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On the Application of the Global Matched Filter to
DOA Estimation with Uniform Circular Arrays

Jean-Jacques Fuchdember, IEEE

Abstract—The problem of estimating the direction of arrivals mate of the spectral density matrix means projecting it on the
(DOA) of narrowband sources impinging on a uniform circular  manifold in which its true value lies. While, for ULAs, this
array is considered. We present a method that uses as input 54 nts to project it on the set of positive-definite Toeplitz ma-

the values of a small number of uniformly spaced beams and tri for UCAs. thi iection is slightl intricat
apply a model-fitting approach taking into account the statistical rices, for S, IS projection s slightly more intricate.

properties of the beams. The approach, which is called the —We show in Appendix A that forming a beam using the
“global matched filter,” fits simultaneously to the observations optimaly rectified matrix or the initial matrix yields the same

all the elements needed to explain them. It chooses, among allyalue. This indicates that the conventional beamformer (CBF)
the representations satisfying a constraint with a sensible phys- o mehow achieves this projection and already benefits from it.

ical interpretation, the one with minimal energy. The method - : . .
drastically improves upon the conventional beamformer and This also means that working with the outputs of the CBF is

has performance comparable with the best high-resolution (HR) an excellent starting point for a localization algorithm, as has
techniques. It further applies when the number of sources exceeds been recognized in [4], where a beam-space MUSIC algorithm

the number of sensors: a situation that cannot be handled by jg developed. We propose the application of a model-fitting
standard HR techniques. approach to a small number of uniformly spaced beams. The

Index Terms—birection-of arrival estimation, matched filters, method—the global matched filter approachdrastically
redundant p_arametrizations, regularized estimation, sparse signal improves upon the CBF and has performances comparable with
representation. the best HR techniques at a comparable cost.

|I. INTRODUCTION Il. M ODELING AND PROBLEM STATEMENT

HE MAJOR advantages of uniform circular arrays We consider a circular array havidg omnidirectional sen-
(UCAs) over other planar arrays are their 3@@imuthal  sors in positioq pcos kA, psin kA}withk € {0, ---, N—1}
coverage and their almost invariant directional pattern. Thisasd A = 27 /N; see Fig. 1. To fix ideas, the radius of the
in strong contrast with the widely studied uniform linear arragirrayp = \/4sin(7/N) is taken such that the distance between
that only covers 180and whose beampattern significantltwo neighboring sensors /2, where) is the wavelength for
broadens when steered away from broadside. Indeed, even faihich the array is designed. We will assume that the array and
small number of sensors uniformly distributed around a circlthe sources are coplanar. The sensor outputs are low-passed,
the fluctuation of the array pattern is extremely small and thempled, and Fourier-transformed, and we will only be con-
azimuthal resolution almost constant, as the effective apertgggrned with the narrowband signal corresponding to a single fre-
analogy predicts. These interesting features of UCAs led to teency bin of this discrete Fourier transform (DFT) of the sensor
development of experimental systems [1] employing the beadmata. We denote by, the complex ordet¥ vector (snapshot)
forming principle to obtain DOA estimates. It is known thatontaining the corresponding components overkhetime in-
in its basic form, this approach cannot resolve closely spacegval. An estimate of the covariance mat#iof X, is then
sources (with spacing less than the main-lobe width of the arrgiyen by
pattern). High-resolution (HR) techniques such as MUSIC and
similar techniques can, of course, be applied to UCAs in a . 1 & .
straightforward way and have better performance. Efforts on k= T ZZ’“Zk' @
the applications of uniform linear array (ULA) techniques with k=1

UCAs appear in [2] and [3]. Modifications of HR techniquesrhis is also an estimate of the spectral density matrix of the

that allow the extension of these procedures to allow for 2-§nsor outputs at the considered temporal frequency. Assuming

angle estimations with UCAs have been proposed in [4].  the source signals to be uncorrelated, its exact value, which is
It has been shown recently [5] that applying these HR techenotedr, can be decomposed into the sun¥f which is the

niques to arectified estimated covariance matrix of the snapcontribution of theP sources, andk,,, which is the contribution
shots further increases the resolving poviRectifyingthe esti- of the noise
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Fig. 1. Array and coarray.

