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ABSTRACT 2. THE MODEL

The correlation between waveforms arriving at an arra>)Ne consider a uniform linear array 8f omnidirectional sen-
of sensors, which is generally a consequence of multipatROrS Separated by one half wave-length at the temporal fre-
propagation, can drastically degrade the performanceuségo duency of interest, but the reader can easily check that the
localization and detection schemes. Most approaches prd?€thod extends to any geometry and this choice is simply
posed so far to handle this difficulty, consist in performingdone to fix ideas and ease the exposition. Thererare M
some preprocessing aiming to decorrelate the signals aed haPotentially correlated plane waves that impinge on theyarra
limited effects. They are moreover restricted to specifisyar @nd for simplicity we assume that the array and sources are
geometries. We present a technique that works for any gé:_oplan_ar. We denoté(f) the steering vector associated with
ometry and that is able to handle coherent signals as well. f P€aring with respect to broadside. ,
simply relies on no prior assumption on spatial statiogarit ~____The observed vector of sensor-outputs, i.e. snapshot, at

time k is then modeled as

Index Terms— DOA estimation, correlated waveforms,

global matched filter, generalized maximum likelihoodaati Xy = D(0)sy, + ny

where D(0) = [d(61) d(f2) .. d(0,)] € CM*™ s, €
C™*1 are the Gaussian signal vector at timeandn, €
CMx1js Gaussian spatially white noise with poweer. More

) ) preciselys;, ~ CN(m,0,P) andny, ~ CN(M,0,031y)
Correlation between waveforms generally appears in the Cagyhere CN(M, 0, R) denotes a complex (circular) Gaussian
of multipath propagation and can severely degrade the pegistripution of dimensionZ, mean0 and covariance matrix

formance of an antenna array system. Most source localizg; |t follows that the snapshofs;, are themselves CN(M,0,R)
tion techniques, including those that are eigen strudbased  \yith covariance matrix

such as MUSIC [1, 2], encounter difficulties only when the

1. INTRODUCTION

signals are perfectly correlated or coherent. But in pcagti R=D(0)PD(0) + ool (1)
however, significant degradations arise when the signals ar . . .
highly correlated. If the m impinging paths are spatially uncorrelated, their co-

variance matrixP is diagonal with diagonal compone

and we define the signal to noise ratio (SNR) of thth
ource to be equal 2 /o3. If the paths are spatially corre-
%ed,P is no longer diagonal and in the case of two correlated

gaths, the covariance matrixbecomes

Though of high practical importance, the highly corre-
lated or the fully correlated (coherent) case did not rexeiv
the attention it deserves [3] and in general only some prepr
cessing schemes whose aim is to deccorelate the signals
proposed to improve the performance or reduce the degrad
tions of techniques that are build and developed for uncor- o2 o0 7Py o

. . . _ 1 1020, ,€
related sources. A preprocessing technique known as kpatia P = [ —ipy . 02 2
smoothing has been proposed in [4] and further investigated ’ 2
in [5, 6]. The main drawback of this approach, besides beingiith p, , < 1 the modulus of the correlation between the two
only applicable to regular array geometries, is the reducti signals. Wherp, , = 1 they are fully correlated or coherent
of the effective array aperture and hence lower resolutimh a and the rank of? becomes equal to one.
accuracy. Another technique known as redundancy averaging Note that spatial correlation is induced by temporal cor-
[7, 8] is known to induce bias in the bearing estimates. relation between the signals carried by the waveforms. Typ-

In the sequel we consider a technique that works for anjcally a temporally correlated signal emitted by a source ar
geometry and that is able to handle correlated as well as coives at the array through different paths, with differest d
herent waveforms. It simply relies on no prior assumption. lays and the temporal correlation induces spatial corcglat
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It may nevertheless happen that, even in that case, the snapsparse representation on the redundant basis formed of
shots X, are temporally uncorrelated. If this is the case alland a large number of equispaced steering vectors with bear-
the information in the, sayV, snapshotsX}, is contained in ings on a regular grid. Typically if one allows for some resid
their sample covariance matrix ual error betweery and its sparse reconstruction an existing
steering vectorl(6,), whose bearing, does not belong to
. 1 Y " the regular grid, will be approximated by the two neighbgrin
R=+ Z Xk Xj bearings on the grid.
1 If A denotesthé/ x K matrix whose columns are tté-

1 equispaced steering vectors plus the colufie; (so that
all the columns of4 have the same euclidean norri),
the GMF, in its most basic form, amounts to solve

One can then build a DOA estimation scheme usihgith-

out loosing any information. This is the case of MUSIC, for
instance. In the presence of correlation, some schemeg{for
stance, sub-aperture or redundancy averaging) have been pr

1
posed to somehow decorrelate the signals but their effigienc min o Az —yl3 + &z, h>0 (4)
is quite limited and, in any case, they cannot handle the case
of coherent paths. with z € CK, Izl = 3 |2l HzH% — L H, Sz, % and

h a positive real to be fixed.

