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Abstract: We consider the basic identification of real sinusoids in Gaussian noise problem.
Since the maximum likelihood function is ill-conditioned and possesses numerous local maxima,
we propose to somehow approximate it by a function that is convex and easy to optimize. The
procedure amounts to apply the Global Matched Filter to the present problem using a complex
redundant basis. It performs simultaneously the detection of the sinusoids and the identification
of their characteristics. From a detection point of view, it is similar to a generalized likelihood
ratio approach. The performances are close to the Cramer-Rao bounds for scenarios where few
competing methods work. The approach can handle arbitrarily sampled data without further

difficulties.
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1. INTRODUCTION

The problem of estimating the characteristics of real
sinusoids from noisy measurement has received attention
for many decades and is still a subject of investigation
since it has applications in many different fields. There
clearly does not exist a universal approach that works
optimally for all kind of scenarios. The periodogram [1, 2]
has reasonable performances in most cases but has limited
resolution capacities.

We consider the specific context where the number of data
points is relatively small (below 200, say) and the signal
to noise ratio (SNR) below 10 dB. This already covers
a wide variety of practical problems. It is also a domain
where it is difficult to outperform the basic periodogram
(the matched filter) and especially so for the detection
problem. Indeed, the main difficulties in this specific
context, are the detection of a weak isolated sinusoid, the
detection of a weak sinusoid hidden by a stronger one
and the resolution of two closely spaced sinusoids as well,
of course, as a mixture of these difficulties. Remember
that around an SNR of 0 dB, the periodogram separates
equi-powered sinusoids whose frequency separation is of
order 1/n with n the number of data points, the so-called
Rayleigh resolution limit. Depending upon the SNR, we
improve upon this limit by a factor 2 or 3.

We propose to apply the Global Matched Filter (GMF)
[3] to this problem. It would now be called a sparse
approximation approach. It consists in representing the
observations on a adequately chosen redundant basis.
Since the basis is redundant there are many possible
representation, it happens that the sparsest, i.e. the one
using the fewest basis elements, is close, in some sense, to
the exact representation. From a detection point of view,
we show that the GMF is similar to a generalized likelihood
ratio approach. From an identification point of view, the
frequency estimates are excellent but the amplitudes and

initial phases estimates are slightly biased. We propose a
simple way to unbias them or suggest to use them as initial
estimates in a maximum likelihood algorithm.

2. THE MODEL

We consider the following noise corrupted sinusoidal sig-
nals

P
Y = Sk +eg, with s, = ZA; cos(27 f5 + ¢5)

j=1
where k € (1,..,n). We address the problem of the esti-
mation of the number P of sinusoids and simultaneously
the problem of the identification of the characteristics
{AS, ff, ¢} of each sinusoid which we consider as non-
random constant parameters. Note that an estimate of the
noise variance o2 is then easy to obtain a posteriori and
that there is no loss in performance by proceeding this
way.

For later use, we will describe more compactly the set of
n observations {y,} in matrix form

P
y=s—|—e:ZA§c( <, 95) +e (1)
j=1

where y, s and e are n-dimensional real vector and c(f, ¢)
an n-dimensional vector function with obvious meaning.

Provided P, the number of sinusoids present in the obser-
vations is known, the maximum likelihood (ML) estimates
of the 3P unknowns are obtained by solving

P
. 2
min y— Asc(fi, pill*-
{Aj.fi.wi}, 1€Q,..,P) | ; selfi o5l
But for this approach to work, one needs to initialize
the search for the minimum with a quite precise initial
point that lies in the domain of a attraction of the global
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minimum which is known to be quite narrow. The means
that the problem is actually to find a good initial point
for this algorithm, the minimization itself being then
quite straightforward since the problem is then locally
convex with Hessian the Fisher information matrix. In
summary, the presence of many local extrema for the
likelihood function makes the ML approach of no help.
Its performance are entirely dependent upon the quality
of the point used to initialize it and it should be merely
considered as a mean to improve the initial point that
has already to be quite excellent for difficult scenarios [4].
Note also that in order to be able to implement this ML
approach, the number P of sinusoids has to be known.

