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Abstract

Sparse coding in a redundant basis is of considerable interest in many areas of signal pro-

cessing. The problem generally involves solving an under-determined system of equations under

a sparsity constraint. Except for the exhaustive combinatorial approach, there is no known

method to find the exact solution under general conditions on the dictionary. Among the vari-

ous algorithms that find approximate solutions, pursuit algorithms are the most well-known. In

this paper, we introduce the concept of a complementary matching pursuit (CMP). The algo-

rithm is similar to the classical matching pursuit (MP), but performs the complementary action.

Instead of selecting one atom to be included in the sparse approximation, it selects (N−1) atoms

to be excluded from the approximation at each iteration. Though these two actions seem appar-

ently the same, they are actually performed in two different spaces. On a conceptual level, the

MP searches for ’the solution vector among sparse vectors’ whereas the CMP searches for ’the

sparse vector among the solution vectors’. We assume that the observations can be expressed as

pure linear sums of atoms without any additive noise. As a consequence of the complementary

action, the CMP does not minimize the residual error at each iteration, however it may con-

verge faster yielding sparser solution vectors than the MP. We show that when the dictionary

is a tight frame, the CMP is equivalent to the MP. We also present the orthogonal extensions

of the CMP and show that they perform the complementary actions to those of their classical

matching pursuit counterparts.

Keywords — Sparse approximation, Atomic decomposition, Matching pursuit, Basis

pursuit, Projection

EDICS: SPC-CODC: Signal representation, coding and compression
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1 Introduction

Sparse coding in a redundant basis has attracted considerable interest recently because of its appli-

cation in many areas of signal processing such as compression, denoising, time-frequency analysis,

indexing, compressed sensing, audio source separation, etc. The basic problem is to represent a

given signal as a linear combination of the fewest signals from a redundant signal set either exactly

or with some error less than a specified threhold.

Consider a set of N signal vectors arranged as the columns of a matrix A. Each vector has

dimension K where K < N . Using the terminology in sparse approximation theory, we will refer

to these vectors as atoms and to A as the dictionary matrix. We will assume that the atoms are

normalized, i.e., they have unit magnitudes. Given a signal b, the problem is to identify the fewest

atoms whose linear sum will approximate b. Mathematically this can be formulated as solving the

following system of linear equations:

Ax = b, (1)

such that x has the minimum number of non-zero elements. The sparse approximation problem is

thus posed as

min{‖x‖0 : Ax = b}, (2)

where the l0 norm denotes the number of non-zero elements. The sparse coding problem that allows

some approximation error is posed as:

min{‖x‖0 : ‖Ax− b‖2 ≤ δ}, (3)

for some δ > 0. Here ‖.‖2 denotes the l2 norm.

These two problems are NP-hard [1, 2]. Except for the exhaustive combinatorial approach,

there is no known method to find the exact solution under general conditions on the dictionary

matrix A. Among the various algorithms that find approximate solutions, pursuit algorithms are

the most well-known. The matching pursuit (MP) [3] and the orthogonal matching pursuit (OMP)

[4, 5] are the simplest and the least complex. The basis pursuit (BP) relaxes the l0 norm condition

by the l1 norm and solves the problem through linear programming [6]. It is generally believed

that BP algorithms can produce more accurate solutions than the matching pursuit algorithms,

but they require higher computational effort.

In this paper, we introduce the concept of a complementary matching pursuit (CMP). The

algorithm is similar to the classical MP, but performs the complementary action. Instead of selecting

one atom to be included in the sparse approximation, it selects (N − 1) atoms to be excluded from

the approximation at each iteration. Though these two actions seem apparently the same, we

show that they are actually performed in two different spaces. The CMP is also different from

the backward greedy algorithm (BGA) [7]–[10] in the sense that it discards (N − 1) atoms at each

iteration whereas the BGA discards one atom per iteration until it is left with the set of atoms in

the sparse approximation. While MP algorithm converges to the given signal b, the CMP converges
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to the solution space of the specified system of linear equations in Eqn. 1. To have a proper and

meaningful solution space, we assume that the observed signal b is a pure linear sum of atoms

without any additive noise. We show that, when the rows of the dictionary matrix are orthogonal

with identical Euclidean norms, the CMP is equivalent to the MP. We also present the orthogonal

extensions of the CMP and show that they perform the complementary actions to those of their

classical matching pursuit counterparts.

The remainder of the paper is organized as follows. In section 2 we provide a concise review of

the matching pursuit algorithm and its orthogonal extensions. Section 3 introduces the proposed

complementary matching pursuit algorithm and its orthogonal extensions. Section 4 compares the

CMP with the MP in terms of the weights of the identified atoms in the sparse approximation and

the resulting approximation error. In section 5, we demonstrate the equivalence of the CMP to an

MP performed in the row-space of the dictionary matrix. Section 6 provides a conceptual summary

of the CMP vis-à-vis the MP. Section 7 presents some results drawn from simulations with random

signals and finally section 8 concludes the paper with some future research perspectives.

We use the following notational convention throughout the paper. We use capital letters to

denote matrices and small bold letters to denote vectors. We also use Greek letters to denote

vectors wherever we consider it appropriate. The ith element of a vector u is denoted as u[i] and

the vector containing the remaining elements of u is denoted by ū[i]. We use calligraphic letters

to indicate sets of indices. The rows of a matrix A with indices I are denoted by the matrix

AI , whereas the remaining rows are denoted by ĀI . Subscripts and superscripts indicate iteration

number or atom index (indices) depending on the context. Small letters denote scalar constants

and variables. Matrix transposition and inversion are denoted by the standard superscripts ’T’ and

’-1’ respectively.

2 Sparse approximation with pursuit algorithms

In the following, we will summarize the two well known pursuit algorithms in the literature. We will

assume that the atoms are all distinct and they are normalized with unit Euclidean norm. We also

assume that they make a redundant basis, that is, they make a spanning set for the K-dimensional

vector space RK .

2.1 Matching pursuit (MP)

Matching pursuit [3] is an iterative greedy algorithm that quests for the sparse representation of a

signal through a sequence of mono-atomic approximations. At each iteration it finds the atom which

has the highest correlation with the approximation error, where the correlation is measured as the

length of the orthogonal projection. It subtracts off the correlated part from the approximation

error and then iterates the procedure on the newly obtained approximation error. The final sparse

solution is obtained by combining the selected atoms weighted by their respective correlation values.

Let ai, 1 ≤ i ≤ N , denote the ith column (atom) of the dictionary matrix A. At the jth
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iteration, j = 1, 2, . . ., the algorithm finds

αj = arg max
ai∈A

| < rj−1,ai > |, (4)

where A denotes the dictionary of atoms, rj−1 denotes the approximation error or residual at the

(j − 1)th iteration, and < . > denotes the inner-product operation defined as < u,v >= uTv. At

the start of the iteration, the approximation error is equal to the given vector and hence r0 = b.

The weight or coefficient of the selected atom αj is < rj−1, αj > and let us denote it as cj . The

algorithm then updates the residual as

rj = rj−1 − cjαj . (5)

The algorithm terminates if the norm of the residual falls below the desired approximation error

bound, or if the number of distinct atoms in the approximation equals the desired limit. Otherwise,

it proceeds to the next iteration. The approximation at the jth iteration is obtained as

bj =
j∑

k=1

ckαk = [α1 α2 . . . αj ][c1 c2 . . . cj ]T . (6)

Comparing this expression with the system of equations in Eqn. 1, we see that when the selected

atoms αj ’s are distinct, the weights cj ’s are equal to the components of the solution vector x

corresponding to these atoms. The remaining components of x are all zeros. If the αj ’s are not

distinct, then the nonzero components of the solution vector x are obtained by adding up the

coefficients cj ’s with respect to the same atom.

2.2 Orthogonal matching pursuit (OMP)

The matching pursuit algorithm yields an approximation error which decreases with each iteration.

Therefore the algorithm is guaranteed to converge; however, it still suffers from a sub-optimality. At

any iteration step, the newly obtained residual is orthogonal only to the immediately selected atom,

but it may not be orthogonal to all the atoms selected at the previous steps. As a result, some atoms

selected at an earlier iteration may get selected again. This causes slow convergence. The orthogonal

matching pursuit [4, 5] removes this drawback by updating the coefficients of all previously selected

atoms so that the newly derived residual is orthogonal to not only the immediately selected atom,

but also all the atoms selected at previous iterations. As a consequence, once an atom is selected,

it is never selected again in subsequent iterations.

