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ABSTRACT

Sparse representation techniques have become an im-
portant tool in image processing in recent years, for cod-
ing, de-noising and in-painting purposes, for instance.
They generally rely on an �
	 - � � penalized criterion and
fast algorithms have been proposed to speed up the ap-
plications. We propose to replace the � 	 -part of the crite-
rion, which has been chosen both for its easy implemen-
tation and its relation to the PSNR quality measure, by a
� � -part. We present a new fast way to minimize a � � -
� � penalized criterion and assess its potential benefits for
image De-noising and coding.

Index Terms— Speech, Image and Video Process-
ing: Image and Video Coding, Multi-rate and Digital
Signal Processing: Signal Representations and Spectral
Analysis.

1. INTRODUCTION

There is growing interest in sparse representations, which
is a technique, that allows to decompose a signal into
a small number of components chosen from an over-
complete set of vectors or signals often called a dictio-
nary or a redundant basis. More formally, one seeks a
sparse representation of �
����� , in terms of the column-
s ��� of a ����� matrix � . Since � is full rank and
��� � , there are an infinity of representations and to
select a sparse one, one may solve the linear program:
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where
#%$&# � denotes the �+� norm of a vector

$
,
#%$&# � ',.-0/ �21 $43 1 �
5 �76 � for 8:9<; . Since an approximate recon-

struction may be sufficient and even preferable, it makes

sense to replace the linear program by
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CE@
a tolerance to be defined. Quite generally, and

especially so in image processing applications such as
image de-noising, in-painting, image expansion and pre-
diction, image and video compression, F is taken equal
to G , i.e., the Euclidean norm is chosen as the error met-
ric. The above criterion is then, somehow, equivalent to
the quadratic program [1, 2]
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The algorithms, that allow to build such a sparse ap-
proximate representation, such as matching pursuit [3],
a suboptimal algorithm that selects sequentially the com-
ponents, or those that minimize the quadratic program
(1) exactly, are quite time consuming and a lot of effort
is steadily made to develop “fast” variants [4]-[6] and
dedicated software architectures leading to fast imple-
mentations are developed [7].

Sparse representations used for image [8] and low
bit rate video coding [9] are all based on the � 	 error met-
ric and the associated ubiquitous PSNR quality measure.
However, it is well-known that this metric is not really
appropriate from a perceptual point of view. In [10], it is
argued that elements of the spatial-frequency-amplitude
response of the human visual system, summarized by the
contrast sensitivity function can help choosing an im-
age quality metric from the class of � @ metrics. In that
context, it has been argued that the error incurred in im-
age compression should be measured using the � � norm
rather than the � 	 norm.

In coding applications, the coefficients of the expan-
sion need to be quantized. Their quantized representa-
tions together with the indices of the coefficients of the



expansion are then entropy coded. The reconstruction
error will be bounded by the sum of the quantization and
the approximation errors. The number of the expansion
coefficients and their quantizers must be such that the re-
construction error is minimized under the constraint of a
given bit rate. The authors in [11] show, with predictive
and sub-band coding, that optimizing quantizers under
the constraint of an � � norm of the error, instead of the
global � 	 criterion, which averages the error over the w-
hole image, leads to a sharper image reconstruction with
a decreased error range and a better edges reconstruc-
tion.

In the sequel, we therefore consider the optimization
problem :

�?�! " #%$J# �
subject to
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the so-called � � - � � penalized criterion.

2. THE CRITERION

The previous criterion (2) can indeed be transformed in-
to a linear program and some information about its op-
timum and its dual can be gained in doing so. Its dual
can also be obtained in a more straightforward way and
shown to be:

������ � ��� > C � # � # � under
# � ��� # � A ; ) (3)

We use this dual expression in the unknowns
�

to express
the joint optimality conditions of (2) and (3) [13]:

Theorem:
The vector

$
is the optimum of the primal (2) and

�
the optimum of the dual (3), if and only if

� $H> � ' > C �
	 and � � � '�� (4)

for some
� ��
 #%$J# � and

	 ��
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where 
 #%$&# � denotes a sub-gradient of

#%$&# �
at
$

. �
To prove this result, one verifies that both

$
and

�
are feasible and lead to the same costs. In addition, let
us indicate that, using basic linear programming theory
one can establish that the optimal

$
and

�
have the same

number, say F , of non-zero components, with F A � .

