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ABSTRACT The SVD has become an important tool in many areas of
signal processing precisely because of its link with this and
similar matrix approximation properties.

In case the noise that corrupts the components is non-
Gaussian but is assumed to follow a double-exponential or
Laplace distributiorf ¢~#1#! the matrix norm to be used is

Low rank matrix approximations have many applications in

different domains. In system theory it has been used in mod-
el reduction schemes, in system identification with output-
error models and in static errors-in-variables problems, for
instance. The approximations are mostly performed using

the singular value decomposition. This is optimal for all u- A, = Z lai ;|- 3)
nitarily invariant matrix norms, such as the Frobenius norm. i
From a statistical point of view it is justified when the com- Indeed since the noises are assumed to be independen-

ponents are perturbed by independent and identically dis-t on the different components, the joint density is simply
tributed zero mean Gaussian noise. If this assumption is notthe product of the common density and maximizing the log-
valid other norms and thus approximations should be con-likelihood leads to minimizing the Frobenius norm in the
sidered. Below we consider the I1-norm that is optimal if Gaussian case and thi§ *norm in the Laplacian case.

the noise samples follow the Laplace or double-exponential ~ Note that if real {»,n)-matrices are considered as vec-
distribution and we indicate how to obtain for an arbitrary tors belonging to vector spaces of dimensiorx m, the
matrix, the optimal decomposition -similar to the singular vector norms can become matrix norms provided they sat-

value decomposition- associated with this norm. isfy the axioms required for a matrix norm. Both the Eu-
clidean orfy-norm ||z||z = ( 3,22 )'/2 and thel;-norm
1. INTRODUCTION llzlls = >, |«;| are such vector norms that lead to matrix
' norms, respectively (1) and (3).
Approximating a given matrix by a matrix of lower rank is To our knowledge the approximation problem (2) asso-

of interest in many areas of systems theory, signal or imageciated with matrix norm (3) has not been considered and in
processing. If the components of a real,)-dimensional this qontrlbutlon we present some partial results towards its
matrix A of rankr are corrupted by independent identically Selution. . _
distributed zero-mean random variables it will generically !N Séction 2, we recall briefly some results concerning
become full rank and estimating the true underlying matrix the SVD decomposition, its link with the Frobenius norm
is a challenging problem that may require a preliminary esti- 2nd some related matrix approximation problems. In sec-
mation of the rank. In case the noise is Gaussian the norm tgon 3 we introduce the new’;’-norm decomposition and

use in the approximation procedure is the so-called Frobe-an exhaustive search algorithm that allows to build it. We
nius norm, we denotel|A |||, : present an example in section 4 before we conclude.

2. SINGULAR VALUE DECOMPOSITION
Al = (3" a2,)"/? = racg A 4)'/2 (1) _ -
i, 2.1. Singular Value Decomposition
For the sake of completeness and for later reference we re-

member that the SVD [1, 2, 3] of the reah(n)-matrix A
of rankr is of the formA = UXV7T with U andV square

whereA” denotes the transpose of the mattixin case the
true rank is known, the problem to solve is

mAin [lA]l, st rankKA—A)=r 2) unitary matrices and
Y0 - :
: : : Y =UTAV = here ¥ =d e O
Its optimum is well known [1, 2] and easily deduced from { 0 0 ] where ado1, o)
the singular value decomposition (SVD) of the matrx with o1 > 09 ... >0, > 0.
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One can further decomposeinto [ U; Us | with U; having
r columns and/ similarly into [ V4 V5 | to rewrite the SVD

in the form _
A= U12‘/1T = chuk’l}g (4)
1

which is sometimes called the singular value factorization.
The columns of the matrik’; form an orthonormal basis of
R(A), the range or column space df while the columns

of V; form an orthonormal basis 6t(AT). The columns

of the matriced/; andV; are then arbitrary bases for the
orthogonal complements &F(A) and®(A”) respectively.
This full-rank factorization ofA leads to a simple expres-
sion for A*, the pseudo-inverse of, AT = V2~ 1UT
which is just a specific generalized inverseAf Remem-
ber thatA~ is a generalized inverse of if AA=A = A.

2.2. Links with the Frobenius norm

Let us first establish the following well known [1, 2, 4] ma-
trix approximation result.

Theorem 1: Given a real {2,n)-dimensional matrixA
of rankr the solution of

mAin IA ], st ranKA—A)=rankA) -1 (5)

has valuer,. and is attained bA = o,u,v!, the “smallest”
singular triplet ofA (4). O

We prove this well known result since a similar approach
will be used below when the Frobenius norm is replaced by
the */;’ norm. We will assume that the optimua is a rank
one matrix. While this is true and quite easy to establish
for the Frobenius norm, it is not true or may be difficult to
establish for other norms. We will use the following lemma
and corollary that are established in the appendix.