3. THE PROPOSED TECHNIQUE 3.2. A more elaborate version

3.1. The basic version To improve the performance of the method, one can take into

We propose a high resolution DOA estimation scheme thakccount the statistical propert[es of the observations dn-
works whatever the correlation between the sources and evélgr the current assumptions,R follows a complex Wishart
somehow detects the number of paths that are present. It distributionCW (N, M, R). One can also observe thatis

is a sparse representations technique, we called the Globaih estimate of the covariance matrix®f, € CN(M,0, R)
Matched Filter (GMF) in [9, 10], that can also be seen as and thatN R is then a sample of W (N, M, R). From the
model-fitting approach or an inverse-problem solver. Itkgor first of these two observations it is easy to deduce the Statis
whenever one wants to decompose a signal/vector into th&al properties of the components®f with Fig = Tij

e
sum of a small number of vectors belonging to a parametrizegne has "
family of vectors [9] (manifold). In an uncorrelated sowsce (7 7 1 5
context, we proposed to apply it to a set of beamformer out- (Fij Fmn) = N im Tmij ®)

puts and it generally outperforms MUSIC (at a higher com- . .
putational cost though) and attains performances clogdeeto t where]y is the number of SnapShOtS' It then foIIows.easHy
Cramer-Rao bounds [10]. from this formula tha@, the covariance matrix of t_he first

In the present correlated or coherent plane waves contex§0lumn of i, an estimate o the first column off?, is
we propose to apply it to the first column &f we denotey 1
in the sequel. If the sources are uncorrelateds Toeplitz Y= v " R. (6)
and the first column oR after averaging of the diagonals is a
sufficient statistic whose covariance matrix can be evatliat |1 s then natural to premultiply botH andy in (4) by X~ to

If the sources are partially or fully corrglateﬂ,is no longer \yniten the observations. Sindand thus are not Known.
Toeplitz and averaging the diagonals®fthough being one in practice we replacé by its estimateR, the components
of the tricks (redundancy averaging) proposed to decdeelaj, the resulting observation vector, sgy, = 5~ %y are then
the sources has no justification, and we thus stay wheing  ,ncorrelated and of unit variance, at least asymptotidally
the plain first column of?. N.

For two correlated plane waves in white noise (1,2), the  The more elaborate version which should somehow be
first column of R, we denoteY,, is given by close to a maximum likelihood approach applied to the obser-

. vations iny amounts to replace (4) b
Y = (0F +or0up, ,¢712) d(6)) y place (4) by

2 —Jje 2 1 -
+(02 + 0109p, ,e I712) d(6,) + 05 €1 (3) min o | 4wz = yul3 + Izl h>0 (7)

with e; the first column of the identity matrix. One can check

that quite generally for any number of paths uncorrelated owith y,, = -2y, 4, = >~ 2 A and A4, represents the ma-
correlated partially or fullyY can be decomposed uniquely trix A,, with columns normalized to one #3 norm.

into the sum of a weighted sum of the sought-for steering  The number of waveforms present, theinplitudes and
vectors and the; vector. T[le same holds then approxima-their bearings are then deduced from the optimuafi (4) or
tively for the first column ofR, we will denotey , i.e.,y has  (7) as explained in the following section.



4. IMPLEMENTATION ISSUES To nevertheless fix ideas, we propose to take

For a well choset, the optimal: has typically abougm + 1 1 /1 . 9 D
nonzero components, i.e., a pair of neighboring nonzere com h o 2V 9 Ve with Pr(x; > t) ~ M’

ponents for each of the waveforms that are present and an ad-
ditional component to model the noise contribution. The est which would be close to the optimal value if the real and
mate of the number of waveforms present is then given by thinaginary parts of théd complex random variables A r
number of clusters of nonzero components, dheplitudes ~ had identical variance (equal 19'2) and were uncorrelated.
is estimated by the sum of the weights in its associatederlust In the simulations, we perform in Section 5, we take- .1,
and the bearing estimate is obtained by linear interpalaifo  i.e., a 10 percent probability of false alarm in the formuid a
the associatedhdices. From (3) it follows that there exists Wwith M = 10, we geth = 1.07.
no simple relation between thenplitudes of the steering
vectors and the sources powers, we will not investigate thig > Getting the estimates
point further.
Having obtained the optimum of (4) or (7), denotetielow,

