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Abstract

In this paper, we present methods for solving the ba-
sic Supervisory Control Problem (SCP) using algorithms
based on bisimulation techniques. [1] first presented the
relations between bisimulation and controllability and
provided algorithms for solving the SCP. We efficiently
solve the same problem using Intensional Labeled Tran-
sition System (ILTS), an implicit representation of au-
tomaton, relying on algebraic methods.

keywords : Discrete Event Systems, ILTS, Supervisory
Control Problem, Symbolic Bisimulation.

1 Introduction

In the Ramadge and Wonham theory of discrete events
systems [2], the behaviors of systems are modeled by se-
quences of events over a finite alphabet. The plant is
represented by some kind of automaton, a labeled tran-
sition system (LTS), that generates sequences of events
(or actions) through its execution. The control of the
plant is then performed by inhibiting some events in X,
the set of controllable events as opposed to the set X
(uc stand for uncontrollable) of events that cannot be
prevented from occurring.

In [1], the authors solved the Supervisory Control Prob-
lem by exploiting the relation between a given bisimula-
tion and the controllability of a language. They provide
algorithms on the computation of a bisimulation relating
the plant and the desired behavior specification. How-
ever, their implementations are based on an extensional
representation of the models. This makes the super-
visory controller synthesis not practical because of the
huge size of the states space when dealing with realistic
applications. The proposed approach provides higher-
level algorithms, relying on implicit representations (of
the plant, of the specification,...). To do so, we use poly-
nomials over a finite field. This way, instead of enu-
merating states, transitions, etc. and considering them
explicitly, we manipulate the polynomial functions char-
acterizing their sets of membership.
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The paper is organized as follows : Section 2 recalls the
results of [1]. Section 3 explains our approach, and its
application to the SCP is described in Section 4. We
finally conclude and address perspectives in Section 5.

2 The Supervisory Control Problem

Assuming that the plant to be controlled is modeled as a
Labeled Transition System (LTS) that is a 4-tuple G =
(X, X, z0,d), where X is the (finite) set of states, ¥ is
the set of events, To € X is the initial state, and § is
the partial transition function from X x £ to X’. In the
sequel, we simply write z € G instead of z € X.

The behavior of the system is denoted by the prefix-
closed language £(G) [2], generated by G'. Some of
the events in ¥ are uncontrollable, i.e., their occurrence
cannot be prevented by a controller, while the others
are controllable. In this regard, I is partitioned as ¥ =
Y. U X, where X, represents the set of controllable
events and X, the set of uncontrollable events.

2.1 Basic Results

We now present some preliminaries for the Supervisory
Control Problem that can be found in [2]. We first recall
the definition of controllability :

Definition 1 Let H and G be two LTSs, s.t. L(H) C
L(G). L(H) is said to be controllable w.r.t. £L(G) and
Tue if L(H)Sue N L(G) C L(H). .

In other words, £L(H) is conditionally invariant w.r.t.
L(G) under events of 3, [2].

In the Ramadge and Wonham framework, a supervisor
is given by a function S : £(G) = {y € 2%; .. C v},
delivering the set of actions that are allowed in G by
the control after a trajectory s € £(G). Write S/G for
the closed loop system, consisting of the initial plant G
controlled by the supervisor S.

Supervisory Control Problem [2]: Given a plant
modeled by an LTS G = (X,X,20,6), Tue € X and a

'1n the following, all the languages will be assumed to be prefix-
closed.
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desired language K C L(G), The problem is to build
a supervisor S such that L(S/G) C K is controllable,
and for any other supervisor S’ s.t. L(S'/G) C K,
L(S'/G) C L(S/G).

In the sequel, we will be more interested in the com-
putation of S/G rather than in the computation of the
supervisor S itself, since one can easily extract S from

S/G.

The solution of the SCP is classically called the most
permissive solution : using K' to denote the supremal
controllable sub-language of K w.r.t. £(G) and X,,., we
have £(S/G) = K (see [2]). The standard algorithm
used to compute this supremal language is an iterative
algorithm starting with the automaton product H x G,
with L(H) = K. The iterative procedure consists of (i)
removing states that violate the controllability condi-
tion, and (ii) removing states that are not reachable [2].

Definition 2 Assume given o plant G = (X, X, zo,6)
and let a desired behavior be modeled by the LTS H.
We denote by [H x G|' the LTS obtained by using the
standard algorithm [2] to compute the supremal control-
lable sub-language of L(H) w.r.t. L(G) and .. Hence
LH) = L(H x G]") .

