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Preliminaries and basic notions

On the importance of the formulation

Discrete-optimization problem : maxf : S ! R , where S is �nite ;
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Preliminaries and basic notions

On the importance of the formulation

Discrete-optimization problem : maxf : S ! R , where S is �nite ;

Combinatorial-optimization problem : S � 2E (the set of all subset of E) for
some �nite E ;

Example 1 : E := f 1;2;3g (set of edges of the following graph)

3

1

2

S := (subsets of E that are acyclic), i.e.
S = f /0; f 1g; f 2g; f 3g; f 1;3g; f 2;3gg;
The characteristic vectors of sets in S are :
(0;0;0); (1;0;0); (0;1;0); (0;0;1); (1;0;1); (0;1;1) ;
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Preliminaries and basic notions

On the importance of the formulation (suite)

The characteristic vectors of sets in S are :
(0;0;0); (1;0;0); (0;1;0); (0;0;1); (1;0;1); (0;1;1) ;
We embed these points in RE and depict the convex hull PS :

(0,0,1)

(0,1,1)

(0,1,0)

(0,0,0)

(1,0,1)

(1,0,0)

D =

8
>><

>>:

x1 � 0
x2 � 0

1 � x3 � 0
x1 + x2 � 1

FIG.: PS (the convex hull of the set of characteristics vectors of S) is one half of
the unit cube. It is the solution of the above set of inequalities.
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The characteristic vectors of sets in S are :
(0;0;0); (1;0;0); (0;1;0); (0;0;1); (1;0;1); (0;1;1) ;
We embed these points in RE and depict the convex hull PS :
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(0,1,0)

(0,0,0)

(1,0,1)

(1,0,0)

D =

8
>><

>>:

x1 � 0
x2 � 0

1 � x3 � 0
x1 + x2 � 1

FIG.: PS (the convex hull of the set of characteristics vectors of S) is one half of
the unit cube. It is the solution of the above set of inequalities.

When maximizing F (x) = 5x1 + 4x2 + x3 over D we get the solution
x = ( 1;0;1).
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Preliminaries and basic notions

On the importance of the formulation (suite)
We may be not so fortunate if we model carelessly.

(1/2,1,1/2)

(0,1,1)

(0,1,0)

(0,0,0)

(1,0,1)

(1,0,0)

(0,0,1)

(1,1/2,1/2)

D1 =

8
>>>>>><

>>>>>>:

1 � x1 � 0
1 � x2 � 0
1 � x3 � 0
1 � x3 � 0

x1 + x2 � x3 � 1
x1 + x2 + x3 � 2

FIG.: Co(D1) = Co(D) (D1 and D have the same set of integer points), but
obviously D � D1.
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Preliminaries and basic notions

On the importance of the formulation (suite)
We may be not so fortunate if we model carelessly.

(1/2,1,1/2)

(0,1,1)

(0,1,0)

(0,0,0)

(1,0,1)

(1,0,0)

(0,0,1)

(1,1/2,1/2)

D1 =

8
>>>>>><

>>>>>>:

1 � x1 � 0
1 � x2 � 0
1 � x3 � 0
1 � x3 � 0

x1 + x2 � x3 � 1
x1 + x2 + x3 � 2

FIG.: Co(D1) = Co(D) (D1 and D have the same set of integer points), but
obviously D � D1.

What are the disadvantages in the formulation D1 ?
When maximizing F (x) = 5x1 + 4x2 + x3 over D1 we get the solution
x = ( 1;1=2;1=2) (i.e. we cannot rely on LP to �nd the solution).

Remark
In this course we will consider linear functions only.
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Preliminaries and basic notions

Homework

(I) =

8
>>>><

>>>>:

x1 + x2 � 1 x1 � 0
x1 + x3 � 1 x2 � 0
x1 + x4 � 1 x3 � 0
x2 + x3 � 1 x4 � 0
x2 + x4 � 1

Compare how closely the three systems
of inequalities approximate the set of
integer-valued solutions in real space.
Which is the tightest formulations ?

