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Joint Source-Channel Decoding of Variable-Length Codes
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Abstract—Several recent publications have shown that joint
source-channel decoding could be a powerful technique to take
advantage of residual source redundancy for fixed- and vari-
able-length source codes. This letter gives an in-depth analysis of
a low-complexity method recently proposed by Guivarch et al.,
where the redundancy left by a Huffman encoder is used at a bit
level in the channel decoder to improve its performance. Several
simulation results are presented, showing for two first-order
Markov sources of different sizes that using a priori knowledge of
the source statistics yields a significant improvement, either with
a Viterbi channel decoder or with a turbo decoder.

Index Terms—Convolutional codes (CCs), joint source-channel
coding, turbo codes (TCs), variable-length codes (VLCs).

I. INTRODUCTION

OURCE and channel coding are essential functions in

any communication system. The source-coding stage is
designed to remove as much redundancy as possible from the
source, while the channel-coding stage is bound to add con-
trolled redundancy to the compressed source. For practically
all systems, these blocks are optimized separately, which can
be theoretically justified by Shannon’s theorems related to
source and channel coding [1]. However, for practical reasons
related to complexity and delay, we are, most of the time, far
from Shannon’s theoretical scheme. Therefore, it can be more
efficient to jointly optimize source and channel coders/de-
coders, rather than trying to improve source and channel coder
design separately. In this letter, we focus on the case of joint
source-channel decoding (JSCD) for variable-length codes
(VLCs).

In order to limit the propagation-error phenomenon, the first
attempts in JSCD considered the case where the source is en-
coded using fixed-length codes. References [2] and [3] are two
illustrative examples of the innovative techniques proposed in
this area. However, because of the high compression capacity
of VLCs, attention is now shifted to these techniques that lead
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to a more difficult problem, and imply a packetization in order to
limit error propagation. For the VLC-based JSCD methods, the
distinction can be made between the ones that use the source
redundancy at the source-decoding stage (Subbalakshmi and
Vaisey [4], Bystrom et al. [5], or Perros-Meilhac and Lamy [6]),
the ones that use it at the channel decoder, such as Murad and
Fuja [7], Demir and Sayood [8], Park and Miller [9], or Lakovi¢
and Villasenor [10], and finally, those that improve the overall
decoding using the turbo principle between source and channel
decoders (Bauer and Hagenauer [11], Guyader et al. [12]).

In this letter, we present an approach that belongs to the
second category. A specificity of our method is that the a priori
source information is introduced at a bit level, and allows a
nearly optimal maximum a posteriori (MAP) decoding without
introducing a noticeable modification of the usual channel
decoders. Thus, we provide a new alternative to solve the
complexity problem related to the design of optimal MAP
JSCD. The JSCD algorithm proposed by Murad and Fuja [7]
gives a precise idea of what the complexity is of getting an
exact MAP estimation. Indeed, in the case of a Markov source
which is encoded using a VLC and a convolutional code (CC),
their JSCD technique corresponds to a generalized Viterbi
algorithm which is applied on a “super-trellis.” The resulting
graph is the product of three trellises: the binary convolutional
trellis, the VLC trellis, and the Markov trellis. Even if the
states that are never reached are eliminated, this method still
remains very complex. It may, therefore, be more advisable to
look for suboptimal algorithms providing acceptable tradeoffs
between complexity and performance. The high computational
complexity involved with an optimum MAP sequence decoder
is also noticed in [8] and [9], where a trellis state reduction is
proposed, resulting in an approximate MAP sequence estima-
tion. Our experimental setup is a conventional one, including a
memoryless or a Markov source that is Huffman-encoded and
protected by a channel code; either a CC or a turbo code (TC).
We provide an in-depth analysis of the JSCD that we initially
proposed and described in [13] and [14]. Our simulation results
for these different setups correspond to a transmission over an
additive white Gaussian noise (AWGN) channel.

Our paper is organized as follows. In Section II, we present
the computation technique to obtain the a priori bit probabilities
from the a priori symbol probabilities of the source. Our method
to use the a priori bit probabilities at the channel decoder is then
presented in Section III for CC, and in Section IV for TC. Simu-
lation results are presented using two different Markov sources.

II. A PrIORI BIT PROBABILITIES OF VLCS

In the decoding of entropy-coded sources, it may be assumed
that the symbol probabilities are known either directly from
the source or from an estimation algorithm. This knowledge
can naturally lead to improved performance in source decoding
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Fig. 1.

