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Minimal Lq-Norm Reconstruction Function There are actually two different optimization problems each associ-
for Oversampled Signals: Applications to ated with one of the two different interpretations of ((1), (2)). One can
Time-Delay Estimation either consider the minimization of ti& -norm of the reconstruction
function:min [ [¢(¢)|dt or the minimization of the’; -norm of the
Jean-Jacques Fuchdember, IEEEand Bernard Delyon sequence of weightsnin 3~ |¢(t — nh)| the solution of which de-

pends uport € [0, h[. There is a strong link between both problems.

) ) Since, by Fubini's theorem
Abstract—We consider the problem of the reconstruction of an over-

sampled band-limited signal and obtain an explicit expression for the re- h ’ /
construction function with minimal L -norm. It has good sparseness and / >l —nh)dt = / o (t) dt
localization properties that recommends its use in time-delay estimation 0y

OO
—o0

but the result may be of interest in other domains. Compared to the stan- L .
dard sine cardinal reconstruction function, its rate of decrease is almostone ON€ Can argue that, asaries in[0), h.[, the solutions of thé, problem
order of magnitude higher. define a functiony which is a solution of thd.; problem.

Index Terms—Minimal L-norm, oversampling, signal reconstruction, We primarily sought this §o|uti0n in order to apply it.to a time-delay
time-delay estimation. estimation problem [6] that is commonly encountered in radar, sonar, or
geophysics. In this context, one expects this criterion to yield a sparse
solution to an underdetermined system of linear equations. As such, it
I. INTRODUCTION has also been applied to the general class of linear inverse problems
The well-known Whittaker—Shannon interpolation theorem [1]—[:1]7]- - o o
states that if a signal(t) is band-limited, i.e., if its Fourier transform T_he specific tlme-de_lay estlr_natlon prqblem we conS|der_|s the fol-
3(f) satisfiess(£) = 0 for | f| > 1/2, it can be reconstructed from its lowing. A known bandlimited signal(¢) with maximal sampling pe-

sampless(nh) provided the sampling peridd satisfiesh < 1 riod » = 1 is observed through more than one path
»
+oo : &
o ' sin (7 (t — nh)) y(t) = Z aps(t — 7). (3)
s(t) = n;m5(7llz)w =
too Observing{y(t)}, one wants to detect the number of paths or replicas
= > s(nh)sinc <—7 (t— nh)) : (1) P andto estimate their characterist{es,, 7,, }. We ignore here the fact

n=—oc

that noise may be present and to get a clear link with the reconstruc-

This relation can be interpreted in two different ways. It says how, f&on problem we consider the case of a single replica with unit ampli-

a fixed value oft, s(¢) can be reconstructed as a weighted sum of thtgddel.(ln th's ca;se, tr;e probtlgmtred?i:hes éo Iobsoeryimg ~ ';'(I?t_'Tz
sampless(nh) and it indicates how the whole functiori¢) can be and knowings (f), get an estimate of the delay One possibility is to

reconstructed as a sum of scaled, shifted, and weighted sine cardfﬁanStrUCt the observationt) using shifted versions of the known

signals(t), i.e., to seek the weightse,, } in

functions.
While, for h = 1, the gxpansion 1) .is unique, if the signal is over- y(t) = s(t — 1) = Z s(t — nh)wn. (4)
sampled s < 1), other similar expansions of the form -
+o0 Comparing this relation with (2) yields, = «'(nh — 7). The weights
s(t) = Z s(nh)v(t — nh) (2)  {x,} that allow for perfect reconstruction are thus samples from a re-
n=—oo construction functior(t). An estimate of- can then be deduced from

exist, with the reconstruction functian(t) independent of the signal the location of the maximum of thesg we_lghts or b_etter fror_n’the loca-
tion of the maximum of the underlying interpolating functigrt¢).

Z(Sflz] F?Jrsil th:e i\// thzg:rr:s::gc;’ t?}geog?jnsg?r\]”?gslzrrig?nnsgim)conyg >C<jget apreciseestimate it will be helpful to have the mdsicalized
9l P P g any rapidly decreasing reconstruction functionWe thus decide to

combinations of_these t\/yo expansmns._Recon;tructlon functlon_s (ﬁf\]keh — 1/¢ small and try to estimate samples fronioaalizedin-
ferent from the sinc function can be obtained using wavelet technlqt{es . . g . -
erpolating functiory)(¢). Since we will show later that the minimal

(4], [5].