Like the MP, at the jth iteration the algorithm first computes

αj = arg max
ai∈A/Aj−1

| < rj−1,ai > |, (7)

where rj−1 denotes the residual at the (j − 1)th iteration, Aj−1 denotes the set of atoms selected

up to the (j− 1)th iteration, and ’/’ denotes the set difference operator. The approximation at the

jth iteration is given as the projection of the original signal vector onto the subspace spanned by

the selected atoms. Let Aj ≡ Aj−1 ∪{αj}. Then the approximation at the jth iteration is given as

bj = Aj(AT
j Aj)−1AT

j b ≡ Ajcj , (8)
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where cj denotes the coefficient vector at the jth iteration, which is nothing but the solution vector

obtained using the pseudo-inverse of Aj . Instead of computing cj as above, it is less complex to

derive it using cj−1, and αj [4].

In the second step, the algorithm updates the residual as

rj = b−Ajcj . (9)

The algorithm terminates if the norm of the residual falls below the desired approximation

error bound, or if the number of atoms in the approximation equals the desired limit. Otherwise,

it proceeds to the next iteration.

Since the selected atoms by any iteration are always linearly independent, the matrix inverse

operations in above computations are valid. In addition, since the selected atoms are all distinct,

the nonzero components of the sparse solution vector are equal to the components of the coefficient

vector at the last iteration.

The OMP is seemingly very simple but is actually very powerful. It has been shown that its

performance can be comparable to that of BP [11, 12].

2.3 Optimized orthogonal matching pursuit (OOMP)

The OOMP [13] is a simple modification of the OMP. It detects the optimal atom at any iteration

differently, but the updating of the residual is similar. Let Aj−1,i denote the matrix containing all

the selected atoms up to the (j− 1)th iteration augmented by the ith atom ai where ai ∈ A/Aj−1,

i.e., Aj−1,i ≡ [Aj−1 ai]. At the jth iteration, the OOMP computes

αj = arg max
ai∈A/Aj−1

|Aj−1,i(AT
j−1,iAj−1,i)−1AT

j−1,ib|. (10)

That is, the signal vector is projected onto the subspace spanned by the already selected atoms

and the atom under consideration, and the atom with the largest projection is identified as the

optimal atom. Like the OMP, OOMP selects an atom which is linearly independent of the set of

already selected atoms (the matrix inversion in the above equation implicitly assumes this). The

approximation at the jth iteration is obtained from the projection with respect to the selected

atom, and the new residual is computed as in (9). Like the OMP, the algorithm terminates if

the norm of the residual falls below the desired approximation error bound, or if the number of

atoms in the approximation equals the desired limit. Because of the projection with respect to each

candidate atom, the OOMP is computationally much more complex than the OMP. Further, the

gain in performance over the OMP is not significantly high.

2.4 Basis pursuit (BP)

The difficulty in solving the problem in (2) exactly lies in the l0 norm minimization. An easy way

to get around this problem is to replace it with the l1 norm minimization as

min{‖x‖1 : Ax = b}. (11)
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When some approximation error is allowed, the problem can be posed as

min{‖x‖1 : ‖Ax− b‖2 ≤ δ}, (12)

where δ > 0. The advantage of using the l1 norm is that these problems are easily transformed

into linear programs whose solutions are straightforward. This approach is known in the literature

as basis pursuit [6].

Clearly, these two problems are different from the original problems in Eqn. 2 and Eqn. 3.

However solving the l1 norm minimization problem results in approximate solutions for the l0 norm

minimization problem. In fact, it has been shown that if the number of nonzero components in

the sparsest solution is below a certain bound, then the minimum l0 norm solution is unique and

it coincides with the minimum l1 norm solution [14]–[18]. However, this is not true if the number

of nonzero components is greater than the bound. Elad [19] has shown that beyond this bound

uniqueness can only be claimed with high confidence. This bound depends on the dictionary used.

For further details, the reader can refer to the cited references.

The l1 norm minimization problem is related to the following unconstrained optimization prob-

lem [20, 21, 22]:

min
x

1
2
‖Ax− b‖2 + h‖x‖1 (13)

where h > 0 is a chosen parameter. The l1 term in the above objective function ensures the sparsity

of the solution. The above optimization problem can be solved through a quadratic program [21].

Besides the MP and the BP, there are other less well-known algorithms for sparse coding in the

literature. One note-worthy algorithm is the focal underdetermined system solver (FOCUSS)[23,

24], which uses the lp norm with p ≤ 1 as a replacement for the l0 norm. For p < 1, the problem is

nonconvex, but a locally optimal solution can be found by optimization using Lagrange multipliers.

Another approach less popular among the pursuit algorithm protagonists is based on the maximum

a posteriori (MAP) estimation of the solution vector [25, 26]. Assuming some prior distribution

for the solution vector x, it maximizes the a posteriori probability P(x|b, A). This method tries to

capture the underlying sparse model when the observation is accompanied by random noise. For

noisy observations, the possibility of finding stable solutions with greedy algorithms and the BP is

studied in [22, 27].

3 Complementary pursuit algorithms

In the matching pursuit algorithm, at each iteration, first we ”pick” one atom as a candidate for

”inclusion” in the approximation and compute the sparse solution. We repeat this procedure for

each atom and then select the atom that leads to the least penalty (residual error). In this process,

we select the best atom at each iteration and keep it. In the complementary matching pursuit,

to be described below, we perform the complementary action, i.e., we pick (N − 1) atoms at each

iteration as a candidate set for ”exclusion” from the approximation and compute the sparse solution

vector. We repeat this process for each of the N combinations of (N − 1) atoms and then select

the one that leads to the least penalty (complementary residual error, to be defined later). In this
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Figure 1: Subspace representations of x2, x0, and xc. SA is the row-space of dictionary matrix A

and it contains x2. Sc
A is the orthogonal complement of SA (also known as the nullspace of A) and

it contains xc.

process, we select the worst set of N − 1 atoms at each iteration and discard it. Though these two

actions seem to be apparently equivalent, they are actually performed in two different spaces.

Consider the matrix A, whose columns are atoms. Since the columns of A are assumed to make

a redundant basis, its rows are linearly independent. Thus the columns of AT span a K-dimensional

subspace in the N -dimensional vector space RN . Let us denote this subspace by SA.

Now consider the system of equations in Eqn.1. The minimum l2 norm solution to this system

of equations is the pseudo-inverse:

x2 = AT (AAT )−1b. (14)

Clearly, x2 lies in SA. Let x0 denote the sparsest solution vector. x0 can be expressed as

x0 = x2 + xc, (15)

where xc is some nonzero vector. Since b is a pure linear sum of atoms, Ax0 = b = Ax2.

Therefore Axc = 0K , where 0K denotes a null vector of length K. This implies that xc lies in

the orthogonal complement subspace of SA. Let us denote this subspace by Sc
A. The subspace

relationships among x2, x0 and xc is shown in Fig. 1.

Now let us assume that the linear sum consists of only one atom and that we know which atom

it is, but we do not know its weight. The coefficient can be obtained simply from the inner product

of the signal vector b and the particular atom, but this is not our aim. We would like to compute

the coefficient using the relationship in Eqn. 15.

When the linear sum consists of only one atom, only one component of x0 is nonzero and the

remaining (N − 1) components are zeros. From Eqn. 15, the nonzero component of x0 is the sum

of the components of x2 and xc at the same index. x2 is known from b (refer to Eqn. 14), therefore

this element of x2 is known. However, the element of xc is not known. Now we will show that this

element of xc can be computed using the elements of x2.