(II) =

8
>>>><

>>>>:

2x1 + 2x2+ x3 + x4 � 2
0 � x1 � 1
0 � x2 � 1
0 � x3 � 1
0 � x4 � 1

(III) =

8
>>>>>><

>>>>>>:

x1 � 0
x2 � 0
x3 � 0
x4 � 0

x1 + x2 + x3 � 1
x1 + x2 + x4 � 1
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"Quelques grands classiques"

The transportation and the assignment problems

Given : m sources of some commodity each with a supply of ai units, and n
terminals of demand of bj units. cij : the unit cost of sending the commodity
from source i to terminal j. How to satisfy the demands at minimum cost ?

c(i,j)

C

A

E

D

X

Y

Z

T

Demand: Supply

min z =
m

å
i= 1

n

å
j= 1

cijxij (1)

n

å
j= 1

xij = ai ; i = 1;m (2)

m

å
i= 1

xij = bj ; j = 1;n (3)

xij � 0 (4)

FIG.: The transportation problem and its LP formulation

When all ai and bj are 1, this is called the assignment problem.
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"Quelques grands classiques"

Bipartite Matching

De�nition

A graph G = ( N;E) is bipartite if 9 a partition of N into V and U s.t.
E(G[V ]) = E(G[U]) = /0 and so that all edges have one vertex in V and one in
U. A matching of G is a set of edges meeting each vertex no more than once.

v4

u2 u3 u4u1

v1 v2 v3
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"Quelques grands classiques"

Bipartite Matching

Konig's Theorem

The number of edges in a maximum-cardinality matching in a bipartite graph is
equal to the minimum number of vertices needed to cover some endpoints of
every edge in G.

v4

u2 u3 u4u1

v1 v2 v3
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"Quelques grands classiques"

Bipartite Matching

Konig's Theorem

The number of edges in a maximum-cardinality matching in a bipartite graph is
equal to the minimum number of vertices needed to cover some endpoints of
every edge in G.

Let bv denote the set of edges having exactly one endpoint at a vertex v.

max å
e2E

xe (5)

å
e2bv

xe � 1;8v 2 V (6)

å
e2bu

xe � 1;8u 2 U (7)

xe � 0;8e 2 E (8)
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"Quelques grands classiques"

Bipartite Matching

Konig's Theorem

The number of edges in a maximum-cardinality matching in a bipartite graph is
equal to the minimum number of vertices needed to cover some endpoints of
every edge in G.

Let bv denote the set of edges having exactly one endpoint at a vertex v.

max å
e2E

xe (5)

å
e2bv

xe � 1;8v 2 V (6)

å
e2bu

xe � 1;8u 2 U (7)

xe � 0;8e 2 E (8)

Exercise : Prove the Konig's theorem. Hint : write the dual of the above
problem.
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"Quelques grands classiques"

The shortest path problem (SPP)

Given a directed graph G = ( V ;U) and weights wj � 0 (in blue squared
brackets below) associated with each arc uj , �nd a path from s to t with the
minimum total weight.

[3]

a

s

b

t

u1

u2

u3

u4

u5
[1]

[2]

[2]

[1]

A =

s + 1 + 1 0 0 0
t 0 0 0 � 1 � 1
a � 1 0 + 1 + 1 0
b 0 � 1 � 1 0 + 1

The node-arc incidence matrix
A = [ ai;j ] i = 1;2; : : : ; jV j
and j = 1;2; : : : ; jE j is de�ned by ai;j =

8
<

:

+ 1 if arc ej leaves node i
� 1 if arc ej enters node i
0 otherwise
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"Quelques grands classiques"

SPP : Modeling SPP as a LP problem

A path from s to t can be thought of as a �ow f of unit 1 leaving s and entering
t. The LP formulation is given below, where the �ow conservati on at a node i
(except s; t) is expressed by : ai f = 0 (ai is the ith row of A).

min w f

Af =
+ 1 row s
� 1 row t

0 otherwise

f � 0

A =

s + 1 + 1 0 0 0
t 0 0 0 � 1 � 1
a � 1 0 + 1 + 1 0
b 0 � 1 � 1 0 + 1
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"Quelques grands classiques"

Max-Flow Problem (MFP)