In the sequel, we will restrict ourselves to sampling periods of tt}L
form 7 = 1/¢ with the intege¥ defined as the oversampling factor. For
£ large, one then expects the existencloélizedreconstruction func- min Z |2 | Subject toy(t) = Zs(t —n/0x, fore>1
tions that decrease rapidly to zero. Though an infinite number of terms -

will always be required for exact reconstruction, approximate recon-dt t {imate off th btained | f ot
struction should be feasible with a small number of samples Wlgn and to get an estimate offrom the so-obtained samplés.. } of ¢/ ().

large. We will present an analytic expression of the minidanorm In the next section, we present the main result of this correspondence

reconstruction function. It is such quilecalizedreconstruction func- in a more abstract setting with the more technical part presented in the
Appendix. In Section Ill, we come back to the time-delay estimation

1-norm reconstruction function is quilecalized we propose to solve
fe following minimal¢; -norm problem:

n

tion. .
context and more generally to the sparseness issues.
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riod h = 1/¢, the discrete-time Fourier transforga(f) of the se- ( sample points is used. The functigri¢) thus actually vanishes on

qguence{s(nh)} large intervals. This property, as we shall prove, is actually preserved
F) +Z><> (nhye 2T - for aperiodics(¢) functions
S = s\nn)e
’ W v(t)=0for [t € | J }H;Hﬂ. )
is an even periodic function with period equalftahat is identical to k>0 )
L5(f) for |f] < 1/2[2], [3]. This implies that it vanishes outside theSee the upper-left part of Fig. 6.
following intervals: Indeed, it may be true that both support conditions (condition (7) in
. 1 1 the Fourier domain and condition (9) in the time domain) completely
sa(f) =0, for f ¢ U } bk — 2’ th + 2| (6)  define the optimum of (8), since they seem to fix all the available de-
k

Jrees of freedom. However, finding the (or a) function satisfying these
conditions is again difficult to achieve.
In order to find the potential solution, one should first observe that

Since the reconstruction formula (2) can be seen as a discrete
volution product, the following relation holds:

) 5(f) = sa( () the well-known infinite product expression feim 7

wherey ( f), the Fourier transform af (¢), is an even function for sym- Gin e — T H (1 _ J_)

metry reasons. Sinde ( f) satisfies (6) and(f) vanishes foff| > 1, S - o n

for this relation to holdy)(f) must safisfy says thatin 7z is a “polynomial” that vanishes af. The sine cardinal
O(f)y=1/t: fe€ {_ l l} function is then the “polynomial” that vanishes at these same points ex-

2°2 cept for the origin were it is equal to one. This means that the shifted

- 1 1 sine cardinal functions can be seen as the Lagrangian polynomials on
Y =0: bk — =, tk+=|. 7 . . )
vif) fe kL;JO { 2’ + 2} ) Z and the Whittaker-Shannon interpolation formula (1) as Lagrange’s

These support conditions characterize the set of all interpolating furfdt€rPolation formula [2], [8]. Knowing from the computer experimen-
tions ¢/(¢). See the upper-right part of Fig. 6. We now seek, amo tions exactly which points have to be used, it is possible to write a

these functions, the one with minim&| norm. i.e., the solution of the similar Lagrange’s interpolation formula. For instance, one can observe

following functional optimization problem: that forr € (0,1/¢), the set of interpolation points &_ | J(Z+ + }f).
- The function which cancels exactly on this set is

Min/ |t (¢)|dt  s.t. the constraints (7) o) 1
nNr)y= —
- . . ! T(T(L = &
wherey( f) is the Fourier transform of (¢). (8) , (@)0(z — )
) i . and from Lagrange’s formula one gets

Remember that we expect the solution to becalizedfunction that

decreases rapidly to zero. , 1 33 g
: = slk+-) —— s(k
Note that the minimalL. norm solution under the same constraints (1) = (1) Z : < + ) r—k-1% + Z (k) T—k

k>0 ¢ k<0

is easy to find. By Parseval’'s equality, it is the function whose Fourier . , . . . ) .
transform is equal td/¢ on[—1/2, 1/2] and zero elsewhere. It is thuswhereouC is the value ol /¢ at the interpolation point [2]. With a little

