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Abstract  This paper details an approach for studying time in Message Sequence
Charts (MSCs). MSCs are first transformed into order automata, and
then into (max,+) automata, which allows for the use of well known
(max,+) techniques.
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1. INTRODUCTION

The use of scenarios allows for fast definition of applications, while
staying at a very abstract level. Even if not detailed, they can be used for
capturing architectural and behavioral requirements, and already allow
analysis of the designed system. For these reasons, they have gained an
increasing importance in methodologies such as UML (Unified Modeling
Language).

Message Sequence Charts (MSCs) is a graphical formalism based on
scenarios for distributed systems specification. Semantics of MSCs has
been well studied, but the analysis of time within scenarios remains in
its early days [1, 5, 7, 2]. However, considering performance analysis on
high level specifications could allow refinements, and avoid costly modifi-
cations during further development stages. Some questions immediately
arise: What happens when a process is delayed? From a given state of
the system, what is the minimal delay before returning into this state?
What is the duration of a given sequence? How long does each process
takes to perform his task in a given sequence? What is the asymptotic
behavior of a network 7 Is the size of communication buffers bounded,
and if not, what is the growth rate of each buffer?

This paper proposes a (max,+) modeling of time in Message Sequence
Charts based on order automata [4], and their interpretation into timed
diagrams (a particular (max,+) automaton), which allows to answer
most of the above questions. This paper is organized as follows: Section
2 describes briefly Message Sequence Charts and how to introduce time
within this formalism. Section 4 describes the translation of Message
Sequence Charts into timed diagrams, and section 5 shows that most
of the above questions can be solved using a (max,+) approach, before
conclusion.
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2. MESSAGE SEQUENCE CHARTS

A Basic Message Sequence Chart (bMSC) graphically defines the be-
havior of processes, called instances. An instance is represented by a
vertical axis, along which events are ordered. A message exchange is
represented by an arrow from the emitting instance to the receiving in-
stance. Events can be sending events, receiving events, atomic actions,...
Clearly, a bMSC defines a precedence relation: a message emission
precedes its reception, and events are in a top-down order on the in-
stance axis. So, a bMSC can be described by a labeled partial order
M =< E,<,a,I,A >, where: FE is a set of events, < is an order
relation(transitive, antisymmetric, reflexive) on E, A is a set of ac-
tion names, I is a set of instance names, and « is a labeling function:
a: B — AxI. We will also denote by ¢(e) the instance that performs
event e € E.

In order to study a timed behavior of Message Sequence Charts, a
duration must be associated to each event and each communication. A
timed bMSC can be described by a tuple M; =< E, <, A, I,a, A, T >,
where F, <, A, I,a have the same meaning as previously, and the map
A : E — Ry associates a duration §; to each event e;, T : EXE — R,
associates a duration 7; to each message m;: T'(e,e') = 7; iff e :=!m; is
the emission of a message m;, and e’ :=?m; is the corresponding message
reception. Consider bMSC My of Figure 1. The durations associated
to this diagram are: d3 (time for writing mso in a buffer) 75 (transiting
time between A and B), ¢4 (time for extracting mso from a buffer), d5
(time for executing action a. The time needed for sending message mo
from A to C is the time between the beginning of e3 and then end of e4:
03 + 7 + d4. We consider that an event is executed as soon as possible,
i.e. when all its predecessors in the causal order are terminated.

bMSCs can be composed using a higher level formalism, called High-
level Message Sequence Charts(HMSCs). This notation comports se-
quence, loop, alternative, and parallel composition operators, that are
defined in [9]. Within this paper, we will only deal with a subset of
HMSCs, including sequence, alternative, and loops. So, a HMSC can be
seen as a kind of “bMSC automaton”, and defined formally as a graph
H; =< N,—,[, M; >, where: N is a set of nodes, — is a set of edges,
l is a node labeling function, and M; is a set of timed bMSCs.

For any timed bMSC M € M, of H, we will note I(M) the set of
instances in M. An example HMSC is given in Figure 1. This example
comports a loop (sequence M1;M2 can be repeated infinitely), and an
alternative(choice between the sequence M1; M2 and M3).
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Figure 1 An example HMSC

A sequence of bMSCs do not impose any synchronization on events.
Consequently, the meaning of a sequence, is just the partial order con-
catenation along the instance axis!, and an event e can only be executed
if all its predecessors have been executed. Time progression follows the
same rule: on the example of Figure 1, the date of the first occurrence
of e5 is t = 01 + d3. Furthermore, HMSC in Figure 2 describes two dif-
ferent possible executions, depending on the durations §; and d,. When
61 < 62, the time needed for a communication and the number of tran-
siting messages increase, and when d; > d2, they remain constant.
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Figure 2 A timed HMSC and two possible behaviors

To analyze the asymptotic behavior of a HMSC, we propose the
notion of asymptotic mean traffic, defined for a particular execution
U.ve (U,V € Mj) of a HMSC H by:

number of message send by V'

tm =
"™ average execution time (in stationary rate) of V

Modeling time within MSCs using order automata is a natural solu-
tion, which is described in next sections. Among other things, it allows
to calculate t,,.