VLC tree representation.

[4]-[6], but also in channel decoding [7]-[10] if a channel code
is added to protect the data. Commonly used channel codes deal
with a bit-based trellis at the decoding stage. It may then be con-
venient to derive the source probabilities at a bit level. Indeed,
the source statistics can then directly be used in the metric of
the channel-decoding algorithm. In this letter, we assume that
the VLC can be represented by a finite-size tree: it is a Huffman
code or a variant of a Huffman code. To obtain bit-source prob-
abilities, one can compute the probabilities to have a zero and
a one at the output of the VLC. Using these probabilities in a
static mode may, of course, improve the channel-decoding per-
formance. However, by keeping a synchronization between the
VLC tree and the channel-decoder trellis, as much as possible,
more accurate bit-source probabilities can be computed corre-
sponding to any given location in the VLC tree.

We denote by C = {ct,¢2,...,c"} the set of source symbols,
and each symbol ¢/ € Ciswrittenas ¢/ = [¢/(1),...,¢(i),.. ]
with 4 being the bit index and ¢/ (i) a bit equal to zero or one.
Fig. 1 presents an example of a VLC tree borrowed from
[15]. It is such that C = card(C) = 5,c¢! = [0,0,0],¢? =
[0,0,1],¢* = [0,1],¢* = [1,0],¢® = [1,1], and N; denotes the
node number i. Let I = {n € N|Vi < k,c"(i) = ¢/ (i)} be the
set of indexes of all codewords, with the first k& — 1 bits being
equal to the first k — 1 bits of the codeword ¢?. By convention,
we set I{ = {1,...,C}. We denote by P(c?) and P(c’(i))
the probabilities of symbol ¢/ and bit ¢/ (i), respectively. The
probability of each edge of the tree can be expressed, for k > 1,
with respect to the symbol probabilities using the following
relation, also illustrated in [13] with a small code:

ZneIg|cn(k)=cj(k) P(c)
ZnEIZ P(cn)

P (k)| (1),...,c0(k—1)) =

(D

For k = 1, i.e., for the two branches connected to the root, the
left-hand side in (1) is reduced to P(c’(1)). This latter equa-
tion is relevant for a source of independent symbols. If we have
a first-order Markov relation between two successive symbols

11

instead, the calculations must be done considering each symbol
as a possible previous symbol, with for k£ > 1

Ve € C, P( (k)| (1),. .., ¢ (k —1),¢™)

_ Zne1g|cn(k):ca'(k) P(c"|e™) )
Ser Plefem)

The probabilities given in (1) and (2) are the a priori bit proba-
bilities, they will be used afterwards in a soft decoding scheme
at the channel-decoder level.

Huffman codes, as, for instance, the one depicted in Fig. 1,
are built using the probabilities P(c"). However, the resulting
code does not, in general, reach the source entropy that depends
on P(c") for a memoryless source, and also on P(c"|c¢™) for
a first-order Markov source. A residual redundancy is then left
that can be exploited through a JSCD technique.

For a stationary source, the residual redundancy R is given
by the expression R = L — H;, with H; being the entropy
of order ¢ (+ = 0 for a memoryless source and one for a first-
order Markov source) and L the average codeword length. Note
also that, when using VLCs, a single bit error can produce a
loss of synchronization that, in the worst case, will last until
the end of the corresponding packet of symbols. To measure
the performance of a given transmission scheme, bit-error rate
(BER) is no longer the correct measure, and a symbol-error rate
(SER) has to be computed. In our case, the SER is simply the
ratio between the number of different symbols and the number
of transmitted symbols. It is an appropriate measure for source
sequential decoding. If one wants a more precise idea of the
synchronization capabilities of a VLC, an alternative measure
is given by the Levenshtein metric [16].

III. JSCD oF ENTROPY-CODED SOURCES WITH CCs
A. Our Low-Complexity JSCD Technique

Our method is presented in the case of memoryless and first-
order Markov sources. In both cases, channel coding is per-
formed by a CC of rate 1/2. To limit error propagation at some
point, we have used some resynchronization. As shown in Fig. 2,
which presents the transmission scheme, data is packetized into
blocks of P symbols. We also use the following notations. d; is
an entropy-encoded bit at bit-time /. There is a variable number
of bits per packet, denoted L. Let us denote the two channel-
coded bits by u; and v;, and their noisy version by x; and y;, re-
spectively. The input of the decoding process is denoted by 7y,
representing the pair (z;, y;). The sequence of L decoder inputs
is denoted by RF. Finally, S; is a state of the channel trellis at
time /. There are M states at each trellis stage. S{" is a sequence
of L+ 1 states. S represents the set of all possible sequences of
states.

