������� |I(p, t) − Î(p + w1(p), t − 1)| Q ���*�3%PD |I(p, t) −
Î(p + w2(p), t− 1)| N |I(p, t) − Ĩ(p, t)| Y��

h1(p) = ψ
(
|I(p, t) − Î(p + w1(p), t− 1)|

) Q�6.DX��4rY
h2(p) = ψ

(
|I(p, t) − Î(p + w2(p), t− 1)|

)
.

Q�6.DX�A>rY
h12(p) = ψ

(
|I(p, t) − Ĩ(p, t)|

)
.

Q�6.DX� Q=Y
\kOB�[d.%����*���3&����K�[d'���2���&���

ψ(.)
����&(��H2�����&�' 2�����3,-&(�� ��6���)4U�
	����l#��2���3&:�3�3&:@?��� �2�m4%�����2�3&����K�.�E%�����S

A'!:j2,��8%*�=�� =D �������M��#���&:�3&:���������M�'���b4"�����2�3&���� �2��������&:�M%$���3�3&��*�+�.��,<H2,��8�WVX%$�0@;���<!��8�������3A*�
�����'B������"!c�)/�B=����� QXDX�MQ �v&(B�DT6.DM0rY[D0�k!(!��"%$���3,��2�5�����.&:�3�3&(�'B=�����>���*�5�� 2B=&������5��20!UO #?VX%*���3#�j*�0�F��������&5S
�' ��� ����*�3�>����j*�L%�����A$��A'!���Q"�2�M���<����&��2�;�^�������;�2&����L!c�R�=��!��2���

1
Y ������ 2B=&������6��2F�2!(!��J�*�3�I����j*�L%*�2�

%�����A$��A'!��bQ�%$�����1!��*@;���2!P!��F4o���2���2���#�*�3�1��#���&:�3& %����*��@?�����;�'! � Y[D$�5�*�8���2�.dR&(�?�����3�=��!(!��*�"�0���?�"�� 2%$���� *�
%$���1�'�����A�����)%$���3,��2�3�����?�G�'���)���������3&(�3&���� ���������&�2�?�����)!��*�!���2�.dC�KV;%$�*�8��� �' *�2&:�3&����PD
\ �R4"���3,��J�.�u4o���2���2��� �*�3� �������J�' [/��'&��b%$��� ���2�.du�0�2�'&(!:��D �������L���������&�2��%������3&:@?���J��%'�� <%$�����
�'� %����2,-&����<���2�'&(!17

s1 = 1.5σ
�2�^�'� ���2�.d.&:j2,��R���2�'&(!17

s2 = 2σ
N@��2

σ
���2%��� *���2�?���C!��8A��3�'&(�

�_O`���*@;�'&:�3&(�3&�����Q�,��*�3���� )%$���"!��)�3VX����j2,�� �_O &(,b��B����3&��ZY[D
M ]��1�f§W���U  Q*�f� �*���y���i�3�y�`�T�f���y���_£Z ¡§U�T�p�U�%Y��T�*�����Z¨��
	��i�U�y�f�a�T�y���¥�o§U�� ¡§U�6���Z���` `�T ¡�U�%Y��T�*���`�T�i TY1�KS[�p�a `���U�K§�Y�¢3£f ��y ¡§U�T�

Î(Ci)(p, t)
¨�Ev�[�f���T�KY Df ��f�[�f���`�T�_�T `��Q��T�[� 	�S[�Z§W���U `�[�f�_�y�"�� `¦2�T�y�"£f�1�3�����p���r£f�p�a�=�[ �£f�

α(p)
�
β(p)

�
δ(p)

�p�
γ(p)

��T�!O5�y§�Y1���*��
α(p) = h12(p)(1 − h1(p))(1 − h2(p))α(C0)(p) + h12(p)(1 − h1(p))h2(p)α(C1)(p)

+h12(p)h1(p)(1 − h2(p))α(C2)(p) + h12(p)h1(p)h2(p)α(C3)(p)

+(1 − h12(p))α(C4)(p)
���Z¨������

���
α(Ci)(p)

�T�¥�+�����=�y �£f�
α(p)

�Z�U `�� `�o¢1£f�y���k�(¤ O �f�=����O�PT�o�
(Ci)

���.� D?¨ ��¨����K¨�W;�T�k�=�[ �£Z�
β(p)

�
δ(p)

�p�
γ(p)

�o�[�*��3�����p���`¢T�6£f����� Y��%Y���O(��T�[�����p� �(¤  4Y1�HS[� 	����y�`���T�¥� � Df�U�T�����v����§�����¨ ���K¨
��� �;�?¤ �T�¥� ���y�_� �����p�U�%Y��T�*�P�����r�=�y�f§P�o���f§U¢p¦2�T�� ¡§P�T�y�*�o§U�����ADZ§U�� ¡��� �=�[ `¦*§U���p�P�o�T���U¨
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h1

Q ���*��%
h2
N
h12

Y �.�^/�!(�����]���2,-%$�����2!�#;V;A��3&����8�2�^4%�����2�3&�������� |I(p, t)− Î(p+
w1(p), t| Q ���*�3% |I(p, t) − Î(p + w2(p), t| N |I(p, t) − Ĩ(p, t)| Y[D
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|I(p, t)− Î(p + wi(p), t− 1)| %$�����8�' *�2&������!����!UO #���,���Br 2�� 2&(�� &����!c�^��������#��>�������3&��' ��� ���2�

p
N',b��&:�1�3����!UOB�[d.%����*���3&����

∑

p′∈V (p)

|I(p′, t)− Î(p + wi(p
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Î(., t− 1)

N����R��O`��%'%'�'&��F%'!(����4"���3���2,��2�;�"�3���]���*�
�����3�'&:j����*�CQ
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Īt(p, t − k)
���?��%$���>��&(!(!��2������!UO &(�������?�r 2�'&��2�;� �_O¡H2�����M%'!(���GA��3�'&(�� ��*�)@;���L!��*�

&(,b��B��*�!���3&(B=&(���2!(!��*�ZD�\��*�!���2�.dm��%'%����X��#��*�G%*�=����&(A'!��*�������?�!�������>!��*�1�3�'&(�=���?���*�I�
F �A
������' ' � / �8� � � ��� B � � ��0
&' '8/ � ' � � B � � � '�/ �8� � � ����' B=� ) ��� B � � ��' ���/ � ' � / �� � ��'��
!��*�1&(,b��B��*�"�������3&��' ��� ��*�G�����?�1,���&(���1A��3�'&(�� ��*� � ��� � �����|�3�����3&����'�$��&1���*�"���2,-%$�����2!(!��2,��2�?��D

F �A
������' ' � / �8� � � ��� B � � ��0
&' / ����� � � B � � � '8/ �8� � � ����' B � ) ��� B � � ��' ���/ � ' � / �� � ��'��
!��*�1&(,b��B��*�"�������3&��' ��� ��*�G�����?�"�������3&����'�$��&1���*�1���2,-%$�����2!(!��2,��2�?� � � �c� A��3�'&(�� ��*��D\ �L%����2,-&:j����>��%'%����X��#��)�����������3���F,-&��2�.d0!��*�>�' 2����&(!:�>Q¥�����1�����2�'�C!(&:������B��G���2,-%*�����2!_���G%$���������I!��*�

���3�� 2�?�����yY�,b��&:�!�.&(,-&(�;���>,���&(����!��)A��3�'&(�G@?����!c�^���*���������=D

� �	�	
a©.DX�=�$�5��,-%$�2�������3&����L���*��,����'���2,��2�?���G���������3%$�����2�?���G%$�����1!��*�]/�!(�����*�1�3%$���3&���SU���2,-%$�����2!:�
�v&(!(����� �;%$���3&���SU���2,-%*�����2! �;%$���3&���SU���2,-%$�����2!

��&(,-%'!�� �����*�I����,-%$�2�������3&���� ���*��,����'���2,��2�;���
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Î(p, t) = h12(p))(1 − h1(p))(1 − h2(p))Î(C0)(p, t)
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∆PSNR = 0.6dB
YG�3�'%'%'!: 2,��2�;����&1���+�*�3�G/�!(���� =D�\3�*�

%$���T4"���3,b�������*� ���L!c�0�������3&�����#?VXA��3&����	� � " � �2�������3,��6���&�� ��.���2�3&��������I!UO¡ *�����3�TSU�KV;%$�+�.�|A��3�'&(�
�����;�>%$���L�����;�����<%'!(���)4U��&(A'!��*�I@;���<���2!(!����.�n/�!(�����-�����n����,-%$�2���� �2�n,����'���2,��2�?�RQ � � " �v&(!(�����
�;%$���3&���S "3�2,-%$�����2!?�.&1���*�2�yY[D

� C � �*�f���(¤ �y�F¢T¦y�y�`�f���T�F�T�������§W�y�*�
|I(p, t) − Î(p + w1(p), t − 1)|

�K�
|I(p, t) − Î(p + w2(p), t − 1)|
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Î(p + w1(p), t− 1)

�
Î(p + w2(p), t− 1)

�K�
Ĩ(p, t)
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r(p,w1,w2) = I(p, t+ 1)− I(p + w1, t)

−I(p + w2, t) + I(p + w1 + w2, t− 1) = 0
*���f 
�,
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J(w1,w2) =
∑

p∈=

(
r
(
p,w1(p),w2(p)

))2 *���f�� ,
�HG

w1

�WO
w2

� �WB � eN=��WQ;O��WQGO�D��N=�\_^T@CLqBR=%���qZG<EO��N=c=��N=�@X=_=��	\W<FeN=�@C:JI�L��5�9iWD��N=3BT@ � @CLsiWO � <F8G:"�N= θ1�WO
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wi = w(p, θi) = B(p)θi
*���f�� ,

�HG�Du@LK@CO � <F\�� B(p)
ZX@C:9O * \7@X=1���/Dn? :9OS<EDE<F=c@COS<��XQ-���N=YL��+�9iWD��N=`@!
sQ"�N=b\��XLqB9D��WO_=B,+3

B(p) =

[
1 x y 0 0 0
0 0 0 1 x y

] *���f ��,
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w(p, θi + δθi) = w(p, θi) + w(p, δθi)
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J(Θ) =

∑

p∈=

r
(
p,w(p, θep(1)),w(p, θep(2)), t+ 1

)2 *���f�� ,

=
∑

p∈=

(
I
(
p, t+ 1

)
− I

(
p + w(p, θep(1)), t

)

−I
(
p + w(p, θep(2)), t

)
+ I

(
p + w(p, θep(1)) + w(p, θep(2)), t− 1

))2 *���f��4,
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J(Θ) =
∑

p∈=

(
I
(
p, t+ 1

)
− I

(
p + wep(1)(p), t

)

