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Abstract: The least-squares estimation technique which minimizes the sum of the
squared residuals is highly sensitive to outliers. One standard remedy is to minimize
other functions of the residuals that downweight large residuals. A new approach to
this technique is proposed. Additional unknowns that allow to detect and model the
outliers are introduced. The robust estimates are obtained using a standard quadratic
programming routine. Extensions to the total least-squares model in the presence of

outliers are proposed.
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1. INTRODUCTION

The estimation of the linear regression model pa-
rameters is in general achieved by the method
of least-squares. This approach is optimal if the
additive noise is normal. It is however extremely
sensitive to outliers i.e. to observations in which
the response is abnormally large. This may hap-
pen in case of a failure of the sensor or in presence
of spiky noise not accounted for in the model.
To circumvent these difficulties one can model
the outliers and develop corresponding optimal
estimates but these are again in general highly
sensitive to even small deviations of the real model
from the assumed one.

The objective of robust procedures is to reject or
downweight observations that are suspect relative
to the model. Huber (Huber, 1973) was probably
the first to propose a rational approach to ro-
bust estimation. Another basic reference is Poljak
(Poljak, 1980). In this paper, a new approach
to the problem is presented. Additional variables
that allow to model the outliers, are introduced in
the linear regression model and a new convex cri-
terion is proposed. Its minimum can be obtained
using a standard quadratic programming routine.

At the optimum, the basic variables are robust
estimates of the regression parameters while the
additional variables locate and estimate the am-
plitudes of the outliers. The so-obtained basic
variables are shown to be identical to those known
as Huber M-estimates. This new formulation is
attractive because it allows for extensions not
readily handled by other techniques. Extension
to the colored standard noise case is considered
in (Fuchs, 1999). Here an application to the to-
tal least-squares model is proposed. One seeks
a solution to a over-determined system of linear
equations with all the data matrices perturbed by
noise and outliers.

In section 2, the robust linear regression model is
presented together with the Iteratively Reweight-
ed Least Squares approach which is currently the
most used robust regression approach. The new
approach is presented in section 3 where its equiv-
alence to the M-estimator with Huber’s function
is established. Two optimization procedures are
proposed. In section 4, the robust total least-
squares model is considered and its extension in
the presence of outliers and an optimization al-
gorithm introduced. An example illustrates this
section.



2. ROBUST LINEAR REGRESSION
2.1 The model

Consider the following linear regression model :
Y=AX+N (1)

where Y is an n-dimensional vector of observa-
tions, X the p-dimensional vector of parameters
to be estimated and N the additive noise vector.
A is the (n,p) dimensional data matrix of full
column rank. One should think of N as being
composed of typical noise following the assumed
model, e.g. N(0,02I), and unexpected impulsive
noise. If al designates the i-th row of A and
ri = Yi— alTX the i-th residual, then the standard
least-squares approach minimizes Y r? = ||V —
AX]|3 and the optimum is given by X = ATY
where AT = (AT A)~' AT is the pseudo-inverse of
A.

For W an order n diagonal matrix of positive
weights w;, the weighted least-squares solution
that minimizes " w;r? = (Y — AX)TW (Y — AX)
is Xy = (ATWA) tATWY. Note that Xy is
optimal when N is a normal random vector with
covariance matrix o2W !,

The problem with these techniques is that even
the presence of a small number of (large) outliers
can lead to completely wrong estimates. A simple
mean to detect wrong data is to start with a least-
squares fit, to compute the residuals, to reject
all observations whose residuals exceed a fixed
threshold and to iterate this procedure until all
residuals are below the threshold. More subtle
techniques are easy to imagine along these lines.
Of course the results always depend strongly on
the value of the threshold.

