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[ Context ]

Sparse representation problem

Let D e RVM pe 5 dictionary with N <M and yERN an observed signal. Find the vector x e RM
such that:
min ||y — DXH% subject to  ||x||p < L,
X

where ||x||o denotes the [y-norm, i.e., the number of nonzero coefficients in x and L is a given constant.
Or in its Lagrangian version:
- 2
min [ly — Dx3 + Al

where A is a Lagrangian multiplier.

Design of dictionaries adapted to sparse representations

Given a training set {yj}fil, find the dictionary D™ which leads to the best distortion-sparsity com-
promise, I.e.,

D* = arngi)n nglgm Hy]' — DXjH% + )‘HXJHO
) ]
J

Low bit rate compression and sparsity in context of orthonormal basis [1]

Dependency of distortion and rate on the number of nonzero quantized transform coefficients, say L

D = ¢(L),
R=~L,

where (L) and v depend on the basis.
~+ At low bit rates and in context of orthonormal basis, the rate-distortion performance depends on the
ability of the basis to provide a good approximation of the signal with few coefficients.

Contributions of this paper

In this paper, we focus on the learning of dictionary made up of the union of orthonormal bases. This
topic was the object of some recent contributions ([2],[3]). We propose here a probabilistic interpretation

of one of them and suggest a novel optimization procedure based on the expectation-maximization (EM)
algorithm ([4]).

A probabilistic framework

\. J

Let {yj}fil be a set of training signals for the optimization of an overcomplete dictionary D. We
suppose that D is made up of P orthonormal bases, i.e.,

D= [Dy,...,D;,....,Dp], DID, =1y,

where Iy is the N-dimensional identity matrix. Let finally x; be the vector made up of the x;;'s which
correspond to the sparse representations of y; in bases D;’s, i.e,

T o T T 1T T
We consider the following model for y:
P
pv;D) = [ 37 plyb; Doy pixsles) ples)
Cjzl

with
p(y;x;, D, cj = i) = N(Dix;i,0°Iy),

where N (i, ') denotes a Gaussian distribution with mean . and covariance I, and
p(xjlej = i) o< exp{—=All xjillo},

where A >0.

Learning algorithms

4 h

Sezer's algorithm [3]

0. Initialization

Set DO = D" DY .. DV and
0)

: : 0 : 9
Vi € {1, e ,P}, RS {1, Ce ,K}, ng) = argl@lm {Hy] — D,E inHQ + )‘/ijiHO} :

1. Classification

Viedl,..., P}, computeSZ-(k): {j c {1,...,K}‘c§k>:i},

k : k—1) (k—1 k—1
where c§- ) arg mil;cry  p {Hyj — D,E )XE-Z- )H% + )\/HXE-Z- )HO} .

2. Basis update
vie{l,...,P}, Vje{l,...,K}, update D; and x;; as follows:

DZ(. ) :argDmm { Z min{|ly; — DZ'X]'Z'H% + )\/HinHO}} subject to DZ-TDZ- = Iy,
b jes!

k : k 2

x5y =argmin { [ly; — DI"xil3 4+ Vlixjillo } -

\_ Y,

...Revisited

Alternative approach

1

With assumptions p(c;) = 5, Vc¢;,Vj , and We consider instead the marginalized MAP esti-

N = 2X\0?, Sezer's algorithm is equivalent to mation problem:

the MAP estimation problem:
K

i * *
(D*, X*) = argmax Y logp(y;,x;, D),
(D*, X*, c*) — g(u“g max Z logp(yj, X, ]:)7 C]) D, X) Z J2 %]

D.X.c) J=1

J=1

We can indeed recognize the two steps: where p(y;,x;, D) = 25:1 p(yj,x;,D,cj).

C(k) — arg maxf:logp(yj,x‘gkn, D(k—l)7 Cj), This problem is solved by the EM algorithm:
¢ = e E-step computes a lower bound on the log like-
with c=lcy, ..., CK]Ta lihood with respect to the current estimates of
K the model parameters,
(D<k>; X(k)) = argmax Z log p(y,x;, D, C§k>)- e M-step estimates the model parameters which
(D,X) = maximize the function evaluated in the E-step.

4 h

EM-based algorithm

0. Initialization

Set DO = D" . DY .. DY) N 22102 and

. . 0 : 0 2
Vi € {1, e ,P}, RS {1, e ,K}, ng) = argmln{HYj — DE )Xj’éHQ + )\/HX]'Z'H()}.

ij'

1. E-step
Vied{l,..., P}, Vje{l,..., K}, compute
k 1 k—1) (k—1),2 k—1
) o expl—5 v — DIV B A o) )
2. M-step

vie{l,...,P}, Vje{l,...,K}, update D; and x;; as follows:

ij'

K
ng) = arg min {Z wy:) min {||y; — DZ'X]'Z'H% + )\/HX]'Z'H()}} subject to D,;-FDZ- = Iy,

k 2
Fxill3 + Vligillo}

S

Estimation of the noise variance

Noise variance included as a new unknown variable in the MAP problem

K

(D*,X*,(0°)") = argmax » _logp(y;, x;,D,0%).

(D.X,0%) j—

Addition of the estimation of the noise variance in the M-step

K P
1
@ = 5 2 2wy lly; = D3
j=1i=1

Performance analysis

. J

e Synthetic signals: 500 16-dimensional signals are generated as the noisy combination of 4 atoms of one
single basis taken from a set of 6 bases. The amplitude of the nonzero coefficients are drawn from
a zero-mean Gaussian distribution with variance (72:16. Finally, the dictionary is initialized from the
original dictionary as:

vie{l,....,r} DY =DM’
where M =GS(Ig + N(a)), GS represents the Gram-Schmidt orthogonalization process and N(a)
represents a 16x 16-matrix whose elements are i.i.d. realizations of a uniform law on |—a, aj.
e Performance measurements: We evaluate and compare the performance of three algorithms:
— “Sezer": learning algorithm proposed in [3],
— "EM": proposed algorithm where the noise variance estimation is also implemented,

— “"EM thresholded”: similar to “EM"” where the E-step is approximated by the thresholded decision:

k . k—1 1
c§- ) arg max p(c; = z\yj,xg ),D<k >).

Cj

Performance is evaluated via the missed-detection rate versus the signal-to-noise ratio (SNR).
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FIGURE 1: Comparison between Sezer's, EM and EM-thresholded algorithms for different
dictionary initializations (left: a=0.3, right: a=0.4)
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