First notice that the elements of x2 and xc that correspond to the zero elements of x0 must have

same magnitudes but opposite signs. Thus these (N − 1) elements of xc can be obtained simply
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by changing the signs of the corresponding elements of x2. We have seen that xc lies in Sc
A. Since

the dimension of SA is K, the dimension of Sc
A is (N −K). Let G denote an N × (N −K) matrix

whose columns are orthonormal and which span Sc
A. G could be derived through well-known matrix

operations such as QR factorization or Singular Value Decomposition (SVD) of AT . Using the QR

factorization, for example, we get

AT = QR =
[
QN×K

1 Q
N×(N−K)
2

] [
RK×K

1

0(N−K)×K

]
, (16)

where Q is an orthonormal matrix of dimension N × N and R is an N × K matrix, which can

be partitioned with respective columns and rows in the manner shown by the superscripts. R1 is

an upper triangular matrix. The columns of Q1 span the same subspace as the columns of AT ,

which is SA. Therefore G can be derived from the columns of Q2. We can simply use G = Q2

without performing any linear combinations of those columns. Since the columns of G are linearly

independent, the rows of G make a spanning set for the (N −K)-dimensional vector space RN−K .

Now we prove that any (N − 1) rows of G also make a spanning set for RN−K .

Proof: Let I denote the set of indices {1, 2, . . . , N} and let ī denote the subset of indices excluding

the index i, that is, ī = I/{i}. Let gT
i denote the ith row of G and let Ḡi denote the matrix

containing the remaining rows. Since G is orthonormal,

uT GT Gu
uTu

= 1, ∀u ∈ RN−K , u 6= 0. (17)

Using the row partitioning of G, we can express this equation as

uT Ḡi
T
Ḡiu

uTu
= 1− uTgigT

i u
uTu

. (18)

The second term on the right hand side has minimum value zero (for u orthogonal to gi) and

maximum value gT
i g (for u = kgi, k is a non-zero scalar). Therefore

1− gT
i gi ≤ uT Ḡi

T
Ḡiu

uTu
≤ 1. (19)

Since the atoms are nonzero vectors, none of the rows of Q1 is a zero vector. But Q is orthonor-

mal, and hence each row norm of G is less than 1. This implies that the lower bound in the above

inequality is greater than 0. Thus Ḡi
T
Ḡi is a positive definite matrix. Therefore the rows of Ḡi

make a spanning set for RN−K .

As a consequence of the above result, if we knew any (N − 1) components of xc, the remaining

sole component can be computed exactly. In order to see this, let us assume that the linear sum

consists of the atom ak. Thus the unknown element of xc has index k, and let us denote it by

xc[k]. Let x̄c[k] denote the vector containing the remaining (N−1) elements of xc. Since x̄0[k] = 0,

x̄c[k] = −x̄2[k], where x̄0[k] and x̄2[k] denote the (N − 1) elements of x0 and x2 with indices k̄.

Thus x̄c[k] is known. Now, since xc lies in Sc
A, there is a unique (N − K)-dimensional vector z0

such that

Gz0 = xc. (20)
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Using the above partitioning of G, we can write:
[
Ḡk

gT
k

]
z0 =

[
x̄c[k]

xc[k]

]
.

Thus

Ḡkz0 = x̄c[k] and (21)

gT
k z0 = xc[k]. (22)

From the result stated above, Ḡk has full column rank. Since x̄c[k] is known, we can solve the first

equation for z0:

z0 = (Ḡk
T
Ḡk)−1Ḡk

T x̄c[k]. (23)

Substituting this expression for z0 in the second equation above, we get

xc[k] = gT
k (Ḡk

T
Ḡk)−1Ḡk

T x̄c[k] (24)

= −gT
k (Ḡk

T
Ḡk)−1Ḡk

T x̄2[k]. (25)

Finally, we can obtain the coefficient of the atom ak as

ck = x2[k] + xc[k] = x2[k]− gT
k (Ḡk

T
Ḡk)−1Ḡk

T x̄2[k]. (26)

Let us now consider the more difficult situation. Let us assume that the linear sum consists of

only one atom. We know this fact but we do not know the identity and the weight of the atom.

In the MP, the solution will be obtained simply by going over the entire dictionary finding inner

product with each atom and then selecting the one with the zero residual error. The coefficient

of the selected atom is its inner product with the signal vector. In CMP, we will perform the

complementary action. We will pick a combination of (N − 1) atoms and will check if the sum of

the corresponding (N − 1) elements of x2 and xc is zero. There are N such combinations and we

will verify the above with each combination. We will select the combination for which the sum is

zero. As we showed earlier, if the linear sum consists of only one atom, the elements of xc and x2

corresponding to the zero elements of x0 have equal magnitudes and opposite signs. The above

check therefore makes sense. However, these elements of xc are not known since xc is not known.

But we know that there does exist a xc in Sc
A which satisfies the above condition. This xc is unique

since a linear sum with one atom is unique (we have assumed that the atoms are distinct).

To compute these elements of xc, we refer to Eqn. 20, which comes from the fact that xc lies

in the (N −K)-dimensional subspace Sc
A. Let k denote the column index of the atom in the linear

sum (which is not known yet). Then from Eqn. 21 we get,

x̄c[k] = Ḡkz0. (27)

But since x̄c[k] = −x̄2[k], we can write
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x̄2[k] = −Ḡkz0. (28)

This shows that x̄2[k] lies in the subspace spanned by the columns of Ḡk. Since we do not

know k̄, we can go over the set of ī’s verifying this. Since xc is unique, there is only one set of

(N − 1) indices for which the specified elements of x2 satisfy the above condition. To test this

condition, we can use projection. Let ī denote the set of (N−1) indices under consideration, where

i ∈ I. The orthogonal projection of x̄2[i] onto the subspace spanned by the columns of Ḡi is

Ḡi(Ḡi
T
Ḡi)−1Ḡi

T x̄2[i]. We can compute the projection error as:

εi = x̄2[i]− Ḡi(Ḡi
T
Ḡi)−1Ḡi

T x̄2[i], (29)

and then check if its l2 norm is zero. The norm will be zero for i = k and nonzero for i 6= k.

Now, once the atom has been identified, we use Eqn. 26 to find its coefficient. Comparing

Eqn. 29 and Eqn. 26, we see that derivation of both the error and the coefficient can be clubbed

together in a single equation:

ei = x2 −G(Ḡi
T
Ḡi)−1Ḡi

T x̄2[i], i ∈ I, (30)

from which the coefficient and the projection error associated with the atom ai, i ∈ I, are derived

as ci = ei[i] and εi = ēi[i].

The second term on the right hand side is a vector lying in Sc
A. Therefore, for all atoms, ei is a

solution of Eqn. 1. For the correct atom, i.e., ak, the second term on the right hand side is equal to

xc and ek is equal to x0. For any other atom, i.e., ai, i 6= k, the second term elements at indices ī

do not cancel the same elements of x2. Therefore we are searching for ”the sparsest vector among a

set of N solution vectors”. Compare this with what MP does in this case. Inner product solutions

with atoms other than the true atom lead to nonzero residual error. This implies that out of N

sparse vectors only one satisfies Eqn. 1. Therefore the MP searches for ”a solution vector among

sparse vectors”.

Having seen how the CMP solves the above two problems, now we are ready to consider the

general case when the sparse solution consists of multiple atoms whose identities and weights are

unknown. In this case, as we have already seen, the MP selects the atom that minimizes the residual

error and then iterates the procedure with the newly derived residual error. In CMP, none of the

vectors ei, i ∈ I, will be sparse with N−1 zeros. Therefore we need to compare the sparsities of ei,

i ∈ I. Now observe that, since the coefficient of atom ai, i ∈ I, is given by ei[i], the sparse solution

vector x with atom ai is obtained by zeroing out the elements of ei at ī. Therefore the norm of

ēi[i], which is equal to the norm of the projection error, gives us the distance between the solution

vector ei and the sparse solution vector for atom ai. Since we have used orthogonal projection, this

is the closest sparse vector to the solution space with a nonzero component at index i. This means

that, adding any other vector in Sc
A to x2 and then zeroing out the components of the resultant

vector at indices ī will lead to a sparse solution which is farther than or equal to the above sparse
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solution from the solution space. Minimization of projection error over i therefore finds the sparse

solution closest to the solution space among the N sparse solution vectors (one for each atom).

Let ρi denote an N -dimensional vector whose N−1 elements at indices ī are equal to those of ei

and whose ith element is zero. Let us call this vector the complementary residual error associated

with atom ai. Since the l2 norm of ρi is equal to that of εi, minimizing the distance between the

solution space and the sparse solution vector is the same as minimizing the complementary residual

error. In the sequel we will show that the resulting complementary residual error actually lies in SA,

like x2. We will also show that it is the minimum l2 norm solution of the resulting approximation

error. Therefore we can iterate the procedure with the newly derived complementary residual error.