1Sequence can be seen as Pratt’s local concatenation [6], where ¢ defines locality
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3.0RDER AUTOMATA AND TIMED DIAGRAM

The set (RU {—o0}, maz,+) is an idempotent semiring, called R4, -
We will sometimes use the notations @& and ® to design the operations
max and +. Let M« (Ryaz) be the semiring of matrices with coef-
ficients in Rpqz- A (max,+)-automata is a tuple A = (2,Q,,T, )
where Y. is a finite set of letters, () a finite set of states, 7" a map be-
tween @@ X X X @ and R;,q; and o, two maps between @ and R, .
Equivalentely, a (max,+)-automata can be defined by its linear rep-
resentation, (aaﬂ‘aﬁ)a with a € MQXI(Rmaz)a ﬂ € MlXQ(Rmaac) and
p: B — Mgx@(Rmag) a morphism of monoids. Following [3], we
call dater over ¥, a map y : ¥* — R U {—o0}, that assigns a date
to each execution w € ¥*. We can define, for a (max,+)-automata,
two types of daters: the internal dater, defined for all ¢ € @, by
Ty = a.p. Y(—o0,...,0,...,—00), with 0 in the g"" position; and the
final dater y = a.u.0.

Timed diagrams: In a HMSC, instances are considered as flows of
events, and messages as causal relations between these flows. HMSCs
describe compositions of these flows and constraints, that can be easily
modeled by order automata [4]. These order automata are then translat-
ed into (max, +)-automata (called timed diagrams) in order to analyze
the temporal behavior of MSCs.

Definition 1 An (pondered) order automata is given by a (classical)
non-necessarily deterministic automata on X and a triplet (n,0,0),
where:

m Y is a finite alphabet of actions and for all a € ¥, F(a) is a finite
set called alphabet of flows of a,

s O is a map assigning to each action a € X a bipartite order
(F(a)o UF(a)1,<) , and a ponderation & such that:

- F(a)o and F(a); are two disjoint copies of F(a) with Xy < X1
for all X € F(a),

-0:F(a)o x F(a)1 > RU{—o0} is a map, non-negative on the
comparability graph of the order, such that for all X in the order
(X, X) =0, and taking value —oo elsewhere,

7 Uges Fla) — RU{—o00} (resp. 0 : Uyex Fla) — RU{—o0})
is a map called initial condition (resp. final condition).

Figure 3 represents an order automata with alphabet of action ¥ =
{a,b,c} and alphabets of flows F(a) = {4, B}, F(b) = {4,C} and
F(c) = {B,C} (the initial and final conditions are omitted).
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Figure 8 Order automaton

For a € X, the elements of F(a) are flows, i.e sequences of values
over a domain. A pondered bipartite order on these flows represents the
temporal dependencies between two occurrences (consecutive or not) of
the flows. As time must increase, we force §(Xy, X1) > 0 for X € F(a).
For example, if d’ (resp. d%) designs the date of the n'® occurrence
of A (resp. of B), the order O(a) tells us d%™* > max(d + to,d% +
A1), with & > 1. Actions a,b,c--- € ¥ define time constraints on flows,
which can be extended to words.

Definition 2 Let O(a) = (P,d,) and O(b) = (Q,d) be the pondered
bipartite order associated to a and b in X. The sequence a.b intro-
duces new relations on the flows F(ab) = F(a) U F(b). The product
O(ab) =gef O(a).O(b) between O(a) and O(b) is (F(ab),<p . <@, 0qb)
where <p . <q is defined by:

<p.<0=<p U <o U{(z,y) € F(ab)?, 3z € F(a) N F(b) such that x <p z Az <g y}

and, with the convention that a maximum over the empty set is equal to
—o0, the map dqp is defined by:

6ab(X0,Y1):max{ max {Ja(Xo,Zl)+51,(Z(),Y1)},(Sa(Xo,Yl),é‘b(Xo,Yl)}
ZeEFaNFy

We can define inductively the temporal relations between flows for
any word w = v.a € £* by O(w) = O(v) - O(a).