We now present another algorithm [1] relying on a re-
lation between the controllability and a bisimulation
equivalence approach.

2.2 Solution of the SCP using Bisimulation

We present now the Y’'-bisimulation, where ¥’ is some
subset of ¥ ; it reduces to strong bisimulation [3] when
Y =X

Definition 3 [1, 4/ Given two LTSs H =
(XH,E,a:HD,JH) and G = (Xg,z,mgo,(SG), and
¥ C . A X'-bistmulation of H and G is a binary
relation Y C Xy x Xg s.t. (zg,zg) € Y whenever

1. for all 0 € X', for all transition 'y = dy(zH,0)
there erists a state Ty s.t. T = dg(zg,0) and
(@3, 25) € -

2. vice-versa .

Y'-bisimulations of H and G are closed under arbitrary
unions [1]. So there exists a greatest one, noted £y, .
We now formalize the link between X'-bisimulation and
controllability :

Theorem 1 [1] Let H and G be as in Definition 2 with
L(H) C L(G). Denote by ST the accessible state space
of [H x G]'. Let 35, be the greatest To.-bisimulation
of H and G, then :

1. (zHy, TG,) € ST iff zH, 05, Tq,, and

2. (z,26) € ST iff oy 2z and (TH,zG) is
reachable from (zmu,,zq,) by a sequence of state
transitions that never leave Oy, - °

From this theorem, we can easily derive an algo-
rithm providing [H x G]'. It first computes the T.-
bisimulation &y, _ of the H and G (using the algorithm
of [5]) and next builds some product model from H and
G according to the £y _ relation. So the following Al-
gorithm [1] :

Algorithm 1
1. Compute vy,

G

2. IfzH, 445, TGy, then let R be the empty LTS. Other-
wise, let R = (Xg,Z,zog,0R), where :

Xr = {(zn,%6) € Xu x Xg}
TRy (xHoymGo)

the greatest Lyc-bisimulation of H and

VoeX:

Sr((zH,zc),0) = {

(0n(zm,0),0c(zq,0)) if
JH (zH » U)ﬁzuc 6G (IG) U)
Unde fined otherwise.

3. Let R' denotes the accessible LTS of R

Theorem 2 (1] L(R") = L(H)' = L([H x G]). o

3 Intensional models

This section introduces the models, named the Inten-
sional Labeled Systems (ILTS)[6] upon which symbolic
computations will be performed.

3.1 The Mathematical Framework

In the following, we write Z/pz for the finite field
{0,1,...,p—1}, with p prime. Let Z be a finite set of k
distinct variables Z, ..., Zy. We denote by Z/p7[Z] the
set of polynomials over va.rlables Ziy ey Ty Wthh coeffi-
cients range over Z/pz, We recall that (Z/pzlZ], +, %)
is a ring. Given a polynomial P(Z) € Z /pZlZ), we as-
sociate its set of solutions Sol(P) C (Z/p7)*

Sol(P) ¥ (21, ..., 2) € (Z/p2)*|P(21, ..., 26) = 0} (1)

It is worthwhile noting that in Z/p,7[Z], 2} - 24, ..., Z -
Zy evaluate to zero. Then for any P(Z) € Z/p7[Z],
one for instance has Sol(P) = Sol(P + (ZF - Z;)).
Write P, = P, whenever Sol(P,) = Sol(P;). We
then introduce the quotient ring of polynomial functions
AlZ] = Z/p7|[Z]/ <27 - z>, where all polynomials ZF — Z;
are identified to zero, written for short Z? — Z. A[Z] can
be regarded as the set of polynomial functions with co-
efficients in Z /7, for which the degree in each variable is
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lower than (p — 1). This will be very useful for algorith-
mic purposes. It also possible to define a representative
of Sol(P) (i.e. [P)=), called the canonical generator.