We can now state the CMP algorithm in formal mathematical terms. Since selecting N − 1

atoms for exclusion is equivalent to selecting the remaining sole atom for inclusion in the sparse

approximation, we will refer to this procedure as a selection of one atom from here onwards.

3.1 Complementary matching pursuit (CMP)

Let ρj denote the complementary residual at the jth iteration with initialization ρ0 = x2. For the

index i ∈ I, let ī ≡ I/{i}. Let ρ̄j [i] denote the vector containing all the elements of ρj except the

ith element. At the jth iteration, the algorithm does the following:

1. It computes

ei
j = ρj−1 −G(Ḡi

T
Ḡi)−1Ḡi

T
ρ̄j−1[i], i ∈ I, (31)

where Ḡi is as defined before. It identifies the optimal atom by minimizing the penalty:

k = arg min
i∈I

‖ēi
j [i]‖2; αj = ak, (32)

where ēi
j [i] denotes the vector containing the elements of ei

j with indices ī, and derives its

coefficient as

cj = ek
j [k]. (33)

2. It updates the complementary residual error as

ρj = Ik̄e
k
j , (34)

where Ik̄ denotes the identity matrix of order N with a zero at the kth diagonal element. The

approximation at the jth iteration is given as bj =
∑j

m=1 cmαm. If some atoms are repeated,

as in the case of MP, their coefficients are added up to get the corresponding elements of the

sparse solution vector x in Eqn. 1. The approximation error at the jth iteration is thus given

as

rj = b− bj = b−
j∑

m=1

cmαm. (35)

The algorithm stops if the norm of the approximation error falls below the desired error

bound, or if the number of distinct atoms in the approximation equals the desired limit.
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The norm of the complementary residual error decreases at each iteration which indicates that

the distance between the sparse vector and the solution space decreases with iteration. Therefore

the CMP is bound to converge even though the criterion of convergence uses the approximation

error, not the complementary residual error.

Recall that the complementary residual error at each iteration contains a zero at the index

corresponding to the column index of the selected atom. The other elements can have both zero

and nonzero values. If all the remaining elements of the residual vector are zero, obviously the

algorithm terminates at that iteration. This corresponds to the case when the sparse approximation

given by the CMP exactly matches with the actual linear sum.

Secondly, the complementary residual error vector at any iteration is orthogonal to the columns

of G. This can be proved easily as follows: Let k denote the index of the optimal atom at the jth

iteration. Since the kth element of ρj is equal to zero,

GT ρj = Ḡk
T ēk

j [k].

Using the expression in Eqn. 31, we get

GT ρj = Ḡk
T (ρ̄j−1[k]− Ḡk(Ḡk

T
Ḡk)−1Ḡk

T
ρ̄j−1[k]) = 0N−K .

Therefore ρj lies in the subspace SA, like x2. We will show after-wards that this vector is the

minimum l2 norm solution for rj in Eqn. 35. This allows us to perform the operations over ρj in

the next iteration.

Further, because of this orthogonality, in the (j + 1)th iteration, the second term in Eqn. 31

will be equal to zero for i = k, and thus the residual will remain unchanged for i = k. As a result,

the algorithm will not select ak in the (j + 1)th iteration. This is analogous to the orthogonality

of the residual vector to the immediately selected atom in the MP algorithm, because of which the

MP does not pick the same atom in two successive iterations.

However, the 2nd term in Eqn. 31 may not be zero for all the selected atoms up to the (j−1)th

iteration. Hence, an atom selected at an earlier iteration, may get selected again. As in MP, this

is the sub-optimality in CMP, which can cause slow convergence. The solution to this problem is

the orthogonal CMP, which is described in the next section.

3.2 Orthogonal complementary matching pursuit (OCMP)

The OMP algorithm identifies the best atom at any iteration using the same optimization criterion

as the MP. Once the best atom is identified, it computes the approximation with respect to all

the selected atoms by projecting the signal vector b onto the subspace spanned by the selected

atoms. This updating procedure forbids any selected atom to be selected again in a later iteration.

In an analogous manner, in the orthogonal CMP, we identify the best atom at any iteration using

the same optimization criterion as the CMP. Once we have identified the atom, we update the

set of selected atoms and then compute the sparse solution with respect to the updated set. The

complementary residual error is obtained from the projection with respect to the updated set of

12



atoms. We will show below that by doing so we will not select the same atom again in a later

iteration. If we interpret in terms of complementary actions, the OCMP removes one atom at each

iteration from the set of selected atoms (for exclusion from the sparse approximation) whereas the

OMP adds one atoms at each iteration to the set of selected atoms (for inclusion in the sparse

approximation).

The selection of the best atom has been explained in the previous section. What remains to

be shown is how OCMP updates the coefficients of the selected atoms and how it computes the

complementary residual error. We will explain this in the following.

Once the atoms have been identified, the direct way to find the best coefficient values for them

is to use the pseudo-inverse of the matrix Aj , which contains only the known atoms as columns.

This will minimize the approximation error with these atoms. This is done in OMP. In OCMP,

we will perform the complementary action, as explained before for CMP. We will minimize the

distance of the resulting sparse vector from the solution space.

Let J denote the set of column indices of these atoms in matrix A. Let J̄ denote the complement

set of J , that is J = I/J . Let GJ and ḠJ denote the matrices containing the rows of G with

indices J and J̄ respectively. Recall that G is a N×(N−K) matrix. Since the number of elements

in J̄ is greater than or equal to N −K, ḠJ has more rows than columns. Now since the atoms

are linearly independent, using the QR-factorization in Eqn. 16, it can be shown that ḠJ has full

column rank. Using this property, the vector which lies in Sc
A and whose elements at J̄ are closest

to those of x2 is given by:

G(ḠT
J ḠJ )−1ḠT

J x̄2[J ]

Subtracting this vector from x2 gives us a vector in the solution space:

eJ = x2 −G(ḠT
J ḠJ )−1ḠT

J x̄2[J ]. (36)

The sparse vector with elements at J which is closest to the solution space is thus obtained by

zeroing out the elements of eJ at J̄ . Thus we derive the coefficient vector as cJ = eJ [J ].

Now we can state the algorithm formally. As before, ρj denotes the complementary residual

error with initialization ρ0 = x2.

At the jth iteration the algorithm does the following:

1. It computes

ei
j = ρj−1 −G(ḠT

i Ḡi)−1ḠT
i ρ̄j−1[i], i ∈ I/Ij−1; I0 = null set. (37)

It selects the optimal atom by minimizing the norm:

k = arg min
i∈I/Ij−1

‖ēi
j [i]‖2; αj = ak. (38)

It updates the set of selected atoms as Ij = Ij−1 ∪ {k}.
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2. The second step updates the coefficients with respect to the updated set of selected atoms.

uj = x2 −G(ḠT
Ij

ḠIj )
−1ḠT

Ij
x̄2[Ij ]. (39)

The updated coefficients are equal to the components of uj with indices in Ij :

cj = uj [Ij ] (40)

3. It computes the new residual vector by setting its components at Ij to zero. That is,

ρj = IĪj
uj , (41)

where IĪj
denotes the identity matrix of order N whose diagonal elements at Ij are zeros.

The nonzero components of the sparse solution vector at the jth iteration are given by the

vector cj . Thus, the approximation at the jth iteration is given as bj =
∑j

m=1 cmαm. And

the resulting approximation error is

rj = b− bj = b−
j∑

m=1

cmαm. (42)

The algorithm terminates when the approximation error falls below the specified threshold,

or when the number of atoms in the approximation equals the specified limit.

Since the CMP converges, the OCMP will converge. Unlike the residual error in CMP, here the

number of zeros in the residual increases by one at each iteration. The indices of the zeros are the

same as the indices of the selected atoms. But as in CMP, the residual vector at any iteration is

orthogonal to the columns of G. This can be proved as follows. Since the residual error contains

zeros at the indices Ij ,

GT ρj = ḠT
Ij

ūj [Ij ].

Using Eqn. 39, we can expand the right hand side:

ḠT
Ij

(x̄2[Ij ]− ḠIj (Ḡ
T
Ij

ḠIj )
−1ḠT

Ij
x̄2[Ij ]) = 0.

