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 NMOPIQu�OrE 
 E�NMOPIQILKc�TKMEªILOPF#E��TK ��KMNJF#KJR [ E��TK N��TU�� [ KME ��� S�ILOPSYF [ K��DR�K¢e�� W5RTF#OPI<W5F#KcIQUfS �
UfI<W5e [ KJu [�
 E�KJSYF�W5SYF RTS KJS�E#KJI�dTeVK Z�[ KMEGdTR [ v�K [^� � 
 ��STUVE#E>W5dTeVKr��KMEGFQEGF [ R�NJFGR [ KJefeVKJILKJSYF Z�[ KMEGdTR [ v�K [^� � 
 ��STUVE�E�W5dTeVKr�
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Z\[ KMEGdTR [ v�K [ W [ UfFG�TILKJFGUVN54 o@h	6 UVEpW��TKMNJUV��W5dTeVKneVOPvrUVN:R�E#KM� UfS W e�W [ v�K [ W5STv�K�O5��W5uTuTefUVNXW5FGUVOPS�E � � U���K [ KJSYF
F#KMN��TSTU
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������������� ����
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O5��UfSDF#KJv�K [ ��KMNJF#O [ E�E>W5FGUVE^��C3UfSTvnW Z�[ KMEGdTR [ v�K [ ��O [ I�RTe�W � �QdDC=< O [�> UfSTv �@U [ KMNJFGefC�OPS FG��K Z�[ KME#dTR [ v�K [^� �¡O [ I�RTe�WPE
��UfIQuTeVKJILKJSDF#KM�pUfS8?2@/A)BDC54 orqE6 � �DdYCQR�EGUfSTv�E#KJIQU � efUfS�KXW [ E#KJF#EF4fhXo�6���UfIQuTeVKJILKJSYF#KM�pUfSHGJI CDK�LM4 oroN6 � �@O [ dYCLR�EGUfSTv
� UfvrUfF0_\KMNJF#O ["� RTF#OPI<W5F�Wp� � _ ��� FG��W5F [ KJu [ KME#KJSYF [ KJvrRTe�W [ E#KJF#E0O5�)UfSYF#KJv�K [ ��KMNJF#O [ E0KJS�NMO3�TKM�pWPE0EGF [ UfSTv�E0O5�	�@UfvrUfF
��KMNJF#O [ EX�@eVKXWPE#FcO [ ILOrEGF0EGUfvrSTU���NXW5SYF��@UfvrUfFc� [ EGF%4 ort@�TiN6\��UfIQuTeVKJILKJSYF#KM��UfSHO�CDP*QR4fh�6±�)STCDPVU54fhXs�6�W5S��XW7Y S[Z]\^S0_
4 oE6 �7��Z�[ KMEGdTR [ v�K [^� ��O [ I�RTe�WPE�W5S���E#KJIQU � efUfS�KXW [ E#KJF#E�e�WPN > NXW5S�OPSTUVNJUfF±C���FG��K [ KQ�TO3KME�S�OPF�K �@UVEGFgWyS�W5FGR [ W5e�<cWXC:F#O
NXW5S�OPSTUVNXW5efefC [ KJu [ KME�KJSYF"WgE#KJF ��� E W��@U [ KMNJFcNMOPS�E#K �YR�KJS�NMKr�TW�E�KJF¢FG��W5F¢u�OrE#E#KME�E#KME¢W�EGUfIQuTeVK [ KJu [ KME#KJSYF�W5FGUVOPS�NMOPRTeV�
RTS@��O [ FGRTS�W5F#KJefC d�K [ KJu [ KME�KJSYF#KM� UfS�W5S�RTS��@RTefC�NMOPIQuTefUVNXW5F#KM�M<cWXC � l:O [ KMOb��K [ �{�TKMNJUV�@UfSTv:U��"W vrUf��KJS���KMNJF#O [ O5�
UfSDF#KJv�K [ E�UVE�UfS�WpvrUf��KJS�E#KJFX�	UVE�W5FgeVKXWPEGF^`F���a9������b4 c��\hXoN6 � � S FG��KLOPFG��K [ ��W5S�����WpIQUfSTUfIQU&dbW5FGUVOPS u [ ODNMKM�@R [ K
��O [ W5RTF#OPI<W5F�W�u [ OX�3UV�TKMEcW�NXW5S�OPSTUVNXW5e [ KJu [ KME�KJSYF�W5FGUVOPS �¡O [ "e'E-%�f������������
!�/�*�;������W�E�KJF [ KJu [ KME#KJSDF#KM�<dDC<W � _ ���7�
` ��W5F0ILKXW5S�EX�3FG��K � _ � FG��W5F [ KJu [ KME�KJSYF#E�W�vrUf��KJS E#KJF0OPSTefC<�TKJu�KJS��TE0OPS FG��K�E#KJF"W5S��<S�OPF"OPS FG��KF<0WMCg< K���WM��K
NMOPIQuTRTF#KM� UfF �ih O [ FG�TUVE [ KXWPE�OPS)� � _ � W [ Kj< KJefe�WP��W5uTF#KM� ��O [ W5uTuTefUVNXW5FGUVOPS�EQFG��W5F [ K �YRTU [ K�W:eVOPFQO5�/k0ODOPeVKXW5S
I<W5STUfuTRTe�W5FGUVOPS�E efU > K�ILO3�TKJe � N#��KMN > UfSTv �

! KMNMKJSYFGefC���FG��K � _ � OPdTF�W5UfS�KM��dDC�ILOD�@U��¡C3UfSTv FG��K�E#KJF�O5�\��S�W5e�EGF�W5F#KMEX����WPE�u [ OX�3UV�TKM� E#OPILK�W5uTuTefUVNXW5FGUVOPS�E �
h U [ EGFX�F< K:��WM��K�u [ OX��KM� FG��W5FpILO3�@U���C3UfSTv�FG��KnE#KJFpO5�g��S�W5e�EGF�W5F#KMEpO5��W � _ � �¢u [ Ob�DUV�TKME�E�OPILK:EGUfIQuTeVKnE#KJF#E
FG��W5F�NXW5S�d�K�R�E#KM�n��O [ �TKMNJUV�@UfSTv�UfS�u�OPefC3S�OPIQU�W5e\FGUfILKQU���W � _ � UVE Z\[ KMEGdTR [ v�K [^� �TK7��S�W5dTeVKn��FG��W5F�ILKXW5S�EX�	FG��K
� _ � [ KJu [ KME#KJSDF#E�W Z�[ KME#dTR [ v�K [^� �TK7��S�W5dTeVKLE#KJF � 4fhbiE6 � !�KMNXW5efeªFG��W5F�FG��K�u [ KJ�3UVOPR�E�W5efv�O [ UfFG�TI ��O [ �TKMNJUV�@UfSTvpFG�TUVE
u [ OPu�K [ F±C��l<cWPE"vrUf��KJS�dDC�l�R�N��TSTU > UfS h*m3m@hn4fhXj@��h*mT��jN6±��W5S��e< O [�> E"UfSRo	�0�p�3���Vq�
srE����t�q0+3� ���l��$u��
T��$v1n� � B3KMNMOPS����
k"W [ F�dMUVE�W5S��ikcRTefF�W5Sb4 tE6�u [ OX�3UV�TKM��WXwx$u�����)$��
�8+�q������3�,+�� �¡O [ � _ � UfS�O [ �TK [ F#O KJS@��O [ NMK�FG��KQNMOPSY��K [ v�KJS�NMKyO5�
FG��K�UfS�N [ KJILKJSYF�W5efefC NMOPIQuTRTF#KM� � _ � �
�@R [ UfSTvpFG��K [ KXWPN#��W5dTUfefUfF¯C�E#F�W5F#K�E#u�WPNMK�K �@uTeVO [ W5FGUVOPS O5�cW5Sy$v�V���)$��a�z���,�3�a�
��rN�;�a��1 �<` �TUVEgOPu�K [ W5F#O [ UVE�OPdTF�W5UfS�KM� dYC�ILO3�@U���C3UfSTv�FG��KLE�KJF�O5� ��S�W5e EGF�W5F#KME�O5� Z�[ KMEGdTR [ v�K [^� �TK7��S�W5dTeVK � _ � �
dTRTF�FG��KJCp�TOQS�OPF�u [ Ob��K�FG��W5F�FG��KgOPdTF�W5UfS�KM� � _ �([ KJI<W5UfS Z\[ KMEGdTR [ v�K [^� �TK7��S�W5dTeVK �

{ O*<cKJ��K [ ��� [ OPI-u [ WPNJFGUVNXW5e�W5S���FG��KMO [ KJFGUVNXW5eTu�OPUfSDF\O5�
�3UVK;<g��< O [�> UfSTvgOPSTefCz<"UfFG� Z�[ KME#dTR [ v�K [^� �TK7��S�W5dTeVK � _ �
��WPE\E�OPILK0WP�@�rW5SYF�W5v�KME �xh U [ E#FªFG��K0I<W5STUfuTRTe�W5FGUVOPS NMOPIQuTeVK �3UfF¯Cp��d�O3OPeVKXW5SLOPu�K [ W5FGUVOPS�E¢W5S����rW [ U�W5dTeVK"KJefUfIQUfS�W5FGUVOPS �
UVE	W5F	ILOrEGF

3
� K �3u�OPS�KJSYFGU�W5e3FGUfILKª�¡O [{Z�[ KMEGdTR [ v�K [^� �TK7��S�W5dTeVK � _ � �¡E#KMK|4fhXtT�rhbiE6 � W5S���S�OPS � KJeVKJILKJSYF�W [ C���O [ v�KJS�K [ W5e

� _ � �¡E#KMK^4 sE6 �7� B3KMNMOPS�����< K�NXW5S�NMOPIQuTRTF#K�UfSpu�OPefC3S�OPIQU�W5e)FGUfILKr��W Z�[ KMEGdTR [ v�K [^� ��O [ I�RTe�W<FG��W5F��TK7��S�KME"FG��K�E#KJF
[ KJu [ KME#KJSDF#KM� dYC<W Z�[ KME#dTR [ v�K [^� �TK7��S�W5dTeVK � _ ���Y` ��KJSyFG�TUVE\��O [ I�RTe�W�NXW5S<d�K"R�E#KM�<UfSyOPFG��K [ F#ODOPeVE efU > K%?2@/A)BDC �

} S�FG�TUVE"u�W5u�K [ �0< K�UfSDF [ OD�@R�NMK�W�S�K;<(W5RTF#OPI<W5F�W � d�WPE#KM� [ KJu [ KME#KJSDF�W5FGUVOPS���O [0[ KJvrRTe�W [ EGRTd�E#KJF#E�O5�
Zm