Another class of robust estimators, the so-called
M-estimators (Huber, 1981) propose to replace in
the least-squares criterion the squares of the resid-
uals by more general functions of the residuals,
i.e., to replace Y r? by > f(r;). Many functions
have been proposed, the most frequently used is
probably Huber’s function :

fry=r*/2
=hlr| — h*/2

Ir| <h
r|>h (2

where h is a threshold yet to be fixed. It is easy to
check that this is a convex continuous function
that is linear for r large and is a parabola for
r small. The observations leading to large resid-
uals are given less relative weight and thus less
influence than the smaller residuals. For Huber’s
function (2), h allows to define the limit between
small and large residuals. The performance of the
M-estimator depends strongly on the way this
threshold is fixed. It has clearly to be linked to the

assumed probability density function of the addi-
tive typical noise. For gaussian noise it is generally
fixed at h = 1.345 o. It remains to estimate o
and this estimate should itself be robust. A typical
value for gaussian noise is ¢ = 1.483 median |r;]
(Holland, 1977), (Rousseeuw, 1987). These con-
stants are fixed in order to achieve a given level
of performance in case no outliers are present
and the observations are only affected by additive
gaussian noise.

2.2 Iteratively reweighted least-squares

Minimizing " f(r;) for a function like (2) has to
be done iteratively and one possibility is to use
the iteratively reweighted least-squares (IRLS)
approach that we present for completness. The
minimum of ) f(r;) is achieved at the point
where its gradient vanishes. Let ¢(r), known as
the influence function, denote the derivative of
f(r) and Vr the gradient of r with respect to X,
the gradient of > f(r;) is then :

> () Vri=> @n Vr;
1 P(ri)

The last expression in this relation, can be seen
as the gradient of + > w; r} if one omits the

(2
dependance of the weights w; = @ upon 7;. An

IRLS algorithm minimizing 3 f(r;) will, at step
k, minimize Ew(rﬁkil)) r?. For f(r) asin (2), one
has w(r;) = h/max(h,|r;|). The IRLS algorithm
starts with W = I and iterates :

X =(ATwWA)'ATWY

ri=yi —a; X
h=1.345 x 1.483 median |r;|
h
W = diag{ ——
fag{ max(7, |ri|)}

until some stopping criterion is satisfied.

The general idea is to start with the standard
least-squares fit and to iteratively reweight the
residuals, larger residuals receiving relatively less
weight than observations with smaller residuals.
For f(r) asin (2) one can show that the algorithm
converges.

3. THE NEW PROCEDURE

3.1 The criterion

Adding n new variables U in the standard regres-
sion model (1) one has :

Y=AX+U+N=BZ+N (3)



where B=[A I] and ZT = [XT UT]. The aim is
to use the unknowns U to model the outliers. To
do so, we associate with the new model (3) the
following convex optimization problem :

. _v2
min [|AX +U =Y + AUl (4)

where A € IR has yet to be fixed. It will play
the same role as the threshold in the standard
robust regression approach. ||U||1 = Y |u;| stands
for the ¢1 norm of the vector U. We will show
that for a well chosen A, the optimum is attained
at a point Z* = (X*,U*) where X* the robust
estimate of interest is identical to the M-estimate
with Huber’s function and U* is an auxilliary
vector with very few non-zero components that
identify the observations corrupted by outliers.

The criterion (Fuchs, 1997) is a combination of the
standard least-squares criterion and a regulariza-
tion term on the £;-norm of the U-variables. It is
convex but not continuously differentiable. It can
be transformed into a quadratic program and its
global minimum obtained using standard routines
available in any scientific program library.

3.2 Optimality conditions

Let us first show that the X* minimizing (4) and
the optimum of :

min Z f(ry) with ri=y; — a; X (5)

with the function f as in (2), are identical for
A = 2h.

Indeed the minimization with respect to (w.r.t.)
U in (4) can be done independtly of the one w.r.t.
X. Let us rewritte (4) as :

Z(Ui —’I"i)2 +>\ |U,l| (6)
(3
The minimum w.r.t. u; is obtained for u} = r; —
(A/2) sign rf if |r;| > A/2 and for uf = 0
otherwise.With obvious notations, this can be
summarized as :

U = max(0,r — %) + min(0, r + %)

Substituting for these values in (6) leads to

H}}n Z{T?} ImISA/2

HAIril = (\/2)*} 1502 (7)

where I designates the indicator function. For
A = 2h, this is precisely > 2f(r;) establishing the
equivalence.