This shows that the residual vectors lie in SA, as does x2. We will prove in the sequel that ρj is

the minimum l2 norm solution of rj in Eqn. 42. This allows us to perform the operations over rj

in the next iteration.

Further, as a consequence of this orthogonality, Ḡi
T
ρ̄j [i] = 0 for i ∈ Ij . Hence in the (j + 1)th

iteration, the second term in Eqn. 37 will be equal to zero for any of the selected atoms up to

the jth iteration, and thus the residual will remain unchanged for those atoms. Therefore, once

an atom has been selected, it will not be selected in any of the subsequent iterations. This is the

reason why the minimization in Eqn. 38 is performed only on the unselected set of atoms.

Finally, the second term is also zero for an atom which is a linear combination of the already

selected atom. This can be seen from the fact that, for any atom which is a linear combination

of the already selected atoms, the best sparse solution vector remains in tact. Therefore the

complementary residual error does not change for this atom. As a result of this property, like

OMP, at each iteration, the algorithm will select an atom which is linearly independent of the

atoms selected at previous iterations.
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3.3 Optimized orthogonal complementary matching pursuit (OOCMP)

The OOMP modifies the atom selection method in OMP. It selects the atom such that the approx-

imation with the already selected atoms has the minimum error. OOCMP does exactly a similar

modification over the OCMP. It selects the atom which minimizes the distance between the solution

space and the sparse solution vector obtained with all the atoms selected at the previous iterations.

The other steps of OCMP remain as they are.

At the jth iteration the algorithm computes

ei
j = x2 −G(ḠT

Ij−1∪{i}ḠIj−1∪{i})
−1ḠT

Ij−1∪{i}x̄
2[Ij−1 ∪ {i}] (43)

for i ∈ Īj−1. The matrix inversion operations are possible if the new atom is linearly independent of

the already selected atoms. Therefore the above operation implicitly assumes that i ∈ I/Ij−1, but

ai is linearly independent of the atoms with indices Ij−1. It selects the optimal atom by minimizing

the norm:

k = arg min
i∈Īj−1

‖ēi
j [Ij−1 ∪ {i}]‖2; αj = ak. (44)

It updates the index set of selected atoms as Ij = Ij−1∪{k}. The coefficients of all the selected

atoms are updated as

cj = ek
j [Ij ] (45)

The approximation and the approximation error at the jth iteration are derived as in the OCMP.

The algorithm terminates when the norm of the approximation error falls below the desired error

bound, or when the number of atoms in the approximation equals the desired limit. It is obvious

that OOCMP is more complex than the OCMP. We will show later that the gain over the OCMP

is not considerably large.

4 Complementary pursuit algorithms versus pursuit algorithms

Having presented the complementary algorithms, we will now relate them to the classical matching

pursuit algorithms in terms of their approximations. When comparing two algorithms, we will

compare the coefficients of the atoms in the sparse solution and the resulting approximation errors

assuming that the competing algorithms identify the same set of atoms by some iteration. Even

though this assumption is a special case, still the derived expressions will provide us a deeper

understanding of the presented algorithms in relation to their classical counterparts. Comparison

of the approximations under a general case, where the number and the identities of the selected

atoms are different for the competing algorithms, is not so straightforward and is open to future

research. We will compare CMP with MP and OCMP with OMP. The optimized versions of OCMP

and OMP produce same approximations as OCMP and OMP respectively under the above special

assumption and therefore they do not need a further comparison.
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4.1 CMP versus MP

Let us first consider CMP in relation to MP. In the following we derive the expressions for the

coefficient of the optimal atom and the residual energy after the first iteration and relate them to

those in MP. The coefficient and the residual energy after the jth iteration can be obtained by

replacing x2 by the complementary residual vector ρj−1.

The nonzero components of the complementary residual error with respect to the ith atom are

given as

ēi
1[i] = (IN−K − Ḡi(Ḡi

T
Ḡi)−1Ḡi

T )x̄2[i]. (46)

Therefore the L2 norm of this complementary residual error is

‖ēi
1[i]‖2 = (x̄2[i])T (IN−K − Ḡi(Ḡi

T
Ḡi)−1Ḡi

T )x̄2[i]. (47)

Let gT
i denote the ith row of G. Since GT G = IN−K , Ḡi

T
Ḡi = IN−K − gigT

i . Using the matrix

inversion lemma [28], we get

(Ḡi
T
Ḡi)−1 = (IN−K − gigT

i )−1 = IN−K +
gigT

i

(1− gT
i gi)

.

Further, since x2 lies in SA, GTx2 = 0. This gives Ḡi
T x̄2[i] = −gix2[i]. Substituting these two

terms in the above expression, we get

‖ēi
1[i]‖2 = ‖x2‖2 − (x2[i])2

1− gT
i gi

. (48)

Now, using the orthogonality between G and AT , it can be proved that 1− gT
i gi = aT

i (AAT )−1ai.

Therefore,

‖ēi
1[i]‖2 = ‖x2‖2 − (x2[i])2

aT
i (AAT )−1ai

. (49)

If the kth atom produces the minimum error, then the complementary residual energy at the 1st

iteration is

‖ρ1‖2 = ‖x2‖2 − (x2[k])2

aT
k (AAT )−1ak

. (50)

The coefficient associated with the kth atom is

cCMP
1 = ek

1[k] = x2[k]− gT
k (Ḡk

T
Ḡk)−1Ḡk

T x̄2[k], (51)

where we have added the superscript ’CMP’ to distinguish it from the coefficient with MP. Using

the matrix inversion lemma as before and simplifying, we get

cCMP
1 =

x2[k]
1− gT

k gk
=

aT
k (AAT )−1b

aT
k (AAT )−1ak

. (52)

From Eqn. 35, the approximation error energy is

εCMP
1 = ‖r1‖2 = ‖b− cCMP

1 ak‖2 = bTb− 2cCMP
1 aT

k b + (cCMP
1 )2. (53)
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To compare these quantities with those in the MP, let us recall the MP algorithm. At the first

iteration, the residual error with the ith atom is given as

ei
1 = (IK − aiaT

i )b. (54)

Therefore the error energy is

‖ei
1‖2 = bT (IK − aiaT

i )b. (55)

Assuming that the kth atom has the minimum energy, the residual energy at the end of the first

iteration is given as

εMP
1 = bT (IK − akaT

k )b. (56)

and the coefficient of the atom selected at the first iteration is given as cMP
1 = aT

k b.

Now, if the rows of A are orthogonal with identical l2 norms1, then it is easy to show that

‖ēi
1[i]‖2 in Eqn. 49 is equal to ‖ei

1‖2 in Eqn. 55. Therefore both the CMP and the MP identify the

same atom as the optimal atom. Further, it is also easy to show that cCMP
1 = cMP

1 . These results

are true for all subsequent iterations as well. Therefore the CMP will produce the same sparse

solution as the MP.

Let us consider the general case when the rows of A are not orthogonal. Using the MP ap-

proximation, we can write b = cMP
1 ak + rMP

1 , where rMP
1 denotes the resulting residual error.

Substituting this in the expression for cCMP
1 in Eqn. 52, we get

cCMP
1 = cMP

1 +
aT

k (AAT )−1rMP
1

aT
k (AAT )−1ak

. (57)

The above expression shows that, if b is collinear with any of the atoms, then cCMP
1 is equal

to cMP
1 . This is so because rMP

1 is a null vector in this case. It also shows that, in general, the

approximation error with CMP is not orthogonal to the optimal atom. As a result the approxi-

mation error magnitude after the first iteration is more than that of the MP algorithm. This is

corroborated by Eqn. 53, which can now be expressed as

εCMP
1 = bTb− 2cCMP

1 cMP
1 + (cCMP

1 )2 = εMP
1 + (cCMP

1 − cMP
1 )2. (58)

However, this result does not extend to all subsequent iterations. On the contrary, the offset

term in Eqn. 57 may improve the accuracy of the atoms and the convergence speed by getting

closer to the actual coefficient magnitudes. To see its effect clearly, consider the trivial example

of a dictionary having 2 atoms each having 2 elements. Assume that the two atoms are as shown

in Fig. 2. The known vector b has a unique representation in terms of these two atoms (vectors

representing the sides of the parallelogram). Now the MP algorithm will identify atom a1 and

a2 alternately and each iteration will reduce the residual error. The solution will converge to
1If we use the terminology from the frame theory, such a condition is equivalent to saying that the atoms make a

tight frame [29].
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Figure 2: CMP vs MP with two 2-D atoms. MP iterations consist of alternate orthogonal pro-

jections onto the two atoms, which converges to the sides of the parallelogram ultimately. CMP

converges only in two iterations.

the unique solution ultimately. The CMP algorithm, however, will find the true coefficients in 2

iterations. The offset term helps in finding the true coefficient of a1 in the first iteration. Though

it makes the residual error larger than that of MP, the error is collinear with a2. Therefore, the

second iteration results in zero residual error. This example provides us some intuitive idea about

how, in a general case, the CMP proceeds as against the MP. In general, we can expect a faster

convergence and better sparsity compared to the MP.