Due to limited length, it is difficult to present an overview
of the existing methods for such an old standing subject.
We refer the reader to the textbooks [1, 2] for a good
panorama.

3. THE PROPOSED APPROACH

To solve simultaneously the detection and estimation
problem, we propose to implement the GMF based on a
redundant complex basis of m > 2n cisoids at equispaced
frequencies fr = k/m, k € {0,m — 1}, or equivalently on
the columns vectors of the (n, m)-dimensional matrix, we
denote A in the sequel, formed by the n first rows of F|,
the conjugate of the m-dimensional square Fourier matrix

F.

The Fourier matrix F of order m has component (p,q)
equal to exp(—2 im(p — 1)(¢ — 1)/m). This matrix is
symmetric and satisfies F'F = ml,,. The discrete Fourier
transform (DFT) of a m-dimensional signal y is then Y =
Fy and the inverse discrete Fourier transform (IDFT) of Y
is y = (1/m) FY . Note also that, with aj the k-th column
of A anf for even m which we will assume in the sequel to
fix ideas, ax = G2k, i-e. the columns in A are pairwise
complex conjugate. Similarly, for the reconstructed vector
Az to be a real vector, the same hermitian symmetry
property must hold for z, i.e. 2z = Zpqo_p for £ = 2
to m/2.

For m > 2n there are an infinite number of ways to
reconstruct y (1) using the columns in A, i.e., there are
infinitely many complex m-dimensional vectors z such
that y = Az. Now, since we are only interested in s,
it is preferable to seek approximate reconstructions of y.
Since the noise e is Gaussian, it is judicious to bound the
reconstruction errors in terms of the Kuclidean norm, i.e.
to introduce the following constraint : ||Az —y||3 < p. The
larger the value of p in this constraint, the larger the set of
admissible points {2} satisfying it and for an adequately
chosen p, one can expect the sparsest such z, i.e. the z
with the smallest number of non-zero components, to have
just 2P non zero components and to be close to the true
decomposition in (1).

Getting the sparsest vector satisfying [[Az — y||3 < p
is unfeasible, it can only be obtained by inspection, by
checking all the possibilities [5]. A good and close to
optimal choice is obtained by seeking the vector z with
minimal ¢;-norm [6]. One should thus minimize |z||;
subject to ||Az — y||3 < p, but we choose to use the
following equivalent criterion [3]

.1
min o | Az =y |3 + Al h>0 (2)

with [|z]|1 = >, |2x] and ||z]|3 = >, |2x|* and h a positive
real that has to be tuned, just like p would have had to be
tuned in the reconstruction error constraint.

We thus propose to minimize (2) to solve both the de-
tection and identification problem we are considering. We
will explain below how to tune m and h and how to deduce
the estimates from the optimal z. The criterion (2) is the
one that is the most used in the sparse representation
community usually, though in the real case, i.e. for real
A,y and z. We already considered this criterion to solve
the same sinusoid-in-noise problem in 1998 [7], long before
the birth of the current ”sparse representation era’, in a
more elementary version with no initial phase estimation.
We improved this version to allow for initial phases in [8]
but still using a real sines basis. Introducing a redundant
complex cisoids basis (the A matrix) allows to handle the
initial phase without any additional concern and lowers
the detection threshold. A similar complex basis case has
been considered in [9], where the emphasis is on irregularly
sampled data and on the algorithmic side. We put the
emphasis on the tuning of the parameters, the unbiasing
of the estimates and more importantly elaborate upon the
detection properties of this approach which has never been
analyzed.

4. IMPLEMENTATION ISSUES

We indicate in this section how to tune the positive real
parameter h that appears in the criterion, how to deduce
the estimates from the optimal solution z of (2), how to fix
the number m of components in the basis, how to detect
the number of sinusoids and how to unbias these estimates
since the presence of a non zero h introduces a bias.