] we now explain how to deduce fromthe estimates of the

4.1. Setting the threshold amplitudes, we will denotel;, and bearingdy; .

We consider the elaborate version of the proposed techniquseou:/é/s/f';;] Corgifr?tri;h%gigk)es:riémhne;engfviﬁs;%glsn
The value ofh will have a major influence upon the detection path p j s

part of the whole procedure. To make this more apparent w e optimal has then just tWo non-zero compl_ex welgh_ts.
introduce the dual of the criterion (7) which is non-zero component associated with the noise contribu-

tion,i.e., columny/Me; and another one associated with the
@) column inA with bearing closest to the true bearing. The am-

plitude and bearing estimates are then simply this non-zero

component (modified to take into account the normalization
whereA* is the conjugate transpose dfand||z|., denotes  step in the elaborate version) and the bearing associatad wi
the £.-norm of z, max;, |2z;|. This dual which is equivalent the corresponding column.
to (7), is important because it allows to understand the role  The so-obtained bearing estimate being on the discretiza-
played byh [10]. One can already observe from the con-tion grid may not be the best possible. A better choice of
straints in (8) that, ah increases, so does the size of the ad+, (slightly smaller than the previous one) might yield a op-
missible domain. More precisely, forlarger than|A[ly|..,  timal z having three non-zero weights. Besides the ’noise’
the pointz = 0 becomes admissible and is then the Optimumcomponent, there would appear a couple of neighboring non-
Roughly speaking, the largér the sparser the optimaland  zero weights that, by simple linear interpolation, woulelgti
vice versa. a bearing estimate that does not lie on the discretizatiwh gr

If the value ofh is too large, the procedure may not detectand may thus well be closer to the true bearing. In case, there
weak paths. On the other hand jifis too small, there may are more than 2 contiguous nonzero components(iahich
appear many false alarms, i.e., the procedure will detettt anactually never happens) one similarly estimates the bgarin
identify paths that do not exist. We will thus aim to ¢eto by linear interpolation and the amplitude by simply adding
achieve a given probability of false alarms. the different weights.

To do so we observe that in the ideal case where the If there arem>1 paths present igr, one expects the opti-
optimal z and associated!,, z represents exactly the wave- mal = to have, in addition to the noise componentdisjoints
forms and the noise contribution, i.e., whdn,z = Y,,, the  couples of non-zero weights and the same procedure applies
whitened residual vector, say= A,z —y» = Y4 — Yw  to each couple. This, of course, corresponds to the ideal sit
is, asymptotically in/V, N(0O,l) (see section 3.2). It follows uation where the proposed algorithm does a perfect detectio
that, in this ideal situation, the vectet’’r in the dual con- job.
straint is a vector filled withiK' scalar (dependent) complex
random Gaussian variables build upon the independent
scalar standard Gaussian random variables presenMore
precisely, each component it/ r is a zero mean random An estimate ofn, the number of paths presentynis given
variable whose real and imaginary parts are zero mean corrpy the number of (significant) clusters of non-zero compo-
lated Gaussian random variables whose variances sum to omgnts in the optimat. A cluster being typically a couple of

In a detection context, one would like to chodsso that  neighboring non-zero weights. For a given scenario, the de-
the probability for the maximum of th& random variable tection performance of the proposed approach dependsymainl
in AHy with r € N(0,1,), to exceedh in modulus bep,  upon the choice ok in the criterion, see Section 4.1 above.
the chosen probability of false alarm. This is quite difficul While for easy scenarios this choice is quite robust, this is
in this realization-dependent whitening context and waald no longer true for difficult scenarios. Globally ff is fixed
quire further investigations. to get a probability of false alarms equaljpthe procedure

min ||A,z|2 under ||/_15(flwz —Yuw)lloo <h

4.3. Detecting the number of paths



will detect an additional (false) bearingjrpercent of the re- 4.5. Summary of the algorithm.

alizations. This additional path will have a small amplgud ] ) ) } .
estimate and may thus appear suspicious. Before presenting some simulation results in the nexteecti

The choice of the numbek of columns inA and the as- Weé summarize the_ algor_ithm we propose. For a given array,
sociated discretization step in bearing or better, for foumi ~ We build theA matrix of dimensior{M, K) with K —1 equal
linear array, in spatial frequendyf = 1/(K — 1) is also im- to roughly 10 M and column vectors the eqwspaped steering
portant in this context. If is too large, it will essentially in-  Vectors and a noise vector, see Section 3.1. WithXheb-
crease the computation time and lead to a poorly conditione®€"ved snapshots we build an estimatef their covariance
optimization problem. Remember though that the optimizaMatrix and denotg its first column vector. We then solve (4)
tion problems (4) or (7) are convex and have thus genericall@" (7) with / as defined in Section 4.1, using the subroutines
a unique optimum. eDuMi [11] WhICh.IS a second order cone programming li-

If K is too small, it may happen that the two clusters asPrary, to get the optimum.
sociated with paths having close bearings merge whichtesul ~ For a quick and transitory test purpose, to solve, say, (4),
in the non-separation of the two paths. This situation cah anone can implement the recursion
must be avoided by adequately chooskigindeed knowing
roughly the resolution limit, sayA f, associated with the ar- z— 2t =|Z|(A|Z|AT + hD) "y,
ray, we propose to choogé—1 sothatA f = 10/(K—1). As
an example, for an array with/ equispaced sensors and sig-With |Z| =diag(|z|) and initial conditionz, = A*y which
nal to noise ratios arour@ldB, the resolution limit (Rayleigh has been proved to converge to the optimum [12].
limit) is known to be aboutA f = 1/M so that one will typ- We then deduce the estimates from the optimuas de-
ically chooseK — 1 = 10M. This choice allows for about scribed in Section 4.2.