Lemma 1: Any rank one matrixA that is such that
rank( A-A) = rank(A) -1, is of the form
A=A A with 4T Az £0.

yT Az O

Corollary 1. The rank one matrix\ can also be rewrit-

ten .
_ _ab
A= bTA—a . ]
and A~ any generalized inverse df.

with b7 A=a # 0, a € R(A), b € R(AT)
O

Proof of Theorem 1Using Lemma 1, the optimization prob-
lem (5) can be rewritten

TA
—— |||, withy? Az # 0.

min (1= 74,

Since [|ab? |||, = ||a||2 [|b]|2, the solution of this problem
can in turn be deduced from the optimum of

max |yT Az| with ||Az||2 =1, [|ATy|3=1.
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We remove the absolute values in the cost function since
andy are not sign constrained and at the optimgihmz >
0. The Lagrangian of this problem is then

Uz, y, A\ p) = —y" A+ 5 (| Az]3-1)+ 5 (|ATY5-1).

An optimum of the problem is a stationary points of the
Lagrangian [5] and satisfies

—ATy + NAT Az =0,
— Az + pAATy =0,

[Az]j2 =1
[ATy[l2 = 1.

Premultiplying by the first relation by’ (respectively
the second by™), one observes that at a stationary points
of interestA = u = y“ Az > 0. Introducing themu =
Az, v = ATy ando = 1/\ = 1/u > 0 these conditions
become after some manipulations

ATu=0ov, |ulla=1, o>0 (6)

Av=o0ou, |v|2=1
in which one recognizes the coupled equation defining the
singular value triplets{oy, ux, vy } also known as the
Schmidt pairs [3]. Sincg” Az = 1/0 has to be maximized
one retains the minimal tripletss,., u,., v, }. It is straight-
forward to verify that the second order sufficient conditions
for a strict optimum are satisfied by. andv,. if the smallest
singular valuer,. is simple. O
Note that we have only proven that

min

ranka)=1
is attained forA = o,.u,v! providedo, the minimal non-
zero singular value ofd is unique. Of course replacing
now A by A — o,u,v! in this problem would yields\ =
or_1u,_1v._, and so on. The whole SVD can progressive-
ly be constructed by solving this sequence of optimization
problems.

A ], s.t. ranKA — A) =rank(4) — 1

We now perform the same reasoning using thenorm
(3) in place of the Frobenius norm(1).

3. NEW MATRIX DECOMPOSITION

3.1. Elementary step

We are given a realg,n)-dimensional matrix4 of rankr
and we seek the solution of

min

A, st
ranka)=1

rankA—A) =rankA)—1. (7)

Since we have not been able to establish that the optimum
is unique and attained at a rank one matrix, except in the
case whered is full rank, we impose this condition. Using



Corollary 1 and the fact thatilab™ |||, = |lall1 ||b]l1, the then the optimum of (7). We have not been able so far to

problem (7) is equivalent to find the sufficient conditions this point needs to satisfy.
. _ The relations (10) have to be compared to (6) that char-
max b" A”a with [lafy =1, [[b]1 =1, acterize the singular triplets of the matrlx While relations
' a € R(A), be RAT). (6) are easily transformed into those defining the eigenvec-

B . tors and eigenvalues of the matricast” and A” 4, here
We now replace the conditian € $*(4) by U a = 0 and  no such combination seems feasible.
b € R(A") by V3" b = 0 where the matrice§; andV; were Because the vectorsandv are only known to belong to

introduced below (4). Their columns are arbitrary bases for gets these relations are difficult to exploit and to solve them
the orthogonal complements &f(A) and R(A”) respec-  \ye need the following lemma.

tively. Problem (7) is thus equivalent to

Lemma 2: The optimal rank one matridA = ab?
T A— _ _ bT'A—a
max b"A%a st afy =1, bl =1, ®) cab” deduced from the solution to problem (8) is, the outer
Ula=0, V/b=0. product of a column vector and a row vector having each at
leastr-1 zero components. O

The Lagrangian of the problem is defined as

_ T A
Ua, by Ay Aoy ma) = =0 A%a+ A (flally = 1) Proof : We establish equivalently that an optimal solution

+ Xa(|bllr = 1) + 7 Ufa+ i Vb say @, b,) to (8) is such that,, has at mostn-(r-1) non-
zero components arig, at mostn-(r-1) non-zero compo-
with A; andX; € R, m; € R™ andmy, € R™. nents. This follows by observing that for the optinigl