4.1 Setting the threshold

The value of h will have a major influence upon the
detection part of the whole procedure. If the value of A is
too large, the procedure may not detect weak sinusoids. On
the other hand, if h is too small, there may appear many
false alarms, i.e., the procedure will detect and identify
sinusoids that do not exist. We will thus set h to achieve
optimal detection properties and to do so we introduce the
dual of the criterion (2) which is

min ||Az||2 under AT (Az = y)|loo < h (3)

where A7 = AT and ||z||o = maxy |zx|. This dual which
is equivalent to (2), is important because it allows to
understand the role played by h [3], as we will realize it
below. One can already observe from the constraints in
(3) that as h increases, so does the size of the admissible
domain. Indeed, for h larger than || A¥y||., z = 0 becomes
admissible and is then the optimum. Roughly speaking,
the larger h, the sparser the optimal z and vice versa.

In the ideal case where the optimal z and associated Az
represent exactly the sinusoids s that are present, the
residual vector Az - y becomes equal to the additive noise
e. In the dual constraint, the vector A”(y — Az) = Afle
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is then a vector of m scalar complex random (dependent)
variables build upon the n independent scalar real Gaus-
sian random variables with mean zero and variance o2
present in e.

Let us consider one of these complex random variables. It
is of the form e e with a an n-dimensional complex vector
with norm /n and components of the form exp(iw) that
can be decomposed into the sum of its real part (cosines)
and imaginary part (sines) so that afle = vl e — vl e

where the two vectors vgi, and wveos are quasi-orthogonal
and of similar norm.

It follows that (1/2/(no?)a e is, approximatively, a com-
plex Gaussian random variable whose real and imaginary
part are Gaussian, independent, zero mean and with unit
variance and thus that (2/(no?))|ae|? is, approxima-
tively, a Chi-square random variable with 2 degrees of
freedom.

Now, remember that quite generally, for n independent
and identically distributed random variables, say w;

P(max w; >t)=p < P(max w; <t)=1-—p
ic(1,n) i€(1,n)

& Plw; <t)"=1-p < P(w; > t) = 1-(1—p)M/™ ~ B,

n
with P(w; < t) the probability of the random variable w;
to be smaller than ¢.

Thus, in order to set the threshold h so that probability
that the maximum of the moduli of the m dependent
random variables in A¥e exceeds h is p, we propose to
take

h o~ ae\/z Vit with Pr(x3 >t) ~

SELS

(4)

We apply the standard result developed above, to a set
of n independent random variables wy that are y3 since
the m dependent variables in Afe have only n degrees of
freedom. We will see in the simulations below (see Section
5.4) that this quick analysis is quite close to the reality,
though leading to a threshold h that is slightly too large.

4.2 Getting the estimates

Having obtained the optimum of (2), denoted z below, we
explain how to deduce from z the estimates {4;, f;,¢;}
that characterize the different sinusoids. The optimal z is
always such that Az is real, the proof of this property is
by contradiction. It is easy to show that if this not the
case, one can improve upon z. This means that, for even
m, 2k = Zmio—k for k =2 to m/2.

We first consider the case P=1, where there is a single
sinusoid present in the observations. For a well chosen
h, the optimal z has then just two non-zero complex
conjugate weights. The corresponding weighted couple of
conjugate complex basis vectors sums into a real cosine
vector with initial phase in (0, 27), positive real weight and
frequency on the point of the discretization grid associated
with the two vectors. More specifically