Our JSCD method is based on a variant of the Viterbi al-
gorithm that makes use of the a priori source probabilities.
Indeed, Viterbi’s algorithm [17] is the most common way to
decode CCs. It is optimum with respect to the sequence’s max-
imum-likelihood criterion, i.e., it maximizes the probability
P(RE|SE). If the source is equally distributed, it is known
that the Viterbi algorithm is also optimum with respect to the
MAP sequence criterion, i.e., it maximizes the probability
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Fig. 2. Transmission process for a VLC-encoded source with a CC.
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P(SF|R¥). In our letter, the criterion used is the MAP se-
quence, but the source is assumed to be unequally distributed.
Therefore, to approach the optimum, we use the generalized
Viterbi algorithm [18]. Using Bayes’ rule, we have

P (RE|S§) P (S¢)
P(RY)
P(RL) being constant with respect to S, the sequence MAP of
states is such that
max P (S¢| RE)
& max P (RY| SE) P (5¢)

P(S§|RY) = 3)

L L
= mgx (111HP(7‘1|S[, Sl—l) + IHHP(SZ|SI_1)>
=1

=1
L
& msaxz (In(P(r;|8;, 81-1)) + In(P(S)]S1-1))) . (4)
=1

The noise samples being independent, we have the conditional
independence of x; and y;, given u; and vy, respectively. Hence,
P(r]S),S1—1) = P(x1]ui)P(yi|vr). The two last probabili-
ties depend upon the channel and upon the modulation used. In

Illustration, for a memoryless source, of the selection mechanism between concurrent paths at state number 1 in stage [.

the case of an AWGN channel using binary phase-shift keying
(BPSK) modulation and a CC of rate 1/2, we get

1 iy OVE/2?
e No
\/ﬂ'NO

and a similar equation for P(y;|v;), with Ny being the single-
sided noise density, and Ej, the energy per transmitted informa-
tion bit. The specificity of our problem is that the a priori source
probability P(S;|S;—1) in (4) is not equally distributed.

To get the optimum decoded output with the generalized
Viterbi algorithm, only one path for each state of each stage
is stored: the survivor. In this context, it is not too complex
to keep track of the channel trellis survivors in the VLC
tree. P(S;]S;—1) is then equal to the right VLC edge prob-
ability, and has to be explicitly determined using (1) or (2),
depending on the source model. This mechanism is shown,
for a memoryless source, in Fig. 3. Py, >, is the transition
probability between node N; and N; in the VLC tree. This
scheme illustrates, for S; = 1 in a channel trellis code, an
example of the selection for the VLC given in Section II,
between the sequence of bits {0,0,0,1} corresponding to
the sequence of symbols {c!,...}, and the sequence of bits
{1,1,0,0} corresponding to the sequence of symbols {c®, ...}.

P(zjw) =

)
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If we use the same source statistics as in [15, p. 93], i.e.,
P(c') = 0.15,P(¢?) = 0.15, P(c*) = 0.25, P(c*) = 0.25,
and P(c%) = 0.2, then the a priori source information for the
first sequence, i.e., the probability of being in node Ny and of
receiving a bit equal to one, is such that

P(S; =1|Si-1 = 0) = Py,—>n, = P(c¢Y(1))
P(ct) + P(c)
P(ch) + P(c®) + P(c®) + P(c*) + P(c”)
=045

(6)

and the a priori source information for the second sequence, i.e.,
the probability of being at node /V; and of receiving a bit equal
to zero, is given by

P(Sl = ].|Sl,1 = 1) = Ple>N3
= P(c'(2)Ic'(1))
1 2
__ PP s, 7
P(ct) + P(c?) + P(c?)

Due to unavoidable decoding errors, the one-to-one cor-
respondence with the VLC tree may be badly used, making
our algorithm slightly suboptimal. However, the insertion of
P(S;]S;—1) in (4) will, in general, significantly improve the
decoding step.