�TNXW5efeVKM�
FG��K.��$~�3$���')���	�,+������0�,+�12�3�,�^��"e'E-�� � ����KJS�U�� � _ � W [ K���K [ C�EGUfIQUfe�W [ F#O�OPFG��K [ W5RTF#OPI<W5F�W � d�WPE�KM� [ KJu [ KME#KJSDF�W5FGUVOPS�E
4��T�ci@�¢jN6±�0UfF<UVE<FG��K2�������LW5RTF#OPI<W5F�W � d�WPE�KM� [ KJu [ KME�KJSYF�W5FGUVOPS �¡O [ W5SYC [ KJvrRTe�W [ EGRTd�E#KJF#EyO5�

Zm
�cFG��W5F<UVEyd�OPFG�

�]�3��+��)$u�]��
���FG��K [ KgK �@UVEGF#E�WQRTSTU
�YR�K�IQUfSTUfI<W5e � _ � FG��W5F [ KJu [ KME#KJSYF#E�W�vrUf��KJS�E#KJF
X
� W5S����;�,����
!����rn12+*��$ ��rE$��
�

��90�n$��)$���$���
[�;�,�3�a�n��FG�TUVE�EGF�W5dTUfefUfF¯Cnu [ Ob�DUV�TKME�WpS�W5FGR [ W5e�<cWMCn��O [ WPE#E#O3NJU�W5FGUfSTv:WpEGRTd�E�KJF�O5�
Zm

F#O�W5SDC�E#F�W5F#KLO5�
FG��K � _ ���7� lnO [ KMOX��K [ �x<cKpu [ OX��K FG��W5F�FG��K IQUfSTUfI<W5e � _ � FG��W5F [ KJu [ KME�KJSYF#ELW Z�[ KMEGdTR [ v�K [^� �TK7��S�W5dTeVK�E�KJF�UVE
EGF [ R�NJFGR [ W5efefC Z�[ KME#dTR [ v�K [^� �TK7��S�W5dTeVKr��FG��W5F�ILKXW5S�EX�	W5SDC � _ � OPdTF�W5UfS�KM� dYC�ILO3�@U��¡CDUfSTv�FG��K�UfSTUfFGU�W5e\EGF�W5F#KQW5S��
FG��KgE�KJF�O5�{��S�W5e	E#F�W5F#KMEX�@UVE Z�[ KMEGdTR [ v�K [^� �TK7��S�W5dTeVK �

� � *"�
�0� % *�!��

� K �TKJS�OPF#KLdDC
Z
W5S��

N\{0}
[ KMEGu�KMNJFGUf��KJefC FG��K<E#KJF�O5�"UfSYF#KJv�K [ EQW5S���S�OPS � S�KJvYW5FGUf��K UfSDF#KJv�K [ E ��` ��K<E�KJF

Xm

UVELNXW5efeVKM� FG��K�E#KJFLO5����KMNJF#O [ E2<"UfFG�
m ∈ N

NMOPIQu�OPS�KJSYF#E<UfS�W�E#KJF
X
�b� Uf��KJS W5S UfSYF#KJv�K [

i ∈ {1, . . . ,m}W5S�� Wn��KMNJF#O [
x ∈ Xm

�¢FG��K
i
� FG� NMOPIQu�OPS�KJSDFyO5�

x
UVE�< [ UfFGF#KJS

x[i] ∈ X
� � K��TKJS�OPF#K�dYC ¤

0
FG��K���KMNJF#O [

¤
0 = (0, . . . , 0)

� _\KMNJF#O [ E
x + y

W5S��
t.x

W [ K��TK7��S�KM�:dYC
(x + y)[i] = (x[i]) + (y[i])

W5S��
(t.x)[i] = t.(x[i])��O [ W5SYC

i ∈ {1, . . . ,m}
�
x, y ∈ Qm

�
t ∈ Q

��� K��TKJS�OPF#K�dDC
〈x, y〉 =

∑m
i=1 x[i].y[i]

�TFG��Kn�p+3��q���+*�����	�"O5�{F�< O
��KMNJF#O [ E

x, y ∈ Qm ��� Uf��KJSpWF���
���*��$�+��)� f : X → Y
�
A ⊆ X

W5S��
B ⊆ Y

��<cK �TK7��S�K
f(A) = {f(a); a ∈ A}W5S��

f−1(B) = {x ∈ X; f(x) ∈ B}
�

� Uf��KJS:W�S�OPS � KJIQuTF±Cp��STUfF#K2��
 ql9��
�]�;�
Σ
��< K��TKJS�OPF#K�dYC

Σ+ FG��K�E#KJF�O5��S�OPS � KJIQuTF±C�w�+����E��OX��K [
Σ
W5S���< K

�TKJS�OPF#K dYC
ε
FG��K�KJIQuTF±C�<cO [ � �\� E�R�EGR�W5e

Σ∗ �TKJS�OPF#KMEcFG��K�E#KJF¢O5��<cO [ �TE Σ+∪{ε}
�ª� EGRTd�E�KJF

L ⊆ Σ∗ UVE¢NXW5efeVKM�
Wg
&���
�����*��� �¢` ��K�NMOPS�NXW5F#KJS�W5FGUVOPS:O5�	Fa<cO^< O [ �TE

σ1
W5S��

σ2
� [ KMEGu � Fa<cO�e�W5STvrR�W5v�KME

L1
W5S��

L2
� UVEc�TKJS�OPF#KM�pdDC

σ1.σ2
� [ KMEGu �

L1.L2 = {σ1.σ2; (σ1, σ2) ∈ L1 × L2}
�7�(� Uf��KJS Wg< O [ �

σ ∈ Σ∗ ��< KQ�TKJS�OPF#K�dDC (σi)i∈ �
FG��K

�l� �
�]�	���
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E#K �DR�KJS�NMKQO5��< O [ �TEg�TK7��S�KM� dDC:FG��K�UfS��@R�NJFGUVOPS
σ0 = ε