Let N = ( s; t;V ;E ;C) be a �ow network with n = jV j nodes, m = jE j
arcs, and arc-capacity c(i; j). Let the �ow in arc i; j be denoted by f i;j .
Flow conservation holds for any node except s; t where

å
e2G+ (s)

f e = å
e2G� (t)

f e = f 0 (�ow value) (9)

Find a �ow f = [ f 1; f 2; : : : f m] s.t. 0 � f e � ce and maximizing f 0.
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arcs, and arc-capacity c(i; j). Let the �ow in arc i; j be denoted by f i;j .
Flow conservation holds for any node except s; t where

å
e2G+ (s)
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e2G� (t)

f e = f 0 (�ow value) (9)

Find a �ow f = [ f 1; f 2; : : : f m] s.t. 0 � f e � ce and maximizing f 0.

Modeling MFP as a LP problem

The node-arc incidence matrix
A = [ ai;j ] i = 1;2; : : : ; jV j
and j = 1;2; : : : ; jE j is de�ned by ai;j =

8
<

:

+ 1 if arc ej leaves node i
� 1 if arc ej enters node i
0 otherwise
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"Quelques grands classiques"

MFP : LP formulation

The �ow conservation at a node i (except s; t) is expressed by :

ai f = 0 (10)
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"Quelques grands classiques"

MFP : LP formulation

The �ow conservation at a node i (except s; t) is expressed by :

ai f = 0 (10)

The LP formulation of the MFP is :

let d 2 Rn be de�ned by

di =

8
<

:

� 1 i = s
+ 1 i = t
0 otherwise

max f 0 (11)

Af + d f 0 = 0 (12)

f � c (13)

f � 0 (14)
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"Quelques grands classiques"

Maximum Cardinality Clique (MCC) Problem

De�nition

Given a graph G = ( V ;E), a set of vertices such such that all possible edges
between them are present is called a clique, i.e. a complete graph. Find the
largest clique.

Formulation

max å
j2V

xj (15)

xi + xj � 1 8i; j : (i; j) =2 E (16)

xi 2 f 0;1g 8i 2 V (17)

Homework

Find a formulation with edge-variables yij ; (i; j) 2 E only.
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Maximum Cardinality Clique (MCC) Problem

Maximum Cardinality Clique (MCC) Problem
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Maximum Cardinality Clique (MCC) Problem

Maximum Cardinality Clique Problem

Being given

Two graphs, G1 = ( N1;E1) and G2 = ( N2;E2), where :

Nodes in N1 (and nodes in N2) represent some objects.
(ex : segments of a picture, parts of a 3D body (protein structure) ...)

Edges in E1 (and edges in E2) represent relations between this objects.
(ex : closeness...)

One way to estimate the similarity between G1 and G2 is to �nd the maximum
clique in their alignment graph.
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Maximum Cardinality Clique (MCC) Problem

Alignment graph of G1 and G2

Construction

It's a graph G = ( N;E) where :

Vertices are in a grid.
Column i represents node i 2 N1,
and row k represents node k 2 N2.

Node i:k (in column i, row k) 2 N iff :
node i 2 N1 and node k 2 N2 are

compatible.

Edge <i:k,j:l>2 E iff :
i < j , and k < l ,
and <i,j> 2 E1, and <k,l> 2 E2.

(Order Preserving Matching )
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Maximum Cardinality Clique (MCC) Problem

Finding a clique in G

Is �nding a particular one to one alignment (or matching) bet ween G1 and G2.

Maximum alignment between G1 and G2 <=> maximum cardinality clique
in G.

NP-Hard !
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Maximum Cardinality Clique (MCC) Problem

Mixed Integer Programming (MIP) model

Notation
To each node i:k 2 N, we associate a binary variable Yi:k ,
and to each edge <i:k,j:l> 2 E, a binary variable Zi:k ;j:l .
Goal
Finding the maximum cardinality clique, (or equivalently) �nding the clique with
the maximum number of edges.

How to model this as an Integer Programming ?

Objective function :

max å
< i:k ;j:l> 2E

Zi:k ;j:l , .

Variables :

Yi:k 2 f 0;1g; 8i;k 2 N.