2 zero weights between two paths that are close in bearings To implement the more elaborate version associated with
but nevertheless potentially separable and thus guasathtae  criterion (7) one further has to whiteh andy and (re-) nor-
two disjoint clusters will be obtained in case the two pattes a malize the columns of the whitenettmatrix.

detected.

5. SIMULATION RESULTS.

4.4. Unbiasing the estimates, link with a detection test To evaluate the performance of the proposed GMF approach,

Since even foly = Y, the optimalz will never be such that We compare its elaborate version to MUSIC after redundancy

Az =y, for h > 0, itis obvious that the presence of the termaveraging (denoted MUSIC-R). We do not consider MUSIC

h||z||1 in (4) or (7) induces bias into the estimates. after spatial smoothing since it does not separate the 3 path
This bias while Concerning quite direcﬂy the amp”tudeeven in the absence of correlation. The antenna is linear and

estimates, also affects the other parameters. It is thusrimp has M=10 sensors. We consider 3 paths all at Odb ¢fe=

tant to remove the bias when the amplitude estimates are 6t = 1in (1,2) and bearings -5, 0 and 15 degrees with respect
interest as such. This is not the case here since the anwlituéP Proadside. There are N=100 snapshots in all simulations.
associated with a path is a function of the power of the assdn the GMF criterion (7), we také = 1.07 as recommended
ciated source but also of the correlation with other patés, s in Section 4.1 and the columns ihare steering vectors that
(3). We will thus not elaborate on the way this bias can beare equispaced in spatial frequency with a st¢p60. The
removed, though we shall see in Section 5 that it is only noig@me set of steering vectors is used in MUSIC-R where we
negligible on the bearing estimates. One of the ways beinfjirther assume to known a priori the true number of paths

to use the outcome of the algorithm as input to a MaximunpPresent.
Likelihood algorithm. The basic MUSIC algorithm does not systematically sep-

In fact, see Section 4.1 abovk,is chosen to achieve a arate the two paths that are close even if all the sources are
given probability of false alarm, i.e., to decide wronghath uncorrelated, hence the above remark concerning the Bpatia
a path is present (that hypothedig is true) while there is Smoothed MUSIC which has a lower resolution.
none (hypothesiél, is true). Usually deciding betweek; Below we keep all these features and in the different sets
(a single path is present) ard, (the observations are just of simulations we only vary the correlations between the 3
noise) is performed by comparing a quantity (the likelihoodpaths denoted path 1, 2 and 3 with respective bearings -5, 0
ratio or here the generalized likelihood ratio) to a thrésho and 15 degrees. We only consider fully correlated or colteren
In the GMF, the bias induced by the presencé afi the cri-  paths. More precisely if paths 1 and 2 are said to be coherent,
terion translates this threshold to zero. One thus deditles we takep; » = 1 andy; 2 = 0in (2).
i.e., that a source is present, if a component in the optimal We take in turn paths 1 and 2 coherent, see Table 1, paths
(besides the noise component) is nonzero, Hpatherwise. 1 and 3 coherent, Table 2, paths 2 and 3 coherent, Table 3
Indeed one can show that, while the matched filter (MF)and in Table 4, all three paths are coherent. MUSIC-R locates
is equivalent to the likelihood ratio (LR), the global (omge-  systematically the three paths in the scenarios associ4tied
alized) matched filter (GMF) is equivalent to the generalize Table 1 and 2 but fails to do so systematically in the scerario
likelihood ratio (GLR), hence its name ! associated with Table 3 and 4, despite the fact that we assume



the number of paths to be known to the algorithm. The proproperties that makes it comparable to a generalized Hikeli

posed method GMF separates systematically the 3 paths in &lbod ratio test. Some simulations are proposed to demon-

4 scenarios without prior knowledge. strate its performance. In its present form it presents some
inherent bias that can however be removed by using our esti-

Estimates of the mean, standard deviation averaged over 10éhates as initial conditions of, for instance, a maximume-like

independent realizations for MUSIC after redundancy ayera lihood algorithm. This last point requires however furtirer

ing and the elaborate version of GMF. vestigations.
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