(1/¢)sinc (¢), thestandardsine cardinal function divided b§; and is algebra, this’can be _rewritten as ‘F‘ ). The_ difficglty hqwever Is that
probably the leasbcalizedinterpolating function. It should not be (:on-for 7 € (1/(,2/f), a different set of interpolation points will be chosen

fused withy'(#) = sinc (£) which also satisfies (7) and is tisealed (obviously the previous one translatedb¥/). A precise statement of

sine cardinal function that takes the oversampling into account. No%i,S resultis given in the following theorem whose proof is given in the

however, that the rate of decrease of both functiodg#swhile it is of ppendix.
ordert~***/! for the optimum of (8), as we shall see. A Reconstruction Theorem for Oversampled Signals
o ] Let s(¢) be a deterministic signal whose Fourier transform van-

B. The MinimalZ, Norm Solution ishes for|f| > 1. For an integer oversampling ratio i.e., at

To get some insight on the optimum, we consider the easier situa- a rate of¢ samples per second, a reconstruction functign),
tion where the functior(t) to be interpolated is periodic with integer which is such that
period N. Exact reconstruction of(¢+ — 7) for 7 € [0,1/¢] is then > i\ J
possible with(¢ V') samples:(k /() and the problem becomes finite-di- s(t) = Z 5 <_) v <t h Z)

— l
mensional. For fixed-, the minimization of the; norm of the corre- - e
- B that has minimalL; norm is given by
sponding sequence; = {¢(j/( — 1)}

, ; 5 ot — k)
N N P(t) = B ——= 1 koot 1
min Z |z;| unders(t — 7) = Zs(t —j/0x;, fort € (0, N) /g ¢ el ¢]
i=1 i=1 1 1
, . . ; H(r) = ——r, rE [0, —}
is further equwalent,’ii'nce(t) has then onlyV degrees of freedom, to ) T(o) (L — 2) 7
; . T+ D
min |.1]| G, =(—1)F = ¢
g b= = [ (10)
ON WhereI'(-) is the standard gamma-function
s(k—7)= s(k+j/0)x,, k=1,--- N oo ]
( ; ( /i T(t) = / e~ 2! da. O
0

that can be transformed in a linear program.

In this easier situation, using a specific band-limited and periodic As expected (9), the function(t) is nonzero only foft| € [k, k +
function s(¢), it is possible, using a computer, to build the functiori /(] with k£ > 0. This means that to reconstruct the signal at any point,
¥ (t) pointwise and to find out that, for fixed, among the N optimal except for the two neighboring sample points, only one eYegmple
weights onlyN' +1 are nonzero. This means that to reconstsgct-7),  points is used in the reconstruction procedure leading to quite a par-
except for the two neighboring sample points, only one out of evesymonious representation. Moreover, the weights to be given to these
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Fig. 2. The central part of the minim&l, norm interpolating function in case of an oversampling ratio of three. It uses one sample out of three. The dotted curve
is the minimalL. norm interpolating function: the sine cardinal function.

samples decrease rapidly, they are of ordéf'/!, about one order of 2, we have added the interpolating function with mininial norm,
magnitude faster than the sine cardinal which decreask&as i.e., the standard sine cardinal function divided(byo highlight the

The central part of interpolating functiofi(¢) is shown in Figs. 1 difference. One can check that for= 1 the functiony (¢) is nothing
and 2. For oversampling factofsequal2 and3, respectively. In Fig. but the standard sine cardinal function.
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Fig. 3. Single replica scenario. The central part of the weights estimated for an oversampling factor of three. The/mimammalweights, marked by “*,” are
close to the sine cardinal function. The minindainorm weights, marked by “0,” are very sparse. The true delay is given by the vertical solid line.