wherew is the power of the ambiant noise assumed spatialbyoperty in the sequel to simplify the exposition, it is by no

white, andd(6,,) is the steering vector associated with gtk means necessary for our approach to apply.

source whose power is denoteg. We define the signal-to- As input to our algorithm, we evaluaté equispaced

noise ratio (SNR) of theth source to bey,/v. beams at bearingg, = 2#(k/L) for k € {0,---, L — 1}
The steering-vector associated with bearing-angésd denoteY the L-dimensional vector with components

¢ € [0, 2n[ (measured counter-clockwise from theaxis) is @, = (1/N2)d(¢w)* Rd(¢.).

then, taking into account the position of the sensors _ From (3), it follows that”, which is the exact counterpart of
Y, can be decomposed into the sum of the contribution of each
d(¢) = [622‘77(/7/& cos¢ ,2im(p/A) cos(¢—A) source and the contribution of the noise

20 (p/A) cos(qb—(N—l)A):| T )

V=Y a6+ (5) e @
p=1

Since we will later work with the beamformer outputs, let us in- _ _ . _ .
troduce their definitions and properties. The beamformer outptferee;, is anL-dimensional vector of ones modeling the noise

power (or beamformer output, for short) for bearings contribution, andf(8) represents the contribution {0 of a
source at bearing and unit power.
1 * ForY, sucha decomposition only holds approximatively be-
= —d(¢)" Rd(¢). ' o 0
u(9) N2 (¢) (¢) cause of the estimation errors due to the finite number of snap-

shots. In the next section, we indicate how such an approximate

For R as in (2), it can be decomposed as decomposition can be obtained.

r
y(¢) = Z a,F(¢, 8,) + %U 3) lll. GLOBAL MATCHED FILTER APPROACH
p=l A. Underdetermined System of Linear Equations
where Let us introduce the set ofif L-dimensional vectors
. {fm, me{0, -, M —1}} with f,,, = f(2rm/M) (4). We
F(p, 6,) = 2 |d($)*d(6,)]? will denote withF' the L x (M + 1)-dimensional matrix whose

columns are thef,,,-vectors and the;.-vector that models

is the output of the beamformer at bearindor a source with the noise contribution, all normalized to onefinorm.

unit power located at bearirgg. This is also known as the array  OUr Objective is to obtain a sparse representation of the ob-
pattern when the sensor weights are all equal to oneMNFas S€rved vectol” in terms of the columns il Such a represen-
small as, say, ten, the array pattern is already almost invari&H{on is of the form”.X', where.X is a vector having just a few

ie. nonzero components. Since the bearifjgis (4) do not, in gen-
' eral, belong to the discretization grid, more thdrcolumns of
F(¢, 0,) ~F(0, ¢ — 0,) = F, (¢ — 6,) F will be needed, and for a sparse representation tq exist, one
1 . ) has to allow for reconstruction errors. These errors will not only
= vz [4(0)7d(¢ — 6o)|". take care of the mismatch due to the discretization of the bear-

ings but will also serve to erase the estimation errors beteen
This interesting property of UCAs guarantees that its perfaandY . The larger the allowed errors, the sparser the potential
mance is the same for all directions. Although we will use thapproximate representations.
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What we seek is a sparse approximate solution to an under@e-Global Matched Filter
terr_nmed system of Illnear equauons. In the_ present notations, e propose instead yet another constraint with a nice physical
typical problem of this class is as follows: Find the (or a) Vecu?ﬁterpretation
X with the fewest number of nonzero components satisfying the
constraint FY'(Y - FX) < heyq (8)

||Y _ FX||§ < e 5 whereh € R, andey;y; is an (M + 1)-dimensional vector
- of ones. This constraint, which is a special cas¢/Bf (Y —

wheree, > 0is given, and|X|2 = " 22 is the Euclidean of FX)|lss < h, lies in between (5) and (7) and preserves the ad-
norm. This is a fundamental probiem in matrix computation [§f2ntages of both: it applies locally and is invariant with respect
that is know to be NP-hard. Other norms or different constrairf® Unitary tra_nsformanons anpJ'ed 16, .
lead to other problems in the class. The difficulty is to get close F70M (6), it follows thatf; (Y — F'.X) is the output of the
to the sparsest solution with a reasonable computational loffier matched to a source with bef‘”m@”/M when applied
In the signal processing context, several different formulatioff the residual vectof? = ¥" — I*.X. The constraint (8) then