Az = apzi + ami2—kZmt2—k = 2R(akzr)

and with zp = p exp(ipy), the different estimates are

A=2p, f=(k-1)/m and ¢=¢;.
The so-obtained frequency estimate being on the dis-
cretization grid may not be the best possible. A better
choice of h (slightly smaller than the previous one) will
yield a optimal z having four non-zero weights, two neigh-
boring couples of complex conjugate weights that will end
up with a frequency estimate that does not lie on the
discretization grid and may thus well be closer to the true
frequency. More precisely, one has to associate a unique
sinusoid with the sum of the 4 terms in Az that can already
be written as 2R(arzr + ar4125+1). We then propose to
first obtain the frequency estimate by linear interpolation
as follows

s PreSret pra1 S

Pk T Pr+1

and to deduce the corresponding unique set of estimates
A and ¢ by solving

2Pk COS Yk + 2pg+1 COS Pr+1 = Acos %)

2pp Sin g, + 2pg41 Sin Yr+1 = Asin@.
In case, there are more than 2 contiguous nonzero compo-
nents in z (which never happens) one similarly estimates
first the frequency by linear interpolation and then pro-
ceeds in the same way as above.

If there are P>1 sinusoids present in y, one expects the
optimal z to have P disjoints sets of the type described
above and the same procedure applies to each set. This,
of course, corresponds to the situation where the proposed
algorithm does a perfect detection job.

4.8 Detecting the number of sinusoids

An estimate of P, the number of sinusoids present in y,
is given by the number of (significant) clusters of non-zero
components in the optimal z. A cluster being typically
a set of two neighboring couples of complex conjugate
weights. For a given scenario, the detection performance
of the proposed approach depends mainly upon the choice
of h in (2), see Section 4.1 and relation (4) above. While
for easy scenarios this choice is quite robust, this is no
longer true for difficult scenarios. Globally if h is fixed to
get a probability of false alarms equal to p, the procedure
will detect an additional (false) sinusoid in p percent of
the realizations. This additional sinusoid will have a small
amplitude estimate and may thus appear suspicious. More
rigorously, if our estimates are used to initialize a ML
algorithm as we suggest below to unbias the estimates,
it is sensible to implement an information criterion like
Minimum Description Length (MDL) [11] or the Bayesian
Information Criterion (BIC) [12], together with the ML
algorithm. This criterion may well discard some of these
false additional sinusoids.

The choice of the number m of columns in A and the
associated discretization step in frequency §f = 1/m is
also important in this context. If m it is too large, it
will essentially increase the computation time and lead
to a poorly conditioned optimization problem. Remember
though that the optimization problem (2) is convex and
has generically a unique optimum.
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If m is too small, it may happen that the two clusters
associated with sinusoids having close frequencies merge
which means non-separation of the two sinusoids. This sit-
uation is easily avoided by adequately choosing m. Indeed
knowing roughly the frequency resolution limit, say Af,
associated with the data set, we propose to fix m so that
Af = 10/m. As an example, for n equispaced samples
and signal to noise ratios around 0 dB, the resolution
limit (Rayleigh limit) is known to be about Af = 1/n
so that one will typically choose m = 10n. Taking account
of the symmetry in the weights in the optimal z, this choice
allows for about 2 zero weights between two sinusoids
that are close in frequencies but nevertheless potentially
separable and thus guarantees that two disjoint clusters
will be obtained in case the two sinusoids are detected.

4.4 Unbiasing the estimates.

Since even for e = 0, the optimal z will never be such
that Az = s, for h > 0, it is obvious that the presence of
the term h|lz]]; in (2) induces a systematic bias into the
estimates.

In the simplest case where the optimal z, which is in fact a
z(h), happens to have only one couple of conjugate nonzero
components say zp = pexp(ip) and z,19-k = Z, their
optimal, h dependent, values [ zx zm12-%)7 can be shown
to satisfy [10]
2k _ At i -1 | exp(iv)
|:Z7n+2—k:| (h) = ATy = n(A™4) [exp(—icp)}

with A = [ ar ami2—k] and AT the pseudo-inverse of A.
The second term on the right side above represents the
bias due to h. To remove it, even in this simple case, is
a difficult task since exp(i@) = zi/|2k| so that z; appears
on both sides of the equation which is thus implicit and
admits no explicit form.