4.2 OCMP versus OMP

Now let us consider the performance of OCMP in relation to that of OMP. At the first iteration,

OCMP is the same as CMP and OMP is the same as MP. Therefore let us consider some jth

iteration where j > 1. Now, since OCMP evolves from CMP and OMP evolves from MP, in light

of the statements made above, it seems less likely to have the same set of selected atoms for both

algorithms at the jth iteration. However, they perform an updating of the coefficients through

orthogonal projection. Therefore the relative evolution of these two algorithms over iterations

cannot be inferred in a straightforward manner from the evolutions of CMP and MP. Nevertheless

we assume them to have the same set of selected atoms at the jth iteration because of the reasons

given earlier.

Let us consider the OCMP algorithm. As defined before, let Aj denote the matrix containing

the selected atoms at iteration j. We can simplify the expressions for the complementary residual

error and the coefficient vector following similar steps as we did for the CMP algorithm. The

coefficient vector can be expressed as

cOCMP
j = (AT

j (AAT )−1Aj)−1AT
j (AAT )−1b. (59)

And the resulting approximation error can be simplified as

εOCMP
j = ‖b−AjcOCMP

j ‖2 = bTb− 2(cOCMP
j )T AT

j b + ‖AjcOCMP
j ‖2.
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The coefficient vector and the residual error for OMP with the same set of atoms in the sparse

solution are given as

cOMP
j = (AT

j Aj)−1AT
j b (60)

εOMP
j = bT (IK −Aj(AT

j Aj)−1AT
j )b, (61)

where εOMP
j = ‖rOMP

j ‖2, the residual error energy with OMP. Comparing these expressions, we

can write:

cOCMP
j = cOMP

j + (AT
j (AAT )−1Aj)−1AT

j (AAT )−1rOMP
j (62)

εOCMP
j = εOMP

j + ‖Aj(cOCMP
j − cOMP

j )‖2. (63)

Now, if the atoms make a tight frame, i.e., when AAT = tIK , t > 0, then the second term

in the first equation above is equal to a null vector (the residual vector in OMP is orthogonal

to the subspace spanned by the columns of Aj). This means that both OCMP and OMP result

in the same coefficients. Using this relationship in the second equation, we get identical residual

error energy. It is easy to show that the complementary residual energy for any atom at a certain

iteration is equal to the residual energy for the same atom with the same set of previously selected

atoms. In other words, OMP and OCMP compare the same set of values for the selection of the

atoms at each iteration. This results in identical coefficients and errors for both OCMP and OMP.

Therefore, when the rows of A are orthogonal with identical norms, the OCMP is equivalent to the

OMP. Further, we see that when the OMP identifies the atoms correctly leading to zero residual

error, the OCMP also does the same.

In the general case when the rows of A are not orthogonal with the same l2 norm, the above

expression provides interesting information. First of all, it shows that, if rOMP
j is zero, then cOCMP

j

is equal to cOMP
j . This means that if OMP finds the exact solution, then the OCMP also gives

the exact solution if it identifies the same atoms as the OMP. This also shows that, in general, the

approximation error with OCMP is not orthogonal to the subspace spanned by the selected atoms.

As a result, the approximation error is more than that of the OMP algorithm. However, as for the

residual error of CMP in relation to that of MP, this result of higher residual error may not extend

to all subsequent iterations. Furthermore, the convergence can be faster provided the error aligns

more closely with any of the remaining atoms.

We also note here that the equivalence of MP and CMP or OMP and OCMP in the case of a

tight dictionary is valid because of our use of l2 norm for minimizing the residual or complementary

residual error. If we use some other norms, for example l1 or l∞, the equivalence does not hold

even if we use a tight dictionary. In this paper, we assume the use of l2 norm for all algorithms.

4.3 More on the residual error

With complementary algorithms, the increase in the approximation error at the first iteration is

not unexpected since CMP searches for the sparse solution in a different space. This error can

be derived in a straightforward manner using the selected atom instead of obtaining it from the
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approximation of CMP. Let us assume that the actual sparse representation of b is given as

b = p1α1 + p2α2 + · · ·+ pmαm, (64)

where m ≤ K, pi’s are the coefficients of the atoms αi, 1 ≤ i ≤ m. All the matching pursuit

algorithms first identify the best atom and then (or simultaneously) find its coefficient at each

iteration. Suppose we have the identified atom α1 at the first iteration. Now we ask the following

question: what is the value of its coefficient so that the l2 norm of the minimum l2 norm solution

of the system of equations in Eqn. 1 with the resulting error as the observation vector is minimized

(over all coefficient values) ? To answer this question, let us assume that α1 = ak. We can rewrite

the above equation as follows

b = cak + e, (65)

where c denotes the unknown coefficient and e denotes the approximation error. This can be

rewritten as e = b− cak. The minimum l2 norm solution of Ax = e is given as

le = AT (AAT )−1e = AT (AAT )(b− cak)

Taking the derivative of ‖le‖2 ≡ lTe le with respect to c and making it equal to zero, we can solve

for c as:

c =
aT

k (AAT )−1b
aT

k (AAT )−1ak
. (66)

This is exactly the coefficient given by the CMP after the first iteration if it selects ak as the best

atom. If we had considered a later iteration, we would have substituted the resulting approximation

error for b and we will still get the same coefficient value as given by the CMP. Now we can ask

another related question: what is the value of the coefficient c so that the minimum l2 norm solution

of the resulting error has a zero at the index corresponding to the index of α1? Having a zero at

the corresponding index implies that at least in the minimum l2 norm solution, the contribution of

α1 is zero. The kth element of the minimum l2 norm solution of e is given as

aT
k (AAT )−1e = aT

k (AAT )(b− cak). (67)

Making it equal to zero and solving for c, we get

c =
aT

k (AAT )−1b
aT

k (AAT )−1ak
. (68)

This is again the same solution as for the previous question. The resulting approximation error is

therefore equal to the residual error of CMP. Let r1 denote the approximation error. It is easy to

show that the minimum l2 norm solution of Ax = r1 is the complementary residual error of CMP

with the atom ak identified at the first iteration.

The above result also extends to the OCMP. Let us assume that we have identified the set of

atoms αi, i = 1, 2, . . . j, up to the iteration number j. Taking these atoms as columns of matrix

Aj , we can formulate the approximation as:

b = Ajc + e,
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where c denotes the vector of unknown coefficients. We can now ask two similar questions as

before: (1) what is the value of c so that the l2 norm of the minimum l2 norm solution of Ax = e

is minimized (over all coefficient values) ? and (2) what is the value of c so that the minimum l2

norm solution of Ax = e has zeros at indices corresponding to the indices of αi’s , i = 1, 2, . . . , j?

Following similar steps as above, we can show that the solution to both these problems is given as

c = (AT
j (AAT )−1Aj)−1AT

j (AAT )−1b.

This is equal to the coefficient obtained by the OCMP algorithm. It follows that the residual error

of OCMP is equal to the the resulting approximation error. It is easy to show that the minimum

l2 norm solution for this error is equal to the complementary residual error of the OCMP when the

OCMP identifies the same set of atoms.