have been considered: see, for instance, [7]-[11] and heuridfP!ies that at an admissible representationthe outputs of
solutions proposed. all the filters matched to thé/ potential sources are smaller

than a chosen threshold
To find among all the representations satisfying (8), the
sparsest one is, as for all the problems in this class, too
The matching pursuit algorithm [7] is one heuristic way to gdtme consuming, and we propose to get an approximation by
close to a solution of (5). It is an iterative method that, at a givé&glecting the representation with minimal energy. This leads to

step, picks the elemerf} that has maximal correlation withthe . 9 . T
present residual vectdt* = Y — FX* 2 IFX15 - subjecttor™ (¥ = FX) < heyryr (9)

B. Tentative Solutions

whereh € R is a parameter to be tuned. At the optimum, one

has the representation bf in terms of columns of” that has

jr = argmax f] E* (6) lowest energy and that yields a residual vedtbwhose cor-
J relation with any further potential source is below a threshold

and substracts the weighted contribution of this element to foffn IN coNtrast with the matching pursuit approach that is a re-
laxation-type algorithm, this technique selects iglabal way

the new residual observation. When the weight is chosen fis) X
minimize the energy in the residual vector, one gelg! = (§|multaneously) all the elemenfs needed to obtain the op-
E*—(fX E*/ f¥ f;) ;.- This is performed until a stopping cri- timum. _ o
terion is satisfied. In an estimation context, where a true sparsérhe threshold: acts as a detection threshold, but, again, in-

model exists, only scenarios with well-separated sources carpierd Of detecting a source at a time, they are detected jointly.

handled with this approach. For two closely spaced sources',tﬁh‘)“'d be taken both small to allow for the detection of weak

will typically start by locating and substracting a source in b&0Urces and large to reject the estimation errors to prevent any
tween the two true ones, and further iterations are then need&§Mpt to model these errors.

to correct this initial mistake. The so-obtained representation js/\t the optimum, the(M + 1)-dimensional vectory is ex-
then of little help [8]. pected to have arour2lP? + 1 nonzero components only: one

To avoid the drawbacks induced by this element-by-elemecrﬂmponent in front of the column that models the noise contri-
search, a higher dimensional search is proposed in [12]. Wtion and a pair of neighboring components for each source. In-

ideal remains, however, to be able to select in one step a sp%@gi’, smctc-': thtg true p(atar[[r@SW|I: genergfzal!ﬁ fall n betv\llesn
set of elements that explaiis. wo discretization points, two columns &fwill, in general, be

In[10], the constraint (5) that defines the admissible solutioﬁ?eded to_appro_ximatively reconstrifge,). -
is replaced by The optimization of (9) may appear as a difficult task, but
using duality, we show in Appendix B that it is equivalent to

|V = FX|loo < a0 @) min 5 ||V — FX3 + hefy ., X (10)

where||E||, = max; e; is the £, norm ormax norm and  which is a quadratic program whose unique global minimum
€ > 0ls a fixed bound and an approximation to the sparsegin be obtained using standard and robust routines for quadratic

solution obtained using a linear program. While (5) is a bourgtograms available in any scientific programs library.
on the energy of the global error and is often used in signal pro-

cessing, (7) is a bound on the individual or local errors since the v/ A ppLICATION TO THE LOCALIZATION PROBLEM
inequality has to hold component-wise. Constraint (7) says that _ . o

a representatiod X is admissible if the reconstruction error™ FiXing the Discretization Steps

nowhere exceeds,,. Although working locally is important if ~ Besided:, we have to fix the two parameteksand M before
one seeks spiky solutions, we do not retain (7) because it fegplying criterion (9) or (10) to our probleni. is the number
poor invariance properties. of beams to be evaluated to build the observation vectand
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M fixes the discretization steppr/M in bearing that separates + We evaluatel. = 4N uniformly spaced beams over the
two columns inF'. whole horizon and form the vectaf.