A simple way to somehow get rid of this bias, which is most
important on the estimates of the amplitudes, and the
initial phases is to change only the amplitude estimates.
If the current estimates are { pr, fr, @O } for k = 1
to P and the current best reconstruction of y thus of the
form Zf pre(fr, Pr) where ¢(.,.) is as in (1), then one can
replace the amplitudes estimates { pi} by the components
in C"y where C is the (n,P)-matrix with columns vectors
the c(.,.)’s.

There are other, more sophisticated but quite simple, ways
to unbias both the amplitudes and the initial phases,
but a systematic and efficient way is to use the current
estimates to initialize a maximum likelihood procedure.
In the case where the current estimates lie in the domain
of attraction of the global optimum, this will yield the ML
estimates. Though non linear the optimization problem
is then convex and the convergence guaranteed for quite
simple optimization schemes. We will generally unbias the
estimates in this way below in the simulations.

4.5 Summary of the algorithm.

Before presenting some simulation results in the next
section, we summarize the algorithm we propose. With

the n observed samples we build the column vector y and
the A matrix of dimension (n,m) with m equal to 8n or
10n and components ap = exp(—2 im(p — 1)(¢ — 1)/m).
We then solve

o1
min 3 Az = y[3+ bz, h>0

with h as defined in Section 4.1 relation (4), this assumes
that one has an approximate value of the additive noise
variance o2, but this is not really an issue. We used the
subroutines SeDuMi [13] which is a second order cone
programming library to get the optimum. For a quick and
transitory test purpose, one can implement the recursion
z— 2t =|Z|(A|1Z|A" + D)"Yy,
with |Z| =diag(|z|) and initial condition 2z, = A%y which
has been proved to converge to the optimum [14]. We then
deduce the estimates from the optimum 2z as described
in Section 4.2 and unbias them. We comment, below in
the simulations, on how to decide upon the number of
sinusoids that are present.

5. SIMULATION RESULTS.

To evaluate the performance of the proposed procedure,
we consider mainly the following situation

yr = A1 cos(2mfik + 1) + A cos(2m fak + @2) + ek
with k € (1,2, ...n = 100), ex a sequence of white Gaussian

noise with variance 02 = 1 and the signal to noise ratio is

defined as )

A
SNRy, = 101log;, ﬁdB.
Je

Our purpose is both to detect the number of sinusoids
and to identify their characteristics (Ag, fx, ¢x). For each
scenario, we simulate 1000 independent realizations that
differ by their noise sequence and indicate the average
mean and standard deviation obtained. We also indicate
the corresponding Cramer Rao bounds (CRB), we take
m = 1000 and fix the value of h at its nominal value
defined in Section 4.1 relation (4) unless otherwise stated.

Note that, in case a preliminary analysis allows to as-
certain that the sinusoids that are present have their
frequencies lying in a subset of the frequency domain,
one can restrict to the same subset the columns in the A-
matrix and diminish the computation time while keeping
essentially the same performances. We did not use this
possibility in the simulations below.

5.1 FEzample 1.

The two sinusoids are equipowered with SNR=10dB and
the frequency separation is 1/300 i.e. one third of the
Rayleigh resolution 1/n. We take m = 1000 and h =
26.28 as given by relation (4). Our procedure always
separates the two sinusoids and we present, in Table 1, the
results obtained both after unbiasing the amplitudes of the
estimates by the trivial procedure described in Section 4.4
and after applying a ML algorithm applied to the plain
estimates we obtained.

In more than 85% of the realizations, there was no false
detection, i.e., only two clusters of non-zero components
were present in the optimal z, with in general 2 pairs of
non-zero components each. In the remaining realizations,
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Table 1: Two equipowered sinusoids in white noise. The frequency
separation is 1/3 of the Rayleigh limit. SNR=10 dB, n=100 data
points, h = 26.283.

