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Q(x, y, u) = 0

öµéÊû
C(x, y, u) = 0

ù�öµé-�¢ð
ù¡ï1è�ñ�ð�é.þ
b�� b�� ä�� �,´h³ e ´ ä � ±�² ä=ebä ¯
	 à ´µ±*��� à °
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"1ë¤è �1ì6ð�õ ý�ð ñ�ïÊöµì6ì<ë¤ð��Êñ�ð%ò6éFê�ïÊð ñ�ð*XY�1ð�ì�þ íZ�&"�"¢è�ñ�ð ý�ð
ýböµé�êbê�èGð�éÊñ,�1ë¤ðOê�ï1ð º�·¢Î�¾µÀ º,¾z·wÄ¡¿ è
	{öÑñ�ð�ê>è 	�ñ�ê¤öµê�ð�ñ
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 ð�êk�Êñ�òÍé�ê�ë¤è�û��Êù�ð�ê¤ï1ðbè "wð�ë¡özê¤èhë ∼
pre

ó&û�ð�$ÊéÊð�û���îV^B	�è&ë{öµé­î
ñ�ð�ê>è
	$ñ)ê¡özê¤ð�ñ

F
ó

∼
pre (F ) = {x ∈ ( � � / Ó � � )n / ∀y �������������������

∃u, Q(x, y, u) = 0 ����� P (x, y, u) ∈ F}

ç�èhéÊñ�ò6û1ð�ëbé1èzýfê¤ï1ð#ñ�ð*XY�1ð�é¢ù�ð
(Ei)i∈

¶  û�ð�$Êé1ð�û0�­îV^
{

E0 = E

Ei+1 = Ei∩
∼

pre (E)


wE �

� ïÊð#ñ�ð�X6�Êð�éÊù�ð+
wE ��ò¼ñNû�ð�ù�ë�ð�öhñ�òÍé��¢þ$í�òÍéÊù�ð#öµì6ì.ñ�ð�ê¤ñ
Ei

öhë�ð
$Êé1òÍê�ð&ó�ê�ï1ð�ë�ðÏð�%­ò¼ñ�ê¤ñ\ö

j
ñO�Êù¡ïiê¤ïÊözê

Ej+1 = Ej

þ � ï1ð
ñ�ð�ê

Ej

ò¼ñGê�ï1ð�éaê�ï1ð;�hë¤ð�özê¤ð�ñ�ê\ù�èhé�ê¤ë�è&ì øÈòÍéZ�zöµë¤ò¼öµé�êGñ,���Êñ�ð�ê
è
	

E
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 ð�ê

gj

�¢ðoê�ï1ð0"wèhì6î�éÊèhõGò6öhì�ê¤ïÊözêÑïÊöhñ
Ej

ö&ñWñ�èµø
ì���ê�ò6èhé.ó�ê¤ï1ð�é

C0(X) = gj

öhéÊû
C(X, Y, U) = P ∗(gj)

2ò¼ñOöhé@öhû1õÑò¼ñ¤ñ�ò��1ì6ðI	�ð�ð�û­ø �Êöhù/7Ïù�è&é�ê�ë¤èhì6ìÍð�ë¥öµé¢ûÏê�ïÊðÑñ�î�ñ)ê¤ð�õ
SC : S + (C0, C)

�hð�ë�ò($Êð�ñ<ê�ïÊðÑò6éZ�zöµë¤ò6öhéÊù�ð#è 	�ê¤ï1ðÑñ�ð�ê�è 	
ñ�ê¤özê¤ð�ñ
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þ-L¥ñ�ò6é���ê�ïÊð�ñ¤öµõGð�õÑð�ê�ï1è�û1ñ�ó�ý�ð¨öµë¤ð�ö �1ìÍðoê�è

ð�é¢ñO�1ë¤ð ¾z¸�¸�À�¾hÄ�¸�º�Î�º�¸�Ì ó À�¿¡¾&Ä¤¹Ê¾h×�º�É«º�¸�Ì è
	�ögñ�ð�ê<è 	{ñ�ê¤öµê�ð�ñp
,ñ�ð�ð
� Ó ó
[ ��	�èhë�õGè&ë�ðNû�ð�ê¤öµò6ì¼ñ�þ � 	�ê¤ð�ë{ê¤ï1ò¼ñ��1ë¤òÍð�	="Êë�ð�ñ�ð�é&ê¡özê¤òÍè&éÑè 	
ù�ì¼öhñ¤ñ�ò6ù�öµì{ù�è&é&ê¤ë�è&ì�è6��Q)ð�ù�ê�ò��hð�ñ�ósê¤ï1ðgé1ð�%­ê#ñ�ð�ù ê¤òÍè&é@ýNò6ìÍì�û�ð�ø
ñ¤ù�ë¤ò(�wðWñ�èhõGð�é1ð�ý 7­ò6éÊû1ñ>è 	�ù�èhé�ê¤ë�è&ì.è ��Q)ð�ù ê¤ò(�&ð�ñ>ñ,"¢ð�ù�ò($Êð�û
�­î\èhë¡û�ð�ë�ë¤ð�ì¼özê¤òÍè&éÊñbèK�hð�ë�ê�ï1ð�ñ�ê¤özê¤ð�ñNè 	
ê¤ï1ð#ñ�î�ñ�ê�ð�õGñ�þ