For an UCA havingV sensors, we recommend the evaluation ¢ We built the matrixF” with A4 L-dimensional vectorg,,
of L ~ 4N equispaced beams. To arrive at this figure, we note  separatedby about20/N° and a vectoe, allowing for

that the effective aperture of the arrayds N A /4w, that the the noise contribution.

width of the mainlobe at halfpower (known as FWMH, [13]) is  We whiten bothY” and ¥’ using the estimat .

then roughly300/N°, and in order to cover the 38With about ¢ We normalize the columns df,,, and solve

three samples per main lobe, one ne¢fsbeams. Although

this is, in general, smaller than the number of real degrees of gl;%% Ve — Fu X2+ hel; 1 X (12)

freedom (rdof) of the array, we believe that little information is =
lost. This further allows us to consider the beams to be almost
decorrelated random variables.

The discretization step in bearigg /M has to be chosen so
that it does not prevent the approach to attain the CR bounds.
For standard values @f, the number of snapshots, and SNRs,
this means that we expect to improve the standard Rayleigh res-,
olution by a factor 2 or 3, i.e., to solve equipowered sources
separated by00/N degrees (FWMH/3). For this to be easily
achievable, we take a step equal to al#atV°. This allows us
to have about three zero components inxheector in between

the components representing the two equipowered sources gn'é?.r m\(;rg difficult scr?nam:s SUCht ?S the ort}:e cohnigeredlén
expects to solve and leads 3 ~ 18N if one wants to cover ection V-B, one may have to resort to some thresholding [15]

the 360. to get rid of small nonzero componentsih We further com-
ment on this in Section V-B.

If one knows beforehand that sources are only present in a
given sector of the horizon, one can use this information and
To improve the performance of the method, let us now takgly keep inF the columns belonging to this sector while

into account the statistical properties of the beams [13] As tn@ep"]g all the Components ﬁf The results appear to be
number of beams we evaluate is quite low, it is realistic to agnsensitive with respect to this selection. In contrast with most
sume that they are close to uncorrelated random variables. dgtonvolution approaches, no performance gains should be
estimate of the approximatiagonalcovariance matrix o} is  expected. Such prior knowledge has nevertheless two important
theny, = diag'Y")?/T', and we propose to whiten the observaconsequences: It leads to substantial savings in computation
tions before applying the criterion (9) or (10). This amounts t@me and considerably reduces the number of spurious peaks.
replacingY” with Y,, = E;(I/Q)Y andf" with F,, = E;(I/Q)F,

where the columns i, are further normalized to one. V. SIMULATION RESULTS

with ~ = /Log2M using a quadratic programming rou-
tine. For scenarios witl? well-separated sources, the so-
lution vectorX will have about2P + 1 nonzero compo-
nents: one for the noise contribution and the others ap-
pearing as neighboring pairs.

To each pair of nonzero components, one associates a
unique source with power the sum of the two components
and bearing obtained by linear interpolation.

B. Using the Statistical Properties

C. Fixing the Threshold We consider_a UCA withV = 10 sensors. Tq haye an in-

) ) ) . tersensor spacing of half a wavelength, its radius is {hen
_ Finally, to setthe value of, we consider the constraint (8) in( gng . A plot of the array and of its coarray are presented in
its whitened form Fig. 1 with X taken as unit of length. Its effective aperture is 1.6,
and its performance is thus comparable with those of an ULA
having about four sensors separated\3g. The resolution of
such an ULA, for sources around broadside, is roughly T00/4
and indeed, the width of the mainlobe at halfpower iS; 2ée

- . . , ~_Fig. 2. One can note that in the direction opposite to the main
Y, — F,X, is then Gaussian with zero mean and covarian

L . , t5be, thereis a quite important secondary lobe. While this leads
matrix identity. Because the columns k), are normalized to

h ETY X h | to difficulties when using the conventional beamformer output,
one, thel/ +1 components of’,, (Y,, — £, X, ) are then scalar ;i i ot g direct consequence in our approach.

w
Gaussian random variables with zero mean and unit variance. Following the indications given in Section IV-D, we form

To make_this ideal model admissible, we have to fix thg — 40 beams. Two neighboring beams are thus separated by
threshold/ in (11) at a value that guarantees that the probgo which has to be compared to the’27 the beamwidth. The

b'l'tz that thebznaxtl)mll.lm of tEZS‘,M I+ 1 standardS_Gaus?an columnf,,, we use to build? are separated by 2f we want to
random variables be larger thanis close to zero. Since t €S€cover the whole horizon, there are thih= 180 + 1 columns

variables are c_orrelated, a pregise value _is dif_‘ficult to obtai F, and we solve (12) using the NAG E04NCF routine with
The algorithm is fortunately quite robust in this respect, and _ Cog2M

following [14], we suggest that we take= /Log2}M. As observed in [4] and exploited in [5], for this UCA with an
even number of sensors, the geometrical symmetries induce ob-

vious relations between specific components of the covariance
For an UCA with N sensors, we do the following. matrix R that are no longer present in the estimated maftix