[ [ Mean [ std. dev. [ y/mse | CRB |
A1 =4.4721 | 3.084 .4629 1.4630 | .9110
A1 =4.4721 | 3.055 .4436 1.4845 | .9136
f1 =0.2000 1991 .0007 .0011 .0007
f2 = 0.2033 .2043 .0007 .0011 .0007
e1 =0 .6226 .0824 .6280 .3380
p1 = .785 1461 .0813 .6444 .3364

Estimates of the mean, standard deviation and square root of the
mean square error averaged over 1000 independent realizations

l [ Mean [ std. dev. [ vmse [ CRB ]
Ap =4.4721 | 4.5298 .6650 .6675 9110
A =4.4721 | 4.5368 .6805 .6836 .9136
f1 = 0.2000 .19999 .0006 .0006 .0007
f2 =0.2033 .2034 .0006 .0006 .0007
©1 =0 .0333 .2299 .2323 .3380
@1 = .785 7517 .2296 2321 .3364

Estimates of the previous Table improved upon using a few steps of
a ML algorithm.

there was an additional cluster of, in general, one pair
of non-zero components and their average amplitude was
.2486, about one tenth of the amplitude of the clusters
corresponding to each true sinusoid.

Unbiasing the estimates obtained by the proposed proce-
dure by using them as initial condition in a ML algorithm
does indeed improve the results as expected, and especially
so the amplitude and initial phase estimates.

5.2 FEzample 2.

The two sinusoids are equipowered with SNR=0dB and
the frequency separation is 1/200 i.e. one half of the
Rayleigh resolution 1/n. We take m = 1000. This is
actually a more difficult scenario than in Example 1
(the standard deviation of the CRB on the frequencies is
multiplied by 2) and especially so as far as the detection is
concerned. To detect systematically the two sinusoids, we
had to diminish A from its nominal value, we multiplied it
by 3/4. Now this may seem arbitrary but the purpose of
fixing h as prescribed in Section 4.1 relation (4) is to limit
the number of false alarms, i.e., the number of non-zero
components in z not corresponding to existing sinusoids.
For smaller A, this number increases, but if the associated
amplitude estimate is small enough to be easily declared
as false alarms it is not really harmful to take a smaller
h. In Table 2, we present the results, unbiased by a ML
algorithm and averaged over 1000 realizations.

With this reduced value of h, the 2 major clusters in
z always correspond to the true sinusoids but there are
additional clusters in 86 percent of the realizations with
however (average) maximal amplitude of these clusters
equal to .077. This means that these false alarms can be
discarded by applying the information criterion (MDL) or
(BIC) after the ML algorithm used to unbias the estimates,
see Section 4.3.

Table 2: Two equipowered sinusoids in white noise. The frequency
separation is 1/2 of the Rayleigh limit. SNR= 0 dB, n=100 data
points, h = 19.712.

[ [ Mean | std. dev. [ vmse [ CRB ]
A =141 1.534 .385 .403 315
Ap =141 1.542 .395 416 317
f1=0.200 | .1996 .0059 .0059 .0013
f2=0.205 | .2051 .0013 .0013 | .0013
p1 =0 .011 .446 .446 .539
p1 =0 -.008 .443 443 .543

Estimates of the mean, standard deviation and square root of the
mean square error averaged over 1000 independent realizations,
unbiased using a ML algorithm.

5.3 FEzample 3.

We now consider the case where the two sinusoids are not
equipowered while keeping the same frequency separation
at 1/2n = 1/200. One of the sinusoids is at 0dB and the
other at 10 dB. We take m = 1000. In this scenario, the
strong sinusoid hides the weak one but at the same time
it somehow helps the weak one to emerge. The procedure
systematically detects the two sinusoids for the nominal
h = 26.28, there is an additional detection in 16% of the
realizations but the corresponding average amplitude is
.0638 which means that it is generally discarded by the
MDL-BIC detection test. The results over 1000 indepen-
dent realizations are presented in Table 3.