If we now consider a Markov model for the source, the a
priori probability of the source also depends upon the previous
transmitted symbol, so its knowledge is necessary at each state
of each stage of the decoding process. As for the memoryless
source, we also have to keep track of the survivor paths in the
VLC tree. But now, in (4), the a priori source information also
depends on the previous symbol, i.e., P(.S;|S;—1) is computed
using (2) instead of (1). Therefore, the extra complexity to be
added is limited to the storage of the previous symbol.

B. Simulation Results

In our simulations, as in [7], P = 256 symbols. As we use
a decoding trellis, different from [8] and [9], which use P and
L, our decoder, initialized at the beginning of each packet, only
requires the knowledge of L. The transmission ends when ei-
ther the maximum bit-error number (fixed to 1000) or the max-
imum transmitted bits (equal to 107) is reached. The generator
polynomials of the CC are G; = 1+ D + D* and G, =
14 D?+ D3+ D*. Without any a priori knowledge of the source
(tandem scheme), an equal distribution is assumed, and the CC
decoder operates at P(.5;]S;—1) = 1/2. Otherwise, P(S;|Si-1)
is computed as explained in Section III-A (JSCD scheme). To
allow a comparison with the optimum MAP, we have used the
three-symbol VLC source given in [7] and [14]. This Markov
source, denoted M-F, is such that R = 0.67 b/symbol. We also
carried out simulations with a first-order Gauss—Markov source
with unit variance and a correlation factor equal to 0.9. After
a uniform quantization over 16 levels and Huffman encoding,
we get our second Markov source, denoted G-M. It is such that
R = 1.13 b/symbol. The results obtained for the transmission
of these sources over an AWGN channel and using BPSK mod-
ulation are reported in Fig. 4.

For the M-F source, it can be seen that, at least in this par-
ticular example, our JSCD method is nearly optimal. Indeed,
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Fig. 4. SER with and without use of the a priori source information for the
two Markov sources with a CC.

the resulting curve is practically superimposed onto the one
resulting from the “super-trellis” algorithm. Due to the high
complexity of the “super-trellis,” comparisons with a bigger
Huffman code are not feasible. On the contrary, our JSCD re-
mains applicable for larger VLCs and provides substantial im-
provement, compared with the tandem scheme. When SER =
10~2 the gainin (E})/(No) is around 1.3 dB for the M-F source,
and around 0.7 dB for the G-M source. As the gain is decreasing
with R, this suggests that R is probably not the appropriate pa-
rameter to estimate what JSCD gain can be expected with our
method. If we use the “relative residual redundancy” defined by
R, =1-L / Hy instead, we get R,. = 0.54 for the three-symbol
M-F source, and R,- = 0.33 for the 16-symbol G-M one. These
last figures are more in accordance with our results.

IV. JSCD oF ENTROPY-CODED SOURCES WITH TCs

A. Our Source-Controlled Turbo Decoding

The transmission scheme is the same as in the previous sec-
tion, but we replace the convolutional encoder/decoder by a
turbo encoder/decoder. The TC used is a parallel concatenation
[19] of two recursive systematic convolutional (RSC) coders
separated by a line-column interleaver, followed by a 1/2 punc-
turing. Keeping the notations given in Section III, we can note
that for these systematic encoders, u; = d;, and that v; comes
from one of the two coders, depending on the puncturing. The
turbo decoding requires the computation of extrinsic informa-
tion, denoted Ext(d;), for each transmitted bit. Turbo decoding
is an iterative process, the extrinsic information is processed
through the two constituent decoders and through a number of
iterations. A schematic description of this decoder can be found
in [13] and [14]. Several algorithms can be used to compute the
extrinsic information. In this letter, the Max-Log-MAP [20] is
chosen, because it offers a good tradeoff between complexity
and efficiency.

Let us first examine how to use the a priori source informa-
tion in a turbo decoder based on the bit-by-bit MAP algorithm.