{X(,iz:. X1 X2 e X1

a 2

Yo V7 . Yol weVi = ab<d Y2 Y;
b{ \ AW

Z()—>.2 Z1 Z()—»z . Zl

Definition 3 Let w be a word of £* and O(w) be its pondered bipartite
order. For all flows Y € F(w), we call internal flow dater the dater
I (w) = 0w (X0, Y X)}.
vy (w) = max {0u(Xo, Y1) +n(X)}
The final flow dater is: y” (w) = Ym]z_}(x ){x{}”(w) +0o(Y)}
cF(w
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From (7,0, 0) we define a (max, +)-automata, Q7 called flow au-
tomata. Its set of state is F = |J,cx F(a), its transitions are de-
fined by the matrix p(a) where p(a);; = o(Xi, X7) for X', X7 in F(a)
and —oo elsewhere. The vector of initial (resp. final) condition is
n=nX"Y),...,n(XF*)) (resp. o = (o(X1),...,a(XF*))).

Proposition 1 The automata Q7 recognizes y”, i.e the internal daters
of Q7 are the internal flow daters and the final dater is the final flow
dater. In others terms, if T is the power serie recognized by Q7 , then
(r,w) = y” (w), for all w € X*.

From the logical point of view, we only want to select words recog-
nized by the Y-automata @Qx. Recall that the tensor product of two
automata over a semiring is defined by the tensor product of their lin-
ear representations. As a boolean (classical) automata can be seen as a
(max, +)-automata, we have the

Definition 4 The timed diagram D of an order automaton (Qx,n,O,0)
is D =gof Qy @' Q7.

Note that if L is the language recognized by @)y and r is the formal
power serie recognized by Q7 then the (max, +)-automata D recognizes
the Hadamard product of the series: r ®y car(L).

Figure 4 Timed diagram of the order automata of figure 3

For all A € F and all ¢ € @5, the internal daters x4, of D define
formal series s4,4 € Ryax[[2]] given by Yw € £*, (saq,w) = z4,4(w).
Moreover, they define formal series s4 by: (s4,w) = @ ¢ gy, (54,9, w)-0g-
So, for all w € 3*, the serie s recognized by the timed diagram verifies:
(s, w) = B 4cr(s54, w). Ba, where a (resp () is the vector of initial (resp.
final) condition in the linear representation of Qy.
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Let A7 € M, (Ry4z) be the matrix of the automata Q7 and Ay €
M, (Ripaz) the matrix of @Qy. The behavior of the timed diagram is
given by the least solution of 2 = Z . (47 ®' Ax) ®  ®' a, where Z is
in Ryax [[Z]]"™ and verifies E;j = sx, 4, for 1 <i<nand 1 <j < m.
So, the behavior of the timed diagram gives the earliest behavior of the
timed system described by the order automata.

4. FROM HMSC TO ORDER AUTOMATA

Let H =< N,—,l, M; > be a timed HMSC. First, to each bMSC M
of My, M = (E,<,A,I(M),a,A,T) we associate a pondered bipartite
order O(M):

We note C4_,p the (finite) set of chains from A to B, i.e. the chains
¢ such that min(c) = min(E 4) and maz(c) = maz(E ). To any chain
c=e <---<e, €Cya,p we associate a delay:

d(c) = A(e1) + h(e1,e2) + Alez) + ... + h(en—1,en) + Alen)

where the application A is:
h: ExE — RyU{—o0}
T(e1,ez) if Im a message with e; =!m, ey =7m
(e1,€2) — 0 if ¢(e1) = ¢(ez)
—00 else
The pondered bipartite order O(M) associated to a bMSC M can
now be defined as a tuple (Iy U I1,<ps,da7), where:
m I and I; are two disjoint copies of I = {Jy;cpq, (M),
m </ is the order {(X(),Yl) € Iy x I1,Cx_y # @} U {(Xo,Xl) €
Iy x ]laE\X = Q)}a
m and d,7 is the map:
O Io x I —_— R+U{—OO}
maxXeecy_,y d(c) i Cxoy #£0
(Xo,Y1) —> 0 if X =Y and E|X=@
—0o0 else

Now, as the HMSC H has an input node ¢o € N, and output nodes,
F C N, we can define for H the order automata (Q,n,0,0), where
Q = (N,{—,1},{qo}, F) is an automaton over the alphabet M;, with
set of nodes N, input node {qo}, set of output nodes F' and {—,[}
the transitions. O is the previously defined map with domain M,.
As there is no initial delay on the instances, « and ( are such that

VA € Uprepm, I (M), 04 = B4 = 0.