Table 3: Two sinusoids in white noise with frequency separation 1/2
of the Rayleigh limit and SNR respectively 0db and 10 dB, n=100
data points, h = 26.283.

[ [ Mean [ std. dev. [ /mse | CRB |
Ay =1.4142 | 1.5787 .4470 4763 3153
A1 =4.4721 | 4.5080 4111 4127 3179
f1 = 0.2000 .1999 .0013 .0013 .0013
f2 = 0.2050 .2050 .0004 .0004 .0004
p1 =0 .0216 4614 14619 .5399
p1 =0 .0100 .1638 1641 1719

Estimates of the mean, standard deviation and square root of the
mean square error averaged over 1000 independent realizations,
unbiased using a ML algorithm.

5.4 Detection of a single sinusoid

The detection of a sinusoid with known frequency in addi-
tive white Gaussian noise can be performed by comparing
the output of the matched filter to a threshold [15, 16].
This test procedure is moreover optimal (corresponds to
the likelihood ratio test) in the sense that it maximizes the
detection probability for a given probability of false alarm.
In the case where the frequency of the sinusoid is not
known, a suboptimal strategy (generalized likelihood ratio
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test) is to project the observation on the corresponding
manifold and to retain the model leading to the projection
with largest modulus. In the present case, this can be
achieved by looking at the modulus of the Discrete Fourier
Transform and searching for the frequency that leads to
the maximum.

To set the threshold, one then has to evaluate the prob-
ability density function of these outputs (modulus of the
Discrete Fourier Transform) and one fixes the threshold to
achieve a given probability of false alarm under Hy. But
this is precisely equivalent to the approach we have taken
in Section 4.1 since |Ay|| represents the modulus of
the maximum of the Fourier Transform evaluated at m/2
frequencies. The proposed procedure is thus exactly an
implementation of this strategy.

We simulated 1000 independent realizations, of noise only
observations y = e and for h = 26.283, the value proposed
in Section 4.1, relation (4), the procedure detected a
sinusoid (had a optimal z not identically zero) for 134
among the 1000 realizations. In all these case it detected
a single sinusoid. We unbiased the estimate using the
ML algorithm and applied the MDL-BIC criterion to the
output. This last step discarded 39 only out of the 134
false alarms. This means that our approximate evaluation
of the statistical properties of the moduli of the outputs
of the Fourier Transform under Hj gives a threshold that
is slightly too small since it led to a probability of false
alarm of 13% while it was tuned to get 10%.

We also simulated a single sinusoid with A = v/2, i.e.
SNR=0dB. For the same value of h, the procedure de-
tects systematically the sinusoid and sometimes detects a
second one sinusoid. This is not a surprise since the value
of h has been fixed such the probability of false alarms is
10 % and since the presence of a true sinusoid does not
preclude the existence of false alarms. We do not present
the results obtained over 1000 independent realizations,
the proposed procedure attains the Cramer-Rao bounds.
Among the 1000 realizations, a second sinusoid is detected
in 127 realizations (about 13 percent of the realizations)
and the MDL-BIC criterion rejected it in 41 of these 127
realizations.

6. CONCLUDING REMARKS

We have presented an algorithm that allows to simul-
taneously detect the number of sinusoids present in the
observations and to identify their characteristics. Its per-
formance are excellent for SNR’s around 0dB and a few
hundreds of observations and to our knowledge very few
methods having similar performances exist. Especially so
if one takes into account the fact that the proposed pro-
cedure also applies in case of arbitrary sampling schemes,
i.e. for non equispaced data samples. We have shown that
for the detection of a single sinusoid, it can be seen as
achieving a generalized likelihood ratio test. Since, in the
present context, the likelihood ratio test corresponds to
the matched filter, it is indeed fair to call a procedure that
corresponds to the generalized likelihood ratio test, the
Global (or Generalized) Matched Filter (GMF), a term
that we introduced in [3] for this type of algorithms.
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