FI(Y, — F,X) < heprqa (11)

and assume that we are in the ideal situation whére- X,
which is the exact model. The whitened residual vedgr=

D. Summary of the Algorithm
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Fig. 2. Beampattern. Fig. 3. Standard deviations with respect to SNR for different methods:
Cramer—Rao bound “*,” GMF “0,” MUSIC 4,” and R-MUSIC “x.”

More specifically, for a ten-sensor array, the pairs of sensors 1-2

and 7-6 occupy similar positions, which means that the compo- TABLE |

nents (1, 2) and (7, 6) are identical R R is thus not just a ResuLTs OVER 10000 TRIALS WITH PRIOR KNOWLEDGE
. . . . . FIRST TWO COLUMNS, WITHOUT PRIOR KNOWLEDGE LAST

Hermitian matrix with constant diagonal having 91 real degrees TWO COLUMNS

of freedom (rdof), but, since there are in fact 20 such identity

relations that fix 40 rdof R has only 51 rdof. The projection source number 1 2 1 9

of the estimated covariance mattx on its manifold (an op-
eration called “rectification” in [5]) can simply be achieved by
replacing each pair by its mean and averaging the diagonal. We estimated bearing 80.47 | 90.29 || 80.53 | 90.34
denotefER as the resulting matrix and R-MUSIC the MUSIC
algorithm [16], [17] applied tdzz. We will compare the results
of the proposed approach to those of MUSIC and R-MUSIC in  CR stdt dev. in deg. 1.36 | 136 || 1.36 | 1.36
Section V-A.

true bearing in degrees 80 90 80 90

estim stdt dev. in deg. 145 | 1.53 1.40 | 1.41

true amplitude 1 1 1 1
A. Resolution of Two Equipowered Sources estimated amplitude 1.01 | .90 1.02 | .89
Let us consider a scenario with two equipowered sources sep- estim stdt dev. .26 .25 .26 .27
arated by 20 T° = 400 snapshots, and different common SNRs. CR stdt dev. 2% 2 26 2%

Note thatan SNR of 0 dB means = s = v = 1in (2). To fix
ideas, we také#; = 80 and#; = 100° and assume to know that
the two sources are in between 60 and12Ue plot in Fig. 3 separate the two sources in just about 30% of the realizations,
the standard deviation in degrees for source 1 versus SNR e global matched filter approach encounters no difficulties as
the global matched filter (GMF), the basic MUSIC algorithmiar as resolution is concerned. The results obtained by keeping
the MUSIC algorithm applied to the rectified covariance matrithe two strongest sources, in case more than two sources are
Rr (R-MUSIC), and the Cramer—Rao bound (CRB). The retetected, are very close to the CRBs.

sults are obtained from 4000 independent trials. From Fig. 3, ondn the first two columns of Table I, we present the results ob-
sees that the methods have similar performance and that indegihed from 10 000 independent trials if it is known beforehand
R-MUSIC performs better than MUSIC. For SNR —10 dB, that the true sources lie between 60 and®’1Ze matrix#' has
MUSIC failed to separate the two sources in about 15% of tiieen 31 columns, and = 2.02. The number of false alarms is
simulations and R-MUSIC in 5%. The corresponding points atgiite low: Only 1.7% of the realizations detect one additional
thus missing. GMF had no such difficulties; evenat SNR-15  source with negligible amplitude.

dB; it only failed to separate the two sources in less than 1% ofThe results in the case where no prior knowledge upon

the simulations. the sources location is assumed are presented in the last two
. ) columns of Table I. The matri¥” then hasl80 + 1 columns
B. More Difficult Scenario andh = 2.42. There is no real difference in performance. The