W5S��
σi+1 = σi.σ

��� KQ�TKJS�OPF#KQdDC
σ∗ FG��K�e�W5STvrR�W5v�K

σ∗ = {σi; i ∈ N}
��` ��K^
!���
�p��9 O5��W:<cO [ �

σ
UVE0�TKJS�OPF#KM��dDC

|σ| ∈ N
�Th O [ W5SDC<S�OPS � KJIQuTF±C�<cO [ �

σ ∈ Σ+ ��< K
�TKJS�OPF#K�dYC

σ[1]
� �f�f� �

σ[|σ|]
FG��K�KJeVKJILKJSYF#E�UfS

Σ
E#R�N#��FG��W5F

σ = σ[1] . . . σ[|σ|]
�

� $&% � % � ' ���	�
*"�-+-�g�
* ./�0�
�

} S�FG�TUVE�E#KMNJFGUVOPS)��FG��Kn"%$&��$��2')���	�,+��:-/�0�,+�12�3�,�M��"e'�-�� [ KJu [ KME#KJSYF�W5FGUVOPS)��W EGF�W5F#K � d�WPE#KM� [ KJu [ KME#KJSDF�W5FGUVOPS�O5� E#KJF
O5��UfSYF#KJv�K [ ��KMNJF#O [ Eb�@UVE0u [ KME#KJSYF#KM� � ` ��K�E#KJF#E"OPdTF�W5UfS�KM��dYC 12+	�*$��
�g��90�%$��)$���$��3
l�;�,�3�a��W5S���12+*�3$ ��r�$v�
�n��90�%�	�;��+��
��� ��
����,�3�a����O5��W � _ � W [ K [ KMEGu�KMNJFGUf��KJefCpN���W [ WPNJF#K [ U&dXKM��UfS�E�KMNJFGUVOPS�E o � oLW5S���o � t �


���
 ���������������������! "���#��$&%'��(	�)�*����+

	 KJF¢R�E\NMOPS�EGUV�TK [ W5SLUfSDF#KJv�K [
r ≥ 2

NXW5efeVKM�QFG��Kz���E��$ �/+��/�����]+31Fq�+E��$���$�+3��W5S��LFG��K.�	�;�T+��/��$&��$����
Σr = {0, . . . , r−

1}
�7} S�FG�TUVE�E�KMNJFGUVOPS)��< K�EGFGR��@C�FG��Kj
!���E�;����$&���)$ ���]��������$~�3$������������
���]+�1/q0+E��$���$u+���O5�cW5S�UfSYF#KJv�K [ ��KMNJF#O [ UfS

Zm

UfSDF#O�Wj< O [ � O5�J�3$~��$��,�E���*�,+�� �yUfS
(Σm

r )∗
��` �TUVE��TKMNMOPIQu�OrEGUfFGUVOPS�NXW5S�d�K�KXWPE#UfefC:OPdTF�W5UfS�KM� dDC:NMOPS�EGUV�TK [ UfSTv�FG��K

E#K �DR�KJS�NMK
(γr,σ)σ∈(Σm

r )∗
O5�ª��RTS�NJFGUVOPS�E

γr,σ : Zm → Zm
RTSTU
�DR�KJefC��TK7��S�KM��dYCpFG��K���OPefeVO*<"UfSTvyK �YR�W5efUfFGUVKME:4fh*�E6±�

{

γr,b(x) = r.x + b (b, x) ∈ Σm
r × Zm

γr,σ1.σ2
= γr,σ1

◦ γr,σ2
(σ1, σ2) ∈ (Σm

r )∗ × (Σm
r )∗

� E#EGRTILKyFG��W5F�FG��Ky�@UfILKJS�EGUVOPS
m
UVE�K �DR�W5e F#O

1
W5S�� NMOPS�EGUV�TK [ W�NMOPRTuTeVK

(σ, s) ∈ Σ∗
r × Sr

<"��K [ K
Sr

UVE
FG��KLE�KJF�O5�/��$~�3�y��$&��$����

Sr = {0, r − 1}
�<` ��K���OPefeVO*<"UfSTvnK �YR�W5efUfF¯C�UVEgNXW5efeVKM� FG��Ke
!���E�;����$~�3�)$ ���]���l�.��$~�3$������ �;�

���]�]+�1/q0+E��$���$u+��iwx$���9
2
�f� +�1/q�
&�;12�;�l�J�

γr,σ

(

s

1 − r

)

=

{

∑|σ|
i=1 ri−1σ[i] ∈ N

U��
s = 0

∑|σ|
i=1 ri−1σ[i] − r|σ| ∈ Z\N

U��
s = r − 1

` ��Kpu [ KJ�3UVOPR�EQ�TKMNMOPIQu�OrE#UfFGUVOPS EG��O*<�EQUfSDFGRTUfFGUf��KJefC�FG��W5F
s = 0

NMO [G[ KME#u�OPS���F#OnFG��K ��+��)��� �u�p�p��$-�E�e��$&��� �3$~��$��
<"��K [ KXWPE

s = r − 1
NMO [G[ KMEGu�OPS��TE�F#OQFG��K^� �,�p�3��$.�E�^+�� � �

h O [ W�v�KJS�K [ W5e	�@UfILKJS�EGUVOPS
m ≥ 1

�@eVKJF"R�E"NMOPS�EGUV�TK [ FG��K��¡RTS�NJFGUVOPS
ρr : (Σm

r )∗ × Sm
r → Zm

�TK7��S�KM��dDCyFG��K
��OPefeVO*<"UfSTv K �YR�W5efUfF¯C��

ρr(σ, s) = γr,σ

(

s

1 − r

)