Zi:k ;j:l 2 f 0;1g; 8<i:k,j:l>2 E.

And the following constraints !
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Maximum Cardinality Clique (MCC) Problem

Constraints

n1 = jN1j, n2 = jN2j

(1a)
n2

å
k= 1

Yi:k � 1; 8i 2 N1.

At most one node activated per column
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Maximum Cardinality Clique (MCC) Problem

Constraints

(1b)
n1

å
i= 1

Yi:k � 1; 8k 2 N2.

At most one node activated per row.
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Maximum Cardinality Clique (MCC) Problem

Constraints

(2a) Yi:k �
n2

å
l= k+ 1

Zi:k ;j:l ;

8i;k ; j; j i:k 2 N; j 2 N1; j > i .

Head node activation
If edge <i:k,j:l> is activated, node i:k
must be activated.
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Maximum Cardinality Clique (MCC) Problem

Constraints

(2b) Yj:l �
l � 1

å
k= 1

Zi:k ;j:l ;

8i; j; l; j j:l 2 N; i 2 N1; i < j .

Tail node activation
If edge <i:k,j:l> is activated, node j:l
must be activated.
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Maximum Cardinality Clique (MCC) Problem

Constraints

(3) å
k2N2

Yi:k + å
l2N2

Yj:l � å
i:k ;j:l2E

Zi:k ;j:l � 1;

8(i; j) 2 E1; j > i .

Edge activation
If there are nodes activated in col i and
col j, then there must be an edge
activated between col i and j.
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Maximum Cardinality Clique (MCC) Problem

Final Model

(MIP) max å
< i:k ;j:l> 2E

Zi:k ;j:l ,

Subject to :

(1a) å
k2N2

Yi:k � 1; 8i 2 N1.

(1b) å
i2N1

Yi:k � 1; 8k 2 N2.

(2a) Yi:k �
n2

å
l= k+ 1

Zi:k ;j:l ; 8i;k ; j; j i:k 2 N; j 2 N1; i < j .

(2b) Yj:l �
l � 1

å
k= 1

Zi:k ;j:l ; 8i; j; l; j j:l 2 N; i 2 N1; i < j .

(3) å
k2N2

Yi:k + å
l2N2

Yj:l � å
i:k ;j:l2E

Zi:k ;j:l � 1; 8(i; j) 2 E1; j > i .

Yi:k 2 f 0;1g; 8i;k 2 N.

Zi:k ;j:l 2 f 0;1g; 8<i:k,j:l>2 E.
Rumen Andonov (Irisa) Combinatorial Optimization 1 23 octobre 2009 28 / 46

Formulating logical implication

Formulating logical implication
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Formulating logical implication

Is modeling an "art" ?

When formulating the maximum cardinality clique problem we had to model the
following relation :
If there are nodes activated in col i and col j, then there must be an edge
activated between col i and j.
Which yielded the equation :

(3) å
k2N2

Yi:k + å
l2N2

Yj:l � å
< i:k ;j:l> 2E

Zi:k ;j:l � 1;8(i; j) 2 E1; j > i: (18)

How this equation was obtained ? Is modeling an "art" ?

Yes, unfortunately modeling cannot be reduced to a standard set of procedure
and sometimes can be quite discouraging. But some "tricks of the trade" do
exist which are very helpful.
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Formulating logical implication

Basic Logical Implication Principle (LIP)

A logical implication is a property expressed as :
If A holds then B holds

Theorem 1 (LIP-Logical Implication Principle)

Let xi be a 0-1 variable for all i in some �nite index set I and y any variable
satisfying 0 � y � 1, then the logical implication
If xi = 0;8i 2 I then y = 0
is exactly expressed by the inequality

y � å
i2 I

xi (19)

Proof. Straightforward .

Question : How to adapt the theorem to the case : 0 � y � c where c > 1 ?
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Formulating logical implication

Geometric view
From the propositional logic (A ) B) � (: B _ A). By the rules of De Morgan :
� (: (A ^ : B)) (We must exclude all cases in which A holds while B does not
hold.
For I={1,2} : If x1 = 0 and x2 = 0 then y = 0 means to exclude
f (0;0;y)j0 < y � 1g.