At this point, we would like to mention some useful prop-
erties to manipulate polynomials, namely :
Property 1 For all polynomials P,,P,,P € Z /pz[Z],

Sol(Py) C Sol(P,) whenever (1— PP~')x Py = 0. More-

over, by defining P, ® P, def (Pl”_1 +P§_1)”_1, we have,
Sol(P1) N Sol(P,) = Sol(P, & P,), Sol(P1) U Sol(P) =
Sol(P, x P;), and (Z/pz)'c \ Sol(P) = Sol(1 — PP~1). o

Finally, we introduce the ezistential/universal abstrac-
tions (or quantifications) over polynomials w.r.t. some
variables. Let P € Z/p7|Z], we shall write 3Z;P
for the polynomial Plz,— * P|z;=1 * ... * P|z,=p—_1,
where P|z,=, is P obtained by instantiating any oc-
currence of variable Z; by value v. Similarly, we
define a dual variable abstraction over polynomials,
based on universal quantification : VZ;P is computed
as P|z,=0 ® P|z,=1 ® ... ® P|z,=p—1 which solutions
are elements of the form (zq,..., 21, Zi+1,..., 2k) S.t.
V2iy (21, s Zi1, 20y Zig1, oo, 28) € SOl(P).

Notes on the implementation. It turns out that
the best known implementation (for memory and com-
putation performance) of polynomials over finite field
(ie. Z/p7) is based on their decomposition according
to the Lagrange polynomials, leading to p-ary decision
diagrams data structures. A classical instance of this ap-
proach is the well-known Shannon decomposition for the
case p = 2, with associated Binary Decision Diagrams
(BDD) for the boolean functions [7)].

3.2 Intensional labeled transition systems

Definition 4 An m-dimensional intensionally Labeled
Transition System (or m-iLTS) is a structure T =
(X,Y,Z,—), where

o X is a set of states, T C X is a set of initial states,
e Y is a set of m variables Y1, ...,Y,,, and

e »C X x Z/pz[Y] x X. Each transition is labeled
by a polynomial over the setY . .

P(Y . .
We write ¢ ) ¢ (or simply ¢ L q"), instead of

(¢,P(Y),q') €—. Then, iLTS can be understood as an
“intensional” representation of classical LTSs, labeled by
tuples of (Z/ pZ)m : each arrow of the iLTS labeled by
P(Y) intensionally represents as many arrows labeled by
some y € Sol(P(Y)). In the sequel, we shall call Ezt(T)
the possibly non-deterministic “extensional” LTS, un-
derlying the m-iLTS T.

Intensional approach for labels offers a “compact” way to
talk about sets of transitions in the system. However, we

would like to reinforce this approach in such a way that
the whole system, and not only its sets of labels, can be
itself described intensionally. Intuitively, the transition
relation will be given by a polynomial, thus generalizing
the iLTS approach.

Definition 5 An (n,m)-dimensional Intensional La-
beled Transition System (or (n,m)-ILTS) is a struc-
ture S = (X, X",Y,I,T) where X = {X1,...,Xn} and
X" = {X{,..,X}} are two sets of (source and target)
states variables, Y = {Y1,...,Y,.} is a set of labels vari-
ables, I is a polynomial in Z /7] X| characterizing initial
states and T(X,Y,X") € Z /pz[X , Y, X'] is a polynomial
describing the legal transitions. .

Given some source state = € (Z /pz)™ and some target
state =’ € (Z/p7)", the set Sol(T(z,Y,z')) denotes all
the possible la%els of transitions from state z to state
z'. When states are viewed extensionally, we retrieve

the models of Definition 4.

3.3 Y'-Bisimulation in the ILTS framework

Let us introduce the notion of symbolic A-Bisimulation,
where A is a polynomial that will characterize the set of
events ¥’ of Definition 3.

Definition 6 Consider two m-iLTSs T =
(Xl’Y7IIa —)1)) T2 = (X27Y1121 _>2): and a poly-
nomial A € Z/p7[Y]. A symbolic A-bisimulation of T}
and Ty is a binary relation R C X x X s.t. (x1,22) € R
(or z1Rz2) whenever

1. for all 7, 51 zy, there ezists a finite set of transi-
tions (z2 s zb)ier, such that :

(@) (1-(P®A)+ILP, =0, and
(b) =ziRai, for allicI.

2. wvice versa. .

In Definition 6, the clause (1 — (P @ A)) * ILP; = 0
can be reinterpreted as Sol(P) N Sol(4) C |, Sol(P;),
that is any transition from , to z satisfying the “crite-
rion” denoted by A can be mimicked from zs. Since A-
bisimulations are closed under arbitrary unions, we can
talk about the greatest A-bisimulation, written <, in
the following, and say that “r; and zs are A-bisimilar”
whenever ;X 4Z2.