We now give a more detailed account upon the results of thituation is, however, less favorable with respect to the number
global matched filter (GMF) for a more difficult scenario. Theof spurious sources that are present. The average number
two equipowered sources are now separated Byth® number of nonzero components iX was 8.52 and once the useful
of snapshots i§” = 100, and the SNR is 0 dB. To fix ideas,components (between 3 and 5) that model the two strongest
we takef; = 80 andf, = 90. While MUSIC-like algorithms sources and the noise have been removed, this figure drops to
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Fig. 4. Typical bad output. Among the 180 weights covering"3ist eight, Fig. 5. Top: Output of the standard beamformer with the 40 values used by

which are marked_by o‘s,_are nonzero: two of them associated with each tH algorithm marked by o's. Bottom: Output of the algorithm. Among the 180
source and four with spurious sources. components oft, only 18 are nonzero

4.25. These components c_orrespond to false alarms or Spuriﬁ}éspresentjust one result for a ten-source scenario. The charac-
sources that have to be discarded by a thesholding operati@itsiics are as follows:

A closer look at the results shows that 2% of the realizations | N — 10
suffer from three false alarms, 43% have two false alarms, o
44% have one false alarm, and 11% have no false alarm.: gi fOO
Fortunately, looking at the realization among the 10000 that . a‘__ v N 1
yielded the strongest spurious source, its amplitude was 21% . * ~_ _ '
of the amplitude of the weakest of the two true sources. This 91 = 20, 80, 90, 120_' 150, 190, 220, 260, 30_0’ 340
means that in the worst realization, there was a ratio of abdtRPIying the same algorithm as above leads typically toxan
five between the amplitude of the second and third Strongé@ctorwnh about 20 nonzero components plus one for the noise
source. variance. In Fig. 5, we present the output of the algorithm i.e.,
The output of a typically bad realization with three falséh€ 180 components ot (we removed th@oisecomponent)
alarms (four additional nonzero weights) is presented in Fig. r one realization. There are 18 nonzero components that ap-
The weakest true source at bearing 93.0 has two neighborRRR" e|ther as s_lngletons or by pairs. Qnefurther_assomate_s with
nonzero weights that add to 0.59 and the strongest spuriG@h pair a unique source by summing the weights and inter-
source at bearing 246.0 has amplitude 0.08. There are thR&¥ating the bearings. One then gets the ten estimated bearings
other, scarcely visible, nonzero weights marked by “o’s.  that are close to the true ones.
As explained in Section lll, the largér is, the smaller the
number of spurious sources will be, and indeed, multiplying. Computational Complexity

h by 2 in our simulations drastically reduces the number of 5q tar as the computational cost of quadratic programming
false alarms. In the latter case, from 11%, the percentage gfjines is concerned, one admits in general that the number
false-alarm-free realizations rises to 76%. Just 22% of the {§-gperations required to perform one iteration is of the order
alizations have one false alarm left and 2% two false alarms.ihe square ofnin(Z, M) and that the number of iterations
This is feasible in our scenario because the SNR is large (0 dR)jinear in this number. The computational cost is thus cubic
but if weak sources are to be detected, one should stay with fHQnin(L, M), i.e., cubic inN, which is the number of sen-
initial value. Remember that this is a difficult scenario as far a$,,s Thisis quite comparable with other HR techniques such as
resolution is concerned and that MUSIC-like algorithms in mogjsc. Indeed, to extract the signal or noise subspace fom
cases simply fail to separate the two sources. On the other hagles on the order ai® operations to which one has to add the
inmost HR techniques, one has either to do a similar thesholdiggs; of the evaluation of the spectrum at a number of points that
operation or know beforehand the number of sources, and thiga; from negligible. Knowing the sector in which the sources

is also the information we used since we sytematically kept thes present reduces the computational load of both approaches.
two strongest sources.

C. Locating Numerous Sources VI. CONCLUSIONS

As an interesting property of the proposed approach that itA global matched filter (GMF) approach has been proposed
shares with nonparametric methods such as the standard beama applied to localizing sources. It simultaneously fits to the
former or with certain nonuniformly spaced linear arrays [18fbservations all the multiple elements needed in order to explain
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them. It is straightforward to implement, and there are few pa- APPENDIX B
rameters to be chosen. We have indicated precisely how to tune NOTE ON DUALITY
them for UCAs, but GMF applies to any array and more gener-\ye will establish that
ally to any situation where one has to fit to noisy observations
a model composed of a unknown number of superimposed sig- min Y - FX|)3 + hel, X (13)
nals. X=z0

