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ABSTRACT with [|z||o the number of non-zero entries in by the fol-

_ o lowing easy-to-solve optimization problem :
We present some results obtained recently in signal process-

ing in the so-called “sparse representations” domain and in- min |jz|; subjectto Az =10 (LP)

dicate how they can be applied to a very specific and lim- *

ited problem in realization theory. This is mainly to bring i.e., to minimize the/; norm of = instead of the sparsity
these type of results to the knowledge of this community. itself. Here and belowz || denotes thé;, norm of a vector
Other applications in order estimation for instance are po- z, defined ag|z|, = {37" |z;|*}'/* for k > 1. The
tentially feasible. The basic problem is the following: given problem is then to determine sufficient conditions for the

a (n, m)-matrix A with m > n and a vectob = Az, two criteria to have the same unique solution. This problem
with x, havingp non-zero components, find sufficient con- has been initiated in [2] and developed since then by several
ditions forz, to be the unique sparsest solutionhf = b, other authors, e.g., [3, 4, 5].

the answer is a upper-bound prdepending upom. We Notice that we denote this optimization problem by (LP)
present as application the realization of a partial covariancethough it is not a linear program in standard form. It is of
sequences. course easy to put it in the the standard form and since its

optimum is then always (also) attained at a basic feasible
solution to deduce that there is a optimum that has at most
n non-zero components. here assuming that there exists a
far sparser admissible point,, one seeks conditions under
which z, is the (degenerate) optimum of (LP) [6].

Sufficient conditions under which this is the case admit
different expressions according to the assumptions one is

1. INTRODUCTION

Sparse approximation is the problem of finding a represen-
tation of a signal or a function as a linear combination of

a small number of elements from an over-complete set of
vectors, signals or functions often called a dictionary or a willing to make. If the emphasis is on sparsity one generally

redunda_mt basis. Indeed several problems are of 'ntereshormalizes the columns; of A to one in Euclidean norm
depending on the context. One may seek the sparsest ex:

. . ) and introduces the mutual coherence [2]
act representation of a signal in terms of the elements or
the representation of a given complexity that minimizes a M = max |aiT ajl, (1)
certain approximation error or the sparsest representation Isizjsm

that yields an approximation error smaller than a specified of the dictionary whose components are the columnd.of

threshold. The smallerM, the less coherent are the components of the
Some results concerning the first of these questions haveictionary andM = 0 if and only if the columns are or-
been obtained recently. Given amifx)-matrix A with m > thogonal. It is worthwhile to know that there are indeed re-

n and a vectob that indeed admits an exact sparse represen-dundant dictionaries withn ~ n? components and mutual
tation, sayb = Aw,, it has been shown that if the number coherencels ~ L [8, 9].

n

of non-zero entries im,, is smaller than a given bound, then Itis shown in [3, 4, 5] that if
x, is the unique sparsest representation.

Since searching for the sparsest representation is a non- zo]lo < 1(1 + i) 2)
polynomial (NP) hard problem [1] that can only be solved 2 M
by exhaustive search, one is tempted to replace the truahenz, is the unique sparsest representatior dfiat can
search for the sparsest solution : furthermore be recovered by solving (LP) with= Ax,,.

_ It is worth noting that (2) is independent of the magni-
min [|z[lo ~ subjectto Az =b (Po) tudes of the nonzero entries of. Being able to recover,



appears to be only a matter of structure, of angles betweenwvhere1 denotes a column vector of ones of adequate di-

vectors. This is similar to what happens with identifiability mension. To get the optimality conditions in a convenient

conditions in estimation theory or observability conditions form we introduce the dual of this linear program [6]:

in systems theory. It is only in the presence of noise, when

b = Az, + e with e a vector of white Gaussian noise for max b"d subjectto ATd <1 (DLP+)

instance that the magnitudes of the non-zero components in

x, come into play [7]. For givenb, let z, > 0 be a feasible point of (LP+), we
denotez, the reduced dimensional vector built with the

2. AN APPLICATION IN REALIZATION THEORY strictly positive components im, and A, the matrix built
with the corresponding columns of, one thus has, e.g.,

Here we will consider a very specifi¢ matrix and restrict ~ Azo = AoZo, = b. Standard duality theory for convex pro-
our attention to the case where the weightscinused to ~ grams then says that the poiry is an optimum of (LP+)
build the observed vectdr= AJ:O are known to be greater if and Only if there eXiStS, Sayo, a dual feasible pOint that
than or equal to zero. The sign restriction on the weights achieves the same cost, i.e.
changes quite drastically the nature of the problem and the
condition under which recovery is possible we will obtain
will be quite different from (2).