−I
(
p + wep(2)(p), t

)
+ I

(
p + wep(1)(p) + wep(2)(p), t − 1

))2 *���f�� ,
� �g�[��� � 	 
�	 ��	  ����	?>�
 ������!"� ��������
�	 � ��� ;���������� '��8�����4>�


hE��\��S<EO_i����-Q�XQ DE<EQRe7@C<���� *���f�� ,*�N=SOO�J<�
K\W<ED�����Lq<EQ9<ELq<F=���� �J<����N\WO��WL��WQ;O7fbk)�X:R=]\c^�X<F=S<F=_=��XQR=
��� =S:9<EZZ���p:9Q#=_\c^ReWLK@�<EQR\��_eWL��WQ;Oc@CD\��� Lq<EQ9<ELq<F= @COS<��XQ#<EO_e��c@COS<EZ��O���pO��GBG�	�/@C:R=_=SUgk)��
jO��XQ�BG�X:��
�N=SOS<EL����'D��N='BT@��c@CLsiWO����N=D���rL��X:9Z��WL��WQ;O7f @ �WDu@�\��XQR=S<F=SO��Y�HDE<EQRe7@��S<F=���� <EO_e��c@COS<EZ��WL��WQ;O+*��Hf�� ,�@C:9O��X:��
���N=bZX@CD��W:��_=H\��X:��c@CQ;O��N=,���N=(�N=SOS<ELseN=7�F�WOH�+���N\_^���_\c^���3=��XQ Lq<EQ9<EL�:9L�f�k(�X:R=bDE:9<�@ � I��X<EMtQ�XQR=H:9Q�
=SO��S:R\WOS:����/L�:9DEOS< U?�_eN=��XDE:9OS<��XQ�BF�X:��`@CB9B��_eW^�WQ�����HD��N=jDu@��SM��N=Y�9eWB9Du@X\��WL��WQGO_=7f
k(�X:R=r@7Z��XQR=rD���\_^�X< I*���HDn? � ���@�������HDE<EQRe7@��S<F=c@COS<��XQ �J:0�_eN=S<��J:�fJhE�N=r=��N\WOS<��XQR=j=S:9<EZt@CQ;O��N=rB��_eN=��WQGO��WQ;O
���W:JIqZX@��S<u@CQGO��N=j@C:KB����WLq<����D�WOr@C:p=��N\��XQ�U� ���@���Y���N=SBG�N\WOS<EZ��WL��WQ;O7f	hE�`B����WLq<����/� ���@���)�N=SO D��Y\c^�X< I
D��bB9DE:R=P\WDu@X=c=S<F8;:�)�WO <ED�LsiWQ�/�3:9Q� � �XQR\WOS<��XQ0���XQGOrD��YLq<EQ9<EL�:9L �mIR@X\WOr=��b\7@CDF\W:9D����mIJB9DE<F\W<EO��WL��WQ;O7f
hE�p\_^�X< I �J:�=��N\��XQ�J� ���@���1=7? �N=SOI�_eWZ�iWDFe+�WQ � @C<EO�B9DE:R=�BG��� � � �SLK@CQ;O7f�k)�X:R=�L��XQ;O����XQR=T�WQ �4�G�WOl�
O��c@NZ����_= D��N=*�mIJB�e��S<��WQR\��N=0�9eN\��S<EO��N=]��Du@�=��N\WOS<��XQ �Jf��$8G:� Du@�Lq<EQ9<ELq<F=c@COS<��XQ @X=_=��G\W<Fe�� �N=SO1\����SO��N=
B9DE:R=\�XQRe����W:R=��t�RLK@C<F=`8G:�? �WDED�� � �X:��SQ9<EO)���N=)�N=SOS<ELseN=YB9DE:R=Y�}@Cd9D��N=7�T\���8;:9<E�_e��J:9<EO(�@�c@X=SOS<F8G:�WL��WQ;OHD��
Q�XL�d����I����DE<EQRe7@��S<F=c@COS<��XQR=H=S:R\N\��N=_=S<EZ��N=jQReN\��N=c=c@C<����N=`�lDn? �XdFI��N\WOS< � �[? :9Q�3B��_eN\W<F=S<��XQ =S:�
K= @CQ;O��tf
� w$# � z0,�7*j�>z05�*j{}z_�4, *46 ���|�~!zc|����j��&���|
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J
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r
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� ���@���/BT@����c@CB9BG� �SOb@C:9O��X:��\���
Θ̂k

f9k(�X:R=jD���Q�XO������XQR=YBT@��jDu@q=_:9<EO��/=S<ELqB9D��WL��WQ;O
Θ
BF�X:��`@CDEDFiWM����

D��N=jQ�XOc@COS<��XQR=7f @ �XQR=S<��9e����XQR=
J(Θ + δΘ) =

∑

p∈=

r2(p,Θ + δΘ)
*���f � ,

K �7�9Dn? �mIJB����N=_=S<��XQ ���
r(p,Θ + δΘ)

�N=_OY���XQ9QRe��X�[?A@CB��_iN= *���f 
�, BT@�� 3

r(p,Θ + δΘ) = I(p, t+ 1)− I(p + wθe1(p)+δθe1(p)
(p), t) − I(p + wθe2(p)+δθe2(p)

(p), t)

+I(p + wθe1(p)+δθe1(p)
(p) + wθe2(p)+δθe2(p)

(p), t− 1)
*���f 
 � ,

= I(p, t+ 1)− I(p + wθe1(p)
(p) + wδθe1(p)

(p), t)

−I(p + wθe2(p)
(p) + wδθe2(p)

(p), t)

+I(p + wθe1(p)
(p) + wδθe1(p)

(p) + wθe2(p)
(p) + wδθe2(p)

(p), t− 1)
*���f 
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r(p,Θ + δΘ) ' I(p, t+ 1)− I(p + wθe1(p)
(p), t)−wδθe1(p)

T∇I(p + wθe1(p)
(p), t)

−I(p + wθe2(p)
(p), t)−wδθe2(p)

T∇I(p + wθe2(p)
(p), t)

+I(p + wθe1(p)
(p) + wθe2(p)

(p), t− 1)

+(wδθe1(p)
+ wδθe2(p)

)T∇I(p + wθe1(p)
(p) + wθe2(p)

(p), t − 1)
*���f 
l� ,

= r(p,Θ)

+
(
∇I(p + wθe1(p)

(p) + wθe2(p)
(p), t− 1)T

−∇I(p + wθe1(p)
(p), t)T

)
wδθe1(p)

(p)

+
(
∇I(p + wθe1(p)

(p) + wθe2(p)
(p), t− 1)T

−∇I(p + wθe2(p)
(p), t)T

)
wδθe2(p)

(p)
*���f 
 � ,

= r(p,Θ)

+
(
∇I(p + wθe1(p)

(p) + wθe2(p)
(p), t− 1)T

−∇I(p + wθe1(p)
(p), t)T

)
B(p)δθe1(p)

+
(
∇I(p + wθe1(p)

(p) + wθe2(p)
(p), t− 1)T

−∇I(p + wθe2(p)
(p), t)T

)
B(p)δθe2(p)

*��Hf 
	��,
@ �38G:��Q�X:R=jQ�XO��XQR= 3

r(p,Θ + δΘ) = r(p,Θ) +∇θr(p,Θ)T δΘ
*���f 
 � ,

h�?oeWQ���SMt<��
J
�lLq<EQ9<ELq<F=����\���WZG<��WQGO 3

J1(δΘ) =
∑

p∈=

(
r(p,Θ) + δΘT∇Θr(p,Θ)

)2 *��Hf 
 � ,

=
∑

p∈=

r(p,Θ)2 + 2r(p,Θ)∇Θr(p,Θ)T δΘ

+δΘT∇Θr(p,Θ)∇Θr(p,Θ)T δΘ
*���f 
 �4,
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ˆδΘ = −
( ∑

p∈=

∇Θr(p, Θ̂k)
T∇Θr(p, Θ̂k)

)−1
.
( ∑

p∈=

r(p, Θ̂k)∇Θr(p, Θ̂k)
) *��Hf 
 � ,

= M−1A
*���f 
 � ,
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I(p + wep(1), t)

�
I(p + wep(2), t)

�WO
I(p + wep(1) +

wep(2), t+ 1)
�9B9:9<F=b\7@CDF\W:9D ��� ∇θr(p,Θ)
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�
M

�WO
r(p,Θ)∇Θr(p,Θ)

�
A
f

�Rf � eN=��XDE:9OS<��XQH�J:�=S�J=SO_iWL��
MδΘ = A

* BT@��\�mI@�WLqB9D��3BT@��YB9<EZ��XO\���/k(��
jO��XQ ,mf

• � <F=��/� I;�X:��Y���N=YBT@��c@CLsiWO����N=
Θ
BT@��H@ I;�X:9O\��� ˆδΘ

f



� ��� � � � � 	&� 	 �=	1���F��	 � � � � � � 	1��� � ���&	&����� � 	��������������� � � � � ���
� �

� w�� y z ,�zc~!z 5�*r{}zc�4, &26 ����zS{�����| &| �0*%�zS{T��*-,+5T�2*j�>|7,���|��_z0,�7*j�>z05 �'|
*-6 5T|����4,2& �j��&���|

� � ����� 	�� ����! >V�Q� ������
9��! 	�� 	 � � ;�� � � 	"��� ��� ���  ���F>�
�; >��';����
C�� Du@�LsaWL�� � @ .��XQ 8G:�H�R@CQR=1Du@�BT@��SOS<���B��_eN\Ne����WQ;O��t�rQ�X:R=pDE<EQRe7@��S<F=��XQR=

r
�$BT@��SOS<��*�[? :9Q�

DE<EQRe7@��S<F=c@COS<��XQ0���
r
@C:pB����WLq<����/� ���@���`BT@�� �c@CB9BG� �SOr@C:9O��X:������

Θ̂k

* Q�XO_eH=S<ELqB9D��WL��WQGO
Θ

�R@CQR= D��N=
\7@CDF\W:9DF=`�Z��WQ9<��B,mf

H(p, t)
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r
(
p,w(p, θep(1) + δθep(1)),w(p, θep(2) + δθep(2))

)

= I(p, t+ 1)− I(p + wθep(1)
(p) + wδθep(1)

(p), t) − I(p + wθep(2)
(p) + wδθep(2)

(p), t)

+I(p + wθep(1)
(p) + wθep(2)

(p) + wδθep(1)
(p) + wδθep(2)

(p), t− 1)
*���f�� � ,

= I(p, t+ 1)

−I(p + wθep(1)
(p), t)−wδθep(1)

(p)T∇I(p + wθep(1)
(p), t)

−1

2
wδθep(1)

(p)T H(p + wθep(1)
(p), t)wθep(1)

(p)

−I(p + wθep(2)
(p), t)−wδθep(2)

(p)T∇I(p + wθep(2)
(p), t)

−1

2
wδθep(2)

(p)T H(p + wθep(2)
(p), t)wθep(2)

(p)

+I(p + wθep(1)
(p) + wθep(2)

(p), t− 1)

+(wδθep(1)
(p)T + wδθep(2)

(p)T )∇I(p + wθep(1)
(p) + wθep(2)

(p), t− 1)

+
1

2
(wδθep(1)

(p) + wδθep(2)
(p))T H(p + wθep(1)

(p) + wθep(2)
(p), t − 1)

(wδθep(1)
(p) + wδθep(2)

(p))
*���f���
�,

=
(
I(p, t+ 1)− I(p + wθep(1)

(p), t)− I(p + wθep(2)
(p), t)

+I(p + wθep(1)
(p) + wθep(2)

(p), t− 1)
)

+wδθep(1)
(p)T

(
∇I(p + wθep(1)

(p) + wθep(2)
(p), t− 1)−∇I(p + wθep(1)

(p), t)
)

+wδθep(2)
(p)T

(
∇I(p + wθep(1)

(p) + wθep(2)
(p), t− 1)−∇I(p + wθep(2)

(p), t)
)

+
1

2
wδθep(1)

(p)T
(
H(p + wθep(1)

(p) + wθep(2)
(p), t− 1)

−H(p + wθep(1)
(p), t)

)
wδθep(1)

(p)

+
1

2
wδθep(2)

(p)T
(
H(p + wθep(1)

(p) + wθep(2)
(p), t− 1)

−H(p + wθep(2)
(p), t)

)
wδθep(2)

(p)

+
1

2
wδθep(1)

(p)T
(
H(p + wθep(1)

(p) + wθep(2)
(p), t− 1)

+HT (p + wθep(1)
(p) + wθep(2)

(p), t − 1)
)
wδθep(2)

(p)
*���f��z� ,
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r
(
p,w(p, θep(1) + δθep(1)),w(p, θep(2) + δθep(2))

)

=
(
I(p, t+ 1)− I(p + wθep(1)

(p), t) − I(p + wθep(2)
(p), t)

+I(p + wθep(1)
(p) + wθep(2)

(p), t − 1)
)

+
(
∇I(p + wθep(1)

(p) + wθep(2)
(p), t− 1)T −∇I(p + wθep(1)

(p), t)T
)
B(p)δθep(1)

+
(
∇I(p + wθep(1)

(p) + wθep(2)
(p), t− 1)T −∇I(p + wθep(2)

(p), t)T
)
B(p)δθep(2)

+
1

2
δθT

ep(1)B(p)T
(
H(p + wθep(1)

(p) + wθep(2)
(p), t − 1)

−H(p + wθep(1)
(p), t)

)
B(p)δθep(1)

+
1

2
δθT

ep(2)B(p)T
(
H(p + wθep(1)

(p) + wθep(2)
(p), t − 1)