The above results show that the CMP and OCMP may converge faster and may have higher ac-

curacies in selected atoms than the their classical matching pursuit counterparts. These results can

also be intuitively predicted based on a simple observation: classical matching pursuit algorithms

identify the best atom at any iteration by taking inner products which involve only individual

atoms but not their inter-relationships. The complementary matching pursuit algorithms use the

inter-relationships among the atoms in the form of the matrix AAT which exists in the compu-

tation of x2. The results presented above corroborate the inclusion of this matrix product in the

computation of the coefficients.

We have not yet compared the complexities of the two different approaches. Proponents of the

classical matching pursuit algorithms may immediately notice the matrix inversion operations in the

computation of the complementary residual error and may complain that both CMP and OCMP will

be much more compute-intensive than their classical counterparts. We must, however, remember

that the expressions for the residual errors are direct representations of the actions we performed

to get to the solution. As we showed in this section, the expressions for the complementary residual

error and the coefficient can be simplified. In fact, what we showed in this section is that these

terms can be directly computed from the dictionary matrix A instead of using the complementary

matrix G. Besides, these expressions also show that the complementary algorithms are equivalent

to classical matching pursuits done in the row-space of A, i.e., SA. This is presented in the next

section.

5 Equivalence to MP in row-space

Let us consider our original system of equations: Ax = b. Since the atoms make a redundant basis

for RK , AAT is an invertible matrix. As a consequence, the exact sparse solution to this system is

also an exact sparse solution to the following system and vice versa;

AT (AAT )−1Ax = x2, (69)

since AT (AAT )−1b = x2. Let φi ≡ AT (AAT )−1ai, i ∈ I, denote the transformed set of atoms.

Clearly these transformed atoms lie in the row-space of A. If we define a new dictionary matrix Φ
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whose ith column is φi, then the above system of equations can be rewritten as

Φx = x2. (70)

Notice that this system has the same number of equations as the number of unknowns (N), but the

matrix on the left side is rank-deficient. Furthermore, each atom no longer has unit norm. Let us

consider applying MP to find the sparse solution to this system of equations. The projection error

with atom φi is given as (IN − φiφ
T
i

‖φi‖2 )x2, and hence the l2 norm of the error is (x2)T (IN − φiφ
T
i

‖φi‖2 )x2.

Substituting the expressions for x2 and φi, we get ‖x2‖2 − (x2[i])2

aT
i (AAT )−1ai

after simplification. This

expression is identical to the expression for the complementary residual error in Eqn. 49. Therefore

the two algorithms compare the same set of values for finding the optimal values. Let ak be the

atom with the minimum projection error. The coefficient of ak is

φT
k x2

‖φk‖2
=

aT
k (AAT )−1b

aT
k (AAT )−1ak

. (71)

This expression is identical to the expression for the coefficient with the CMP in Eqn. 52. Since

the resulting residual errors after the first iteration are same, the algorithms also identify the

same atom in the second iteration with the same coefficient values leading to the same residual

error and so on. In other words, these two approaches produce the same sparse approximations.

Following similar steps as above, it is easy to show that the application of OMP/OOMP on this

system of equations is equivalent to the application of OCMP/OOCMP on the original system

of equations. Therefore, instead of applying (O/OO)CMP on the original system, we can simply

apply the classical (O/OO)MP on this modified system. This has two advantages: first it shows

that we do not need the G matrix. Secondly, the complexity of the (O/OO)CMP on the modified

system is of the same order as that of (O/OO)MP on the original system except that the former

approach deals with N dimensional vectors and the vectors are not normalized. Now, applying the

(O/OO)CMP through this modified system looks so simple. However, it would not provide us the

intuitive understanding of the ”complementarity” and the convergence if we had started from this

modified system of equations.

6 Summary

Let us now provide a conceptual summary of CMP in relation to MP. Fig.3(a) shows that the

dictionary matrix A maps the RN to its column-space. The nullspace of A is mapped to 0K in the

column space and the solution space2 {x : Ax = b} is mapped to b. The atoms ai, i ∈ I, lie in

the column-space. At each iteration, the MP algorithm finds the point closest to b among N points

(one point per atom) and moves there. Therefore, at each iteration, the approximation moves closer

to b and thus the approximation error becomes lesser. Corresponding to each approximation point,

there is a point in RN that approximates the solution vector x. As the approximation gets closer to
2The solution space is not a vector space since it does not contain the null vector. It can be obtained by adding

a vector in the solution space to all the vectors in the nullspace.
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Figure 3: Vector space representation of the sparse approximation by MP and CMP

b, these points in RN get closer to the solution space. These points are all sparse. The algorithm

terminates when the approximation is sufficiently close to b. The resulting sparse solution is close

to the solution space.

Fig. 3(b) shows the action of CMP. At each iteration, the CMP algorithm finds the point closest

to the solution space among N points (one point for each atom) and moves there. Therefore, at

each iteration, the sparse vector x moves closer to the solution space and thus the complementary

residual error becomes lesser. Corresponding to each sparse vector, there is an approximation in

the column space. As x gets closer to the solution space, the approximation point in the column

space get closer to b. The algorithm terminates when the approximation is sufficiently close to b.

The set of sparse points in RN and the corresponding set of approximation points in the columns

space are not necessarily the same as those with the MP because of different criteria applied by

the two algorithms for choosing the best point among N points at each iteration. However, when

the dictionary is tight, these two sets of points for both algorithms match exactly.

The complementarity of CMP is seen from the fact that the sparse points chosen by the algo-

rithm are actually obtained from the solution space. The algorithms finds N points in the solution

space by adding x2 to N points inside the nullspace. Then it finds the N sparse points which are

closest to each of these points, and among these N sparse points it selects the one which is the

closest to the corresponding point in the solution space. In other words, the algorithm moves from

the solution space to the nearest sparse vector at each iteration (it searches for ’the sparse vector

among the solution vectors’). As the iteration proceeds, the sparse points come closer and closer

to the solution space. In contrast to this, the MP algorithm moves towards the solution space

always keeping the points sparse (it searches for ’the solution vectors among the sparse vectors’).

The actions of the orthogonal extensions to MP/CMP can be easily understood by referring to

Fig. 3(a)/3(b)

Note that the (OO/O)CMP can stop at some iteration if the distance between the latest sparse

point and the solution space is sufficiently small. However, the stopping criterion in the original

problem is defined with the approximation error δ. Therefore the (OO/O)CMP has to map the

resulting sparse point to the column space and then check for the approximation error. On the
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other hand, this constraint suggests that there is a scope for improving the performance of the

(OO/O)CMP. We have observed that the approximation errors resulting from the (OO/O)CMP

is not orthogonal to the immediately selected atom (subspace spanned by all the selected atoms).

This is also true for the last iteration, if the approximation error is nonzero. Once the atom

has been identified, the best approximation with it is the orthogonal projection of the residual

error on it (as in MP), and the best approximation with all the selected atoms is the orthogonal

projection of the residual onto the subspace spanned by them. Therefore, once the best atom has

been identified in (OO/O)CMP, we can compute the best approximation with it (the set of all

selected atoms) through orthogonal projection and compute the resulting approximation error. If

the approximation error is below the desired threshold, the algorithm can terminate; otherwise we

compute the approximation as given by the (OO/O)CMP and then move to the next iteration. For

the simulation results reported in this paper, we do not make this change in the complementary

MPs in order that we maintain ”full complementarity” and the same order of complexity as the

classical MPs.

7 Simulation Results

In order to compare the different sparse algorithms, we performed two experiments with a dictionary

of 55 atoms each having 32 elements. We used the recently proposed K-SVD algorithm [30] to derive

the dictionary atoms. The K-SVD algorithm comprises two steps for designing a dictionary from a

set of training signals. In the first step, it sparse-codes the training set using an initial dictionary

and any sparse coding algorithm. In the second step it updates the dictionary atoms using an SVD

based K-means algorithm on the sparse-coded data. In [30], the authors have used OMP as the

sparse coding algorithm because of its lower complexity. We used the K-SVD code available by

the authors of [30] with a training set of 1500 signals. Except the dictionary parameters chosen as

above, all other parameters were kept unchanged. The derived dictionary matrix had normalized

atoms and its rows were non-orthogonal.