Due to the presence of tiig norm, the gradient does not  vector, the vector is the optimum of the following opti-
exist at every point and in order to characterize the condi- mization problem
tions satisfied by the stationary points of the Lagrangian, we max, b A~a subjectto |lal; =1, Ufa=0
introduce the sub-differential [5] dfz(|; denoted [|z[l1,@  This problem can be reformulated as a linear program in s-
set of vectors called the sub-gradients, an extension of thandard form, its optimum is then generically attained at a
gradient basic feasible solution. Retransposed into the current for-
mulation this says that,, the optimala, has generically at

_ T, _
9zl = {vlv”z = |lzll1, vl <1} ©) mostm-r + 1 non-zero components. A similar reasoning
= {v|v; = sign(z;) if z #0 and |v;| < 1 otherwisg leads to the corresponding result for O
where sigiiz;) = 1 if z; > 0 and sigriz;) = —1 if

z; < 0. The stationary points of the Lagrangian satisfy : 3.2. Bxhaustive search algorithm

Using the results of Lemma 2, we develop an exhaustive
algorithm that searches all the solutions d, b, u, v) that
satisfy (10) forA a (m,n) matrix of rankr. The optimum of

(7) is thenA = oab™ with o minimal.

*(Ai)Tb + )\1U + U27T1 = 0,
—A"a+ Av+ Vomrg =0,
ally =1, (bl =1,U5a =0, Vy'b=0

for someu € 9|/al|; andv € O||b]|;. To get all the solutions of (10), we consider all the square
Sincea”u = ||al|; for anyu € 9||a|; anda” U, = 0, pre- order-¢-1) matrices that can be extracted frofn To ease
multiplying the first relation by:,”, gives\; = a'(A7)T, the exposition we assume that for each such square order-

premultiplying the second relation By one obtains sim- ~ (r-1) matrix we exchange the rows and columnsArnto
ilarly Ay = b7 A~a. Onethus hag; = X\, = bTAq, a bring it to the top left corner and denoteAy ;. Below we
quantity that is strictly positive for the stationary points of describe the different steps that then lead to an admissible
interest since we seek a maximumbdfd—a. solution of (10) As soon as the results of one of these steps
Introducinge = 1/A\; = 1/X; > 0 and observing that is not compatible with (10) onstopsand proceeds to the
AA~a = asincea € R(A) and the corresponding property hext square order(1) matrix.
for b premultiplying the two relations byl” and A respec- With A; ; is associated a partition of into 4 blocks.
tively the necessary conditions for an optimum become  We partition accordingly vectar into a; andas with a, its
firstr-1 components and do the same §or, andv.
ATy =0ob, |al1 =1, u € d|al:, o >0 (10) We assume that for the current partition = b; = 0,
Av=oca, |bli=1, ved|b|. see Lemma 2 . The remaining components:inand b,
are then generically non-zero which in turn implies (9) that
The vectors:, b satisfying these conditions associated with the components in, andv, are such that,=sign(a>) and
the smallestr and the associated rank one matrixb” is vo=sign(bz).
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Using these notations, the second relation in (10) leadsseldom coherent with the constraints imposed by (10). The
to two block equations rare cases where this is true are the same as those given by
the previous algorithm.
Apvr + Apgsignb) = oca; =0
Ag vy + Agosignby) = oas. 4. EXAMPLE
For illustration purposes we present the decomposition of a
matrix A that is obtained by repeatedly applying the above
algorithm first toA then toA — oab” and so on.
For a square invertible matrix of order Lemma 2 tells
us that the least;’ norm matrix A; = oya;b7 that makes
its rank drop ton — 1 is a matrix having just one non-zero
element. This solution to this specific optimization is easy
to obtain directly. The non-zero element is located sym-

If Ay, is not invertible onestops otherwise the first of
these equations allows to compute the veetoassociat-
ed with each of the(®~") potential vectors sigi,) €
[+1 41 ..+ 1]7 that need to be considered. For each
of these sig(h,)-vectors one checks if the associated
vector satisfied|v; ||.o < 1 and if this does not hold one
proceeds to the next sign)-vector. Otherwise one has
a coherent couplgv:, sign(b,)} which when substituted  egically to the place wherd ! attains its maximum (see
in the second equation equation gives> 0 anda, with corollary 1). Having subtracted the corresponding minimal
lla[1 = 1. One then proceeds with the current subset of »; . horm matrix from A, the resulting matrix is of rank—1
unknovTvns{a2, v, sign(bz), o'} to the two equations drawn 5 lemma 2 tells us that the leakt norm matrix of rank
fromu* A = ob* the transpose of the first relation in (10) oneA, = gsab? that makes its rank drop to — 2 is ob-
WT Ay + sign(as)TAsy = obT =0 tained _has the outer product of two vectors, say, and _
o ) o T b, having each at most two non-zero elements. Proceeding
up Ai1p + sign(az)’ Az, = ob;y. this way the k-th rank one matrix in the decomposition is
the product of two vectors having each at most k non-zero
elements and so on.
For the Vandermonde matrix
1 1 1 1
2 A4 .6 .8
.04 16 36 .64
.008 .064 .216 .512

Since sigtfaz) is known, one draws, from the first equa-
tion above and checkslifu; ||~ < 1. If this condition is not
satisfied onestops if it holds one deduces from the second
equationo’ > 0 andb, with ||bz]j; = 1. If ¢/ = o and if
the signs of the components n are identical to sigfb:) A=
already obtained we have found a stationary point of the La-
grangian, i.e., an admissible solutian ¢, b, u, v) of (10).