I1l. A PPLICATION TO TIME-DELAY ESTIMATION n = 48 x 3 + 1 weightsz; in (11). We compute both the minimé&l
norm and/; norm solution to the underdetermined linear system (11).
A. The Model The minimal¢; norm solution is obtained by transforming the problem
Let us apply this result to the time-delay estimation problem (3'y_1to alinear program and using the simplex algorithm [10]. The results
Even in the simplest case of a single replica (4), many restrictions ad§ Presented in Fig. 3. Only the 41 central values out of the 145 com-
approximations enter the ideal reconstruction scheme described abf@&ents of the optimurX™ are represented. The 41 values of the min-

The signals(t) is never, strictly speaking, bandlimited. Only a finite/Mm@l {z norm solution are represented big, the curve that is close
number, sayn, of sampleg;, of the signaly () are available. Itis thus © these stars is the standard sine cardinal function. The other curve is

realistic to plan to estimate a finite numbenf weightsz,; solving identically zero gxt;ept for four point.s marked by o’s and.represents the
n weights of the minimaf, norm solution. From both solutions one can

min Z ;] deduce that the delay is close(d, the true value represented by a
j=1 vertical solid line, though this is clearly easier to do from the minimal
n £, norm solution. Fig. 4 corresponds to the same scenario with an over-
ve =Y s(k—j/0u;, k=1 m. (11) sampling rate o6. X has now 289 components and the true delay is
J=1 among the potential valugg (. The minimal¢> norm solution follows

This means that at best only biased estimates of samples of the cenfi@ely the scaled sine cardinal function and the minifpalorm so-
part of the reconstruction function will be obtained. It appears that jution has just one nonzero component at the exact position.

the analysis presented in Section Il is nevertheless meaningful and thgvhile the minimal’, -norm solution has all its components nonzero
minimum ¢, norm solution to the finite-dimensional underdeterminegnd looses in resolution whenthe oversampling ratio increases, the
linear system (11) will indeed both lead to a sparse solution and all@posite is true for the minimél -norm solution. As the oversampling
for high resolution. We do intentionally severely truncate the observigitio increases it gets sparser, mmealized and gains in resolution.

tions to demonstrate these features. Note that there appear indeed quite significant discrepancies in
We take fors(t) a compressed real chirp signal [9], [6]. Consider theigs. 3 and 4 between the theoretical weights (the sine cardinal for the

real linear frequency-modulated signal {>-norm or they> function for the minimat; norm) and those obtained
hi = uy - sin (27 (ak? + 3k)) by solving the optimization problem. These are due to the fact that

bothm andn are finite. Remember that we take as observationg

the very central part (49 samples) «ft — 1) the compressed chirp
which has about 300 significant samples, introducing an important
truncation effect.

with u, a window function,k € [0,---,749], 3 = 0.1 anda =
1/3-10™* and takes(t) in (3) and (4) as its autocorrelation.

B. Simulation of a Single Replica

We simulate the simplest case of a single replica (4) with deldy TWO Close Replicas
7 = 0.5 and unit amplitude, i.eyx = s(k — 0.5). We keepm = 49 We simulate the case of two close replicas with unit amplitude and
observationg;. for & = —24 to 24. The same time span is taken fordelays = —0.5 and = 1 in (3). We keep an oversampling
the potential delays. For an oversampling rdtie- 3, there are then rate of six so that both delays correspond to the potential valiées
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Fig. 4. Single replica scenario. The central part of the weights estimated for an oversampling factor of six. The fpinionad weights, marked by “*,” are
close to the sine cardinal function that further spreads out. The midirrarm solution has just one nonzero weight marked by a “0,” exactly located at the true
delay.
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Fig. 5. Two-replicas scenario. The central part of the weights estimated for an oversampling factor of six. The fpinional weights, marked by “*,” are quite
low and flat. The minimat,-norm solution has just four nonzero weights marked by a “0,” with two of them exactly located at the true delays, the vertical lines.

The results are given in Fig. 5. The minim@al norm solution is rep- just four nonzero components, two of them are at the true locations
resented by’s and it would be difficult to guess that there are twawith exactamplitudes. The remaining two nonzero coefficients are ex-
replicas. The minimal; norm solution is represented by 0's, there areremely small and due to truncation errors.
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IV. CONCLUSIONS Sincey € [0, 1], the sum with respect to (w.r.t:) reduces to: = (k

We have obtained the explicit expression of the minimymorm orn = —fk —1, and

reconstruction function for oversampled bandlimited signals with in-

teger oversampling ratios denotédi\s compared to other possible re- £ Z (1 4 nl)e v

construction functions such as thiandardsine cardinal{l/¢) sinc (#) n

or thescaledsine cardinakinc (¢¢) whose rate of decrease is of order . ek, 0(Y) 2irr(k+1) o(5 —y)
1/t, its rate of decrease is of order**'/* about one order of magni- = Z e I Fty Z P Tyl oy
tude faster, a feature that should be of interest in many domains. ) ¢