� NMOPRTuTeVK
(σ, s) ∈ (Σm

r )∗ × Sm
r

E#R�N#��FG��W5F
x = ρr(σ, s)

UVE�NXW5efeVKM� W
r
�f����� +�1/q0+E��$���$u+���O5�

x ∈ Zm � ! KJI<W [�>
FG��W5F W5SDC

x ∈ Zm
O*<"S�E W5F�eVKXWPEGF�OPS�K

r
� �TKMNMOPIQu�OrEGUfFGUVOPS �

h RTS�NJFGUVOPS
ρr

S�W5FGR [ W5efefC WPE#E#O3NJU�W5F#KpF#O W5SYC e�W5STvrR�W5v�K
L ⊆ (Σm

r )∗ × Sm
r

W�EGRTd�E#KJF
X = ρr(L)

O5�
Zm �

! KJI<W [�> ��O*<cKJ��K [ FG��W5F0FG��K [ K�K �@UVEGF#E"E#OPILK�e�W5STvrR�W5v�KME
L1
�
L2

W5S��
L
EGR�N���FG��W5F

L1 ∩L2 = L
W5S���EGR�N#�pFG��W5F

ρr(L1) ∩ ρr(L2) 6= ρr(L)
�.h O [ UfS�EGF�W5S�NMKr��NMOPS�EGUV�TK [

L1 = {(ε, 0)}
�
L2 = {(0, 0)}

W5S��
L = ∅

� BDR�N���WyEGUV�TK
K ��KMNJF UVE��@R�K�F#O<FG��K��¶WPNJF�FG��W5FgW5SnUfSYF#KJv�K [ ��KMNJF#O [

x ∈ Zm
�TODKME�S�OPF���WM��KQW<RTSTU
�YR�K

r
� �TKMNMOPIQu�OrEGUfFGUVOPS ��` ��K

��OPefeVO*<"UfSTvyeVKJIQI<WQN#��W [ WPNJF#K [ U&dXKME
r
� �TKMNMOPIQu�OrEGUfFGUVOPS�E�WPE#E#O3NJU�W5F#KM�pF#OQFG��K�E�W5ILK���KMNJF#O [X�

/¢¤ � ��~1032 w�+
r
�f����� +�1/q0+E��$���$u+����

(σ1, s1)
�3���

(σ2, s2)
���]�(�E� �	+*�;$u�3�a�����,+j��90�7�;��1n�4�E���*�,+��z$ �z������+��)
sr2$ �

s1 = s2
�����

σ1.s
∗
1 ∩ σ2.s

∗
2 6= ∅ 5

6 } ¨�¨�7 � 	 KJFyR�E�� [ EGF [ KJI<W [�> FG��W5FL��O [ W5SYC E#UfvrS �@UfvrUfF<��KMNJF#O [
s ∈ Sm

r

��<cK���WM��K
γr,s(

s
1−r

) = s
1−r

� } S
u�W [ FGUVNJRTe�W [ �D< KQ��WX��K

ρr(σ.sk, s) = ρr(σ, s)
�¡O [ W5SDCX<cO [ �

σ ∈ (Σm
r )∗

W5S�����O [ W5SYC
k ∈ N

�Q` �TUVEgK �DR�W5efUfF±C
UVEF< KJefe > S�OV<"S8<"��KJS

s = 0
W5S���UfF\]^R�EGF�ILKXW5S�E�FG��W5F(�p����$v���H��t3�����98V����+e��$&��$�����F#OQFG��KgeVKXWPEGF EGUfvrSTU���NXW5SYF��@UfvrUfF

� [ EGF �TKMNMOPIQu�OrEGUfFGUVOPS:O5��W�S�OPS � S�KJvYW5FGUf��K�UfSYF#KJv�K [ �TODKME"S�OPF�N���W5STv�KgUfF#E"�rW5efR�K �
� E#EGRTILK�� [ EGFcFG��W5F

(σ1, s1)
W5S��

(σ2, s2)
W [ K�EGR�N#� FG��W5F

s1 = s2
W5S��

σ1.s
∗
1 ∩σ2.s

∗
2 6= ∅

�TW5S��<eVKJFcR�Ecu [ OX��K
FG��W5F

ρr(σ1, s1) = ρr(σ2, s2)
��` ��K [ K�K �3UVE#F

k1, k2 ∈ N
EGR�N#�nFG��W5F

σ1.s
k1

1 = σ2.s
k2

2

��} S�u�W [ FGUVNJRTe�W [ �
� [ OPI FG��K
u [ KJ�3UVOPR�E�u�W [ W5v [ W5uT�X< Kg�TKM�@R�NMK

ρr(σ1, s1) = ρr(σ1.s
k1

1 , s1) = ρr(σ2.s
k2

2 , s2) = ρr(σ2, s2)
�

�;:�<>=�?