1

Y

x1

x2

1

1

FIG.: Feasible set (three vertical closed segments and the origin (in thick black)) and
cutting plane y � x1 + x2 (a facet of the feasible set.
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Formulating logical implication

Using complementarity

Theorem 2
Let xi be a 0-1 variable for all i in some �nite index set I ; let I0 and I1 be two disjoint
subsets of I and let y be an integer or continuous variable satisfying 0 � y � 1. Then
the logical implication
If xi = 0;8i 2 I0 and xi = 1;8i 2 I1 then y = 0
is exactly expressed by the inequality

y � å
i2 I0

xi + å
i2 I1

(1 � xi ) (20)

while the similar logical implication
If xi = 0;8i 2 I0 and xi = 1;8i 2 I1 then y = 1
is exactly expressed by the inequality

1 � y � å
i2 I0

xi + å
i2 I1

(1 � xi ) (21)

Proof. Direct application of Th. 1 to the 0-1 variables xi ; i 2 I0 and (1 � xi ); i 2 I1 and

respectively y or 1 � y.
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Formulating logical implication

Using complementarity II

Instead of remembering the theorem, it is easier to apply the following
complementarity rule directly :

When the logical implication involves some xi = 1 and/or y = 1 instead of 0,
use (LIP) replacing each such xi and/or y by its corresponding complementary
variables 1 � xi and/or 1 � y.

Example : If x1 = 1 and x2 = 0 and x3 = 1 then y = 0
is equivalent to
If 1 � x1 = 0 and x2 = 0 and 1 � x3 = 0 then y = 0
which is expressed by

y � (1 � x1) + x2 + ( 1 � x3) (22)

or
x1 � x2 + x3 + y � 2 (23)
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Formulating logical implication

Single solution exclusion

Let a point (solution) to be cut off be given by

xi = 1; i 2 I1 and xi = 0; i 2 I0 (24)

To exclude it consider the logical implication

If all but one of the equalities in (24) hold then the remaining one (k 2 I0, say)
must be violated.

So by LIP we have

(1 � xk ) � å
i2 I0nf kg

xi + å
i2 I1

(1 � xi ) () å
i2 I0

xi + å
i2 I1

(1 � xi ) � 1 (25)

i.e. 'at least one among xi ; i 2 I0 and (1 � xi ); i 2 I1 must equal 1'.
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Formulating logical implication

Single solution exclusion

Let a point (solution) to be cut off be given by

xi = 1; i 2 I1 and xi = 0; i 2 I0 (24)

To exclude it consider the logical implication

If all but one of the equalities in (24) hold then the remaining one (k 2 I0, say)
must be violated.

So by LIP we have

(1 � xk ) � å
i2 I0nf kg

xi + å
i2 I1

(1 � xi ) () å
i2 I0

xi + å
i2 I1

(1 � xi ) � 1 (25)

i.e. 'at least one among xi ; i 2 I0 and (1 � xi ); i 2 I1 must equal 1'.
The 'standard' form : å

i2 I1

xi � å
i2 I0

xi � j I1j � 1

is much less easy to interpret correctly.
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Allocation to nearest facility

Practical problems for location of several facilities often require clients to be
allocated fully to the nearest open facility. For each client i and candidate site s
we have to express the logical implication :

If a facility is opened at s, and no facility is open at some site closer to i then
client i must be allocated to s.

Let xs 2 f 0;1g answers the question 'Is a facility opened at s ?' and yis 2 f 0;1g
answers the question 'Is client i allocated to site s ?'. Let Cis be the set of all
sites closer to client i than s. Then :

If xs = 1 and for all t 2 Cis : xt = 0 then yis = 1. which, by LIP is directly
expressed as

1 � yis � (1 � xs) + å
t2Cis

xt (26)
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Linearisation of quadratic 0-1 variables

In order to linearise, we often need to set yij = xixj where yij ;xi ;xj 2 f 0;1g
which means exactly

yij = 1 If and only if xi = 1 and xj = 1.