−H(p + wθep(2)
(p), t)

)
B(p)δθep(2)

+
1

2
δθT

ep(1)B(p)T
(
H(p + wθep(1)

(p) + wθep(2)
(p), t − 1)

+HT (p + wθep(1)
(p) + wθep(2)

(p), t− 1)
)
B(p)δθep(2)

*��Hf�� � ,
@ �/8G:�/Q�X:R=jQ�XO��XQR= 3

r(p,Θ + δΘ) = r(p,Θ) +∇Θr(p,Θ)T δΘ +
1

2
δΘTHΘ

(
r(p,Θ)

)
δΘ

*���f�����,
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δΘ
3

J2(Θ̂k + δΘ) =
∑

p∈=

(
r(p, Θ̂k +∇Θr(p, Θ̂k)

T δΘ +
1

2
.δΘTHΘ

(
r(p, Θ̂k)

)
δΘ

)2*��Hf��X� ,
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K(δΘ) = J2(Θ̂k, δΘ)
*���f�� � ,
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d(δΘk)

f�h5@ � � �SL�:9D��O��� � �XDu@�� �WO � <Ed9<Fi���� � �W�XDu@�� � 
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δΘk−1 \��XLqL��3=_:9<EO 3
d(δΘk) = −∇δΘK(δΘk) + γd(δΘk−1)

*���f�� �4,
@NZ��N\ 3

γ =

(
∇δΘK(δΘk)−∇δΘK(δΘk−1

))T

∇δΘK(δΘk)

∇δΘK(δΘk)T∇δΘK(δΘk)

*��Hf�� � ,
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hE�jB��S<EQR\W<EBG�\�N=_O @CD�� �_= ���jBG�XQ�9e������ D��N=D�J<��>e����WQGO��N= Zt@��S<u@Cd9D��N=7�����Y=�� �SO��Y8;:�YD��W:��_=�MP�c@ �J<��WQ;O_=r@C<��WQ;O
D��rLsaWL���� ���@���Y���rMP�c@CQ���W:��7f�k(�X:R=�@CB9BG�WD��XQR='D��rQ�X:9Z��WD �N=SBT@X\��j\��XQR=SO��S:9<EO Dn?QA�=?>@:	C�A�� �X, ����SB<FSB35=�SWf
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f(c, a) =
∑

x

g(c + ax),
*���f���� ,

<EDE�N=SOYB��_e � e��c@Cd9D����[? <EQGO������J:9<�����Du@ � �XQR\WOS<��XQ=3

h(c, b) =
∑

x

g(c+ bx/X) = f(c, a)
*���f�� � ,

@NZ��N\
X
:9Q�/Zt@CD��W:��jOg�	B9<F8;:�X���

x
f �bD�� �_=

b = aX
f

�bQ�,���N=_\��WQ;O��I����MP�c@ �J<��WQ;O`<EO_e��c@COS<EZ���=S:��Y\��WOSO�� � �XQR\WOS<��XQH���XQ9Q��@CD�� �_= 3

ci+1 = ci − α h

∂c
(ci, bi)

*���f���
�,

= ci − α f
∂c

(ci, ai)
*���f���� ,

bi+1 = bi − α h
∂b

(ci, bi)
*���f�� � ,

= bi − α∂a
∂b

∂f

∂a
(ci, ai)

*���f�����,

= bi − α 1

X

∂f

∂a
(ci, ai).

*���f��X� ,
@ �WOSO��������SQ9<Fi�����eN8;:T@COS<��XQ eWOc@CQGO`eN8G:9<EZX@CD��WQGO���� 3

ai+1 = ai − α 1

X2

∂f

∂a
(ci, ai)

*���f�� � ,
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1/X
f

C/@CQR=`D���\7@X=)����Q�t=)�9eWB9Du@X\��WL��WQGO_=3@!
sQ�N=7�}Q�X:R=H@COSO��S<Ed9:�XQR=/�s\c^T@X8;:��BT@��c@CLsiWO����
ai
:9Q BF�X<��9=

pai

Zt@CDu@CQ;O
1
=7? <ED�=7?A@CMt<EO��[? :9Q��O��c@CQR=_Du@COS<��XQ��F�WO

D
=7? <ED�=7?A@CMt<EO(�[? :9Q�BT@��c@CLsiWO����s@!
sQ���J: B����WLq<����

� ���@���t�T@7Z��N\
D
:9Q���J<F=_Oc@CQR\����WQ]B9< I@�WDF=YOg�	B9<F8;:������Dn? <ELK@CM���\��XQR=S<��9e��_e�� * BT@��\�mI��WLqB9D��t�9Du@2���WLq< U

Du@��SM��W:��\���/Dn? <ELK@CM���,mfTk)�XO��XQR=H@CD�� �_= ∇aij
K
D��/Z��N\WO��W:��\���3\��XLqBG�t=c@CQGO��N= [

1
pai

∂J
∂ai

]
h�?A@CDEM�� �S<EOS^9L��I�J:�MP�c@ �J<��WQ;OH\��XQHI :9Mt:Re����WZ	<��WQ;O�@CD�� �_= 3

d(δΘk) = − 1

pai

.∇ai
K

(
δΘk

)
+ γd(δΘk−1)

*���f�� �4,
��Z��N\ 3

γ =

(
∇ai

K
(
δΘk

)
−∇ai

K
(
δΘk−1

))T

∇ai
K

(
δΘk

)

∇ai
K

(
δΘk

)T∇ai
K

(
δΘk

)
*��Hf�� � ,
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d(δΘk)
�9eWO����SLq<EQRe��t�T<ED � @C:9OY=_B�eN\W< � ���YD���BT@X= αk 3

δΘk+1 = δΘk + αkd(δΘk)
*���f���� ,

k(�X:R=(���WZ��XQR=,���XQR\\_^�X<F=_<����K\c^T@X8;:�<EO_e��c@COS<��XQ
αk+1 BF�X:��/8G:��D��\��S<EO_i���� *���f�� ,Y=��X<EOHLq<EQ9<ELK@CDnf

� �WB����WQ�XQR= *���f�����,mfRk)�X:R=b@NZ��XQR= 3

r(p,Θ + δΘ) = r(p,Θ) + δΘT∇Θr(p,Θ) +
1

2
δΘTHΘ

(
r(p,Θ)

)
δΘ

*���f � � ,
;�QHI;�N\WO����+*���f���� ,/�R@CQR= *���f � � , L��WO��WQ]eWZG<����WQR\���8G:�bDn?oeN8G:T@COS<��XQ *���f � � , �N=_OPBG�XDE�	QR�XLq<u@CD��(�[? � ���@���
2
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αk f
K �7�9Q�X:R=Y=��X:9^T@C<EO��XQR=YLq<EQ9<ELq<F=���� 3

J(Θ̂k + δΘ) =
∑

p∈=

r(p, Θ̂k + δΘ)2
*��Hf � 
�,

8G:9<�N=SO ���XQR\Y�[? � ���@���
4
�WQ
αk f �W�X:�� Lq<EQ9<ELq<F=����P\��jBG�XDE�GQR�XL�� *9�WQU�J<EL��WQR=S<��XQ
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,m�tQ�X:R=P@CQ9Q;:9D��XQR=
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jO��XQ 3

xn+1 = xn −
y(xn)

y′(xn)

*��Hf � � ,
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• � �N\7@CDu@CM��X���N=j<ELK@CM��N=YBT@��jD��N=jL��Z�9iWD��N=\���3L��X:9Z��WL��WQ;O)�N=_OS<ELseN=b�Dn?oeWOc@CBG�/B��_eN\Ne����WQ;O��tf

• @ @CDF\W:9D����N=�MP�c@ �J<��WQ;O_=�=SBT@COS<u@C:JIX�WOW���N= �9e��S<EZ�e��N=�=��N\��XQ���N=W���
I(p+wθep(1)

, t)
�
I(p+wθep(2)

, t)
�WO
I(p + wθep(1)

+ wθep(2)
, t+ 1)

�9B9:9<F=\��� ∇Θr(p,Θ)
�WO\���

HΘ

(
r(p,Θ)

) f

• C/@CQR=j:9Q \7@ �@���,���Xd9:R=_O��t�����WLq<F=��,���N=YBG�X<��9=`� I��X:��jB9:9<F=

�W�X:��`D��N=j<EO_e��c@COS<��XQR=
i = 1, 2, ...

���N=jL��X<EQ�@���N=b\7@����_eN=Y���Xd9:R=SO��N=7�
�W�X:��`D��N=j<EO_e��c@COS<��XQR=

k = 1, 2, ...
���3Du@2���N=_\��WQ;O��I����MP�c@ �J<��WQ;O7�
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- ∇K

(
p, δΘk+1

) BT@�� *��Hf�����,mf
- �'Q :9OS<EDE<F=c@CQ;OrDu@ � � �SL�:9D��,��� �W�XDu@��U�WO � <Ed9<������t�@�WO��WQ1B����WQT@CQGOrDu@�B��_eN\7@C:9OS<��XQ �[? ^�XL��XM�emU
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d(Θk)
f

�Jfjk(�X:9Z��7@C:#BT@��_\��X:��_=T���1Dn? <ELK@CM�� BF�X:��q\7@CDF\W:9D����lD��N=q\��Z�4
K\W<��WQ;O_=��J:�BG�XDE�GQ�XL��
K(δΘk +

αkd(Θk))
��������WMP�_e

4
�WQ

αk f
�Jf �bQ9Q;:9Du@COS<��XQ ��� Du@ �9e��S<EZ�e�� �J: BG�XDE�GQ�XL���BT@��1Du@ � � �SL�:9D�� ����k(��
jO��XQ�f K Q BG�t=���@CD�� �_=
δΘk+1 = δΘk + αkd(Θk)

f

• � <F=��3� I;�X:��Y���N=`BT@��c@CLsiWO����N=
Θ
BT@��`@ I;�X:9O\���

δΘk f
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γ = 3
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r(p,w1,w2) = I(p, t+ 1)− I(p + w1, t)

−I(p + w2, t) + I(p + w1 + w2, t− 1)
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1

n

n∑
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h5@�Oc@C<EDED��)�J:1Z��X<F=S<EQT@CM������X<EOraWO����b\c^�X<F=S<��/@X=_=�� L`BG�WOS<EO��bBF�X:��r8;:�`D��N=P<EQ�J<F\7@CO��W:��_=P=��X<��WQ;OrOg�	B9<F8;:�N=
���N=�O��mIJOS:����N=(�J:-d9D��	\

s
�}LK@C<F=3@X=_=�� LlMP�c@CQ���BF�X:��/8G:�? :9Q� L �XQ�lL��XQ�CUg\��X:R\c^�seWZ��WQ;OS:�WDED��WL��WQGO

B��_eN=��WQGO��r@C:9O��X:��%���
s
Q� � @C:R=_=�� BT@X=�D��N=�=SOc@COS<F=SOS<F8G:�N=7fV��Q�B��c@COS<F8G:�t�CQ�X:R='\_^�X<F=S<F=_=��XQR= 7×7(= 49)d9D��	\N=7f

∆νmed(s)
���WB��_eN=��WQ;O��U���XQR\qDu@1ZX@��S<u@COS<��XQ$Og�	B9<F8;:�����N=X�_eN=S<��J:R=/Lq<EQ9<ELK@C:JI$@C:9O��X:��I���lDu@]ZX@CD��W:��

���WB��_eN=��WQGOc@COS<EZ��
νmed(s)

���\���Lq<EQ9<EL�:9L�f[��DED���Q�X:R=�BG���SL��WO������9I����HDn? � ���@�������MP�c@CQ���W:��,���N=
Zt@��S<u@COS<��XQR=\�J:O�_eN=S<��J: 8G:9<[Q�3=��XQGOYBT@X=Y=S<EMtQ9< �T\7@COS<EZ��N=)�R@CQR=`\���Z��X<F=S<EQT@CM��tf
hE�/LseN\7@CQ9<F=_L��������9eN\W<F=S<��XQH�N=_OjD��/=S:9<EZX@CQGO7fR=S<

