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ABSTRACT

We present some results obtained recently in signal process-
ing in the so-called “sparse representations” domain and in-
dicate how they can be applied to a very specific and lim-
ited problem in realization theory. This is mainly to bring
these type of results to the knowledge of this community.
Other applications in order estimation for instance are po-
tentially feasible. The basic problem is the following: given
a (n, m)-matrix A with m > n and a vectorb = Axo
with xo havingp non-zero components, find sufficient con-
ditions forxo to be the unique sparsest solution ofAx = b,
the answer is a upper-bound onp depending uponA. We
present as application the realization of a partial covariance
sequences.

1. INTRODUCTION

Sparse approximation is the problem of finding a represen-
tation of a signal or a function as a linear combination of
a small number of elements from an over-complete set of
vectors, signals or functions often called a dictionary or a
redundant basis. Indeed several problems are of interest
depending on the context. One may seek the sparsest ex-
act representation of a signal in terms of the elements or
the representation of a given complexity that minimizes a
certain approximation error or the sparsest representation
that yields an approximation error smaller than a specified
threshold.

Some results concerning the first of these questions have
been obtained recently. Given an (n,m)-matrixA withm >
n and a vectorb that indeed admits an exact sparse represen-
tation, sayb = Axo, it has been shown that if the number
of non-zero entries inxo is smaller than a given bound, then
xo is the unique sparsest representation.

Since searching for the sparsest representation is a non-
polynomial (NP) hard problem [1] that can only be solved
by exhaustive search, one is tempted to replace the true
search for the sparsest solution :

min
x
‖x‖0 subject to Ax = b (P0)

with ‖x‖0 the number of non-zero entries inx, by the fol-
lowing easy-to-solve optimization problem :

min
x
‖x‖1 subject to Ax = b (LP )

i.e., to minimize thè 1 norm of x instead of the sparsity
itself. Here and below‖x‖k denotes thèk norm of a vector
x, defined as‖x‖k = {

∑m
1 |xj |k}1/k for k ≥ 1. The

problem is then to determine sufficient conditions for the
two criteria to have the same unique solution. This problem
has been initiated in [2] and developed since then by several
other authors, e.g., [3, 4, 5].

Notice that we denote this optimization problem by (LP)
though it is not a linear program in standard form. It is of
course easy to put it in the the standard form and since its
optimum is then always (also) attained at a basic feasible
solution to deduce that there is a optimum that has at most
n non-zero components. here assuming that there exists a
far sparser admissible pointxo, one seeks conditions under
whichxo is the (degenerate) optimum of (LP) [6].

Sufficient conditions under which this is the case admit
different expressions according to the assumptions one is
willing to make. If the emphasis is on sparsity one generally
normalizes the columnsaj of A to one in Euclidean norm
and introduces the mutual coherence [2]

M = max
1≤i 6=j≤m

|aTi aj |, (1)

of the dictionary whose components are the columns ofA.
The smallerM , the less coherent are the components of the
dictionary andM = 0 if and only if the columns are or-
thogonal. It is worthwhile to know that there are indeed re-
dundant dictionaries withm ' n2 components and mutual
coherenceM ' 1√

n
[8, 9].

It is shown in [3, 4, 5] that if

‖xo‖0 <
1
2

(1 +
1
M

) (2)

thenxo is the unique sparsest representation ofb that can
furthermore be recovered by solving (LP) withb = Axo.

It is worth noting that (2) is independent of the magni-
tudes of the nonzero entries ofxo. Being able to recoverxo



appears to be only a matter of structure, of angles between
vectors. This is similar to what happens with identifiability
conditions in estimation theory or observability conditions
in systems theory. It is only in the presence of noise, when
b = Axo + e with e a vector of white Gaussian noise for
instance that the magnitudes of the non-zero components in
xo come into play [7].