In the first experiment, we compared the convergence of CMP, OCMP, and OOCMP with that

of MP, OMP and OOMP algorithms. By taking linear combinations of 5 and 8 randomly selected

atoms, we generated in each case a test set of 10000 signal vectors. The weights of the atoms

were randomly generated using a Gaussian random variable with mean zero and variance 1. We

sparse-coded these signal vectors with different algorithms without any error bound and without

any limit on the maximum number of identified atoms. Fig. 4 shows the mean square residual

errors for different algorithms at different number of iterations. The mean was computed over

all 10000 signal vectors and then it was normalized with respect to the mean signal energy. We

observe that, after some initial few iterations, the error with the CMP decreases at a faster rate

than with the MP. Therefore it will converge faster than the MP if we set a very small threshold

for convergence. When the signals are generated from 5 atoms, the errors with the OCMP and

OOCMP reach much lower values than with the OMP and OOMP at the 5th iteration. Similarly

with 8 generating atoms, the OCMP and OOCMP attain much lower error values than the OMP

24



0 1 2 3 4 5 6 7 8 9 10
−50

−45

−40

−35

−30

−25

−20

−15

−10

−5

0

No of iterations

M
ea

n 
sq

ua
re

 a
pp

ro
xi

m
at

io
n 

er
ro

r 
[d

B
]

 

 

MP

OMP

OOMP

CMP

OCMP

OOCMP

0 2 4 6 8 10 12 14 16
−60

−50

−40

−30

−20

−10

0

No of iterations

M
ea

n 
sq

ua
re

 a
pp

ro
xi

m
at

io
n 

er
ro

r 
[d

B
]

 

 

MP

OMP

OOMP

CMP

OCMP

OOCMP

Figure 4: Residual energy for different number of iterations. Number of generating atoms: 5 (left)

and 8 (right).

and OOMP at the 8th iteration. The residual error with (O)OMP/(O)OCMP relative to that with

MP/CMP is expected.

In the second experiment, we varied the number of generating atoms from 1 to 16, and in each

case generated 10000 signal vectors as input signals. As in the previous experiment, the generating

atoms were randomly selected and their weights were randomly generated from a Gaussian random

variable with mean zero and variance one. In the sparse coding algorithms, we specified an error

bound of 10−3 per component and a maximum limit of 16 atoms in the approximation. Besides

the matching pursuit algorithms, we also implemented the BP algorithm [6]. In order to provide

a fair comparison with the other algorithms, we modified the BP algorithm for the above bounds.

First, based on the usual BP solution, we sorted the atoms in the decreasing order of their weight

magnitudes. Then we selected the first k atoms, k ≤ 16 and computed the coefficients using the

pseudoinverse of the matrix containing only these atoms. If the resulting residual error was lower

than the error bound, we terminated the iteration, otherwise we incremented k and repeated the

procedure provided k was less than or equal to 16. Therefore, in the modified BP, we selected the

atoms based on the magnitudes of their weights given by the BP, but determined their coefficients

by the pseudoinverse. We compared the algorithms in terms of (i) sparsity, i.e., the number of atoms

identified, (ii) the approximation accuracy or the residual error, (iii) the accuracy of detecting the

generating atoms, and (v) the accuracy of coefficients with truly detected atoms.

Fig. 5 displays the number of atoms identified by different algorithms. We observe that the

CMP produces sparser approximation than the MP for 4 or more generating atoms. Among all the

algorithms, the OCMP and the OOCMP produce the best sparsity results. The improvements over

other algorithms are more pronounced as the number of generating atoms is made higher. Note

that the plots tend to saturate because of the specified maximum of 16 atoms in the approximation.

Fig. 6 shows the mean square error resulting from different algorithms. We see that the CMP yields

lower residual error than the MP for 6 or more generating atoms. The OCMP and OOCMP result

in the least error among all the algorithms. The relative gain over the OMP/OOMP becomes more
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number of atoms. Error bound δ2 = 32 × 10−6,

maximum 16 atoms.

pronounced as the number of generating atoms is increased.

Fig. 7 displays the fraction of true atoms identified. It is interesting to see that the CMP

identifies more correct atoms than not only MP, but also OMP. However, the OCMP and OOCMP

outperform all of them including BP. Again the relative improvements are more pronounced for a

higher number of generating atoms.

Fig. 8 shows the relative frequencies of coefficient differences for truely identified atoms when the

number of generating atoms is 16. A value of zero difference indicates that the computed coefficient

is identical to the true coefficient used in the linear combination to generate the signal. Therefore

a higher relative frequency at zero with smaller variance implies higher accuracy of computed

coefficients. Fig. 8 shows that the CMP produces more accurate coefficients than the MP. The

coefficients given by OCMP (OOCMP) are closer to the original coefficients than those of OMP

(OOMP). Even OCMP and OOCMP both yield closer coefficients than the BP. If we compare the

three figures, we observe that the relative performance of different algorithms is similar to their

relative sparsity and residual error performances. Recall that the BP guarantees the unique sparse

solution when the number of atoms in the linear sum is below a certain bound. Therefore the

relative performance of the BP in this experiment is not surprising.

8 Conclusions

In this paper, we have introduced the concept of a complementary matching pursuit for sparse

coding. The basic CMP algorithm is similar to the classical MP algorithm but performs sparse

coding through the complementary action of discarding atoms from the approximation. We showed

that while the MP algorithm proceeds by minimizing the approximation error at each iteration,

the CMP proceeds by minimizing the distance of the sparse vector from the solution space of the

given linear system. As a consequence, the CMP converges towards the solution space while the
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Figure 7: Fraction of correct atoms detected versus the number of atoms. Error bound δ2 =

32× 10−6, maximum 16 atoms.

MP converges towards the specified signal to be sparse coded. We also showed that when the atoms

make a tight frame, the CMP yields exactly the same approximation as the MP.

We developed the orthogonal extensions of the CMP following the same lines as the MP’s

extension to OMP and OOMP. The OCMP and OOCMP remove the suboptimality of the CMP

by updating the approximation based on all selected atoms up to a given iteration. As a result

they select a new atom at each iteration and converge faster. Like the CMP, they converge towards

the solution space of the given linear system, thus the approximation error at each iteration may

not be minimized. Furthermore, when the atoms make a tight frame, they yield identical sparse

coding as their classical matching pursuit counterparts. We also showed that the CMP and its

orthogonal extensions are equivalent to the MP and its orthogonal extensions respectively for a

modified system of equations where the atoms and the given signal vector to be sparse coded are

replaced in the modified system by their minimum l2 norm representations. The simulation results

showed that the presented algorithms not only converge faster but also produce more accurate

solutions with less approximation errors.

Throughout the paper we have assumed that the observed signal b is a pure sparse linear sum

of atoms without any additive noise. When the signal is observed with noise, the complementary

matching pursuit algorithms can be very sensitive to the presence of the noise unless the noise is

very small. This can be intuitively understood from the fact that these algorithms search for sparse

solutions among the solution vectors to the given under-determined system. When the observations

are accompanied by noise, the solution space gets perturbed. As a result, the algorithms will be

searching for the sparse vector among solution vectors which belong to the perturbed solution

space. The perturbation of the solution space is dependent not only on the noise amount but also

on the dictionary matrix A (in the form of the stability of the matrix (AAT )−1). Since most of the

practical applications involve noisy observations, it is important to investigate these algorithms for

noisy signals and to develop techniques to circumvent the stability issues. From the theoretical point

27



−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Coefficient difference for correctly identified atoms

R
el

at
iv

e 
fr

eq
ue

nc
y

 

 

MP

CMP

BP

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Coefficient difference for correctly identified atoms

R
el

at
iv

e 
fr

eq
ue

nc
y

 

 

OMP

OCMP

BP

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Coefficient difference for correctly identified atoms

R
el

at
iv

e 
fr

eq
ue

nc
y

 

 

OOMP

OOCMP

BP

Figure 8: Relative frequency of coefficient difference for matching atoms for 16 generating atoms.

Error bound δ2 = 32× 10−6, maximum 16 atoms.

of view, it is important to analyze the convergence and the sparsity of the presented algorithms

with noisy observations. In addition, it is also interesting to investigate the convergence and the

sparsity of the presented algorithms vis-à-vis their classical counterparts in a precise manner. The

results presented here considered a dictionary of a fixed size. Since the dimension of the subspace

Sc
A depends on the size of the dictionary, the convergence and the sparsity of the complementary

algorithms are expected to be increasingly better as the size of the dictionary increases. Future

research will be directed to these extensions.
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