∣∣∣ν̄(θei(s), s)− ν(θe∗i (s), θe∗j (s), s)
∣∣∣ < α∆νmed(s),

*&Clf�� ,
Q�X:R=s\��XQR=S<��9e����XQR=p8;:� Du@-\��X:R\c^��\�� �����N=SBG�XQ�R@CQ;O �

ej(s)
Q�? �N=SOqB����XdT@Cd9D��WL��WQ;OpBT@X=s=S<EMtQ9< �T\7@VU

OS<EZ��tf��'Q �[?A@C:9O����N=sO����SL��N=7� =S<n� �WQ \_^T@CQ9M��7@CQGO Du@�ZG<EO��N=_=�� @X=_=��	\W<Fe����-Dn?oeWOS<F8G:�WOSO��
ej(s)

�'Dn? � ���@���
��� MP�c@CQ���W:��0�J: �_eN=S<��J: ���N=SO�� D�� LsaWL��t�PQ�X:R=p\��XQR=S<��9e����XQR= D�� d9D��G\�\��XLqL�� BF�XO��WQGOS<��WDED��WL��WQ;O
L��XQ�CUg\��X:R\_^�tf
	#�g���17 8 
9� � ��������	 >�
 ;�� !"��; � ����� ��	 >9
 � >�
 >G' �F>��������

k(�X:R=jBT@��SD��XQR=\���/=_<EOS:T@COS<��XQ L��XQ�CUg\��X:R\_^�,> �P6MAB<�693 A 2 2 AW�T\7@��YQ�X:R=YB��_e � e����XQR=`Q��BT@X=jO��c@CQR\_^���=S:��#\��WOSO�� 8;:�N=_OS<��XQ <EQ�9eWBG�WQ�R@CLqL��WQ;O ���N= @C:9O����N=#\��S<EO_i����N=#Mt:9<��R@CQ;O#Du@�=��WMtL��WQGOc@COS<��XQ)@C:JI
\��X:R\_^�N= f�;�D\�N=SO+�WQ BT@��SOS<F\W:9DE<����1\��S:R\W<u@CD����]Q��BT@X=U�9eN\��X:9B9D����pDu@J�9eWO��N\WOS<��XQ L��XQ�CUg\��X:R\c^� ���N=
\��XQ;O��c@C<EQGO��N=�����Z��X<F=S<EQT@CM���@C:JI98;:�WDED��N=)�WDED����N=SOj<EQ;OS<EL��WL��WQGObDE<Fe��tf
� �X<EDu@�BG�X:��_8;:�X</Q�X:R= <EQ;O_eWMP���XQR= D���\��S<EO_i���� ��� �9eWO��N\WOS<��XQ L��XQ�CUg\��X:R\c^� �R@CQR=�D�� � � �SLK@CDE<F=SL��
LK@�� ���7Z	<��WQ �WQ @ I��X:9Oc@CQ;Ob:9Q� � �XQR\WOS<��XQ η(.) �R@CQR=`Dn? �mI	B����N=_=_<��XQ *(�Jf 
�,

F (e,Θ) =
∑

s∈S

( ∑

p∈s

ρ
(
r(p, θe1(s), θe2(s))

)
− µ.η(s, e1(s), e2(s))

)

+ µ
∑

<s,t>∈C

((
1− δ(e1(s), e1(t))

)(
1− δ(e1(s), e2(t))

)

+
(
1− δ(e2(s), e1(t))

)(
1− δ(e2(s), e2(t))

)) *&Clf�� ,
h5@KLq<EQ9<ELq<F=c@COS<��XQ ����Du@ � �XQR\WOS<��XQ MtD��XdT@CD�� F (e,Θ)

=c@CQR=/@ ���J<EOS<��XQ ���\���O����SL��l=S:9B9B9DFeWL��WQGOc@C<����
\��XQ�J:9<EO =S:��':9Qqd9D��	\PL��XQ�CUg\��X:R\_^���bDn? �N=SOS<ELK@COS<��XQp\�� �����N\WO��Y�J:qL��X:9Z��WL��WQGO B��_eN=��WQGO�=S:��'D��rd9D��	\t�
LK@C<F= @C:R=_=_<9�HDn?A@ I��X:9O �[? :9QqL��Z�9iWD������rL��X:9Z��WL��WQ;O��T\WOS< � f @ �������SQ9<���� �N=SO�@X=_=��	\W<FeY�b:9Q�jeWOS<F8;:�WOSO��
�mIJ<F=SO��WQ;O��t�E���O����SLq<EQRe��U���XQR\ � @C:�^T@X=c@���� �s=��WD��XQ$D��q\��XQ;O��mIJO��+�WO3D��N=S<'Q � � �SLK@COS<��XQR=X�J<F=_BF�XQ9<Ed9D��N=�
\��/=SOc@ ���tf
K �7�NQ�X:R=�Z��X:�@�S<��XQR=�8G:�? :9Q3d9D��	\'L��XQ�CUg\��X:R\_^�

s
\�� �����N=SBF�XQ�R@CQGO��

ei(s)
=��X<EOE���N\��XQ9Q;:l\��XLqL���O��WDn�

BT@�� �mI��WLqB9D�� �WQ � @7Z�� �S<F=c@CQ;O�Dn?oeWOS<F8G:�WOc@CM�� (ei(s), ei(s))
f @ �XLqL���D�� =_\_^ReWLK@)�[? �N=SOS<ELK@COS<��XQ2���'Du@jd9< U

O��c@CQR=SBT@����WQR\��,�J<F=SO��S<Ed9:Re���Q� � @NZ�� �S<F=����c@@C:R\W:9Q�WL��WQGOb\��WOjeWOS<F8G:�WOc@CM���ZG<F=j��ZG<F=����N=
(ei(s), ej(s))�X:

(ej(s), ei(s))
*
i 6= j

,m�VQ�X:R=�\_^�X<F=S<F=c=��XQR= �[?A@ I��X:9O���� �R@CQR=/*(�Jf 
�,[:9Q�O����SL��t� −µ.η(s, ei(s), ej(s))
- Zt@CDu@CQ;O 0

D�� �_=_8G:�1Du@-\��XQJ�RMt:��c@COS<��XQ O��N=SO_e��O�N=SO2�_e��WDED��WL��WQGOsd9< Ug\��X:R\_^�
(ei(s), ej(s))

@NZ��N\
i 6= j

V

- Zt@CDu@CQ;O 0
D�� �_=_8G:� Du@�\��XQJ�RMt:��c@COS<��XQ+O��N=_O_e�� �N=SO L��XQ�CUg\��X:R\c^� �g<EQR\����SOc@C<EQ� �c�*�J:)Og�	BF�

(ei(s), ei(s))
�9LK@C<F=jQ�/Z�e��S< �}@CQGO`BT@X=jDu@q\��XQ�J<EOS<��XQ *&Cf�� ,FV

- Zt@CDu@CQ;O −µ D�� �_=_8;:� Du@ \��XQJ�RMt:��c@COS<��XQxO��N=SO_e�� �N=SO�L��XQ�CUg\��X:R\_^� �gB����XdT@Cd9D�� �c�T�J: Og�	BF�
(ei(s), ei(s))

�WOjZ�e��S< �}@CQ;ObD�� *&Clf�� ,mf
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-/.10/2 Clf��F3�;�LK@CM��N=��WQ$=S<EOS:T@COS<��XQ ���qO��S< UnO��c@CQR=SBT@����WQR\�� *9�WQ�^T@C:9OB,,�WO3d9< UnO��c@CQR=_BT@����WQR\�� *9�WQ�dT@X= ,mf
N�M;@C:R\_^�t��D��N=\��X:R\_^�N=q=��XQGO � � �SLse��N=BT@������N=�<ELK@CM��N=2���KO��mIJOS:����N=7���H�@���X<EO��pBT@��2���N=�<ELK@CM��N=
\WDE<EQ9<F8G:�N= �_e7@CDE<F=_O��N=7fXh5@YBT@��SOS<EOS<��XQ��N=_O�Du@`LsaWL��t� �WO�D��N=�L��X:9Z��WL��WQ;O_= ���N=�\��X:R\c^�N='=��XQ;O�<����WQGOS<F8;:�N=7f

�'Q B��c@COS<F8G:�t� \��N\W<`Q��\_^T@CQ9M��H�S<��WQ �-Du@-B9^T@X=��H�[? �N=SOS<ELK@COS<��XQ ���N=qL��Z�9iWD��N=+����L��X:9Z��WL��WQ;O]�
eWOS<F8G:�WOc@CM��3�9I9etf ��@��H\��XQGO����t��D�� �_=_8;:��D��N=`L��Z�9iWD��N=(���3L��X:9Z��WL��WQ;O/=��XQGO`�9I9eN=\�WOH8;:��Dn? �XQ O��N=_O��
O��X:R=bD��N=`eWOS<F8G:�WOc@CM��N=bBG�t=_=S<Ed9D��N=`BF�X:��b:9Q d9D��	\/BT@��`Du@sO��N\_^9Q9<F8G:� ; @ ���9D��3O����SL��@ I;�X:9O_e�BF���SL��WO
��� � @NZ�� �S<F=�����Dn? ^G�GBG�XOS^RiN=��jL��XQ�CUg\��X:R\c^�

(ei(s), ei(s))
=S<9D��rO��N=SO6*&Clf�� ,�\�� �����N=SBG�XQ�R@CQ;O/�N=SO'Z�e��S< �Tetf

��w # � ��{}|��5{}z_�4, &�|75 ��_� ��5 |7, ���4,�� .46���*r{}zc�4, &|x~ 6��S{}z � ���-6 ��%|75
C��/Du@LsaWL�� � @ .��XQ��9Q�X:R=YB����G\Ne����XQR=bBF�X:��jDu@��9eWO��N\WOS<��XQ ���N=Yd9D��	\N=Y�WQ \��XQJ�RMt:��c@COS<��XQ�L�:9DEOS< U

\��X:R\_^�N=\�WQ ���W:JI eWOc@CBG�N=+3JDu@��9eWO��N\WOS<��XQH����d9D��G\N=j=_:R=SBF�N\WO_= �GB9:9<F=rDn? :9OS<EDE<F= @COS<��XQH�4�G�N\WOS<EZ��X���H\��WOSO��
<EQ � � �SLK@COS<��XQ �R@CQR=jDn?A@CDEM�� �S<EOS^9L��tf
	#�17'�g� 	 � ����� ��	 >�
 ;��� :�!?> �   ���� ��� ��

�'Q�=_<EOS:T@COS<��XQ ����L�:9DEOS< Ug\��X:R\_^�N= �RD����_eN=S<��J:]Q�?A@�BT@X=Y����=��WQR=rB9^G�	=S<F8G:�tf9hE��Lq<EQ9<EL�:9L)@COSO��W<EQ;O
Q�����N\��X:9Z����sBT@X=,���2�_e7@CDE<EO_eT�WO��N=SO,���XQR\lBF�W:�=S<EMtQ9< �T\7@COS< � f[h�? <��9e����N=SO/\��WOSO�� � �X<F=�Ug\W< �[?oeWZt@CDE:���/Du@=S<EMtQ9< �T\7@COS<EZ	<EO_e��J:�Lq<EQ9<EL�:9L Z	<F=��1ZG<F=X���N=/ZX@CD��W:��_=�Og�	B9<F8;:�N=X���T�_eN=S<��J:R=��Xd9O��WQG:R=�=S:��/Dn? <ELK@CM��tf
k(�X:R=Y\��XQR=SO��S:9<F=��XQR=`D��/\��S<EO_i����!3