���������	���
����
��������	�������
������������� ����
!�#"%$&��$��(')���*�,+��.-/�0�,+�12�3�,� s

� K �@FX�¢WPE#EGRTILKyFG��W5F
ρr(σ1, s1) = ρr(σ2, s2)

W5S�� eVKJF�R�E�u [ Ob��KpFG��W5F
s1 = s2

W5S��
σ1.s

∗
1 ∩ σ2.s

∗
2 6= ∅

�
� E�FG��K�I<W5STUfuTRTe�W5F#KM��EGF [ R�NJFGR [ KME�W [ K��TK7��S�KM�nNMOPIQu�OPS�KJSDFJ<"UVE#Kr�l<cK�NXW5S�WPE#EGRTILK:<"UfFG��OPRTF eVOrE�E O5��v�KJS�K [ W5efUfF±C
FG��W5F�FG��K<�@UfILKJS�EGUVOPS

m
UVE�K �DR�W5e¢F#O

1
� !�KJI<W [�> FG��W5F�FG��K<EGUfvrS��@UfvrUfF#E

s1
W5S��

s2
I�R�EGF�d�K<K �YR�W5e ��} S ��WPNJFX�

OPFG��K [ <"UVE#Kr��FG��K [ KgK �3UVE#F#E
i1, i2 ∈ {1, 2}

EGR�N���FG��W5F
si1 = 0

W5S��
si2 = r − 1

W5S��pUfS�FG�TUVE�NXWPE#KJ< Kg��WM��KgEG��OV<"S
FG��W5F

ρr(σi1 , si1) ∈ N
W5S��

ρr(σi2 , si2) ∈ Z\N
<"�TUVN#�:UVE�UfS:NMOPSDF [ WP�@UVNJFGUVOPS�<"UfFG�

ρr(σ1, s1) = ρr(σ2, s2)
� 	 KJF

R�E"NMOPS�EGUV�TK [
k1, k2 ∈ N

EGR�N#��FG��W5F0FG��K.< O [ �TE
w1 = σ1.s

k1

1

W5S��
w2 = σ2.s

k2

2

��WM��K�FG��K�E�W5ILK�eVKJSTvrFG���TKJS�OPF#KM�
dDC

k ∈ N
��` ��K�� [ E#F u�W [ W5v [ W5uT��EG��OV<�E FG��W5F

ρr(w1, s1) = ρr(w2, s2)
��� E

s1 = s2
�
< K��TKM�@R�NMK�FG��K ��OPefeVO*<"UfSTv

K �DR�W5efUfF±C��
k

∑

i=1

ri−1.(w1[i] − w2[i]) = 0

� E#EGRTILK�dDCnNMOPSDF [ WP�@UVNJFGUVOPS�FG��W5F
w1 6= w2

��} S FG�TUVEgNXWPE�K
k ∈ N\{0}

W5S�� FG��K [ KLK �@UVEGF#EgW I<W �@UfI<W5e � �¡O [
≤
�

j ∈ {1, . . . , k}
EGR�N#��FG��W5F

w1[j] 6= w2[j]
�¢� K���WM��Kr�

|w1[i] − w2[i]|











= 0
U��

i > j

≥ 1
U��

i = j

≤ r − 1
U��

i < j

� Kg�TKM�@R�NMKgFG��K��¡OPefeVOV<"UfSTv<d�OPRTS����f�

|
k

∑

i=1

ri−1.(w1[i] − w2[i])| = |rj .(w1[j] − w2[j]) +

j−1
∑

i=1

ri−1.(w1[i] − w2[i])|

≥ |rj .(w1[j] − w2[j])| −

j−1
∑

i=1

|ri−1.(w1[i] − w2[i])|

≥ rj −

j−1
∑

i=1

ri−1.(r − 1)

= 1

� KQOPdTF�W5UfS�W NMOPSDF [ WP�@UVNJFGUVOPS �Q� K��TKM�@R�NMKQFG��W5F
w1 = w2

W5S���UfS u�W [ FGUVNJRTe�W [ FG��K^< O [ �
w = w1 = w2

UVE�UfS
σ1.s

∗
1 ∩ σ2.s

∗
2

� ��� � � �
� 
&���
�����*���

L ⊆ (Σm
r )∗ × Sm

r

UVE�E�W5UV� �;�3�������3�a��� 4fh;c36�U����¡O [ W5SDC
(σ, s) ∈ (Σm

r )∗ × Sm
r

�/<cK���WM��K
(σ, s) ∈ L

U��cW5S�� OPSTefC�U��
(σ.s, s) ∈ L

��Z\[ KJ�DUVOPR�E�eVKJIQI<W�h�EG��OV<�E�FG��W5FgW<e�W5STvrR�W5v�K
L
UVE�E�W5FGR [ W5F#KM��U��cW5S��

OPSTefC U�� FG��K [ K�K �@UVEGF#E
X ⊆ Zm

EGR�N�� FG��W5F
L = ρ−1

r (X)
�y} S u�W [ FGUVNJRTe�W [ ��< K��TKM�@R�NMKpFG��W5FQFG��K ��$��
�8���/���*�

L1 ∩ L2 = L
W5S��

ρr(L1) ∩ ρ2(L2) 6= ρr(L)
UVE<S�O eVOPSTv�K [ F [ R�K��¡O [ E>W5FGR [ W5F#KM� e�W5STvrR�W5v�K � } S �¶WPNJFX�¢��O [