We have highlighted the importance of this function in the context — 6(y) Z 5 8—2ITTA t o) Z p eerr(H )
of a specific time-delay estimation problem. The sinusoids in addi- r "I+ f
tive noise signal is another example where the same technique can Yimyr
=e

be applied to obtain estimates of the characteristics of the signal. It
suffices to observe that the periodogram of the observations is then a
sum of shifted Fejer kernels [11], [12] to realize that it is similar to ththe last equality is established in Lemma 2 below, the previous uses the
time-delay estimation problem. fact that(,b(% —y) = ¢(y); (12) is thus proved and functiah satisfies

It appears that the applicability of this approach goes beyond ttiee constraints.
specific applications we have considered. Sparseness has become @We shall prove now that is a solution to the minimization problem.
important issue in signal processing where in many problems one has us introduce the piecewise-constant function
to select a sparse solution to an underdetermined system of linear equa-
tions. This is the case if one wants to represent a signal as a linear com- 1
bination of components belonging to redundant or overcomplete bases Alw) = W cos (m({{a} +1/2)/0)

[7]. The present analysis reveals, more generally, why seeking the min-
imal ¢, norm solution is of interest in this context.

We have considered noiseless signals. If noise is present, it can ei
be considered as a perturbation and one has to rely on the robust
of the approach or can be modeled and taken care of by changing
criterion [11], [12], [6], [13] and allowing for reconstruction errors.

meere[T] stands for the integer part ef In Fig. 6, we present for an
Igé(gésampllng factof = 3, the function/(-) and the functiom\(-)
%ether with their Fourier transforms.

Notice that|A(z)] < 1 andA(x)v(z) = |¢(x)| (because) is
nonzero only ofz| € [k, k + 1/¢] with sign (—1)%). It is proved in

Lemma 3 that\ is the Fourier transform of
APPENDIX

PROOF OF THETHEOREM

o0 Oret1/2 T O0—ke—12
Let us prove the thorem presented in Section II-B. For completness Alv) = 2 tan (7/20) ; kO+1/2 ’
we restate it.
Theorem 1: The solution of the problem Let #(x) be another function satisfying the constraints, then
min || i i
under the constraints el > /9(:r)>\(;v) dao = /é(u)j\(u) dv
o1 11 , R R
vif)=3.  fE€ {‘5*5} - _Li tan (7/20)(8(=1/2) + 6(1/2)) = zi tan (7/20)
T m
. 1 1
P ! h70 2 2 which is||«|]: since for§ = +, the first inequality is an equality. [
1S Lemma 1 is used in the proof of Lemma 2.
u(.r)_ZSk (’)(|K|_k)l bt 1 A
el ] lwl€lk b+ ] Lemma 1: Fort € [0, 1//], the following is true:
1 1 + OO
o) = . tE€ |0, ()~ =T/t 4wV du,
O e SR o™ =T/ [T w0
B = (_1)k M Proof: We recall that
‘ Tk+1) .
Proof: Let us first show that satisfies the constraints. We have I'(z) = / et dt, Re (x) > 0.
to prove that foi 7| <1/2, v(r+nt)=1,if n=0 andy(r+nt)=0 0
if n is another integer. This is the same as proving that We have,
7 2iwynt 1
Zw(T + 77,()6 4 = 7 (12) Qb(;L’)il — F(l F(l/é _ J)
for anyy € [0, +] and|r| < 1/2. One has, using the Poisson formula = / e T TS T g s
0

(see Lemma 4)

J
h 2 _ e e —s(14u) x—1 1/6—1 4 .
) h oy 2imy(nl+T) = / / e wt s dsdu, t = su
(ZL/(T-FH(), ; ;
—2imnr/l, (T = / / e P Y T 1 4 w) Y du da,
=X (G4) o o
s(l4u)=vw

_ —21‘r17'r//’§6 | +y| ) ) 0O )
Z Zﬁ 1= + 4] 1\”+y|e[k k411 :F(l/f)/ 'uI71(1 + u)fl/( du. O
0
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Fig. 6. For an oversampling ratio= 3, the reconstruction function(z), the associated(x) function, and their Fourier transforms.