ν(θe∗i (s), θe∗j (s), s) > νmed(s) + α′∆νmed(s).
*&Clf��4,

5�? <ED�N=SO�Z�e��S< �Tet�XQ�X:R='\��XQR=S<��9e����XQR=�8G:�rD��PLq<EQ9<EL�:9L Q�? �N=_O'BT@X='=S<EMtQ9< �T\7@COS< � �P�WO'8G:�?A@C:R\W:9Q+���N=%���W:JI
L��X:9Z��WL��WQ;O_=��N=_OS<ELseN= Q�? �N=_O �}@Cd9D��tf ��@Cd�f Clf��\��XQ;OS<��WQGOjD��N= Zt@CD��W:��_=����N= �_eN=_<��J:R=P=_:�� :9Q�H=_eN8G:�WQR\��
�[? <ELK@CM��N=���� O��mIJOS:����N=T�WQ =S<EOS:T@COS<��XQ[��� d9< UnO��c@CQR=SBT@����WQR\�� �WO���� O��S< UnO��c@CQR=_BT@����WQR\��tf�hE�N=T�_eN=S<��J:R=
\�� �����N=SBG�XQ�R@CQ;O��Du@q=S<EOS:T@COS<��XQH����O��S< Ug\��X:R\c^�N=b=��XQGO`\WDu@C<����WL��WQ;OHQ�XQ ���WB��_eN=��WQGOc@COS< � = fk(�X:R=)���WB����WQ�XQR=bD��N=bMP�c@CQ���W:��_=HB��_eN\Ne����WQ;O��N=

νmed(s)
�WO

∆νmed(s)
BT@��H=_<ELqB9DE<F\W<EO_et�}LK@C<F=bQ�X:R=

BG�X:9Z��XQR=HeWZ��WQGOS:�WDED��WL��WQ;O3D��N=�\7@CDF\W:9D����/=S:������N=`Z��X<F=_<EQT@CM��N=�B9DE:R=bBG�WOS<EO_=A* \7@��HDu@p=S<EOS:T@COS<��XQ-L�:9DEOS< U
\��X:R\_^�U�N=SO3B9DE:R=X�c@����+�WO3B9DE:R=�D��G\7@CDE<F=_e��p8;:�sDu@]=S<EOS:T@COS<��XQ$L��XQ�CUg\��X:R\c^��,mf�k)�XO��XQR=�8;:�? �WQJ�X:9O����
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����� 2�Clf��F3 � @CD��W:��_= �J:��_eN=_<��J:s=S:��'D��N=�d9D��G\N= ���rDu@�=_eN8;:�WQR\������rO��mIJOS:����N= ���WB��_eN=��WQ;O_e��Y=S:��'Dn? <ELK@CM��
���sM;@C:R\c^�0���sDu@ �RMRf Clf��Jf�hE�N=����W:JI�L����9iWD��N=��N=SOS<ELseN=\�� �����N=SBF�XQ���WQGOs@C:JIJ���W:JI�L��X:9Z��WL��WQ;O_=
B��_eN=��WQGO_='=S:���O��X:9O��PDn? <ELK@CM��tftk(�X:R= �XdR=����SZ��XQR=�:9Q��_eN=_<��J:�Q�XQq=S<EMtQ9< �T\7@COS< � =S:���D��N=�d9D��	\N=�=S:9B�e��S<��W:��_=
���/Dn? <ELK@CM��tf
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�bD�� �_=b8G:��D���=_\c^ReWLK@U�[? �N=_OS<ELK@COS<��XQ �WQ�d9< UnO��c@CQR=SBT@����WQR\��2�J<F=SO��S<Ed9:Re��BG���SL��WO(�[?A@CB9B��_eW^�WQ�����
D��N=q=S<EOS:T@COS<��XQR=lL��XQ�CUg\��X:R\c^�N=7�'<EDrQ�? �N=SOlBT@��s\��XQ;O���� BT@X=T�WQGZG<F=c@CM��7@Cd9D��O���1Dn?oeWO��WQ�@��� � @X\W<ED��WL��WQ;O
@C:JI]=S<EOS:T@COS<��XQR=YL�:9DEOS< Ug\��X:R\_^�N=7f
�b:T@CQ�-:9Q-d9D��G\2�N=SO,�9eWO��N\WO_eT�WQ�=S<EOS:T@COS<��XQ ���L�:9DEOS< Ug\��X:R\c^�N=7��Q�X:R=/\c^���_\_^�XQR=�+�WLqB>aN\_^����=��N=
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Î
(p, t) = (1− α(p, t))2σ2

Î
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Î
(p, t− 1)

& [�R 23'
T(�6J2=�@��632=BM��01����632=�IHJ��F���e��BJ0MW9 ����5��A=>J�����3���014-G�43�.30M��]JV9��45V-2=�30M�����F�` �A=B-?:6@��4$

σ(p, t) = σ
R5��l5 �45��#)�F��le��BJ0MW9*���A=VMW5f:<D��A=X:<-��>7A=89��;:<MW9��45��43E9Y3� �d` 14-G�43� -?:6=+����FO:*-F�N=>MW9BM��63 �]J -0M�i��4F

@��632=BM��01��>1  $
σ

Î
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α(1) =
σ2

Î
(0)

σ2 + σ2
Î
(0)

& [�R,+.'

=
σ2

2.σ2
=

1

2
& [�R,-.'

-0J0MQ=>IHJ�,�43l}�:<MW9vFO:.-����45VMQ7����CMW5f:<D��C3�`a:.-?:6=g149>1��014e��BJ0MW9>1��NR 5.`a:<J09����C-?:��B9,)

σ2
Î
(1) = (1− α(1))2σ2

Î
(0) + α(1)2σ2 & [_R��/..'

=
1

4
σ2 +

1

4
σ2 =

1

2
σ2 & [_R�� �('

,�:.-����6-��BMQ149>1I�A=B9Y���632@��0145��63H9��>1�� �FO:T�2:<9��
t = 1

R
Ht → Ht+1

$�0XSB8�S�N 396MS4R21HJ0-0-F�N=��632={FO:.-����6-��BMQ149>1GKZ�;:<M�� �.FO:2�2:<9��
t
R 6gF�� �>=,)��d`a:<-��>7A= & [�R09.'S$

α(t+ 1) =
σ2

Î
(t)

σ2 + σ2
Î
(t)

& [_R�� �.'

=
1

t+1σ
2

σ2 + 1
t+1σ

2
& [_R��,/.'

=
1

t+1σ
2

(t+2)
t+1 σ

2
& [_R�� 23'

=
1

t+ 2
& [_R��,9.'

,�:2���4FO:<9BM��63 & [_R��.'v=S` 1A@��BMW9m:<F�� �>=8$
σ2

Î
(t+ 1) = (1− α(t+ 1))2σ2

Î
(t) + α(t+ 1)2σ(t)2 & [_R��,h.'

=
(
1− 1

t+ 2

)2 σ2

t+ 1
+

( 1

t+ 2

)2
σ2 & [_R��	&#'

=
(t+ 1)σ2

(t+ 2)2
+

σ2

(t+ 2)2
& [_R��/+.'

=
σ2

(t+ 2)
& [_R��/-.'

1 �GIHJ0Md5��63E9����bFO:-����6-��BMQ149>1X�49g:6@>/274K��bFO:T�0145��632=B9��;:<9BM��63�R
2
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 n87 9���?r�s�����s r����;:�p �.r8<Ns?t�� ��?u �vthp ��=~p
����> ��� > �! #" ,�?C�2FW9A@B?G@DC632=BMFE01G@>1H?A=B9vFF?C=>J0MWK6:<3H9-$

Î(p, t) = α(p, t)I(p, t)

+ (1− α(p, t))(I(p + u, t− 1) + I(p + v, t− 1)

−I(p + u + v, t− 2)) & [�RJI ..'
1 ?vIHJ0M]=K?�9A@;:�E]J0MW9�-�C6J(@�FF?A=�KN:+@BMO:<32@D?A=,)N=BC6J2=�/ �	-�C69B/27A=B?%Ed` MW3�E014-2?43�E2:<32@D?g9B?45V-2C�@B?4FWFF?%?49�=>-?:<9BMO:<FF?DL
E]Jle(@BJ0MW9-$

σ2
Î
(p, t) = α(p, t)2σ2(p, t)

+ (1− α(p, t))2(σ2
Î
(p + u, t− 1)

+σ2
Î
(p + v, t− 1) + σ2

Î
(p + u + v, t− 2)) & [�RJI �('

1 C65V5M?5E2:<32=fFF?�@S:6=85MC63�C	@DC6J2@>/�?#)�3�C6J2=y:<e?:<3�E(C6303�C632=YFO:NE014-�?43�E2:<32@D?k=>-?:<9BMO:<FF?5E(?A=81A@S:+@B9>=�P
9	�	-�?#)d-0J0MQ=>IHJ�?V3�C6J2=C3�?V-�C6J0K�C632=OE(?V9BC6J09B?8}�:�PDC63�-?:6=C9BMQ@B?G@b-(@BC<�29OEd` J03�?f5MC*E014FWMQ= :<9BMFC63!?ji2:6@49B?
E]J -(@BC6e0FQ745M?5?43 -(@;:<9BMQIHJ�?NR�TRC6J2=V3�?l=;:SK�C632=S?43T?VUW?498-?:6=M?A=B9BMW5M?G@VFFC	@S:<FF?45M?43E9yFO:*K6:<FF?4J(@ME(?A=
1A@S:+@B9>=�P�9 �H-�?SE]J(e(@BJ0MW9XE(?85f:<30MQ7G@B?8��:<e0FF?NRP5C:<32=�@D?A=�@DC63�E]MW9BMFC632=,)3?49�@DC65V5M?yFF?.�2FW9A@B?fIHJ�?83�C6J2=
149BJ�E]MFC632=.3�`Y?A=B9.-?:6=V:�E2:<-09;:<9BM�}L)�FF?YDE:<MW3

α
3�?ZE014-�?43�E(-0FWJ2=[E(?YFO:Z-2CN=>MW9BMFC63�=>-?:<9BMO:<FF?y3�C63�-0FWJ2=SR1 C65V5M?H?43]�23�FF?Ge(@BJ0MW9&E(?L5M?A=BJ(@B?C3�?HE014-�?43�EX-?:6=&E]Jl9B?45V-2=()0FO:[@B?4FO:<9BMFC63 & [�RJI �('\E(?4K	MF?43E9-$

σ2
Î
(t) = α(t)2σ2 + (1− α(t))2(2σ2

Î
(t− 1) + σ2

Î
(t− 2)) & [�RJI�I.'

6g�23]E(?C5VMW30MW5VMQ=B?G@
σ2

Î
(t)

)"C63�@>/�?G@>@>/�? �8:<303EJ0FF?G@mFO:[E01G@BMWK�1D?OE(? & [�RJI�I.'_-?:+@^@;:<-0-�C�@B9 �
α(p, t)

$
dσ2

Î
(t)

dα(t)
= 2

(
α(t)σ2 + (α(t)− 1)

(
2σ2

Î
(t− 1) + σ2

Î
(t− 2)

))
= 0 & [�RJI#/.'

5.`YC�_
α(t) =

2σ2
Î
(t− 1) + σ2

Î
(t− 2)

2σ2
Î
(t− 1) + σ2

Î
(t− 2) + σ2

& [_RJI+23'

` ������
, ���g�3 #" ,�?L30MWK�?S:<JaE(?Le(@BJ0MW9&E(?CF�` MW5f:<D�?b:<-(@>7A=g9A@;:<MW9B?45M?43E9gK�1G@BM��"?�:<FFC�@>=-$

σ2
Î
(t) =

(
2σ2

Î
(t− 1) + σ2

Î
(t− 2)

)2
σ2 + σ4

(
2σ2

Î
(t− 1) + σ2

Î
(t− 2)

)
(
2σ2

Î
(t− 1) + σ2

Î
(t− 2) + σ2

)2 & [_RJI#9.'
,�?A=vFWMW5VMW9B?A=g-2CN=;=BMWe0FF?A=^E(?C@D?49B9B?G=BJ0MW9B?b=BC63E9&E(C630321D?A=g-?:+@vFF?A={-�C6MW3E9>=��0i(?A=8$

σ̄2 = V̄
$

V̄ = f(V̄ ) =
9.V̄ 2σ2 + 3σ4V̄

(
3V̄ + σ2

)2 & [_RJI#h.'