! g ³�²�±*��³ eNä ²�å à ²�´ ä � ±�² ä=e
�k%�"1ë¤ð�ñ¤ñ�ò6é��iù�èhé�ê¤ë�è&ì¥è6��Q)ð�ù�ê�ò��hð�ñ�öhñ�"Êöhë�ê¤ò6öhì¥è&ë¤û�ð�ëoë¤ð�ì¼özø
ê�ò6èhé¢ñ.ò¼ñ
õGèµê¤ò(�zöµê�ð�ûI��î¥ê�ïÊð�	,öhù�ê
ê¤ïÊözê$ñ�è&õÑð�ù�èhé�ê¤ë�è&ìµè ��Q)ð�ù ø
ê�ò��hð�ñ�ù�öhé1é1èhêT�wð>ð�%Z"Êë�ð�ñ�ñ�ð�û�öhñ{ì6è �&ò6ù�öµì�è ��Q)ð�ù ê¤ò(�&ð�ñ�þ � ï1ð�ñ�ð
ù�è&é�ê�ë¤èhìhè6��Q)ð�ù�ê�ò��hð�ñ
öµë¤ð�õGèhë¤ð�ù�èhéÊù�ð�ë¤é1ð�û�ýNòÍê�ï#ê�ï1ð�ý�ö�î¥ê�è
{(x, y) / ∃u, (x, y, u) }|xDx�y�z|{�v�}|y�~Uy/� Q}

2P ∗(g) }|x v�snt �
y�z �*~ny��S}��/z�sK�/x �/x xwy�z|{�v�}|y�~nx vws�t xwt�v
{(x, y, u) / P (x, y, u) is solution of g}

ë�ð�öhù¡ï%ö)�&ò(�&ð�é%ì6è �&ò6ù�öµì��hè�öµì�ó¢ë¡özê¤ï1ð�ë<ê�ïÊöhé@ýNòÍê�ï%ê¤ï1ð+�hè�öµì
ê�è+�¢ð�ë¤ð�ö&ù¡ï1ð�û.þ
!���ÿ#" ²zå à ²\² àZe ³�±�� ä � ´ ä � ±�² ä=e1e,à ²\° á � ±�� à °*��°
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ê�ë¤èhì6ìÍð�ëT	�èhë�ö�ù�èhé�ê�ë¤èhì�è6��Q)ð�ù�ê�ò��hðNõGè�û�ð�ì6ð�ûgö&ñ�ö3"Êöhë�ê¤ò6öhì�èhë�ø
û�ð�ëNë¤ð�ì¼özê¤òÍè&é.þ � èGê¤ï1ò¼ñS"��1ëW"¢è�ñ�ð&ó�ìÍð�ê
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 ð�êU�Êñ<ñ,��"�"wè&ñ�ð#ê¤ïÊözê¥ê�ï1ðÑñ�î�ñ�ê�ð�õjð*�hèhì��hð�ñbê�è�ö\ñ�ê¤özê¤ð
x
ó

öµéÊû¨ê¤ïÊözê
y

ò6ñOöµé@ö&û�õGò6ñ¤ñ�ò(�1ì6ðWð*�hð�é&êOözê
x
þ 5 êDõgö�îoð�%­ò¼ñ�ê

ñ�ð*�hð�ë¡öµìµù�èhé�ê�ë¤èhì¼ñ
u
ñ,�Êù¡ïOê�ï¢özê

Q(x, y, u) = 0
þ 
 ð�ê

u1

öhéÊû
u2

�¢ð¥ê)ý�è�ù�èhé�ê¤ë�è&ì6ñ�öhû�õGò¼ñ�ñ�ò(�ÊìÍðS	�è&ë�ê¤ï1ðU"Êöµò6ë
(x, y)