As we shall see, this is a quite fruitful point of
view since it allows for new extensions and already
indicates that to obtain these specific M-estimates

the IRLS algorithm can be replaced by a quadratic
programmig routine.

Before we present some potential extensions let us
develop the optimality conditions (Fuchs, 1998).
Since the criterion (4) is convex a necessary and
sufficient condition for Z* = (X*,U*) to be the
optimum is that the vector 0 be a subgradient of
the criterion at Z*. Since (4) is non-smooth at zero
only, we distinguish the non-zero components of
Z*, denoted Z*, from the remaining components.
For the components in Z* the subgradient reduces
to the gradient and has to vanish.

Z* denotes the union of the components of X* and
the non-zero components in U*, themself denoted
U*. In a similar way, we denote B the matrix
formed with the columns in B associated with the
non-zero components in Z* so that BZ* = BZ*.
Equating the gradient at Z* with zero, one gets :

7= Bty - % (BTB) 'sign (Z°)  (8)
where B* is the pseudo-inverse of B and sign (Z*)
[0Tsign (U*T))T, with sign (u;) = —1,+1 for u;
respectively < 0,> 0. This is not an explicit ex-
pression of the optimum Z* of the criterion since
Z* appears on both sides.

For the other components in Z*, i.e., the zero com-
ponents in U*, the vector 0 must be a subgradient
of the criterion (4), this condition becomes :

vy =877 < 5
These two relations (8, 9) fully define the optimum
Z* and though they are not explicit (the optimum
can only be obtained in an iterative way) they can
be helpful in checking whether or not the point
one would like to be the solution is indeed the
optimum. Taking a close look at (8) it appears
that it is sufficient to know (or guess) the indices
and the signs of the non-zero components in U* to
completely define the optimum. Since these non-
zero components actually designate the outliers
this information is of course unknown a priori.

Vi 3ui=0 (9)

3.3 Optimization algorithms

In the sequel we rewritte (4) as

1
win o AX+U-YB+h U (10)
to make it strictly equivalent to the criterion
leading to Huber M-estimates (5). This is an
unconstrained non-smooth optimization problem
that can be converted into a quadratic program
(Luenberger, 1973). To do so one introduces new
variables u] = max(u;,0), uj = max(—u;,0)
and replaces u; by u — u] and |u;| by uj +
u; and further constrains these new variables to



be greater or equal to zero. The problem then
becomes :

1
min - IAX-Y+Ur—U~|3+h1T (U +U")
subject to UT >0, U~ >0

where 17 is a row-vector of ones. This is now a
quadratic program whose solution is easily and
quickly obtained, even for large number of un-
knowns, using standard programs available in any
scientific program library.

Yet another way to obtain the optimum of (10)
that is easily derived from this new formulation
consists in minimizing (10) alternatively w.r.t. X
and U, starting from U° = 0.

<& For UF! fixed, the minimum in X is attained
at X* = AT (Y — UF1),

<& For X* fixed, defining the residuals 7* = YV —
AXF the minimum of (10) in U is attained at
U* = max(r* — h,0) + min(r* + h,0).

Using the global convergence theorem (Luenberger,
1973), one can establish that this algorithm con-

verges to a point where the above given necessary

and sufficient conditions for an optimum are satis-

fied. Indeed since ¢ the estimates remain bounded,

o the criterion decreases strictly as long as the

necessary and sufficient conditions for an optimum

are not satisfied and ¢ both mappings are one-to-

one and continuous, this algorithm converges to a

global minimum.

4. ROBUST TOTAL LEAST-SQUARES
4.1 The total least-squares model

When applying least-squares to the basic linear
regression model (1) Y = AX 4+ N one implicitly
assumes that errors are only present in the obser-
vations Y since one minimizes the ¢, norm of the
residuals r =Y — AX. If errors are present in A as
well, one should resort to the total least-squares
model (Golub, 1980), a very specific subclass of
the more general static error-in-variables models
(Anderson, 1996).