Lemma 2: Forz = ¢'?, 6 € (—x,x), anda: > 0, the following is i ‘1<1 A P
0
1

true:
Z 3 sk n k=1t :(D(r)_le_ig” :/ (1+zu)71/ﬂ'u$71du
- TR\t k T—x+k ' o e
+/ (14 zu) Y™V du
1

Forz € Q = C\R_, we definez* by e” 1= (*) where the principal J1
determination of the logarithm is used. is an entire function on this = / (14 zu) Y% du.
open domain. 0

Convergence of the Taylor expansion gives|fgr< 1

St =T/
k

Note that for= € R, one has

/ 1+ zu) YV T du=2"" / (1+u) Y% du.
0 0

Hence
The identity between those two entire functions extends nd using

g 1
Z W/jkkz’“ = Z/jkf/ W du Lemma 1
ot k 0 Lk —k—1/¢
1 3, 42 )
:F(l/(;’)/ (1+uz) Y% du. ; g <.r+k 1/t —x+Fk
0 . )
_ A CoN—1/2 =1
Sinced, =~ k'/*~!, this equality remains true fde| = 1. =T(/0= /0 (1 4u)™ "™ du

Note that forz as in the lemma and > 0, 1 + zv has also its =2 "(z)"} O
argument in(—=, 7) and ’

(14 :7""0)2:2 = (2 4 0)'/? Lemma 3: For anye > b > 0, the Fourier transform of
because both functions are entiref®nand coincide olR. Finally, a sin (wb/a) Z Santb + 6_an—sb
. Lk _—k—1/t 27 ~ an +b
T(1/6)~ 578 -
/6 ;‘<,r+k+1/()—m+k> is
! 1/¢ 1
= / (14 zu)” Mt du cos (2wb([ax] + 1/2)/a).
0
-1
4 / (1+ vz =Y ™" Proof: We shall prove
0

—2ir(an+b)z

. ] asin(mb/a) e —2ixb([ax]+1/2)/a
_ /D (1+ zu‘)fl/[ul*l du Z prr EY: (13)

v
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whose real part is exactly what is needed. By a simple normalizatiénNote on the Discrete Wavelet Transform of Second-Order
argument (consider the variabligs= b/a andz’ = ax) we see that it Processes
suffices to prove this identity in the cage= 1. We have, denoting by

grable functionf and any real numbets v, T, one has

where the Fourier transorm gfis

x () the indicator of/0, 1], and using the Poisson formula (Lemma 4) Roland Averkamp and Christian Houdré
efzirb[z] _ Z (‘L _ n)efziwbn
’ - X Abstract—Some properties of second-order random processes such as,
n ) v stationarity and scaling, are characterized via corresponding (multiscale)
— T 2imbe Z X(=b— 71,)@2””” (Poisson properties of their discrete wavelet transform. The single scale characteri-

zations valid in the continuous setting do not extend to the discrete setting.
Some extensions of these results are also briefly indicated.

n

_ E*Ziﬂ'br Z 6i7r(b+n) SiIl(’/’T(b + ")) 62i7r:cn

= (b +n) - Index Terms—Random fields, random processes, self-similarity, station-
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=i Sm(j ) Z ¢ 5 The purpose of this note is to present some complements to the study
n n n of the discrete wavelet transform of second-order random processes [1],

- _ [2], [4}-[6], [8]-[10].
which is (13) witha = 1. o A main result of [2] was the characterization of some second-order
properties of a process via corresponding properties of its continuous
wavelet transform. Another main feature of [2] was the identification of
a tradeoff between the regularity of the wavelet and characterizations
, simnpl Dimay . _sixnzsr  valid at a single scale or at every scale. These results were extended to
T > J(nT +w)e =¢ 2o f0/T +w)e / random processes (and fields) without finite moments in [1]. Here the
" " role of oversampling (inherent to the continuous setting) is filtered, and
characterizing properties of second-order random processes are given
via corresponding properties of the discrete wavelet transform. In the
. - iy discretized framework the above conclusions will only persist as long
flv)= / Fla)e ™ da. as the multiscale analysis is concerned, and we show that the single
scale, i.e., the linear, analysis no longer provides such characterizations.
Throughout the correspondence(gt 3, P) be a probability space,
let X = {X:}+er be a second-order process, i.&.,is jointly mea-
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