þ � ïÊð
ñ�î�ñ�ê�ð�õ ù�öµéoð��hè&ì(�&ð<ò6é�ê�è�ê)ý�èGû�ò%$wð�ë�ð�é&êNñ�ê¤özê¤ð�ñ

x1

öhéÊû
x2ñO�Êù¡ïoê�ï¢özê

x1 = P (x, y, u1)
öµéÊû

x2 = P (x, y, u2)
þ � ï1ð

�hè&öhìÊè 	ãê�ï1ðDù�è&é&ê¤ë�è&ìÍì6ð�ë�ò6ñ�ê�èÑù¡ï1è­è&ñ�ð2�wð�ê)ý�ð�ð�é
u1

öµéÊû
u2

ó
òÍé@ñ,�Êù¡ï@ö\ý�ö�îoê�ïÊöµê¥ê¤ï1ð�ñ�î�ñ)ê¤ð�õlð��&èhì��hð�ñNòÍé�ê¤è\ê�ïÊð�ñ�ê¤özê¤ð
ê�ïÊöµê�ò6ñ$è6"�ê�ò6õgöµìZ	�èhë�ñ�è&õÑð �&ò(�&ð�éWè&ë¤û1ð�ë{ë¤ð�ì¼özê�ò6èhé
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ê�ï1ðgñ�ð�ê�è
	bñ)ê¡özê�ð�ñDò6ñU$¢é1ò ê¤ðhó.ð�öhù¡ï�èhë¡û�ð�ëOë¤ð�ì¼özê�ò6èhé�ù�öhé �wð
ê�ë¡öµéÊñ�ì6öµê�ð�û�ò6é�ê�ègöµé¨ð*XY�Êöµê�ò6èhé#^

R�(x, x′) = 0 ⇔ x � x′
þ

� ñ)ê¤ë�ò¼ù êNèhë¡û�ð�ëNë�ð�ì6öµê�ò6èhéH�wð�ê)ý�ð�ð�é�ê�ï1ð#û�ò%$sð�ë¤ð�é�ê<ñ)ê¡özê¤ð�ñbò¼ñ
ù�èhõ+"��1ê�ð�û.óÊû�ð�$¢é1ð�û�öhñ*^

x � x′ ⇔ (x � x′)
öµéÊû

¬(x′ � x).

 Ó �

� ï1ðÑê¤ë¤öhéÊñ�ì¼özê¤òÍè&é è 	N
 Ó �Oò6é�ê�èo"¢è&ìÍî­é1è&õGò6öhì{ð*XY�Êözê¤òÍè&éÊñDò¼ñê�ï1ð�é0�&ò(�&ð�é0�­î=^

R�(x, x′) = R�(x, x′) ⊕ (1 − R�(x′, x)) = 0

?[Z�

ýNïÊð�ë¤ð
f ⊕ f ′ = (f2 + f ′2)2

þ � ù�èhé�ê¤ë�è&ìÍì6ð�ë>ù�öµé¨ê�ïÊð�é
�¢ð@ù�èhõ+"���ê¤ð�û �Êñ�òÍé&��ê�ï1ð.	?�ÊéÊù ê¤òÍè&é
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þ � ï1ðq"wè&ñ¤ñ�ò(�1ì6ð
òÍé1òÍê�ò¼öµì�ñ�ê¤öµê�ð�ñ�öµë¤ðWê¤ï1ðgè "�ê¤òÍõgöhì�ñ)ê¡özê�ð�ñ4
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öµì6ì<ê¤ï1ð ñ�èhì���ê�ò6èhé¢ñ�è 	�ê�ï1ð ð*XY�Êözê¤òÍè&é

Q0(X) = 0
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 ð�ê

I = {x / Q0(x) = 0}
�¢ð ê�ïÊð�ñ�ð�ê�è
	#ò6é1ò ê¤ò6öhì�ñ)ê¡özê�ð�ñ�ó

ê�ï1ð�éFê�ï1ð�è "1ê�ò6õGöhìOñ�ê¤öµê�ð�ñ;
,ö&ù�ù�èhë¡û�òÍé&�Mê�è
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�oöµë¤ð%è6��ø
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I
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ê¤özê¤ð�ñ2	�èhë>ýNï1ò¼ù¡ï¨ê�ïÊð�ë¤ð#ð�%�ò¼ñ)ê¡ñ<ö'&�ñ�õgöµì6ì6ð�ë)(�ñ�ê¤öµê�ðN	�èhë
R�

^

Iopt = I\{x / ∃x′ ∈ I, x′ � x} . * òÍé¢öµì6ìÍî&ó&ê¤èI	�è&ë¤ù�ð>ê�ïÊð
ñ�î�ñ�ê�ð�õjê�èoù¡ï1è­è&ñ�ðDê�ï1ðI�wð�ñ�êOù�èhé�ê�ë¤èhì�ó1ý�ð#é1èzý ò6é&ê¤ë�è�û��¢ù�ð
ê�ï1ð#û�ð�$Êé1òÍê�ò6èhé#^
hoà�+ � �,±*� ä ��ÿ-, Ä¤Åµ·Ê¸�À�ÅzÉ
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º¼»�»�¾zº,Ã�¸	Å#×¡¿ è6"�ê�ò6õgöµì Ä¡ÅµÆ�Ð
½1¾µÀ�¿¡Ã�¸ÈÅ�¾�Ä¡Åz·Ê¸�À�ÅµÉ

u2

Á#º Ë¨¾z·sÃ�Åµ·ÊÉ«Ì�º Ëo¸�¹Ê¿o»¡¸	¾z¸	¿
x1 =

P (x, y, u1)
º¼»¥ÝhÀ�¿¡¾z¸	¿�À�¸�¹Ê¾z·@¸�¹1¿W» ¸	¾z¸	¿ »

x2 = P (x, y, u2)Ë�ÅzÀ�¸�¹1¿ÑÅzÀ�Ã&¿�À#À¤¿�ÉÍ¾µ¸�º,Åµ·
R�

Ô
5 é�èhê�ï1ð�ë>ý�èhë¡û1ñ�ó­ê¤ï1ðWù�èhé�ê�ë¤èhì.ù¡ï1è­è�ñ�ð�ñ�óZ	�è&ë<ö+"Êöµò6ë

(x, y)
ó

öµé�ö&û�õGò6ñ¤ñ�ò(�1ì6ð�ù�èhé�ê�ë¤èhì&ê�ï¢özê{õgö
7hð�ñ.ê¤ï1ðNñ)ê¡özê¤ð
x

ð��&èhì��hð{ê¤è
ê�ï1ðGñ)ê¡özê¤ð�ýNï1ò¼ù¡ï@ò¼ñOè "�ê¤òÍõgöhì�	�è&ë<ê¤ï1ðGë�ð�ì6öµê�ò6èhé
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,é1èµê¤ð
ê�ïÊöµêWê�ïÊð�ë¤ð\õgö�î ð�%­ò¼ñ�êWõGèhë¤ðgê�ïÊöhé]èhéÊð\è "�ê¤òÍõgöhì�ñ�ê¤özê¤ð���þ
� ï1ðWù�è&é�ê�ë¤èhì6ìÍð�ëNè
	$ê�ï1ðÑñ�î�ñ�ê�ð�õ ò¼ñNê�ïÊð�éq"1ë¤èK�­ò6û1ð�û0�­î�ê¤ï1ð
	�èhì6ìÍèzýNò6é��P"¢è&ìÍî­é1è&õÑò¼öµìãë¤ð�ì¼özê¤òÍè&é#^

{ R(X,Y, U) = 0 }
⇔

{∀U ′ ∈ ( � � / Ó � � )p, (Q(X,Y, U ′) = 0 ⇒
P (X, Y, U) � P (X, Y, U ′))}

.�/�0

� ï1ð#ù�èhé�ê�ë¤èhì6ìÍð�û�ñ�î�ñ)ê¤ð�õ ò¼ñ
SC : (S + (R, Iopt))

ñ�þ ê�þ6ó



Sc =











X ′ = P (X, Y, U)
Q(X, Y, U) = 0
R(X, U, U) = 0
Iopt(X0) = 0

.�� 0

! � b���� ³��	� e,à ° ä=f>ä ²�å à ²\² àZe ³�±�� ä � °
�zöµë¤òÍè6�ÊñN7­òÍé¢û1ñ�è
	bèhë¡û�ð�ë�ë�ð�ì6öµê�ò6èhéÊñ4
,èhë3"Êöhë�ê¤ò6öhì�èhë¡û�ð�ëDë¤ð�ø
ì¼özê�ò6èhé¢ñW�Gù�öµé �¢ðq�¢ñ�ð�ûeê¤èMð�%�"1ë¤ð�ñ¤ñ+"1ë¤è "wð�ë�ê�ò6ð�ñGèK�hð�ëÑê�ï1ð
ñ�ê¤özê¤ð�ñ�þ$ý�ð3"1ë¤ð�ñ�ð�é�êbï1ð�ë¤ð#ñ�èhõGð¥è 	�ê¤ï1ð�õ¨þ