The SUBMAP will be presented afterwards as an approxima-
tion of this optimal algorithm. Our goal is thus to compute the
a posteriori probability (APP) of the transmitted bits

M

> P(d,Si|RE).  (®

Si=1

APP(d)) = P (d; | RY) =

The forward and backward probabilities at state S; are
a(S;) = P(S;, RY) and B(S;) = P(RlL+1|Sl), respectively.
Then, the joint probability P(d;, S;, RT), that is proportional
to P(d;, S;|RY), is given by

ZﬂSz

Si—1=1

P (di, S, RY) = (di, S1,mi]S1-1)a(Si—1) (9)

where each of the three terms are

Z > B(Si)

Sip1=1d;41=0

X P(dz+1751+1 r141]S1) (10)
Z Z (S1-1)
Si_1=1d;=0
x P(dy, Si,7m1]S1-1) (11
P(di, Si,71|Si_1) = P(rilds, St, Si_1)
x P(d)|S1, Si—1)P(Si|Si—1)- (12)

At this point, we use a result from Berrou and Glavieux [19],
with P(d;|S;, Si—1) equal to 0 or 1, depending on whether
the branch exists or not, with P(r|d;, S;, S;—1) being the
error probability of the memoryless (AWGN) channel and
P(S)|S;—1) the a priori source information. As the encoders
are systematic, and due to the noise samples’ independence,
we have

P(rildy, St, Si—1) = P(xi|dp) P(yi|vr).

But as P(z;|d;) does not depend on the trellis state, the APPs
are proportional to the following quantities:

13)

M

P(xy|dp) Z Z B(S)P

Si=15,_:1=1
X P(dl|Sl7Sl_l)P(Sl|Sl_1)a(Sl_1)
~ P($l|dl)EXt(dl).

APP(d;) ~ (yilvr)

(14)

Equation (14) is the basis of turbo decoding.

As in the previous section, the originality of our approach
is to propose a channel-decoding algorithm that uses accurate
values of P(S;|S;—1). In this case, APPs are computed with
(14) using a priori source information, computed with (1) or
(2), depending on the source model. This can be carried out,
as explained in Section III, by keeping a one-to-one relation
between the channel trellis and the VLC tree.

However, in turbo decoding, the addition of the a priori
source information is only possible for the first decoder, be-
cause the interleaver breaks the one-to-one correspondence
between the VLC tree and the decoding trellis in the second
decoder. Thus, maintaining a correspondence between the
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Fig. 5. SER with and without use of the a priori source information for the

two Markov sources with a TC (third iteration).

probability edge computed with (1) or (2) and P(5;|S;—1) in
the second decoder would involve great complexity. So, in this
last decoder, the probability P(.S;|S;—1) is set to 1/2, which is
equivalent to considering the source as binary symmetric.

In order to limit the computational complexity, our JSCD
is, in fact, based on a Max-Log-MAP algorithm [20]. Let
a(S;), B(S)),and P(d;, S;,7|S;_1) denote the approximation
of Ina(S;), InpB(S)), and In P(d;, Si,r1|S1-1), respectively.
Then, using logarithms, we finally obtain the equations that we
actually used in our simulations

d(Sl) = max (P(dl, SI7T1|SI_1) + @(Sl—l))

Si—1,d;
B(S1)= _max (P(diy1,Si1,7141]9)+6(S141))
Si+1fiva
lnP(dlyslaRf):%1aX(B(Sl)+P(dlaSl;"'l|Sl—1)
+ a(Si-1)).

B. Simulation Results

The TC used is a parallel concatenation of two encoders. Its
RSC constituent encoders have an identical generator equal to
(1+D+D*+D*)/(1+D?*+ D*). The code rate is 1/2, and the
interleaver size is 64 x 64, which is also the packet size, equal to
4096 and now given in bits. As we work with VLCs, this means
a packet does not obviously correspond to an integer number
of symbols, so some extra bits are added. We again initialized
the decoding trellises at the beginning of each packet. In our
simulations, we compute the SER as a function of the signal-to-
noise ratio for the first three iterations of turbo decoding. Results
are given in Fig. 5 for M-F and G-M sources.

The conclusions are similar to those given for the CC. With
the a priori source information, the decoding, here turbo de-
coding, is improved. For instance, at SER= 10~2 using the
Markov model, a gain of 2.1 dB is obtained for the three-symbol
source of Murad and Fuja (R, = 0.54), while the 16-symbol
Gauss—Markov source (R, = 0.33) leads to a gain of 0.4 dB.
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V. CONCLUSION

In this letter, we described a simple and new method to use the
residual redundancy left by Huffman encoders at a bit level. For
a first-order Markov source transmitted over an AWGN channel,
we showed that, compared with a tandem scheme, our JSCD
method may lead to 1.3 dB improvement with a CC and 2.1 dB
fora TC. As reported in [14], by using a different measure based
on the Levenshtein metric, similar gains can be obtained.
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