V̄
(
9.V̄ 2 − 3σ2V̄ − 2σ4

)
= 0 & [�RJI�&#'

9V̄
(
V̄ +

1

3
σ2

)(
V̄ − 2

3
σ2

)
= 0 & [�RJI +.'

b\; �>=@?BA!A0CEDBFGAG=@?<�	H|�	IBJLKMF0A0Kj�ONPFGQ �SRUT �OVWFYX A0I@V��ONZD#[MFGQ\VZAG[]I3^



� ��� � "�� � �  	��
	�W�
	������� � # ��� 
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,�?A=v9A@BC6MQ=g-2C6MW3H9>=v�0i(?A={=BC63H9^E(C632@ −1
3
σ2 ) 0 ?49 2

3
σ2 R,�?�-(@B?45VMF?G@�Ed`Y?43H9A@B?%?4J]i@DC�@A@B?A=B-�C63�E �mJ03�?�K6:+@BMO:<32@D?_3214DE:<9BMWK�?^?49 E(C632@�3�`a:m-?:6= E(?�=B?432=�-0/ �]=BMQIHJ�?

MQ@4M�R	� C6J(@x=;:AK�C6MQ@�=BM]FF?A=�E(?4J]iV:<J09A@B?A=x=BC63E9x:<9B9A@;:6@49BM�}�=�C6J @>14-0J0FQ=BM�}�=,)6MWF03�C6J2=�}�:<J09�149BJ�E]MF?G@�FO:m} C632@49BMFC63
=BJ0MWKN:<3E9B?%$

g(V ) =
9σ2V̄ 2 + 3σ4V̄

(
3V̄ + σ2

)2 − V̄ & [�RJI -.'

=
−9V̄ 3 + 3σ2V̄ 2 + 2σ4V̄

(
3V̄ + σ2

)2
& [_R0/ ..'

��FWJ2=L-(@>1A@4MQ=>145M?43H9,)�=BM�=;: E01G@BMWK�1D? ?43�J03*-2C6MW3H9L�0i/?[?A=B9 E(?.3�C�@B5M?V=BJ0-h1G@BMF?4J(@B? �
1
)�FF?-�C6MW3E9H?A=B9

@>14-0J0FQ=BM�}BR75C:<32=vFF?C@S:6={@DC63H9A@;:<MQ@B?#)?MWF�?A=B9g:<9B9A@;:6@49B?4J(@SR

g′(V ) =
(−27V 2 + 6σ2V + 2σ4)(3V + σ2)2 − 6(−9V 3 + 3σ2V 2 + 2σ4V )(3V + σ2)

(
3V + σ2

)4 & [_R0/ �('

=
27V 3 − 27σ2V 2 + 2σ6

(
3V + σ2

)3 & [_R0/�I.'
� C6J(@gFF?A=^E(?4J]iX-2C6MW3H9>=v�0i(?A={IHJ0Md3�C6J2={MW3E9>1G@B?A=;=B?43E9,)�@D?49B9B?L} C632@49BMFC63kK6:<J098$

g′(0) = 2 & [�R0/#/.'
g′(

2

3
σ2) = 0 & [�R0/+23'

[UMW3?:<FF?45M?43E9,)?5 �45M?b=BMhFO:V=BJ0MW9B?G:ME(?4J]iY-�C6MW3E9>={�0i/?A=,) 2
3
σ2 ?A=B9vFO:.=B?4J0FF?CFWMW5VMW9B?L�230MF?G-2CN=>=>MWe0FF?NR


 ��������� > � ���.� " ,�:L=BJ0MW9B?_-�C6J(@A@;:<MW9�321S:<305MC6MW32=�E]MWK�?G@BD�?G@SRNTRC6J2= E(?4K�C632=�149BJ�E]MF?G@�@DC65V5M?43E9_14K�C<P
FWJ�?G=;:[E]MQ=>9;:<32@D?b:<Jl-2C6MW3H9v�0i(?b:<9B9A@;:6@49B?4J(@SR?,�:.=>J0MW9B?GIEJ0Md3�C6J2=gMW3E9>1G@B?A=>=K?H?A=B98$

V̂2(t) = σ2
Î
(t)− 2

3
σ2 & [_R0/#9.'

 3�-?:6=>=K? Ed` J03k14FQ145M?43E9L:<J�=BJ0MWK6:<3H9&E(?G@D?49B9B?G=>J0MW9B?C@DC65V5M?G=BJ0MW9-$
V̂2(t+ 1) = σ2

Î
(t+ 1)− 2

3
σ2 & [_R0/#h.'

= f
(
σ2

Î
(t)

)
− 2

3
σ2 & [_R0/�&#'

= f
(
V̂2(t) +

2

3
σ2

)
− 2

3
σ2 & [_R0/ +.'

=
9σ2V̂2(t)

2 + 15σ4V̂2(t) + 6σ6

(3V̂2(t) + 3σ2)2
− 2

3
σ2 & [_R0/ -.'

=
3σ2V̂2(t)

2 + 3σ4V̂2(t)

(3V̂2(t) + 3σ2)2
& [_R 2�..'

=
σ2

3

V̂2(t)

V̂2(t) + σ2
& [_R 2 �('

=
σ2

3(V̂2(t) + σ2)
V̂2(t) & [�R 2�I.'
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,�?b-(@B?45VMF?G@m9B?G@B5M?XE(?b@D?49B9B?�E(?G@B30MQ7G@B?C} C632@49BMFC63a?A=B9m=B9A@BMQ@49B?45M?43E9LMW3]}�1G@BMF?4J(@ �
1
FFC�@>=>IEJ�?

V̂2(t)
?A=B9

=B9A@BMQ@49B?45M?43H9�=>J0- 1G@BMF?4J(@ � −2
3σ

2 & @N`Y?A=B9�P �|PE]MQ@B?w-�C6J(@�9BC6J09B?A=_FF?A=�K6:<FF?4J(@>=\E(?mFO:CKN:+@BMO:<32@D?R?ji0@D?4-09>1mFF?
-�C6MW3E9v�0i(? @>14-0J0FQ=BM�}

0
'jR

� �  	�%��
,� �P�3 � � ���������!�! ����������� > � �%����� � � �����%�����+�  
/������
,����� ��
 ��������
/���W� �����+ ���
 ������
 �%�g�%�
 
/�+� � 
,����� 2

3σ
2 " 1 ?4J0FF?gFO:LKN:<FF?4J(@

0
}�:<MW9�?ji0@D?4-09BMFC63g)�5f:<MQ=�?4FWFF?v3�`a:L-?:6=�E(?{=B?432=�E2:<32=

3�C69A@B?8-(@BC6e0FQ745M? $�@D?4FO: @B?4K	MF?43E9 � E]MQ@B?fIHJ�?8=BM�FF?A=b-(@B?45VMQ7G@B?A=bMW5f:<D�?A=�E(?VFO:l=;1AIEJ�?432@D?y=BC63E9�3�C63
e(@BJ0MW9>1D?A=,)H3�C6J2=�=KC65V5M?A=�?43Y5M?A=BJ(@B?&E(?gF�` MW3E9>14D�@;:<FWMW9>1 E(?gFO:G=>1AIHJ�?432@D?m= :<32=xMW3H9>14D�@B?G@�J03�?w=B?4J0FF?&E(?A=
5M?A=BJ(@B?A=SR


 n�� 9���?r�s�����s r����;:�p�s?t���� 2u �vt p ��=Up	� � = ����=���p 
� � > ��� > �! #" TRC6J2=83�C6J2=y-0FO:�PDC632=f5f:<MW3H9B?43?:<3E9 E2:<32=yFF?�@S:6=fD�14321G@;:<FRE(?�FO:c9A@;:<32=B-?:+@B?432@D? �

n@DC6J2@>/�?A=�R2,�` 1AIHJ?:<9BMFC63 & I]R0/ -.'v:.-�C6J(@{1AIHJ0MWK6:<FF?43H9 & I]R 2�I.'M)2IHJ�?L3�C6J2=%@;:<-0-�?4FFC632={MQ@4M $

I(p, t) =

t−1∑

i=t−n

(−1)t−i
∑

{j1...,jt−i}∈Pt−i([1,n])

I(p + wj1 . . .+ wjt−i
, i) & [�R 2!/.'

C�_
Pj([1, n])

3�C69B?wFF?A=�-�?G@B5bJ09;:<9BMFC632={-2CN=>=>MWe0FF?A=�E(?
j
14FQ145M?43E9>=&E(?

[1, n]
R 1 ?49B9B? ?ji]-(@B?A=>=BMFC63X3�`Y?A=B9

?ji2:6@49B?VIEJ�?V=BM�FF?A=L5MC6J0K�?45M?43H9>=b9A@;:<32=>-?:+@B?43E9>==BC63E9G@DC632=B9;:<3H9>=b=BJ(@
n − 1

MW3H9B?G@BK6:<FWFF?A=XE(?V9B?45V-2=
=BJ2@A@D?A=>=>M�}z=SR
,�` 1AIHJ0MWK6:<FF?43H9 E(? & [�RJI ..'v:<Jk@S:6=&E(?

n
@DC6J2@;/�?A=m=�` 1A@G@BMW9&E(C632@ $

Î(p, t) = α(p, t)I(p, t)

+ (1− α(p, t))
t−1∑

i=t−n

(−1)t−i
∑

{j1,...,jt−i}∈Pt−i([1,n])

I(p + wj1 + . . .+ wjt−i
, i) & [�R 2#23'

1 C6J2=SE(?A=f/ �	-2C69B/27A=K?A=SEd` MW3�E014-�?43�E2:<32@D?k9B?45V-�C�@B?4FWFF?5?49f=>-?:<9BMO:<FF?5E]J e(@BJ0MW9,)�@D?4FO:�=B?l9A@;:�E]J0MW9 ?43
9B?G@B5M?HE(?CKN:+@BMO:<32@D?A=v-?:+@-$

σ2
Î
(t) = α(t)2σ2

+ (1− α(t))2
t−1∑

i=t−n

∑

{j1,j2...,jn}∈Pt−i([1,n])

σ2
Î
(i) & [�R 2!9.'

= α(t)2σ2 + (1− α(t))2
t−1∑

i=t−n

Ct−i
n σ2

Î
(i) & [�R 2!h.'

� C6J(@�149;:<e0FWMQ@b@D?49B9B? E(?G@B30MQ7G@B?81AIEJ?:<9BMFC63g)�3�C6J2=b:AK�C632=�E0143�C65be(@>1fFF?V3�C65be(@B? E(?V-�?G@B5bJ09;:<9BMFC632= �
t− i 14FQ145M?43E9>=m-?:+@B5VM

n
R�
^F �Z?43k:

Ct−i
n = n!

(t−i)!(n−t−i)!

R
TRC6J2={@>/�C6MQ=BMQ=;=BC632= �V@;/?:6IEJ�?CMW32=>9;:<3E9{FF?C-?:6={5VMW30MW5VMQ=;:<3E9 & [_R 2!h.'M)?@N`Y?A=B9�P �|PE]MQ@B?GK�1G@BM���:<3H9�$

dσ2
Î
(t)

dα(t)
= 2

(
α(t)σ2 − (1− α(t))

t−1∑

i=t−n

Ct−i
n σ2

Î
(i)

) & [_R 2�&#'
= 0 & [�R 2�+.'
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5.`YC�_ $

α(t) =

∑t−1
i=t−nC

t−i
n σ2

Î
(i)

∑t−1
i=t−nC

t−i
n σ2

Î
(i) + σ2

& [_R 2�-.'
6~K�?A@C@D?G@>/�C6M�i]E(?L-?:6=,) & [�R 2!h.'\E(?4K	MF?43E9�$

σ2
Î
(t) =

(∑t−1
i=t−n C

t−i
n σ2

Î
(i)

)2
σ2 + σ4

(∑t−1
i=t−nC

t−i
n σ2

Î
(i)

)
(∑t−1

i=t−nC
t−i
n σ2

Î
(i) + σ2

)2 & [_R09 ..'