In other words,
If yij = 1 then xi = 1
If yij = 1 then xj = 1
If xi = 1 and xj = 1 then yij = 1
We apply LIP to these three logical implications and obtain :

1 � xi � 1 � yij (27)

1 � xj � 1 � yij (28)

1 � yij � 1 � xi + 1 � xj (29)
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Other techniques for modelling

Write a model with objective function : minmaxf e1;e2; : : : ;eng where
e1;e2; : : : ;en are linear functions.

Introduce y 2 R s.t. y � e1;y � e2; : : : ;y � en. Then miny.

Write a model with objective function : maxminf e1;e2; : : : ;eng where
e1;e2; : : : ;en are linear functions.

Introduce y 2 R s.t. y � e1;y � e2; : : : ;y � en. Then maxy.

Write a model with objective function : min j e j where e is a linear functions

Note that j e j= maxf e; � eg. Then use min � max model.
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Big-M constraints

Let x � 0 be such that, if x > 0 then K � x � M.

Introduce y 2 f 0;1g and add the constraints : x � My and x � Kyj .

Let 0 � xi � Mi and 0 � xj � Mj represent incompatible activities. That is :
If xi > 0 then xj = 0 and (vice versa) if xj > 0 then xi = 0.

Introduce yi ;yj 2 f 0;1g and add the constraints : xi � Myi , xj � Myj and
yj + yj � 1.

Exclusive OR relation : Let the function f (x1;x2; : : : ;xn) be such that
n � f (x1;x2; : : : ;xn) � M or (otherwise) f (x1;x2; : : : ;xn) � µ

Introduce y 2 f 0;1g. Add the constraints :

f (x1;x2; : : : ;xn) � µ+ My and f (x1;x2; : : : ;xn) � n � M(1 � y) (30)
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Exercises (in French)
Exercice 1 : De l'élégance en Programmation Linéaire
Une étudiante élégante et coquette doit se rendre par avion aux États-Unis a�n d'effectuer son stage d'été.
Outre ses affaires professionnelles et quelques objets indispensables, elle doit choisir un certain nombre de
vêtement dans sa garde-robe. Du fait des réglementations aériennes, il s'avère qu'il ne reste plus que quatre
kilos disponibles pour ses vêtements.
Une première sélection dans sa garde-robe conduit l'étudiante à retenir, en plus de la robe qu'elle a décidé
de porter dans l'avion, 3 jupes, 3 pantalons, 4 hauts et 3 robes. Le poids en grammes de chaque vêtement
est répertorié dans le tableau suivant.

Vêt. Jupe Pantalon Haut Robe
1 2 3 1 2 3 1 2 3 4 1 2 3

(g) 500 400 700 600 500 500 400 300 300 400 600 700 800

TAB.: Poids des différents vêtement
L'étudiante décide que :

elle doit porter au moins une robe,
si elle porte la jupe 1 alors elle emportera également le haut 2 qui s'assortit si bien avec cette jupe,
elle ne prendra pas le haut 4 si elle emporte les hauts 1 et 2.

L'objectif poursuivi est de maximiser le nombre de tenues différentes qu'elle pourra porter aux États-Unis.

Une robe constitue une tenue. Les autres tenues résultent de combinaisons d'un haut et d'une jupe ou d'un

pantalon. Cependant, les règles de l'élégance n'autorisent que certaines combinaisons indiquées par une

croix dans le tableau suivant.
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Haut
1 2 3 4

1 + + +
Jupe 2 + +

3 +
1 + +

Pantalon 2 +
3 + +

TAB.: Combinaisons autorisées

1 Exprimer les quatre contraintes du problème
2 Expression de la fonction objectif :

1 Formuler la fonction objectif du problème en utilisant une expression
quadratique (c'est-à-dire une somme de produits de deux variables)