Reformulating the basic least-squares problem as :

min ||r||3  st. AX =Y 471

leads quite naturally to the following total least-
squares (TLS) formulation :

min||[R7]||F st. (A+R)X =Y +r (11)

where ||C||r stands for the Frobenius norm
IC|% = Do ¢; ;- As r allows for errors in Y,
R allows for errors in A. This is a highly non
linear optimization problem in the unknowns R, r
and X. The solution of this problem is now well

known, it is linked to the singular value decompo-
sition of C' = [A Y]. There are many different ways
to establish this link. We present three of them to
highlight the differents aspects of the problem. .

Probably the most powerful one, relies on matrix
approximation results. Defining the augmented
matrices C = [A Y] and T = [R r], one refor-
mulates (11) as follows :

min ||T]|3 s.t. rank(C +T)=p (12)

i.e one seeks a perturbation I' = ((7;,;)) of lowest
Frobenius norm that makes the rank of C' + T’
drop from (p+1) to p. The optimum X of (11)
is such that (C +TI)Z =0 with Z = [X —1]T.
For the Frobenius norm the solution I'* to this
problem is generically unique and of rank one
(Stewart, 1990). It is built from the singular
decomposition triplet associated with the lowest
singular value of C' and the optimum X™* of the
TLS problem is obtained by normalizing to —1
the last component of the associated right singular
vector.

If one is willing to think of n, the number of
rows in A, as being variable and going to infinity
one can adopt a statistical setting (Gleser, 1981).
One combines the observations in a sequence of
(p+1)-dimensional vectors VI = [a] y;]. These
vectors are modeled as V; = W,; + FE; where
the vectors E; are independent and identically
distributed random vectors with mean zero and
covariance matrix o2] and the vectors W; are
modeled as W, = [v]' XTv;]. If the random error
vectors E; are further assumed to be gaussian,
maximizing the likelihood of the observations V;
with respect to X and the v;’s amounts to solve
the TLS problem (11). After some manipulations,
eliminating the v; vectors, the criterion can be
rewritten as :

CAX Y

min

ez
X 14+XTX

n
z 213

with C and Z as above. From the last formulation
and the variational characterization of singular
values it follows again that the solution is linked
to the smallest right singular vector of C.

Yet another fruitful approach amounts to work
with the covariance matrix estimates and to adopt
a signal subspace approach. Using the notations
of the previous paragraph, one assumes that the
empirical covariance matrix of v; i.e. % El/iI/Z»T
is full rank, the empirical covariance matrix of
W; then has a single zero eigenvalue associated
with eigenvector [X7 —1]. The covariance matrix
of V; being the sum of the covariance matrix of
W; and 0?1, is full rank with minimal eigenvalue
an estimate of o2 and associated eigenvector an
estimate of [XT — 1]. But the smallest eigenvector
of %EV,'VZ»T is also the smallest right singular
vector of C = [A Y.



Note that in the more general static errors-in-
variables model the noise covariance matrix is as-
sumed to be any positive definite diagonal matrix
and not just o2I. In the present situation, this
amounts to say that the noises on the different
columns of C' have different variances. This leads
to indeterminacy as follows easily from the signal
subspace approach.

4.2 The robust total least-squares approach

If one now considers that beside the standard
noise or perturbations, some outliers may be
present, a straighforward way to proceed is to
propose to replace in (11) or (12) the Frobenius
norm of the errors i.e. 3 77, by 3 f(7i,;) leading
to the following problem :

mian(%.‘j) st. rank (C+T)=p
i,J

Even if the function f(-) is chosen to be convex,
as is the case in (2), this is no longer a con-
vex optimization problem and nothing garanties
that it admits an unique optimum. The matrix
approximation result (Stewart, 1990) no longer
applies since ) f(v; ;) is not a unitarly invariant
matrix norm. It is no even trivial to get a local
optimum. However proceeding as above when we
transformed (5) into (6), we rewritte this problem
as :

1 2
min o [T = Ve + 2 [V (13)
s.t. rank (C+T)=p

With V' a matrix of variables intended to model
the outliers and [V[1 = 37, ;[vi;|. For f(-) the
Huber function (2), these two formulations are
equivalent as we have established it in (6, 7). In
the new formulation, it is possible to develop an
algorithm converging to a local optimum.