! � b��,ÿ�
 � � ���]³ e1e,á ² à °�±�²K�,´µ±�� � à ´ ä � °�±�²z³�� � ±�° ä �
� � ´ ä � ±�² ä=e1e ³�¯ e,à à � à � ±�°&æ 
 ð�ê �Êñ%öhñ¤ñ,�1õGð�ê�ïÊöµêÏê�ï1ð
ñ�î­ñ�ê�ð�õ
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Q(x, y, u) = 0
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öµé¢û
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�¢ðbê)ý�è�"wè&ñ¤ñ�ò(�1ì6ðNù�è&é&ê¤ë�è&ì6ñ�óµöµé¢û
x1

öµéÊû
x2ê�ïÊð#ù�èhë¤ë¤ð�ñ,"¢è&éÊû�ò6é��Ññ,�Êù�ù�ð�ñ¤ñ�èhëNñ)ê¡özê¤ð�ñ�þ � ï1ð�éÏöGõGò6é1òÍõgöhì ø

ì6î�ë¤ð�ñ�ê�ë¤ò¼ù ê�ò��hð#ù�èhé�ê�ë¤èhì�ù�öµé.�wð�ñ�î­é�ê�ï1ð�ñ�ò�9�ð�ûo��î¨öhû1è "�ê¤òÍé��
ê�ïÊðI	�èhì6ì6èzýNòÍé��oñ)ê¤ë¤öµê�ð��&îV^�ì6ð�ê

Ad1

öµé¢û
Ad2

�wð�êOê�ï1ðÑñ�ð�ê¤ñ
è
	ãöhû1õÑò¼ñ¤ñ�ò��1ì6ð

y
ð��&ð�é�ê¤ñ{ò6é.ó&ë�ð�ñO"wð�ù�ê�ò��hð�ì6îhó

x1

öhéÊû
x2

þkL¥ñ)ø
ò6é��\ê¤ï1ð�"wèhì6î­é1èhõGò¼öµì�è
	�ê¤ï1ðGù�èhé¢ñ)ê¤ë¤öhòÍé�ê¤ñ<ð*XY�Êöµê�ò6èhéÊñ<èK�hð�ë
ê�ïÊð4�1éÊù�è&é�ê�ë¤èhì6ì6ö �1ìÍðÑð��&ð�é�êN��öhë�ò¼ö
�ÊìÍð�ñOû1ð�é1èhê�ð�û

Q′(X, Y )
 º Ô ¿ Ô ó�ê�ï1ðH"1ë�è Q)ð�ù�ê�ò6èhé�è
	
Q

è&é ê¤ï1ð
X, Y

ù�èhõ+"wèhé1ð�é�ê¤ñ/� ó
ý�ðU�&ð�ê

{

Ad1 = {y ∈ (
Ò Ò

/ Ó Ò Ò )m / Q′(x1, y) = 0}
Ad2 = {y ∈ (

Ò Ò
/ Ó Ò Ò )m / Q′(x2, y) = 0}

]�ð�é1èzýÖñ,"wð�ù�ò(	�î�è6�1ëbèhë¡û�ð�ëbë¤ð�ì¼özê¤òÍè&éoû�ð*"¢ð�éÊû�ò6é��Gèhéoê�ï1ð
	�èhì6ì6èzýNòÍé���ê�ïÊë�ð�ð#û�ò $sð�ë¤ð�é�ê>ù�ö&ñ�ð�ñ�^
�hþ

Ad1 ⊂ Ad2

^ãê¤ï1ð�ë¤ð�öµë¤ð�õGèhë¤ð�ñ,"¢è&é&ê¡öµé1ð�è �Êñ
ð��&èhì���ê�ò6èhéÊñ
ò6é

x2

ê�ï¢öµéÖò6é
x1

þ � ï1ð�ù�è&é&ê¤ë�è&ìÍì6ð�ë�õp�Êñ�ê¨ù¡ïÊè�è�ñ�ð%ê�ï1ð
ù�è&é�ê�ë¤èhì

u2

ë¡özê¤ï1ð�ë�ê¤ïÊöµé
u1

þ
E�þ

Ad2 ⊂ Ad1
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ð��&èhì���ê�ò6èhéÊñ
ò6é

x1

ê�ï¢öµéÖò6é
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þ � ï1ð�ù�è&é&ê¤ë�è&ìÍì6ð�ë�õp�Êñ�ê¨ù¡ïÊè�è�ñ�ð%ê�ï1ð
ù�è&é�ê�ë¤èhì
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ë¡özê¤ï1ð�ë�ê¤ïÊöµé
u2
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öµéÊû
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