2. AN APPLICATION IN REALIZATION THEORY

Here we will consider a very specificA matrix and restrict
our attention to the case where the weights inxo used to
build the observed vectorb = Axo are known to be greater
than or equal to zero. The sign restriction on the weights
changes quite drastically the nature of the problem and the
condition under which recovery is possible we will obtain
will be quite different from (2).

We will consider the case where theA matrix is a Van-
dermonde matrix whose columns, we denotev(α), are of
the form

v(α)T = [1 α α2 ... αk ... αn−1], |α| < 1 (3)

The reason for considering solving (LP) with such anAma-
trix is that it is a preliminary step towards the realization of
a partial covariance sequence of a stationary time series of
finite order.

Indeed ifb contains the exact partial covariance sequence
of a stationary stochastic process that is an order-p autore-
gressive (AR(p)) process which is further known to have
only distinct real poles belonging to a known grid in the in-
terval]− 1, 1[, then

b =
p∑
j=1

xijv(αij )

and we will find the conditions that guarantee that the opti-
mum of the sign-restricted (LP) yields precisely the minimal
realization of this partial covariance sequence.

In section 3, we collect all the results from linear pro-
gramming theory we need in the sequel, in section 4 we
get the conditions under which the sought-for the solution
is the unique solution to (LP). In section 5 we explain the
links between the results obtained in section 4 and realiza-
tion theory, we present some further remarks in section 6
and conclude in section 7.

3. OPTIMALITY CONDITIONS FOR (LP)

Since we assume the weights inx to be greater than or equal
to zero, the linear program (LP) minimizing the`1-norm
becomes

min
x

1Tx subject to Ax = b and x ≥ 0 (LP+)

where1 denotes a column vector of ones of adequate di-
mension. To get the optimality conditions in a convenient
form we introduce the dual of this linear program [6]:

max
d

bT d subject to AT d ≤ 1 (DLP+)

For givenb, let xo ≥ 0 be a feasible point of (LP+), we
denotex̄o the reduced dimensional vector built with the
strictly positive components inxo andĀo the matrix built
with the corresponding columns ofA, one thus has, e.g.,
Axo = Āox̄o = b. Standard duality theory for convex pro-
grams then says that the pointxo is an optimum of (LP+)
if and only if there exists, saydo, a dual feasible point that
achieves the same cost, i.e.

∃do 3 AT do ≤ 1 and1Txo = bT do

This pointdo is then an optimum of (DLP+). Furthermore
both optima are unique if no constraint of the dual is degen-
erate, i.e.,aTj do < 1 ∀aj /∈ Āo. To summarize one has the
following proposition.

Lemma 1: The pointxo is the unique optimum of (LP+) if

∃ do 3 1Txo = bT do, Ā
T
o do = 1 (4)

and aTj do < 1, ∀aj /∈ Āo 2

This is only a sufficient condition for uniqueness but since
the solution of the primal linear program (LP+) is degener-
ate, i.e. ‖xo‖0 < n, one cannot expect a stronger result.
When the optimum of the primal is degenerate the optimum
of the dual (DLP+) is undetermined and this also signifies
that the primal isunstable, i.e., even the slightest perturba-
tion of b will lead to a drastic change in the optimum of the
primal. The optimum of the primal will loose its sparsity in
a fully unpredictable way.

In the sequel we will apply Lemma 1 to the specific
A matrix whose columns are given by (3). In [4], it is
shown that when applied to arbitrary matrices with normal-
ized columns, the conditions of the lemma become condi-
tion (2). We will not assume the columns inA to be nor-
malized.

4. SUFFICIENT CONDITION FOR RECOVERY

The (n,m)-matrixA hasm columns denotedv(αi) defined
in (3) withαi havingm distinct values taken for instance on
a regular grid in]− 1, 1[. The matrixA is known as a Van-
dermonde matrix. We seek sufficient conditions on‖xo‖o,
under which the solution of (LP+) withb = Axo is unique
and equal toxo which is assumed to satisfyxo ≥ 0. It hap-
pens that the conditions we will get are independent ofm
and on the way them distinct valuesαi are taken. They
only depend uponn the number of observations. We prove



the following results.