There are in general quite few admissible sets and theirthe decomposition one obtains is of the fafm= GDHT =
number is not fixed and predictable as is the case when oN&™. 5,a,b7 with in the columns of7 the unit/;-norm vec-
solves (6). We retain the set associated with the smatlest {orsq,, in the columns off the unit¢;-norm vectors; and

that is generically unique. theo;’s on the diagonal oD
There is another way to implement an exhaustive algo- 8 0 5%82 _0'8938 :gggég
rithm that leads to the same solution. The idea is again to G= 1 ' 0 0.1781 —0'1661

consider all the square order-{) matrices that can be ex-

tracted fromA and to achieve the permutations that bring 0 04318 02280 —0.1131
these sub-matrices to the top left corner where we denote it 0 —-0.7000 —0.4051 —0.1411
Aq 1. I 1 0 —0.2405 —0.1950

The above development can be interpreted as follows. ~ | 0 0.3000 0 —0.2739
For eachA; ; one seeks the perturbatidn = cab” which 0 0 0.3544  —0.3900

is zero except for its block\, o that makes the rank ol

drop by one, when subtracted fromm For eachALl, the andD is equal to diagI.OlOO, 0.2247, 2.0157, 7.9121).
elements of the perturbatiof, » = oasbl are computed

step by step and orstopsas soon as a step is not compatible 5. CONCLUDING REMARKS

with the constraints imposed by (10).

The other way to get the same solution is then as fol- We have presented some very preliminary results leading
lows. The perturbatior that is zero except faf\, o exists to a new matrix decomposition built around the matrix nor-
if and only if A, ; is invertible. Its value i\ o = A 9 — m (3) deduced from thé, vector norm when real,n)-
AQ_,lAl‘jAl,g which can be seen as the Schur complement matrices are considered asX m)-vectors. Itis the decom-
of A;; in A. One can prove that it is a rank one matrix position that should be used in place of the SVD when the
which can thus always be writteruzb” with ||as||; = 1, components of the matrix are observed in the presence of
[[b2|l1 = 1ando > 0. But the so-obtained triplet, as, bs is additive Laplacian noise rather than Gaussian noise.
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The/; norm is often used when either sparseness or ro- 7. APPENDIX
bustness is of interest. Sparseness is a pretty active domain
of research these days [6, 7]. In this contribution the link Lemma 1 Any rank one matrixA that is such that rarfkl-
between sparseness and theorm can be seen in the fac- A) =rank(A) -1, is of the form

t that the matrix perturbatio we obtain at each step has A= A’;yjf with  y7 Az # 0. O

generically the smallest number of nonzero components, see Y

Lemma 2. Proof : To establish thaf\ is of the given form, we use the
In conjunction with robustness tlig norm is used since  following Rank additivity characterizatiofi0]:

it is less sensitive to outliers [8] than the usual Euclidean rank(A) = rank(A — A) + rankA)

norm and it is certainly more on this side that applications if and only if any generalized inversd@— of A is also a
of extensions of the present contribution can be expected.generalized inverse of — A.
In the presence of outliers the identification of output-error Remember thati~ is a generalized inverse dfif AA~A =
models or model reduction schemes would probably benefitA. TakeA = aab” with « a scalar and, b vectors of unit
if the usuall, norm were replaced by thi norm or better  Euclidean norm. The relatigd —A)A=(A—-A) = A—-A
of mixture of both, like Huber's induced cost, which is no becomes after substitution &f and simplification byx:
longer a norm. AA=ab” +abTA=A — ab” — a(bTA~a)ab” =0 (1)
This same motivation leads to the what could be called Post-multiply both sides oft] by b givesAA~a = Ba
the Total Least Absolute Deviation problem [9], the equiv- with § a scalar. But this relation tells us that= Az for
alent to the well known Total Least Squares (TLS) problem somez which implies thatAA~a = a, i.e. 5 = 1. Pre-

when the Frobenius norm (1) is replaced by (3). multiply both sides of{) by a” to getb” A~ A = ~b™ with
~ a scalar. A similar analysis implies= 1. Substituting in
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