3. THE ITERATIVE ALGORITHM

3.1. Introduction

It is now possible to use these conditions to build an
algorithm that solves (2) exactly in a finite number of
steps.

The idea is similar to the one used in [5, 6], one starts
with

C �
, or to simplify the notations

C
, large, for which

the optimum is at zero and follows the optimum
$�� C��

for diminishing
C

. The number of nonzero components
in
$�� C��

essentially increases as
C

diminishes and never
exceeds � .

More specifically as
C

decreases from infinity, there
is, generically, a first interval in

C
say 5 C � ) C�� 5 withC ��� C��?' # � # � , for which the optimum has just one

nonzero component then a second interval 5 C 	*) C � 5 , for
which there are two nonzero components, and so on. In
this scheme, while

C
decreases, the boundary values ofC

are given by the values of
C

for which the number of
nonzero components in the optimum increases (mainly)
or decreases (seldom). From the optimality conditions,
one can deduce that, within each interval,

$�� C��
is con-

tinuous and varies linearly while
� � C��

remains constant.
In summary to solve (2), though one is only inter-

ested in the optimum for a given value of
C
, it happen-

s to be cheaper to solve the problem for decreasing
C

,
i.e., to decompose the positive real axis into intervals5 C � ) C ��� � 5 within which the number of nonzero compo-
nents of the optimum remains constant and to stop the
procedure when the

C
of interest is within the current

interval.

3.2. Development

We will not give the full details of the algorithm but in-
dicate how it can be developed. Notations will play a
important role. If one knows the solution

$ ) � that to-
gether with

� ) 	 satisfies the necessary and sufficient
condition (4) for a given

C
, the idea is to extend it within

an interval, to evaluate the values of the boundaries of
the interval and eventually to define how to cross such a
boundary. To achieve these goals, we partition the op-
timal

$
and

�
into their zero and non-zero components.

We denote �$ the non-zero components of the optimal$
and � �$ its zero components, and partition according-

ly (the columns in) � into �� and � �� . We partition (the
optimal)

�
into its non-zero components

�
and its zero

components
�

and partition accordingly the rows of �



into � and � . Since the optimal
�

is related to the op-
timal

$
, we partition

�
into �� and � �� and similarly for

the optimal
	

that we partition into
	

and
	

. These last
four sub-vectors have specific properties as follows from
the definition of the sub-gradient. One has, for instance,
��(' sign

� �$ � and
# � �� # � A ; .

The boundaries of the interval we are seeking, are
the values of

C
for which these partitions cease to be

valid.
Using these notations, it is now possible to rewrite

the relations in (4). The second condition � � � ' �
im-

plies �� � � ' �� and further �� � � ' �� , with �� a square
order-p matrix, we assume invertible. This relation tells
us that

�
and thus

�
is invariant within the current inter-

val, since this is the case for �� . It follows from � � � ' �
that

�
also is invariant.

We thus already known that within an interval a-
mong the eight sub-vectors that define the optimal quadru-
ple, only two - �$ and

	
- can and will depend upon

C
.