Symbolic A-bisimulation between iLTSs corresponds to
Sol(A)-bisimulation (in the sense of Definition 3) be-
tween the underlying extensional LTSs :

Theorem 3 (Expressiveness) Let T} and Ty be two
iLTSs. R is a symbolic A-bisimulation between T) and
T, iff R is a Sol(A)-bisimulation between Ezt(Ty) and
E:L‘t(TQ).
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Proof: =) Let R be a symbolic A-bisimulation between
T, and Ty. Let z;Rzs and let L z} in Ext(Ty), with
y € Sol(A). Then there exists z; 5,1 z) with P(y) =0
and A(y) = 0. By definition of R, there exists some
indexes § such that z, 2 zh, (1-P@® A)*II;P; =0 and
x| Rrs. Because P(y) =0 and (1 - P& A)+xILP =0
when applied to y, P;(y) = 0 for some ¢ which proves
that T2 % z}, and we are done. Transition z; B, x4 is
dealt similarly.

<) Let R be a Sol(A)-bisimulation of Ext(T1) and
Ext(T>). Let z;Rx2 and let x; —}3)1 z} inTy. As 1Rz,

for each yo € Sol(A) N Sol(P), there exists 72 233 z5°
in Ext(T,) with z{Rz%°. Then, in T; there exists some

P st. x5 12)02 z3° and P¥(yo) = 0. Consider the
polynomial II,eso(pea)P?(Y). Clearly by construc-
tion, Sol(P & A) C SOl(Hvesoz(p@A)Py), which entails
(1-PaA)*I csopoa)PY(Y) = 0. This shows that the
z¥ are the good candidates, which concludes the proof ¢

Assume now given two ILTSs $; = (X1, X{,Y, 1, T1),
Sy = (X3, X3,Y,1I5,T2), and A € Z/pg[Y]. Algorithm 2
computes the greatest symbolic A-bisimulation of S; and
Sa.

Algorithm 2

i def 0

1. Define the polynomial 1¥o(X1,X2) =

2. Compute iteratively until stabilization
(¥x (X1, X2))k defined by :

Wr+1(X1, X2) is the canonical generator of
(X1, X2) ® VXYY [(1 - Ti(X1,Y, X]) @ A(Y))*
3X5(Ta (X2, Y, X3) & ¢ (X7, X3))]
BYX VY [(1 - T2(X2,Y, X3) ® A(Y))*
AX (T X1, Y, X1) @ ¢ (X1, X3))]

L 3. Call p4(X1,X2) the result.
Theorem 4 With the preceding notations,

YA (1'1,-'132) =0 1472 & T1£2501(A) T2+ ©
The proof is similar to the one of Theorem 2.12 of [6].

4 Application to the SCP

In this section, we present the application of the tech-
niques developed in the previous section to solve the
SCP. The non-blocking aspect of the SCP is here dis-
card, but would also fit within this framework.

4.1 Event-controlled ILTS

In order to match Section 2, we need to introduce the
notion of Event-controlled ILTS, which are assumed to
be deterministic?. So the definition :

2%i.e.Vz,y, Sol(T(x,y,X')) as at most one element

Definition 7 An Event-controlled ILTS is given by a
deterministic (n,m)-ILTS and two polynomials P, and
Py of Z/pglY] s.t.

Sol(P.) N Sol(Pye)

= 0 (2)
Sol(P.) U Sol(Pye) C

Z/p)™ (3)

For such an Event-controlled ILTS and with the preced-
ing notations, Sol(P,) (resp. Sol(P,.)) corresponds to
the set of controllable (resp. uncontrollable) events as
in Section 2, i.e. Sol(P,) = I, and Sol(Pyc) = Zuyc-
Note that Equation (2) ensures that an event is either
controllable or uncontrollable.

4.2 The Desired Behavior

Let T = (X, X",Y,I, T, Py, P.) be an Event-controlled
ILTS modeling the plant. Let O(X,Y, X’) be a poly-
nomial in Z/p7[X,Y, X'}, called a control objective on
T. Consider now the Event-controlled (n,m)-ILTS Tp =
(X, X", Y,I, T ® O, Py, P.). To models the desired be-
havior. Intuitively, we only consider in the explicit LTS
Ezt(T) the set of states/events/transitions that satisfy
O(X,Y, X"y =0.