Lemma 2: ForA an (n,m)-Vandermonde-matrix with dis-
tinct columns, the sparsest solution to{Ax = b, x ≥ 0 }
and to (LP+) is unique ifb = Axo with xo ≥ 0 and

‖xo‖0 ≤ b
n− 1

2
c (5)

wherebzc denotes the nearest integer that is≤ z. 2

Proof: We indicate how to construct a vectordo satisfying
(4). With an arbitrary vectorf = [ f0 f1 ... fn−1]T we
associate the polynomial

F (α) = fT v(α) = f0 + f1α+ .. + fn−1α
n−1

The idea is to build a polynomial inα that is zero on the
valuesαk to be preserved and strictly positive elsewhere.

With a givenαk, one associatesPαk(α) = −αk + α
whose square:P 2

αk
(α) = α2

k− 2αkα+α2 is then such that
P 2
αk

(α) > 0, ∀α 6= αk andP 2
αk

(αk) = 0. ButP 2
αk

(α) =
fTk v(α) with

fTk = [ α2
k − 2αk 1 0 0 ... 0 ]

and the vectordT = [ 1 0 0 0 ... 0 ] − fTk then satisfies
conditions (4) ifĀo = [v(αk)].

If there arep columns inĀo, one proceeds similarly and
one builds the polynomialP 2(α) =

∏p
1 P

2
αk

(α). This poly-
nomial has degree2p, the associated vectorf has2p + 1
non-zero components and so has the sought for vectord.
The bound (5) then follows by writing that the number of
non-zero components ind has to be smaller than or equal to
the dimensionn of d. 2

Note that the bound (5) does not depend onm the num-
ber of columns inA and holds for both un-normalized or
normalizedv(α) columns (3) since the proof remains valid
if the columns are normalized.

To fix ideas, we assumed that theαi’s are equispaced
in ] − 1, 1[ but this is nowhere used in the proof and can
be relaxed. On the opposite, the assumption on the sign
of the weights (x ≥ 0) is essential in our proof and seems
necessary if one wants to improve the bound from (2) to (5)
in the linear programming context.

5. COMMENTS AND LINKS WITH PARTIAL
REALIZATION THEORY

The bound (5) we obtained, is the one that guarantees that
solving the linear program (LP) will yield thegood solution.

The necessary and sufficient bound on‖xo‖0 for xo to
be the unique sparsest solution toAx = Axo (true sparsity
and not just̀ 1-sparsity) is easy to obtain in this case. Since
for (n, m)-dimensional Vandermonde matrices with distinct
columns all sets ofn column-vectors are linearly indepen-
dent, the vectors in the kernel ofA have at leastn+ 1 non-
zero components and it follows that the expected bound is

‖xo‖0 ≤ b
n

2
c

It is identical to (5) for oddn and slightly better for even
n. This may be the price to pay (in addition to the sign con-
straint) to recoverxo without an exhaustive combinatorial
search.

The bound (5) is also the one, one obtains from there-
alization theoryof a partial covariance sequence[10]. The
components inb are assumed to be the first elements of the
covariance sequence of a stationary autoregressive process
of order sayp (AR(p)) having single real poles. The square
Hankel matrix built with then samples of the covariance
sequence inb is of maximal orderbn+1

2 c and it is rank de-
ficient if p ≤ bn+1

2 c − 1 = bn−1
2 c, compare with (5). One

can then recover thep polesαi by rooting the polynomial
associated with any vector in its kernel.

The algorithm to be used to recover theαi’s, searching
for eigenvectors and the roots of a polynomial, is now more
complex and of a quite different nature than solving a lin-
ear program, but in this context the roots need not be real,
simple and lying on a grid.