W5SDC�E>W5FGR [ W5F#KM� e�W5STvrR�W5v�KME
L1,L2

W5S�����O [ W5SYC
# ∈ {∪,∩, \,∆}

�{FG��KQe�W5STvrR�W5v�K
L1#L2

UVEgE�W5FGR [ W5F#KM��W5S��
ρr(L1)#ρr(L2) = ρr(L1#L2)

�
� K0W [ K\UfSDF#K [ KMEGF#KM��UfS�WPE#E�ODNJU�W5FGUfSTv�F#O W�E�W5FGR [ W5F#KM��e�W5STvrR�W5v�K"W%���,�3�a�������E�*���%��r�12�]+�
 $u�|�]�aq��]���*���l�,�3��$u+����rNXW5efeVKM�

"7$~�3$��(')���	�,+��%-/���,+�12�3�,� �

��¤����
	 | 	 ¨�� 0
� ��	���	 |�� ¤ �r| ¨ }�w��)| ¨ � ~@|X~�� - � UfvrUfF _\KMNJF#O [ � RTF#OPI<W5F#OPS/� � _ ���
A

$v�b� ���Vq�
&�
A =

(Q,Σm
r , δ, q0, F0)

wT90�;�����

• Q
$v�z�2� +��)���;1Fq���r����)$��a�J�*�;��+�� EGF�W5F#KME 5

• δ : Q × Σm
r → Q

$ �7��90��F [ W5S�EGUfFGUVOPS���RTS�NJFGUVOPS 5
• q0 ∈ Q

$ �7��90��UfSTUfFGU�W5eªEGF�W5F#K 5
• F0 ⊆ Q × Sm

r

$v�:��90�:�*�;��+�� ��S�W5e�EGF�W5F#KME^���0�;9X��9��3�
(q, s) ∈ F0

$ �(��� �e+��)
srg$ �
(q′, s) ∈ F0

�;+3��� ������r

q′ = δ(q, s) 5�l� �
�]�	���



� ��������1n��� ����+��3t

q0,







(0, 0, 0),
(0, r − 1, r − 1),
(r − 1, 0, r − 1)







q1,







(r − 1, r − 1, r − 1),
(r − 1, 0, 0),
(0, r − 1, 0)







q⊥, ∅

b[1] + b[2] = b[3] + r

b[1] + b[2] + 1 = b[3]

b[1] + b[2] = b[3] b[1] + b[2] + 1 = b[3] + r

b[1] + b[2] + 1 6∈ b[3] + {0, r}b[1] + b[2] 6∈ b[3] + {0, r}

Σm
r

h UfvrR [ KLhr� � _ �
AX

[ KJu [ KME�KJSYFGUfSTv
X = {x ∈ Z3; x[1] + x[2] = x[3]}

q0,







(0, 0),
(r − 1, 0),

(r − 1, r − 1)







q1, {(r − 1, 0)}

b[1] > b[2]

b[1] < b[2]

b[1] ≤ b[2]

b[1] ≥ b[2]

h UfvrR [ K�o@� � _ �
AX

[ KJu [ KME#KJSDFGUfSTv
X = {x ∈ Z2; x[1] ≤ x[2]}

q0, S
m
r

Σm
r

q0, ∅

Σm
r

h UfvrR [ K�t@� � S�FG��K�eVK7�¡FX� � _ �
A � m

� � S�FG��K [ Ufvr�YFX� � _ �
A∅

�;:�<>=�?
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� E�R�EGR�W5e¶�r��RTS�NJFGUVOPS
δ
UVE�RTSTU
�DR�KJefCe��tp�a���������yOX��K [

Q×(Σm
r )∗

dDC
δ(q, σ1.σ2) = δ(δ(q, σ1), σ2)

� l:O [ KMOb��K [ �
W�FGRTuTeVK

(q, σ, q′)
EGR�N�� FG��W5F

q′ = δ(q, σ)
UVE"�TKJS�OPF#KM�pdYC

q
σ
−→ q′

O [ ]^R�EGF
q → q′

�TW5S��pNXW5efeVKM��W%q0�3��9<� [ OPI
q
F#O

q′

&���]�;
&����dYC

σ
� BDR�N���W�EGF�W5F#K

q′
UVE0E�W5UV�X�]���p��9��
��
&�g� [ OPI

q
��<"��KJS

q = q0
��< K ] R�E#FcE�WXCLFG��W5F

q′
UVE.���]�p��9����;
&� �7�

` ��K 
&���
�����*���
L(A)

�]���]+]�3�)$ 8N��� dDC W � _ �
A

UVE �TK7��S�KM� dDC
L(A) = {(σ, s) ∈ (Σm

r )∗ ×
Sm

r ; (δ(q0, σ), s) ∈ F0}
� ` ��W5S > EyF#O FG��K�NMOPS��@UfFGUVOPS

(q, s) ∈ F0
U���W5S�� OPSTefC�U��

(q′, s) ∈ F0
�¡O [ KJ��K [ C

q
s
−→ q′

��FG��K�e�W5STvrR�W5v�K
L(A)

UVE�E�W5FGR [ W5F#KM� �"` ��KgE#KJF
X = ρr(L(A)) ⊆ Zm

UVE NXW5efeVKM��FG��KgE#KJFz���aq �����*���l�a���ndDC
FG��K � _ �

A
�

q0, {(0, 0)} q1,

{

(0, 0),
(r − 1, 0)