2 Rendre linéaire la fonction objectif. Pour chaque produit de la somme
précédente, on utilisera une nouvelle variable binaire et deux nouvelles
contraintes.
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Exercice 2 : Le problème des N dames
Le but du problème des N dames est de placer N dames d'un jeu d'échecs sur
un échiquier de NxN cases sans que les dames ne puissent se menacer
mutuellement, conformément aux règles du jeu d'échecs (la couleur des pièces
étant ignorée). Par conséquent, deux dames ne devraient jamais partager la
même ligne, colonne, ou diagonale. Ce problème à été résolu pour N = 1 à 25.
Modéliser le problème sous forme d'un programme linéaire
Exercice 3 : Le sudoku
Le jeu du sudoku consiste à compléter une grille carrée divisée en 9 régions de
9 cases, en partie remplie avec des nombres, de façon à ce que dans chaque
ligne, chaque colonne et chaque région les nombres de 1 à 9 apparaissent une
et une seule fois.
Donner un modèle mathématique permettant de résoudre une grille de sudoku.
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Exercice 4 : Produire à partir de lots - modélisation
Une grande entreprise propose à un sous-traitant de fabriquer trois produits P1, P2 et
P3. Elle s'engage par contrat à acheter tout ce qu'il produira dans la limite d'au plus
100 unités de P1, 100 unités de P2 et de 200 unités de P3 à un prix unitaires unique de
120 euros. Ces produits sont fabriqués à partir de trois composants A, B et C qui
entrent en proportion variable dans chacun des produits, exprimée en nombre d'unités
de composant, est donnée dans le tableau 1. Le sous-traitant ne peut acheter les
composants que par lots. Deux types de lots sont disponibles, dont le nombre de
composants et le prix d'achat unitaire sont indiqués dans le tableau 2.

A B C
P1 3 5 2
P2 4 2 3
P3 1 2 5

TAB 1 : Nombre de composants A, B et
C par produit

A B C prix d'achat
unitaire (euros)

Lot 1 3 2 3 50
Lot 2 2 3 3 60

TAB 2 : Composition et prix des lots

Le sous-traitant souhaite dé�nir un plan général lui permettant d e dégager une marge

maximale.
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Modéliser ce problème comme un programme linéaire

En utilisant un argument simple, montrer que le sous-traitant a intérêt à
produire tout ce qui lui est demandé par l'entreprise.

En tenant compte de la remarque précédente, résoudre le programme
linéaire et indiquer la valeur optimale de la marge.

En supposant que le sous-traitant ne puisse acheter que des lots de type
1 ou que des lots de type 2, comment modéliser cette nouvelle contrainte.
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Exercises (in French)

Exercice 5 : Installation de systèmes contre l'incendie
La compagnie COSMAR a comme activité principale le chargement et le
déchargement de porte-containers dans le porte du Havre. A cause de récents
problèmes, COSMAR désire renforcer son dispositif du lutte contre l'incendie
en installant des systèmes SLIC dans l'entrepôt où sont placés les containers
avant ou après toute manutention. La compagnie a identi�é 7 z ones à protéger
plus spécialement. Ces zones sont marquées par une croix dans la diagramme
ci-dessous.

D GFA B C E

Coté  NORD

OUEST

Coté 
1

2

3

5
6

4

X

X
X

XXX

X
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COSMAR souhaite placer les systèmes SLIC sur les cotés nord et ouest de l'entrepôt.
Un système ne peut protéger que les zones situées dans la même rangée (ligne ou
colonne) : par exemple, un SLIC installé en D protégerait les zones (1,D) et (6,D).
Les ingénieurs de service de l'incendie du Havre ont par ailleurs demandé que les
systèmes SLIC ne soient pas placés dans les lignes consécutives, qu'au moins un
SLIC soit placé en ligne 1 ou en colonne A et qu'au moins 50% des SLIC soient du
coté nord.
Questions :

1 Écrire un modèle linéaire permettant de minimiser le nombre de SLIC que
COSMAR doit acheter et installer.

2 Le prix d'un SLIC étant de 8070 euros, COSMAR souhaite en acquérir au plus 3.
Pour les zones qui ne seront pas protégées par un SLIC, COSMAR souscrira
une assurance complémentaire s'élevant à 2000 euros par zone pour les lignes
1, 2, 3 et à 3000 euros pour les autres lignes. Comment modi�er l e modèle
précédent a�n que COSMAR minimise le coût total ?

3 Connaissez vous un logiciel capable de résoudre ce modèle ?
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