O is used to express control objectives as predicates over
the states and/or the events: for example, if we want to
ensure a safety property over a particular set of states
of the plant (say Sol(a(X))), the control objectives O
will be defined as O(X, X'} = a(X) ® a(X'). In other
words, the supervisor, we want to compute with this
particular polynomial, has to ensure the invariance of the
set of states Sol(a(X)). Some other control objectives
can also be considered : O can result from a previous
SCP computation (e.g. attractivity, reachability, optimal
control [8]).

4.3 The supervisor Computation

Assume we have two Event-controlled ILTSs T and T
as defined in the previous section. First of all, remark
that T is the initial system T restricted by polynomial
O. Hence the proposition:

Proposition 1 L(Ezt(To)) € L(Ext(T)) °

That is to say that the behavior of Ty is a sub-behavior
of T. In the sequel we rename the states variables (source
and target) of T and T such that T' = (X1, X{,Y,I,T)
and To = (X9, X},Y,Io,To). Let ¢p,, be the result
of Algorithm 2 applied on T and Tp, i.e. the greatest
symbolic P, -bisimulation of T and T

Build now the ILTS T¢ = (X¢, X6, Yo, Ic, Te), where

o Xo=X1UXy, X5 =X UX}),and Yo =Y
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o Io(Xce) = I(X1) @ Io(X2) ® ¢p,. (X1, X2)
e To(Xc,Y, X5) = T(X1,Y, X1) @ To(X2,Y, X3)
® Y, (X1, X3)

By Algorithm 1, we have to consider the accessible set
of states of the system T¢. To do so, we compute the
orbit Orb of the system, as follows:

{ Orbo(Xc) = Ic(Xc)
Orbiy1(Xe) = A@Xc(BY Te(Xe, Y, X)) @ Orbi(Xc)))

where A is a function which renames the variable X’ in
X. It is then sufficient to intersect the transition relation
Tc with the orbit to obtain a new relation, where all the
states are accessible.

Te(Xe, Y, X5) = Te(Xe,Y, Xo) ® Orb(Xc)

With the preceding notations, we can state the following
theorem:

Theorem 5 If Sol(Ic) is non empty, then the ILTS
T: = (X, X6, Y, Ic, TS) generates the supremal con-
trollable sub-language of L(Ext(To)) w.r.t. L(Ext(T))
and Sol(Pyc).

Proof : First by Assumption T and T are deterministic
and by Proposition 1, the behavior of T is included in
the one of T. By Theorem 2, we have to show that
Ext(T}) is R of Algorithm 1 : consider (z1,z3,y), s.t.
Te(z1, T2, y,21,25) = 0 for some ) and z;. Because
T(mlyy’zll) = Oa TO(x27y7m'2) =0 and d)P-uc (z’llzé) =0,
(z1,22)-L (), z5) holds in Ext(T() whenever ; AV
x5z and Ty 2 5o1(p,.) %2 (Theorem 4). We exactly
retrieve the definition of the transition function dg of
Algorithm 1 which, by construction of T/, is restricted
to accessible states. o

5 Conclusion

In this paper, we have presented an alternative approach
for the SCP using bisimulation techniques inspired from
[1], relying on symbolic/implicit representation of au-
tomaton, named Intensional Labeled Transition System
(ILTS). These models lead to more abstract algorithms
based on algebraic transformations, for which efficient
implementation can for instance rely on Decision Dia-
grams techniques. From the application point of view,
automatic generation of ILTS is available in the syn-
chronous language SIGNAL compiler[8]. It performs the
boolean abstraction of any SIGNAL program according
to the following interpretation : a signal variable is as-
sociated to a variable in Z /37, where values 0, 1, -1
respectively mean absence, presence with trueness and
presence with falseness[9]. Symbolic bisimulation algo-
rithms have been implemented for this case in the for-
mal proof system SIGALI, available in the SIGNAL plate-
form[6], but the algorithms would bear any extension in

Z /pZ, with p prime as shown in this paper. In partic-
ular, for the case p = 2, existing BDD packages can be
efficiently used for boolean function operations.

Finally, for the SCP, we foresee several possible exten-
sions : we are currently working on a reduction of the
controlled plant, by mixing symbolic strong bisimulation
(for the reduction) and symbolic P, -bisimulation (for
the control synthesis) algorithms. Some other extension
of the SCP can be considered : for example splitting
structured events in a controllable part and an uncon-
trollable part could enable us to tackle more realistic
applications. Also, the controllability property of events
can be “local”, e.g. depending on the current state of
the plant . This way degraded modes can be introduced.
For all the above mentioned extensions, an algebraic so-
lution can be proposed.
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