}

q⊥, ∅Σm
r

b[1] 6= 0 ∧ b[2] = 1

b[1] = 0 ∧ b[2] = 0
b[2] = 0

b[2] 6= 0

(¬(b[1] = 0 ∧ b[2] = 0))
∧(¬(b[1] 6= 0 ∧ b[2] = 1))

h UfvrR [ K%c�� � _ �
AX

[ KJu [ KME#KJSDFGUfSTv
X = {x ∈ Z2; Vr(x[1]) = x[2]}

B3KJF#E [ KJu [ KME�KJSYF#KM��dYC � _ � NMO [G[ KMEGu�OPS�� F#O:FG��K
r
�f������������
!�g�*�;��� � ! KMNXW5efe���4 j�6 � FG��W5F<W:E#KJF

X ⊆ Zm
UVE

E�W5UV�
r
��������� ����
!��U��\UfF NXW5Snd�K��TK7��S�KM�:UfS:FG��K�� [ EGF�O [ �TK [ FG��KMO [ C h �

(Z,+,≤, Vr)
<"��K [ K

Vr : Z → Z
UVE FG��K

r
� �PW5efR�W5FGUVOPS���RTS�NJFGUVOPS��TK7��S�KM��dYC

Vr(0) = 0
W5S��

Vr(x)
UVE"FG��Kgv [ KXW5F#KMEGF�u�O*< K [ O5�

r
FG��W5F��@Uf�3UV�TKME

x ∈ Z\{0}� ��vrR [ K|c �7� ! KMNXW5efe
W5eVE#O�FG��W5F W7`%�
1n�]���|":�]�;$ ��$�+3�2"7$u�*������1 ��`F"."��z4��T��oEc�6�FG��W5F [ KJu [ KME#KJSYF#EcW�E#KJF
X ⊆ Zm

�rUVE
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Aq

�"� K�W [ K�v�OPUfSTvyF#OyN#��W [ WPNJF#K [ U&dXK�FG��K�E#KJF
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x = ρr(w, s)

W5S��
(q′, s) ∈ F0
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�T< Kp�TKM�@R�NMK FG��W5F
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(w′, s′) ∈ (Σm

r )∗ × Sm
r

EGR�N�� FG��W5F
x = ρr(w

′, s′)
�7hT[ OPI
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X
W5S���NMOPS�EGUV�TK [ W [ KXWPN���W5dTeVK�EGF�W5F#K

q
O5�

A
��` ��K [ KLK �@UVEGF#EgW u�W5FG�

q0
σ
−→ q

��Z�[ OPu�OrEGUfFGUVOPS h�u [ Ob��KMEgFG��W5F
Xq = γ−1

r,σ(X)
�Q� E

X
UVE Z�[ KME#dTR [ v�K [^�

�TK7��S�W5dTeVKr�TFG��K [ K�K �@UVEGF#E"W Z�[ KMEGdTR [ v�K [^� ��O [ I�RTe�W
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FG��W5F"�TK7��S�KME

X
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UVE0�TK7��S�KM��dDC
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φσ(x) := ∃x′ (x′ = r|σ|.x+ γr,σ(
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0)∧φ(x′))
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UVE W�d�O3OPeVKXW5S:NMOPI�dTUfS�W5FGUVOPS�UfS

Zm
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(i, c, n) ∈ {1, . . . ,m} × Z × (N\{0})
�
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X = {x ∈ Zm; 〈α, x〉 ≤ c}
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X = {x ∈ Zm; x[i] ∈ c + n.Z}
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X = {x ∈ Zm; x[i] ∈ c + n.Z}
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W�RTSTU
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n0 = n
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UVE�W
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γ−1
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σ ∈ L
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γ−1
r,σ(X) = {x ∈ Zm; rk.x[i] ∈ c − γr,σ(

¤
0)[i] + n.Z}
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r,σ(X) 6= ∅
��< K��TKM�@R�NMK�FG��W5F

cσ =
c−γr,σ( � 0)[i]

rk

UVE�W5S UfSYF#KJv�K [ �\W5S���UfS�u�W [ FGUVNJRTe�W [ < KLv�KJF
γ−1

r,σ(X) = {x ∈ Zm; x[i] ∈ cσ + n0.Z}
��� E

n0
UVE

r
� u [ UfILKr�{FG��K [ KLK �@UVEGF#E�W5S UfSDF#KJv�K [

k0 ∈ N
EGR�N#��FG��W5F
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�nh O [ W5SYC

σ ∈ L
W5S�� ��O [ W5SYC

(w, s) ∈ ((Σm
r )k0)∗ × Sm

r
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γ−1
r,σ.w(X) = γ−1

r,w({x ∈ Zm; x[i] ∈ cσ + n0.Z
m})

= {x ∈ Zm; r|w|.x[i] + γr,w(
¤
0)[i] ∈ cσ + n0.Z}

= {x ∈ Zm; x[i] ∈ cσ +
s

1 − r
− ρr(w, s)[i] + n0.Z}
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r )∗}

O5�ª��KMNJF#O [ EF<"UfFG��FG��K�E�W5ILKgE#UfvrS
s
�

� K�� [ EGF�WPE#EGRTILK�FG��W5F
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(q, s) ∈ ker(Y )

��� K��TKJS�OPF#K�dYC
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{x ∈ Zm; x[i] ∈ −p + n0.Z} ∈ {Xq; (q, s) ∈ ker(Y )}
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UVEpFG��KnE�KJFpO5��KJC�KME
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W5S�� �¡O [ W5SDC
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γ−1
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〉
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




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