The first condition in (4): � $(> � '<> C 	
, becomes

�� �$L' � > C 	 and introducing the
�
-induced partitions

yields: �� �$ ' � >?C 	 and �� �$(' � >?C 	 . The first of these
two relations yields the evolution of the optimal �$ and
thus

$
as a funstion of

C
, within the current interval

�$�� C��&' �� �
�
� > C �� �

� 	
(5)

since
	 '

sign
�

remains constant. Replacing �$ by this
expression in the second relation, yields

	 � C��J' ;C � � > �� �� �
�
� � I �� �� �

� 	 O (6)

These two relations thus fully define how the optimal
quadruple

$ ) � ) � ) 	 varies within an interval.
It remains then to locate the values of

C
for which

these formulas cease to be valid, i.e., the values of
C

for which a component in �$�� C�� becomes zero and/or for
which a component in

	 � C��
becomes equal to

� ; . This
is an easy task. A more difficult question is to define the
way these partitions have to be modified when crossing
the so-obtained boundaries in

C
.

4. APPLICATION TO IMAGE DE-NOISING AND
CODING

The sparse representation technique under the � � con-
straint has first been used for image De-noising using
the algorithm described in [12]. The De-noising algo-
rithm uses sparsity over overlapping patches as a global

image prior in a MAP estimator. Let � and � be the
image to be estimated and its noisy version (assuming
AWG noise) respectively. The initial algorithm proceeds
in two steps:

� Step 1: Solving ��	� 3
' ��

� ��� � # ��� 34# �
subject to

# � ��� 3 >���# 		 ALC 	 , e.g. using the OMP
and GMF [2] algorithms, as a sliding window s-
parse coding stage on each overlapping patch

� ��� � ;
� Step 2: Given all sparse vectors ���� 3 , update � by

solving �� ' ��
������ ��� # � > � # 		 I - � 3 # ������ 3 >
� � 3 � # 		 , where � � 3 is the window extracting ev-
ery patch from the image.

Here, the first step is replaced by the � � > � � penalized
sparse representation algorithm. Fig. 4 shows the re-
sults of the De-noising algorithm with three differen-
t sparse representation techniques: OMP (Orthogonal
Matching Pursuit), GMF (Global Matched Filter) with
the � 	 > � � criterion, and GMF with the � � > � � criterion
for an additive white Gaussian noise of standard devia-
tion � ' G�� . The GMF algorithm with the � 	 > � � norm
outperforms the OMP algorithm, with a PSNR of G�� O �
!
dB against G�� O ��� dB. As expected, the PSNR obtained
with the � � > � � norm is lower ( G�" O �$# dB), however with
a comparable visual quality.

It has been noted in [10], [11] that minimizing the
� � > norm instead of the � 	 -norm of the reconstruction
error in image coding, may lead to a sharper image with
a decreased error range and better edges reconstruction.
The sparse representation technique with the � � > � � criterion
has thus been considered for image compression. How-
ever, it turned out that the representation is far less sparse
than the one obtained with the � 	 > � � criterion, for the
same approximation error. This is illustrated in Fig. 2
which shows the average number of atoms per block of
size �B�%� with a DCT dictionary (image Goldhill).

5. CONCLUDING REMARKS

We have indicated how it is possible to develop a fast
algorithm that minimizes a � � - � � penalized criterion.
While the criterion can be transformed into a linear pro-
gram and thus solved using standard subroutines, our ap-
proach is indeed faster if the number of non-zero compo-
nent in the optimum is small, corresponding to so-called
degenerate linear programs. We applied this criterion to
image denoising and coding and in both cases, it appears



that, at least for the preliminary investigations we per-
formed, the results are disappointing. In the denoising
case, the retained sparse representations are less-sparse
than for the competing schemes. The computation time
is thus higher and the results at best similar. And sim-
ilarly in the coding case, the representation are far less
sparse then for competing schemes and the resulting dis-
advantage too important to be compensated for in the
later coding steps.
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Fig. 1. Denoising with three sparse representation tech-
niques: OMP (Orthogonal Matching Pursuit), GMF
(Global Matched Filter) with the � 	 > � � criterion, and
GMF with the � � > � � criterion, for an AWGN ( � ' G�� ).

Fig. 2. Average number of atoms per block of size � ���
with a DCT dictionary (image Goldhill).