For a ten-sensor UCA, the method allows us to monitor thg,q
whole horizon (366) using just 40 beams, and its performance
is that of an HR method. For the simulated two closely spacednm% ||FX||§ subject toFT(Y —FX) < heyqr (14)
equipowered sources scenarios, the method attains perfor
mances close to the CRB for as little as 100 snapshots a\/mfsiereeMJr]L is a column of dimensiof/ + 1, are indeed equiv-
outperforms the MUSIC-like algorithm at low SNR for similaralent. The aim of duality is to provide different formulations of
computational loads. One should also note that GMF givas optimization problem. In our case, (13) is more convenient
accurate estimates of the amplitude of the sources: informatiggmputationally, whereas (14) has more physical significance.

that is not available with MUSIC. Writing X = U in (14) yields yet another formulation:
The method applies to scenarios where the number of sources

is equal or greater than the number of sensors. Very few ap- Hgn% 1U|2 subject toF T (Y — U) < hepr41.  (15)
proaches able to handle this situation exist.
Somehow, surprisingly, this means that the optinduinto this
last problem can be rewritten &sX* with a generically sparse
APPENDIX A X*. The recovery ofX* from U* is immediate by observing
PROPERTY OF THEBEAMFORMER that X* is the Lagrange multiplier vector for the constraints in

The coarray of a uniform circular array (see Fig. 1) with15); thus,z7 = 0 if j corresponds to an inactive constraint at
N = 10 sensors has 51 elements (including symmetry), if1€ optimum of (15). _ _
dicating that the array has 51 real degrees of freedom (d.o.f.)!ndeed, (13)—(15) are all quadratic programs [19], and there is
This means that while the estimated covariance mdtrim (1) N0 Wway to distinguish arimal or dualproblem. To establish the
has 100 real d.o.f., its exact counterparin (2) has only 51 €quivalence between (13) and (14), jet: 0 be the Lagrange
real d.o.f. Projecting? onto this reduced-dimensional subspac@ultiplier associated with the inequality constraint®mn (13);
before using it in any suboptimal localization technique will inthe standard Lagrange duality applied to the convex problem
crease the performance. (13) then says that it is equivalent to

In [5] , this operation is calledectificatior it is shown how C 1 5 T T
such a projection can be achieved in an approximate way, and oo X 2 1Y = FXlz + hedyy X — p” X. (16)
the corresponding gain in performance for a MUSIC-type algo- ) N S - _
rithm is highlighted. In this Appendix, we show that the beam®ince I* " is only positive semidefinite, the minimum K
former actually performs such a projection, or more precisefjiay not be finite for alj, > 0, but these cases can be ignored
the outputs of the beamformer are the same when Ugiogk,  Since we will take the maximum ip. The minimum inX" is
its projection on this subspace. Since the output of the beafiite if and only if there is an¥ satisfying
former d(¢)* Rd(¢)* can be rewritten {fRd(¢)d(¢)*), where

T /) e _
tr(-) is the trace operator, one has to establish that —F (Y = PX) +heyry —p=0

and all X's satisfying this relation yield the minimum. Substi-
” #\ el B " tuting this relation premultiplied byX7" into (16), one gets the
t(Bd(¢)d(¢)") = U(Lpd(@)d(9)"). following equivalent form:
The proof uses the fact thatt3* is ainner product on the set max L XTFTpX + LyTY
of square matrices that corresponds to the usual Euclidean inner Xu>02 2
product when matrices are considered\&sdimensional vec- subiect to
tors. Denoting wittP the operator that achieves the desired pro- )
jection, one has not onlf & = K, by definition, butPRk = R FT(f/ — FX)=heyq1 — 1t
as well, andPd(¢)d(¢)* = d(¢p)d(¢)* sinceR andd(¢)d(o)*
already belong to the subspace. To establish the result, we suRere the maximum is taken over bothandy > 0. As V7Y

cessively write is a constant, it can be ignored in the criterion. Finally, elimi-
nating, > 0 from the equality constraint transforms it into the
R R R inequality constraint in (14) and establishes the equivalence of
r(Bd(¢)d(¢)") =w(RPd($)d(¢)") = t(d(¢)d(¢)"PE)  (13) and (14).
= tr(Ryd($)d()")
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