Example: The HMSC of Figure 1 is transformed into the order automata
Figure 3, with a = Ml, b= MQ, Cc = Mg, 1 = (51, )\1 = (51.71.52, tg = 52,
t3 = (53.(55, Ay = (53.’7’2.(54, ty = 54, tg = (56, >\3 = (55.7’3.57, tr = (57 and,
hence, gives us the timed diagram of Figure 4.
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Proposition 2 Let W € M} be a possible execution of a HMSC H.
We note dx (W) the completion date on instance X € Upcpng, 1(M)
of the sequence of bMSCs W. We call d(W) the mazimum on these
dates. Then the timed diagram of H caracterizes its temporal behavior;

i.e the internal daters recognize dx (W) and the final dater y verifies
y(W) =d(W).

Proof: One proceed by recurrence on the lenght of W:

1) If W = M. Let d(M) be the date of completion of M and, for a
instance A, d4(M) be the completion date of M on A. The quantity
Ty, A(M) is the maximal delay associated to chains of M witch termi-
nate on A. All chains with d(c) = z4, 4(M) have max(A) as maximal
element. MSC M is completed on A when max(A) terminates its execu-
tion. This execution is possible if and only if all the element preceding
max(A) have been executed. As two incomparable elements are con-
current, the execution time of all the events < max(A) is the biggest
delay of execution of the chains with maximal element max(A). Now M
is completed when all the instances have finished their executions; the
maximum of the z4, 4(M), i.e y(M), gives us d(M).

2) Suppose that, for A € I(M) and |W| = n, we have 4 4(W) = da(W);
that is, by construction of the timed diagram, da(W) = @ x¢;w) ow (Xo, A1)
The sequential composition of W with M gives us:

da(WM)= @ dx(W). max d(C)

XeI(W) c€CX
By the hypothese of reccurence we have:
daWM) = @ P ow¥o, X1).6m(Xo, A1)

XeI(W)YeI(M)

= P w(Yo, A1) =xq,a(W.M)

YeI(M)

5. A (max,+) STUDY OF TRAFFIC IN HMSC’S

Let A € M, (Rpax) and S be the following linear system:
(S) z(k) = A®z(k —1);
z(0) € Riax

The asymptotic behavior of S is given by the cycle-time vector:
1
A)= lim — xz(k
x(4) = lim - x (k)
This vector exists when A has at least one finite entry per row and is

independent of z(0); it can be computed by the (max,+) policy im-
provement algorithm described in [8]. The maximum of its entries is the
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spectral radius pp,q,(A) of A. The (max,+) Perron-Frobenius theorem
tells us that it is equal to the maximal circuit mean of A:
_ Aigip + -+ + Aiyiy
Pmax = kS i k

This theorem is the cornerstone of the calculus of mean traffic in asymp-
totic behavior of a HMSC.
Proposition 3 Let U.VY¥ be an ultimately periodic ezecution of a HM-
SCH, withU = Ny...Np, V=M ...M, € Mj, let Ny be the number
of messages contained in V, n the length of the word V and p the lin-
ear representation of the timed diagram D associated to H. Then the
asymptotic mean traffic t,, is:
Ny
tm =
n.Pmaz (W(M1)..s (M)
Proof: First, notice that the asymptotic mean traffic only depends on the
specification defined by V. Second, if another HMSC admits U.V“ as
a possible execution, then it should have the same t,,. So suppose that
N = Ny;...;Np, and M = My;...; M, are the concatenations of the
partials orders defined by the N;s (i € 1..p) and the M;s (j € 1..n). If 4/
is the linear representation of the timed diagram of this new HMSC, say
H’; then, because of the proportionality of the maximum mean circuit,
we have n.pmaez (W(M1)...pp(My)) = pmaz (' (M)). For H', proposition 2
implies pmaz (P (M)) = limy_, 1 o y(%k), which is clearly the time needed
to execute M in stationary rate. As the number of messages in M is
equal to Ny, and by definition of ¢,,, we have ppq. (' (M)) = ];]—V, which
concludes the proof. [ "

The local and global durations of a sequence, and the delay needed
before returning into a given state are provided by the daters of the
time diagrams. Delaying a process just consists in modifying the initial
conditions of the system. Traffic ¢,,, gives information on the asymptotic
temporal behavior of a HMSC, which can be refined by the study of the
cycle-time vector and by the spectrum of the timed diagram. Consider,
for example, Figure 2: in the first case (§; < d2), the cycle time depends
only on dz, while in the second case (61 > d2), it depends on both values.
This provides information on processes idle time.

6. CONCLUSION

In this paper, we have defined a (max,+) approach for studying perfor-
mance from high level specifications of distributed systems. First timed
Message Sequence Charts are transformed in order automata. Then
a (max,+) analysis allows for studying the temporal behavior of the
specification.
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