` ������
, �%�g�! ." 1 ?49B9B?w=>J0MW9B? E01j�230MW9�FF?A=_K6:+@BMO:<32@D?A=�MFE01S:<FF?A=vIHJ�?w@D?g�2FW9A@B?w3�C6J2=_-�?G@B5M?49\Ed`YC6e09B?430MQ@
:<-(@>7A=�9A@;:<MW9B?45M?43H93E(?�FO:�=;1AIEJ�?432@D?NR � C6J(@~149BJ�E]MF?G@~=BC63G@DC65V-2C�@B9B?45M?43H9�:6=��H5V-09BC69BMQIHJ�?#)A3�C6J2=-E(?4K�C632=
149BJ�E]MF?G@g=B?A={-2C6MW3H9>=v�0i(?A={14K�?43E9BJ�?4FQ=SR�T C6J2=�3�C69BC632=m@D?A=v-�C6MW3E9>=v�0i(?A=

σ̄2 = V̄
$

V̄ =

(∑t−1
i=t−nC

t−i
n

)2
σ2V̄ 2 +

(∑t−1
i=t−n C

t−i
n

)
σ4V̄

(∑t−1
i=t−n C

t−i
n V̄ + σ2

)2 & [_R09 �('

�F�?A=B9�-?:+@�:<MWFWFF?4J(@>=�-�CN=>=BMWe0FF?�E(?�@S:<FQ@4J0FF?G@ ?ji]-0FWMQ@4MW9B?45M?43E9 ∑t−1

i=t−n C
t−i
n

) ?43�=B?�e?:6=;:<3E9U=BJ(@�FO:�} C�@B5bJ0FF?
E]J�e0MW3��65M?%$

2n = (1 + 1)n =
n∑

k=0

Ck
n & [_R09�I.'

=
t∑

i=t−n

Ct−i
n & [_R09#/.'

=
t−1∑

i=t−n

Ct−i
n + 1 & [�R09+23'

5.`YC�_ $
t−1∑

i=t−n

Ct−i
n = 2n − 1 & [�R09#9.'

5 ?C=BC�@B9B?GIHJ�? & [�R09 �('\E(?4KHMF?43H9-$

V̄ = f(V̄ ) =
(2n − 1)2σ2V̄ 2 + (2n − 1)σ4V̄

(
(2n − 1)V̄ + σ2

)2 & [_R09#h.'
& [_R09�&#'

�g1A=KC6FWK�C632={@D?49B9B?G1AIHJ?:<9BMFC63 $
V̄

(
(2n − 1)2σ2V̄ 2 + (2(2n − 1)− (2n − 1)2)σ2V̄ + (2− 2n)σ4

)
= 0 & [�R09 +.'

(2n − 1)2σ2V̄ (V̄ +
1

2n − 1
σ2)(V̄ − 2n − 2

2n − 1
σ2) = 0 & [�R09 -.'

,�?A=Y9A@BC6MQ=Y-2C6MW3H9>=Y�0i/?A=Y=BC63H9ZE(C632@ − 1
2n−1

σ2 ) 0
?49 2n−2

2n−1
σ2 R 1HMwFF?k-(@B?45VMF?G@X3�`a:�-?:6=ZE(?\=K?432=

?43 9B?G@B5M?]E(?]E014e(@BJ0MW9;:<D�?#)�3�C6J2=SE(?4K�C632=8149BJ�E]MF?G@8FF?A=SE(?4J]i :<J09A@B?A=f-2C6J(@ME0149B?G@B5VMW3�?G@Y=S` MWFQ=8=BC63H9
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:<9B9A@;:6@49B?4J(@>=&C6J5@>14-0J0FQ=BM�}z=�R
TRC6J2=�} C�@B5MC632={-2C6J(@g@D?4FO:VFO:�} C632@49BMFC63

g
$

g(V̄ ) = f(V̄ )− V̄ & [�R0h ..'
=

(2n − 1)2σ2V̄ 2 + (2n − 1)σ4V̄ −
(
(2n − 1)V̄ + σ2

)2
V̄

(
(2n − 1)V̄ + σ2

)2 & [_R0h �('

=
−(2n − 1)2V̄ 3 + ((2n − 1)2 − 2(2n − 1))σ2V̄ 2 + (2n − 2)σ4V̄

(
(2n − 1)V̄ + σ2

)2 & [_R0h�I.'
1]:[E01G@BMWK�1D?GKN:<J098$

g′(V̄ ) =
(2n − 1)3V̄ 3 − 3(2n − 1)2σ2V̄ 2 + (2n − 1)(2n − 4)σ4V̄ + (2n − 2)σ6

(
(2n − 1)V̄ + σ2

)3 & [_R0h#/.'
� C6J(@gFF?A=^E(?4J]iX-2C6MW3H9>=v�0i(?A={@DC632=BMFE01G@>1A=,)23�C6J2={IEK�C632=-$

g′(0) = (2n − 1)− 1 & [�R0h+23'
g′(

2n − 2

2n − 1
σ2) =

(2n − 2)3σ6 − 3(2n − 2)2σ6 + (2n − 2)(2n − 4)σ6 + (2n − 2)σ6

(σ2 + (2n − 2)σ2)3
& [_R0h#9.'

=
(2n − 1)2 − 5(2n − 1) + 6

(2n − 1)2
& [_R0h#h.'

=
(2n − 3)(2n − 4)

(2n − 1)2
& [_R0h�&#'

5L7A=mIHJ�?GFF?b3�C65be(@B?[E(?b@DC6J2@;/�?A= ?A=B9m=>J0- 1G@BMF?4J(@RC6J\14DE:<F �
2
)2FF?b-2C6MW3H9g�0i(?

0
?A=B9 @>14-0J0FQ=BM�}�R 
^F~3�` �

:bDNJ27G@B?CIEJ�?RE2:<32=�FF?m@S:6=_5MC63�C	@DC6J2@>/�?GIHJ�` MWF�?A=B9{:<9B9A@;:6@49BM�} & ?49�MWF?}zJ2=BMFC6303�? Ed`a:<MWFWFF?4J(@>={:AK�?A@LF�`a:<J09A@B?
-�C6MW3E9v�0i(?('jR5 ?C5 �45M?#)2FF?A=RE(?4J]il9B?G@B5M?A=w:<Jk3EJ0581G@;:<9B?4J(@ E(? & [�R0h�&#'�149;:<3H9mMW3]}�1G@BMF?4J(@>= �

(2n − 1)
)?FO:ME01G@BMWK�1D?

E(?
g
:<J�-�C6MW3E9 2n−2

2n−1σ
2 ?A=B9g9BC6J�� C6J(@>=^E(?G3�C�@B5M?CMW3]}z1G@BMF?4J(@B? �

1
$]MWF-?A=B9g:<9B9A@;:6@49BM�}BR


 ��������� > � ���.� " ,�: =K?4J0FF?cFWMW5VMW9B?��230MF?!E(?�FO:o=BJ0MW9B? & [�R09 ..']?A=B9aE(C632@ 2n−2
2n−1σ

2 R 1 ?4-�?43�E2:<3E9,)
@BMF?43o3�?Z3�C6J2=X:6=>=BJ(@B?kIHJ�`Y?4FWFF?Z3�?5E]MWK�?G@BD�?Z-?:6=SRxTRC6J2=y149BJ�E]MFC632=ZE(C632@ZFF?k@DC65V-�C�@B9B?45M?43E9 E(?ZFO:
=BJ0MW9B? E(?A=K6:+@BMO:<32@D? @B?4FO:<9BMWK�?45M?43E9 �Z@D?y-2C6MW3H9��0i(?#) ?43(MW3H9A@BC*E]J0MQ=;:<3H9VFO:�KN:+@BMO:<e0FF?yMW3E9B?G@B581DE]MO:<MQ@B?
V2(t) = V (t)− 2n−2

2n−1σ
2 $



� 6 � � "�� ���  	��
	�W�
	����� � � 
/�B���P / � �B� ���!����� �������$�P�! 

V2(t+ 1) = V (t+ 1)− 2n − 2

2n − 1
σ2 & [�R0h +.'

=
(2n − 1)2σ2V 2(t) + (2n − 1)σ4V (t)

(
(2n − 1)V (t) + σ2

)2 − 2n − 2

2n − 1
σ2 & [�R0h -.'

=
(2n − 1)2σ2(V 2

2 (t) + 2n−2
2n−1σ

2) + (2n − 1)σ4(V2(t) + 2n−2
2n−1σ

2)
(
(2n − 1)(V2(t) + 2n−2

2n−1σ
2) + σ2

)2 − 2n − 2

2n − 1
σ2 & [�R'&�..'

=
(2n − 1)2σ2V 2

2 (t) + (2(2n − 1)2 − (2n − 1))σ4V2(t) + ((2n − 1)2 − (2n − 1))σ)

(
(2n − 1)(V2(t) + 2n−2

2n−1σ
2) + σ2

)2

−2n − 2

2n − 1
σ2 & [�R'& �('

=
(2n − 1)σ2V 2

2 (t) + (2n − 1)σ4V2(t)

(2n − 1)2(σ2 + V2(t))
& [�R'&�I.'

=
σ2

(2n − 1)(σ2 + V2(t))
V2(t) & [�R'& /.'

,�:k} C632@49BMFC63 σ2

(2n−1)(σ2+V2(t))

?A=>9�E01A@G@BC6MQ=>= :<3E9B? ?49.K6:<J09
1

?43
V2(t) = −2n−2

2n−1σ
2 )�=BC6MW9FFC�@>=>IHJ�?

V (t) = 0
R6,�:L=BJ0MW9B?

V2(t)
?A=B9 E(C632@�=B9A@BMQ@49B?45M?43E9�E01A@G@BC6MQ=>=;:<3E9B?#)N@D?�IHJ0M]MW5V-0FWMQIEJ�?�IHJ�?�FF?A=�KN:+@BMO:<32@D?A=

=BJ2@A@D?A=>=>MWK�?A=
V (t)

E(?A=gMW5f:<D�?A= E014e(@BJ0MW9>1D?A=w=BC63E9RE(?G-0FWJ2= ?43�-0FWJ2=g-(@BC	@>/�?A=RE(?CF�` J030MQIHJ�?G-�C6MW3E9g�0i/?
:<9B9A@;:6@49B?4J(@ 2n−2

2n−1σ
2 R,�?x�2FW9A@;:<D�?�?43HKHMQ= :<D�1x58743�? E(C632@ �gJ03�?�FWMW5VMW9B?�:6=��	5V-09BC69BMQIEJ�? E(?�E014e(@BJ0MW9;:<D�? 2n−2

2n−1σ
2 R�,�?A=~K6:<FF?4J(@>=

E(?b@D?49B9B?�FWMW5VMW9B?�-2C6J(@mFF?b3�C65�e(@B?XE(?@DC6J2@>/�?A=
n = 1...4

=KC63E9&@B?4-�C�@B9>1D?A=L=BJ(@gFF?b9;:<e0FF?S:<J\[�R��NR  3
-�?4J09{3�C69B?G@{J03�?CFWMW5VMW9B?XE(?HE014e(@BJ0MW9;:<D�?bIHJ0M�@B?A=B9B?G14FF?4K�1D?OE07A={FF?C@S:6={e0M�P^@DC6J2@;/�?#).?49mIEJ0MdFF?HE(?4K	MF?43E9
?432@DC�@B?C-0FWJ2= E2:<32=^E(?A={=BMW9BJ?:<9BMFC632= E(?C9A@;:<32=B-?:+@B?432@D?C5�J0FW9BMW-0FF?NR
,�:X=B?4J0FF? ?ji0@D?4-09BMFC63(:YFWMF?4J�-�C6J(@CFF?V@S:6=C-?:+@B9BMQ@4J0FWMF?G@XC�_�FF?A=LMW5f:<D�?A=b3�C63�e(@BJ0MW9>1D?A=b=BC63H9G@DC6303EJ�?A=
-�C6J(@gFF?A={-(@B?45VMF?G@>=wMW32=B9;:<3H9>= E(?bFO:8=>1AIHJ�?432@D?NR 
�F-?A=B9L:<FFC�@>={-�CN=>=BMWe0FF?XE(?H@B?A@DC632=B9A@BJ0MQ@B?�F�` MW3E9>14D�@;:<FWMW9>1
E(?CFO:.=>1AIHJ�?432@D?C3�C63le(@BJ0MW9>1D?NR 1 ?G@S:6=v3�`a:-?:6=&Ed` MW3H9>1G@��49 ?43l-(@;:<9BMQIHJ�?NR
�������x[�R��#$�,dMW5VMW9B?k:6=��	5V-09BC69BMQIEJ�?ZE(? E014e(@BJ0MW9;:<D�?l9B/21DC�@BMQIHJ�? E]J��2FW9A@B?Z@>1A@4J(@>=BM�}m9B?45V-�C�@B?4Fg:AK�?A@
@DC65V-�?432=;:<9BMFC63 E]J 5MC6J0K�?45M?43E9 E2:<32=lJ03�?�=BMW9BJ?:<9BMFC63 �

n
@DC6J2@>/�?A=SR{TRC6J2= E(C6303�C632=�FO:(FWMW5VMW9B?