4.3 Optimization algorithm

In this section we develop an algorithm that
converges to a minimum of (13). Let us first define
tmin (A) that associates to a matrix A the rank-one
matrix built upon its smallest singular triplet :
tmin(A) = Omin(A)Umin (A)’Urjr;in (A).

We propose to minimize (13) alternatively with
respect to I' and V. Remember that V will have
very few non-zero components since it models the
outliers. We start with V0 = 0.

<& For VF1 fixed, we seek the minimum in T of :

1 o
min o ([0 = VE 7 + b VE
s.t. rank (C+T)=p

defining A =T — V¥~ this becomes :

1 o
min o IA|% +h [VEL,
st. rank (C+VF 14+ A)=p

This is the basic TLS problem (see (12)) whose
optimum is attained at AF = —t,;,(C + VF~1),
We thus have TF = VF=1 — ¢, (C + Vk=-1),

< For I'* fixed, one seeks the optimum in V of :

1
min 5 ||I‘k ~ V|3 +h|V|
s.t. rank (C+TF) =p

the constraints is inactive and the optimum is
attained at V¥=max(0, [*~h)+min(0, T*+h). The
criterion decreases at each step and the algorithm
converges to a stationary point where ||A*||coc = h
and the non-zero components of V* and those
in A* with maximal absolute values h are at
the same locations. I'* = V* + A* the global
pertubation that makes the rank of C'+I'* drop to
p is no longer of rank one but X*, the solution to
the robust TLS problem remains uniquely defined
by its relation to the smallest right singular vector
of C+ V™.

4.4  Simulation results

Let us present some results for the very simplest
TLS model with p = 1 : a line in a plane. The
observed data consist of n pairs of real numbers
(ai,yi), © = 1,..,n. The appropriate model for
these data is given by :

a; =V; +e;
Yi =TV + 1y

where e; and n; represent noise distorting the
exact linear relationship. There is only one un-
known the slope z of the line. The noise e; is
gaussian, zero mean with variance o2 denoted
N(0,0?), while the noise n; is a mixture of two
gaussians (1 —€)N(0,02) +eN (0, K 02). The rate
€ € (0,1) defines the degree of contamination by
outliers of the noise acting on the y-observations.
For € equal to zero there are no outliers but due to
the presence of the noise e; on the v-variables the
basic least-squares solution would be biased and
one has to resort to a TLS solution. For non-zero
€ the TLS solution also becomes biased because it
assumes that both noises have the same variance.
It is worthwhile to compare with the errors-in-
variables model (Rissanen, 1988). One should in-
deed realize that if both noises e; and n; have the
same e-contaminated gaussian density then the
TLS estimates is unbiased as follows easily from
the subspace interpretation of the TLS solution.



We have performed the simulations with the fol-
lowing values : n = 32,02 = .01, € = .25, K = 25.
The n values of the abscissae v; are random u-
niformly distributed in (0, 1) and the slope z is
also drawn from this density. We implemented the
algorithm presented in section 4.3. The result of
just one simulation are presented in Figure 1.

The true slope was x = .3582. There are three
lines displayed : one with a wrong slope close to
one which is the result given by the basic TLS
approach in the presence of the outliers. The two
others lines are those obtained by the proposed
algorithm (in the presence of the outliers) and the
the basic TLS in the absence of outliers (same
noise seed but € = 0). The 32 data pairs are
represented by the ”0”’s, there are are 8 outliers
that are further marked with a ”+4” sign in the
70”’s. There are also 8 squares that represent
the outliers free pairs (to each ”+4” corresponds
a square with the same abscissae). Clearly for
this noise realization the estimate of the slope
obtained by the proposed method is close to the
exact one and appears to be quite unsensitive to
the presence of the outliers.
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Fig. 1. Illustration of the results for a total least-
squares model with outliers.

5. CONCLUSION

Introducing new variables in the standard regres-
sion model (that allow to handle the outliers) we
have proposed a criterion that leads to robust
regression estimates that are strictly identical to
the M-estimates with Huber’s function.

The criterion can be optimized using standard
quadratic programming routines. This new ap-
proach allows for extensions not readily handled

by other techniques. We have considered here its
application to the robust linear total least-squares
model.
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