We will consider the case where thematrix is a Van-
dermonde matrix whose columns, we denote), are of
the form

Id, > ATd, <1and1”z, =b"d,

This pointd, is then an optimum of (DLP+). Furthermore
both optima are unique if no constraint of the dual is degen-
erate, i.e.adeo <1 Vaj ¢ A,. Tosummarize one has the
following proposition.
v =1 aad® ... " ... a1, ol <1 (3) ) ) . ) .
Lemma 1: The pointz, is the unique optimum of (LP+) if
The reason for considering solving (LP) with suchama-

trix is that it is a preliminary step towards the realization of Jdo > 17z, =b0"dy, Aldy =1 4)
a partial covariance sequence of a stationary time series of and adeo <1, Va; ¢ A, ]
finite order.

Indeed ifb contains the exact partial covariance sequenceThis is only a sufficient condition for uniqueness but since
of a stationary stochastic process that is an opdeutore- the solution of the primal linear program (LP+) is degener-
gressive (AR(p)) process which is further known to have ate, i.e. ||z,|[oc < n, one cannot expect a stronger result.
only distinct real poles belonging to a known grid in the in- When the optimum of the primal is degenerate the optimum

terval] — 1, 1[, then of the dual (DLP+) is undetermined and this also signifies
that the primal isunstable, i.e., even the slightest perturba-
b— i —— tion of b will lead to a drastic change in the optimum of the
A primal. The optimum of the primal will loose its sparsity in
=t a fully unpredictable way.
and we will find the conditions that guarantee that the opti-  In the sequel we will apply Lemma 1 to the specific
mum of the sign-restricted (LP) yields precisely the minimal A matrix whose columns are given by (3). In [4], it is
realization of this partial covariance sequence. shown that when applied to arbitrary matrices with normal-

In section 3, we collect all the results from linear pro- ized columns, the conditions of the lemma become condi-
gramming theory we need in the sequel, in section 4 wetion (2). We will not assume the columns ito be nor-
get the conditions under which the sought-for the solution malized.
is the unique solution to (LP). In section 5 we explain the

links between the results obtained in section 4 and realiza- 4. SUEFICIENT CONDITION FOR RECOVERY
tion theory, we present some further remarks in section 6

and conclude in section 7. The (v,m)-matrix A hasm columns denoted(«;) defined
in (3) with «; havingm distinct values taken for instance on
3. OPTIMALITY CONDITIONS FOR (LP) aregular gridif — 1, 1[. The matrixA is known as a Van-

dermonde matrix. We seek sufficient conditions|ja||,,
Since we assume the weightsito be greater than or equal under which the solution of (LP+) with = Az, is unique
to zero, the linear program (LP) minimizing tdg-norm  and equal tar, which is assumed to satisfy, > 0. It hap-
becomes pens that the conditions we will get are independentqof
and on the way then distinct valuesy; are taken. They
min 1"z subjectto Az=b and z>0  (LP+) only depend upom the number of observations. We prove



the following results.

Lemma 2: For A an (n,m)-Vandermonde-matrix with dis-
tinct columns, the sparsest solution{tdz = b, > 0 }
and to (LP+) is unique ib = Ax, with z, > 0 and

n—1

) ©®)

where| z] denotes the nearest integer thatis. O

[zollo < [

Proof: We indicate how to construct a vectdy satisfying

(4). With an arbitrary vectof = [ fo f1 ... fa_1]® we
associate the polynomial
F(a) = ffo(a) = fo+ fia+ o + fpora™™!

The idea is to build a polynomial in that is zero on the
valuesay, to be preserved and strictly positive elsewhere.

With a givenay, one associateg,, (o) = —ai + «
whose squareP? («) = aj — 2o+ o is then such that
P2 (a) >0, Vo # o and P2, (ay) = 0. But P2 (o)
fF () with

ff=[a} =20, 100 ... 0]
and the vectod” = [1000 ... 0]— fI then satisfies
conditions (4) ifA, = [v(cv)].