9B/21DC�@BMQIHJ�?H?43�KN:+@BMO:<32@D?#)?:<MW32=BM�IHJ�`Y?43k1A@S:+@B9�P�9	�	-2?NR
3 � I / 2

2n−2
2n−1

.
2/3 ' 0, 667 6/7 ' 0, 857 14/15 ' 0, 933√

2n−2
2n−1

. . ),+ �,h . ),-�I#h .]R,-#h#h
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TRC6J2={5M?43�C632= E2:<32=g@D?49B9B?�:<303�?ji(?GFF?A=g@S:<FQ@4J0FQ=g-�?G@B5M?49B9;:<3E9 E(?G=B-h1A@4M��"?G@{FF?A={DE:<MW32= C6-09BMW5f:<J]i
-�C6J(@vFF?L�2FW9A@B?C/ �	e(@BMFE(?#)�E(C63H9g3�C6J2=%@;:<-0-�?4FFC632={FO:�} C�@B5bJ0FF? $

Î(p, t) = α(p)I(p, t) + β(p)Î(p + u(p), t − 1)

+δ(p)Î(p + v(p), t − 1) + γ(p)Ī(p, t) &�� R��('
TRC6J2=v5M?43�C632={FF?A={@S:<FQ@4J0FQ= E2:<32={IHJ?:<9A@B?G@DC63]�2DNJ(@;:<9BMFC632=�$

� (H0)
$0,�?A=&E(?4J]il@DC6J2@>/�?A=w=BC63E9g/2149>1G@BC6D�743�?A=SR

� (H1)
$0,�:.-(@B?45VMQ7G@B?b@DC6J2@;/�? & @D?4FWFF?GIHJ0M�@DC�@A@B?A=B-�C63�E �

u
'\?A=B9v/2149>1G@BC6D�743�?NR

� (H2)
$0,�: E(?4J]i]MQ745M?G@DC6J2@>/�? & @D?4FWFF?GIEJ0M~@DC�@A@B?A=B-2C63�E �

v
'\?A=B9v/2149>1G@BC6D�743�?NR

� (H3)
$0,�?A=&E(?4J]il@DC6J2@>/�?A=w=BC63E9g/�C65MC6D�743�?A=SR

� n�� � ���� ���Z� �Lu���s���� ?p
(H0)

TRC6J2=�3�?_-2C6J0K�C632=�E2:<32=�@D?49B9B?�/ �H-�C69B/27A=B?�J09BMWFWMQ=B?G@�30M
Î(p+u(p), t−1)

)�30M
Î(p+v(p), t−1)

R

�Fd3�C6J2=�}�:<J09 E(C632@w�0i/?G@

β(p) = 0
?49
δ(p) = 0

R
TRC6J2=L3�C6J2= @B?49A@BC6J0K�C632=OE2:<32=LFO:Y=BMW9BJ?:<9BMFC63 E(?.FO:Y@DC65V-2?432= :<9BMFC63 E(?5MC6J0K�?45M?43E9>=G9A@;:<32=>-?:+@B?43E9>=
E]J�@>/?:<-0MW9A@B? &	R75.`a:<-(@>7A={FF?A={@S:<FQ@4J0FQ= ?VU�?A@49BJ21A=&?43 &	RJI]RJI $

α(p, t) =
σ

Î
(p + u, t− 1)2 + σ

Î
(p + v, t− 1)2 + σ

Î
(p + u + v, t− 2)2

σ
Î
(p + u, t− 1)2 + σ

Î
(p + v, t− 1)2 + σ

Î
(p + u + v, t− 2)2 + σ(p, t)2

&�� RJI.'

γ(p, t) =
σ(p, t)2

σ
Î
(p + u, t− 1)2 + σ

Î
(p + v, t− 1)2 + σ

Î
(p + u + v, t− 2)2 + σ(p, t)2

&�� R0/.'
5C:<32=�9BC6J09B?�@D?49B9B?�:<303�?ji(?#)S3�C6J2=~:<e?:<3�E(C6303�C632=UFO:%E014-�?43�E2:<32@D?_=B-?:<9BMO:<FF?�E(?A=~1A@S:+@B9>=�P�9	�	-2?#)�-0J0MQ=>IHJ�?
3�C6J2=�3�?L-�C6J0K�C632=%E(?L9BC6J09B?w}�:�PDC63X-?:6=�9BMQ@B?G@v-(@BC<�29^Ed` J03�?C5MC E014FWMQ=;:<9BMFC63]?ji2:6@49B? E]JY-(@BC6e0FQ745M?O?43
-(@;:<9BMQIHJ�?NRHTRC6J2=x3�?w=;:SK�C632= ?43 ?VU�?49_-?:6= ?A=B9BMW5M?G@�FFC	@S:<FF?45M?43E9�FO:GK6:<FF?4J(@\E(?A=�1A@S:+@B9>=�P�9	�	-2?RE]Jfe(@BJ0MW9
E(?�5f:<30MQ7G@B?Z��:<e0FF?NR 5C:<32=Y@D?A=Y@DC63�E]MW9BMFC632=,) ?49Y@DC65V5M?ZFF?k�2FW9A@B?ZIHJ�?�3�C6J2=Y149BJ�E]MFC632=X3�`Y?A=B9f-?:6=
:�E2:<-09;:<9BM�} )]FF?A=_}�:6@49B?4J(@>={@S:<FQ@4J0FQ1A={3�?RE014-�?43�E(?43E9g-0FWJ2=%E(?LFO:b-�CN=BMW9BMFC63�=B-?:<9BMO:<FF?L3�C63X-0FWJ2=SR 1 C65V5M?
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(H1)

?43]�23�FF?Le(@BJ0MW9&E(?G5M?A=BJ(@B?C3�? E014-�?43�El-?:6=^E]J�9B?45V-2=,)2FF?A=�}�:6@49B?4J(@>=
α

?49
γ

E(?4KHMF?4303�?43H9�$
α(t) =

2σ
Î
(t− 1)2 + σ

Î
(t− 2)2

2σ
Î
(t− 1)2 + σ

Î
(t− 2)2 + σ2

&�� R 23'

γ(t) =
σ2

2σ
Î
(t− 1)2 + σ

Î
(t− 2)2 + σ2

&�� R09.'

� n87 � �  :�p � � � �Lu ��s���� ?p
(H1)

5C:<32=l@D?49B9B?*/ �	-�C69B/27A=B?#)�MWFL}�:<J09l=S` MW3H9B?G@BE]MQ@B? Ed` J09BMWFWMQ=B?G@
Î(p + v(p), t − 1)

)^?49 E(C632@\�0i/?G@

δ(p) = 0
R

,�` 1AIHJ?:<9BMFC63 &�� R��('_=K?L9A@;:�E]J0MW9m=BJ(@vFF?A=vKN:+@BMO:<32@D?A=&E(?A=&E]M Uh1G@B?43H9B?A={MW5f:<D�?A=g@DC65V5M?�=BJ0MW9 *8$
σ2

Î
(t) = α(t)2σ2 + β(t)2σ2

Î
(t− 1) + γ(t)2σ̄2(t) &�� R0h.':AK�?A@OEd`a:<J09A@B?G-?:+@B9-$

α(t) + β(t) + γ(t) + δ(t) = 1 &�� R'&#'TRC6J2=%@B?4-(@B?43�C632= &�� R0h.'%?43Z:<FWFQ14D�?S:<3E9mFF?A=v3�C69;:<9BMFC632=-$
σ2

Î
(t) = α2(t)σ2 + β2(t)σ2

Î
(t− 1) + γ2(t)σ̄2(t) &�� R,+.'

σ2
Î
(t) = α2(t)σ2 + β2(t)σ2

Î
(t− 1) + (1− α(t) − β(t))2σ̄2(t) &�� R,-.'TRC6J2={=BC6J0/?:<MW9BC632={5VMW30MW5VMQ=K?G@ &�� R,-.'_-?:+@^@;:<-0-�C�@B9m:<J]iXDE:<MW32=8$

∂σ2
Î
(t)

∂α(t)
= 2

(
α(t)(σ2 + σ̄2(t)) + β(t)σ̄2(t)− σ̄2(t)

)
= 0 &�� R��/..'

∂σ2
Î
(t)

∂β(t)
= 2

(
α(t)σ̄2(t) + β(t)(σ2

Î
(t− 1) + σ̄2(t))− σ̄2(t)

)
= 0 &�� R�� �('

&�� R��/..'^P &�� R�� �('v3�C6J2={@DC63�E]J0MW9 � $
β(t) =

σ2

σ2
Î
(t− 1)

α(t) &�� R�� I.'
��3]@>14MW3��A?A@49;:<3E9w@D?49B9B?G1AIHJ?:<9BMFC635E2:<32= &�� R��/..'M)�?49 ?43l5bJ0FW9BMW-0FWMO:<3E9LFF?L9BC6J09{-?:+@

σ2
Î
(t− 1)

$
α(t)(σ2σ2

Î
(t− 1) + σ̄2(t)σ2

Î
(t− 1) + σ̄2(t)σ2) = σ̄2(t)σ2

Î
(t− 1) &�� R��,/.'5.`YC�_�F�`YC63l9BMQ@B?L�23?:<FF?45M?43H9 $

α(t) =
σ̄2(t)σ2

Î
(t− 1)

σ2σ2
Î
(t− 1) + σ̄2(t)σ2

Î
(t− 1) + σ̄2(t)σ2

&�� R�� 23'

β(t) =
σ̄2(t)σ2

σ2σ2
Î
(t− 1) + σ̄2(t)σ2

Î
(t− 1) + σ̄2(t)σ2

&�� R��,9.'
δ(t) = 0 &�� R��,h.'
γ(t) =

σ2
Î
(t− 1)σ2

σ2σ2
Î
(t− 1) + σ̄2(t)σ2

Î
(t− 1) + σ̄2(t)σ2

&�� R��	&#'
:�� [M?Bd FfX 	�
(D#[]V�	�Ld���H.X AGI+HBJLDN�OI H+QbI ` ��H|�Od��BNZ?BA0VZdL^ ; �OFGFa��� ` A,I!X �Od V VZ[M?(V���� []AGd D+Q]d]���+Q ` V���� ` Q]?Bd���H���FfX AGI@V��ONZD#[]FGQbVZA0[MI�OVPH|� F Q

MTF
c+=@?+A.A0CED+F0AG=,?|�LI@VU?+I|� ` [bNeNZJLFGQbVZA0[MI4deD+QbVZAGQ]Fa�M^
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� n�� � �  :�p � � � �Lu ��s���� ?p
(H2)

1 ?G@S:6=&?A=B9^?ji0:6@49B?45M?43H9m=��	58149A@BMQIHJ�?b:<Jl-(@>1A@A1DE(?43E9 $

α(t) =
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Î
(t− 1) + σ̄2(t)σ2

&�� RJI �('

� n	� � �  :�p � � � �Lu ��s���� ?p
(H3)

5C:<32=v@D? E(?G@B30MF?G@g@S:6=,)	FF?A={IHJ?:<9A@B?wMW5f:<D�?A=&?43H9A@B?43E9&?43lFWMWDN3�? E(?C@DC65V-09B?NR0,�` 1AIHJ?:<9BMFC63 &�� R��('_=K?9A@;:�E]J0MW9g=BJ(@vFF?A={K6:+@BMO:<32@D?A= E(?A=^E]M Uh1G@B?43H9B?A=gMW5f:<D�?A=m@DC65V5M?G=BJ0MW9�
 $
σ2

Î
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Î
(t− 1) + σ̄2(t)) + δσ̄2(t)− σ̄2(t)

)
= 0 &�� RJI#9.'

∂σ2
Î
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Î
(t− 1)

&�� R0/ �('

β(t) =
σ̄2(t)σ2

Î
(t− 1)σ2

σ2σ4
Î
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