6. REMARKS ON THE UNIQUENESS OF THE
SOLUTION

The result we established in Lemma 2 is valid for both nor-
malized or un-normalized columns inA. In the last case,
see (3), the first row ofA is filled with ones and the first
equation inAx = b is 1Tx = b(1) whereb(1) denotes the
first component ofb. Since the criterion in (LP+) is precise-
ly min 1Tx, this means that all admissible points have the
same costb(1). Since we proved uniqueness of the optimal
solution, we actually established uniqueness of the admissi-
ble points.
Lemma 3: ForA a (n,m)-Vandermonde matrix with dis-
tinct columns, the solution to{Ax = b, x ≥ 0} is unique if
b = Axo with xo ≥ 0 and

‖xo‖0 ≤ b
n− 1

2
c

wherebzc denotes the nearest integer that is≤ z. 2

This actually means that the cost function in (LP) is ac-
cessory, solving (LP) is just a mean to find the unique ad-
missible point. Indeed one can reach the same conclusion
without specifying any cost function by observing that the
vectorf we introduced in the proof of Lemma 2 verifies the
following proposition:

Proposition: The solutionxo of {Ax = b, x ≥ 0} with
b = Axo = Āox̄o is unique if

∃f 3 ĀTo f = 0 and aTj f > 0 ∀aj /∈ Āo (6)

with Āo a full column rank matrix. 2



This result applies only for‖xo‖0 < n, since otherwise
f = 0. This proposition is a consequence of the following
lemma we will prove.
Lemma 4: The j-th component of all points in the set, as-
sumed to be non-empty,{Ax = b, x ≥ 0} is zero if and
only if ∃f 3 bT f = 0, AT f ≥ 0, aTj f > 0. 2

Proof: To establish the necessity of the condition, one in-
troduces the linear program

min−eTj x subject toAx = b, x ≥ 0
with ej is the j-th column of the identity matrix. Its dual is

max bT d subject toAT d ≤ −ej .
With xo the optimum of the primal, that exists by assump-
tion and has cost zero, one can then associatedo an op-
timum of the dual which satisfiesbT d0 = −eTj xo = 0,
AT d0 ≤ 0 andaTj d0 ≤ −1. One then takesf = −do to
establish the result. The condition is sufficient since it im-
pliesfTAx = fT b = 0. ButfTAx = 0 with fTA ≥ 0 and
x ≥ 0 in turn implies thateTj x = 0 wheneverfTaj > 0. 2

The proposition then follows from Lemma 4 and the as-
sumption thatĀo is a full column rank matrix.

7. CONCLUSIONS

We have shown that results recently developed in the ’sparse
representations’ context can be used in realization theory.
The application we proposed is quite simple but other ap-
plications can be developed. The same analysis performed
in the presence of noise would correspond to the case where
one tempts to simultaneously estimate the order and identi-
fy the coefficients of an AR process using estimates of the
partial covariance sequence. The same could possibly be
done for ARMA processes. The interest lies however more
in fact that one substitutes solving a linear program to com-
puting eigenvalues, eigenvectors, rooting polynomials, two
completely different kind of operations.

A similar analysis can be performed whenA is a real
Fourier matrix with columns

s(ω) =
1
2

(v(eiω) + v(e−iω))

= [1 cosω cos 2ω ... cos kω ... cos(n− 1)ω]T .

indeed sinces(ω) can be written asTv(cos(ω) with T a
square lower-triangular invertible matrix built upon the co-
efficients of the Tchebychev polynomials, the two problem
are equivalent. In this trigonometric context, the unicity re-
sult above has to be related to a trigonometric moment prob-
lem solved by Caratheodory [11].

One can also note that the results in Lemmas 1, 2 and
3 can also recovered using ideas from the theory of convex
polytopes [12] or more precisely from the notion ofk −
neighbourly polytopes mainly developed by Gale [13] and
applied to this context by Donoho [14].
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