If there arep columns ind,, one proceeds similarly and
one builds the polynomiaP?(a) = [} P2 (c). This poly-
nomial has degreep, the associated vectgr has2p + 1
non-zero components and so has the sought for vettor
The bound (5) then follows by writing that the number of
non-zero components thhas to be smaller than or equal to
the dimensiom of d. O

Note that the bound (5) does not dependhothe num-
ber of columns ind4 and holds for both un-normalized or
normalizedv(«) columns (3) since the proof remains valid
if the columns are normalized.

To fix ideas, we assumed that the's are equispaced
in] — 1, 1[ but this is nowhere used in the proof and can

be relaxed. On the opposite, the assumption on the signb = Az,

of the weights £ > 0) is essential in our proof and seems

necessary if one wants to improve the bound from (2) to (5)

in the linear programming context.

5. COMMENTS AND LINKS WITH PARTIAL
REALIZATION THEORY

The bound (5) we obtained, is the one that guarantees th

solving the linear program (LP) will yield thgod solution.
The necessary and sufficient bound|pn||o for z, to

be the unique sparsest solutionde = Ax, (true sparsity

and not just; -sparsity) is easy to obtain in this case. Since
for (n, m)-dimensional Vandermonde matrices with distinct

columns all sets of. column-vectors are linearly indepen-
dent, the vectors in the kernel dfhave at least + 1 non-
zero components and it follows that the expected bound is

n
[zollo < [§J

Itis identical to (5) for odd: and slightly better for even
n. This may be the price to pay (in addition to the sign con-
straint) to recover, without an exhaustive combinatorial
search.

The bound (5) is also the one, one obtains fromrthe
alization theoryof a partial covariance sequence[10]. The
components i are assumed to be the first elements of the
covariance sequence of a stationary autoregressive process
of order sayp (AR(p)) having single real poles. The square
Hankel matrix built with then samples of the covariance
sequence i is of maximal orderl 24! | and it is rank de-
ficientifp < 2] — 1 = |21 ], compare with (5). One
can then recover thg polesa; by rooting the polynomial
associated with any vector in its kernel.

The algorithm to be used to recover thgs, searching
for eigenvectors and the roots of a polynomial, is now more
complex and of a quite different nature than solving a lin-
ear program, but in this context the roots need not be real,
simple and lying on a grid.

6. REMARKS ON THE UNIQUENESS OF THE
SOLUTION

The result we established in Lemma 2 is valid for both nor-
malized or un-normalized columns . In the last case,
see (3), the first row ofd is filled with ones and the first
equation inAx = bis 172 = b(1) whereb(1) denotes the
first component ob. Since the criterion in (LP+) is precise-
ly min 17z, this means that all admissible points have the
same cosb(1). Since we proved uniqueness of the optimal
solution, we actually established uniqueness of the admissi-
ble points.
Lemma 3: For A a (n,m)-Vandermonde matrix with dis-
tinct columns, the solution tAz = b, = > 0} is unique if
with z, > 0 and

lzollo < 1" 5]
where| z] denotes the nearest integer thatis. O

This actually means that the cost function in (LP) is ac-
cessory, solving (LP) is just a mean to find the unique ad-
missible point. Indeed one can reach the same conclusion

a¥vithout specifying any cost function by observing that the

vector f we introduced in the proof of Lemma 2 verifies the
following proposition:

Proposition: The solutionz, of {Az = b, x > 0} with
b= Az, = A,Z, is unique if

3f > Alf=0 anda, f>0Va; ¢ A, (6)
with 4, a full column rank matrix. O



This result applies only foflz,|l0 < n, since otherwise
f = 0. This proposition is a consequence of the following
lemma we will prove.

Lemma 4: The j-th component of all points in the set, as-
sumed to be non-emptyAx = b, x > 0} is zero if and
onlyif 3f > bTf=0, ATf>0, a f>0. ]

Proof: To establish the necessity of the condition, one in-
troduces the linear program
min feJTx subjecttodz =b, >0
with e; is the j-th column of the identity matrix. Its dual is
max b7 d subject toA”d < —e;.
With z, the optimum of the primal, that exists by assump-
tion and has cost zero, one can then associgtan op-
timum of the dual which satisfie’dy = —elz, = 0,
ATdy < 0 andajdy < —1. One then takeg = —d, to
establish the result. The condition is sufficient since it im-
plies fT Az = fTb = 0. But fT” Az = O with fTA > 0and
xz > 0inturn implies thateij = 0 wheneverfTa; > 0. O
The proposition then follows from Lemma 4 and the as-
sumption thatd, is a full column rank matrix.
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