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Overview

Substitution: expand a real number in an exotic basis
Define a multiple tiling and a generalized (F)-property
Interpret the (F)-property in discrete geometry

Application in beta-numeration: new class of sufficient
conditions for (F)

Application in dynamical systems: new condition for 0 to be
an inner point
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Multiple tiling

(-expansion

Substitution numeration system

Extended (F)-property

B > 1 unit Pisot number of degree d
@ [-transformation

Ts: x+— Bx (mod 1)

@ [3-expansion ds: x €[0,1[ (uj)i>1 € {0...[B1}N
x =Y uib U= WT,é_l(X)J

@ Pseudo-expansion of 1

Theorem

dj3(1) = (t;)i>1 ultimately periodic
1= ti6

(ui)i>1 is a B-expansion iff Vk > 1, (uj)izk <jgx d3(1).
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Extended (F)-property

The condition of admissibility is extended to two-sided sequences
y ‘= ... W3wowiwouirupUus ...
Xg = {(vi)iez in AG;

Vk € Z7 (yi)iZk §|ex dg(l)}
Theorem (Bertrand)

(X3, S) is a sofic dynamical system: the set of finite factors Fg is
recognized by a finite graph.

mtp

dg(1) finite

4. emaat
ds(1) infinite
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Expansion on the real line
Vv

X=81M,6M+“'+wq+y15_l+“'+uLﬁ_L+...

integer part

fractio:al part
@ Reals with finite fractional part: Fin((3).
Fin(3) =

{omBM 4+ +wo+ B+ 4 u L
@ Integer in base (: no fractional part

stricly larger that x.

Successor map on Z;: Succ(x) is the smallest element of Z;

(Succ(x) — x takes n values: Téfl(l), 1<i<n)
[m] = = =
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WM ... .woly ...u € Fg}
Zh ={wmBM+ - +woiwm . ..wo € Fz}
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Central tile
@ Geometric representation
e [-conjugates: o, ..
e Canonical embedding:

. Brr /6r+11 /T-H.y
®g: P(B) € Z[57]

—

LN ﬁr+5v 6r_+s
(P(B2); - - P(Br+s))

c ch — ]Rr—l x CS ~ Rd_l
o $5(3") tends to 0; $3(37') is expanding.
o Central tile: representation of integers in base (:
Iy = s(Zf)

wo -

= {wo+wi®s(B) + - +wn®Ps(BM) +...;

WM - . . path in the reverse graph}
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Basic tiles and self-replicating central tile

@ Basic tiles :

subdivision into pieces depending on the
successor map.

T5() = {wo+wi®p(B) + - +wu®s(BM) + ...
wo . ..wp . ..path starting from the node i}

@ Homothety hg: multiplication by each conjugate of 3 on K.
Theorem (Akiyama, Sirvent-Wang, Ito-Rao)

The basic tiles of the central tile I3 satisfy the following graph IFS:
va, 75(a) = Up.,2 hs(T (b)) + ®5(/).
The basic tiles have disjoint interiors and they are the closure of

their interior.
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Fractional parts: self-replicating multiple tiling

@ Set of fractional parts: Frac(3) = {ds(x), x € Z[5] N [0,1)}
@ Tile associated with a fractional part

representation of reals having u as (§-fractional part

To= { Xis1 widp(8):(w,u) € Xg})+  dp( Xisq wif™)

variable integer part
union of basic tiles

Theorem (Akiyama)

The set of tiles T, for u € Frac([3), is finite up to translation.
The set of tiles T, covers Kg.

fixed fractional part

X = Zi21 Uiﬂ_i € Z[/B]

The covering is a repetitive self-replicating multiple tiling with
constant degree almost everywhere.

Ke= |J Tu= U 70+ uB™).
u€Frac(3) u € Frac(B), j>1
(uj) read from i
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(F) property and condition for tiling

Theorem (Akiyama)
If every polynomial has a finite 3-expansion:
(F) : Fin(8)=Z[5] N[0, +o]
then 0 is an exclusive inner point of the central tile and the
self-replicating multiple tiling is a tiling.

@ Algorithm condition to check (F)

@ Frougny-Solomyak sufficient condition

B =ag_189 4. a1 +1 '

with ag_1 > ag_»>>...a1 > 1.

@ Other conditions: Hollander,
Akiyama-Rao-Steiner

u]
8
I
i
it
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Substitution

@ A substitution replaces letters by finite words
@ lterations provide periodic or fixed points
o(1) =12, 0(2) = 13, o(3) = 1.
121312112131212131211213
@ Algebraic properties are contained in the incidence matrix

1 11

o primitivity: 3n, M" > 0 M=110 0

e Pisot type 010

@ Combinatorial structure given by the prefix-suffix graph

(1,2,8) 1,3,¢)
b(P25) 5 iff (b) = pas 1/—‘2)—\3
Fp: finite walks in the WJC L O
graph E1e)

@ Strong coincidence property
V by, by, Ja, 0"(b1) = P1aS;, 6"(by) = P>aS,, Py and P, contain the same letters.
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Examples

Substitution numeration system

Extended (F)-property

(1,2,¢)

A’lﬁ’i)\
A
(5’1’2)61 1y~

1
A TN
e,
(€7 178)

3
“\O<//
o Flipped Tribonacci substitution 1 — 12,2 — 31,3 — 1

@ beta-substitutions : The (-graph is the prefix-suffix graph of
the (-substitution where prefixes 19 are replaced by a.

(29 _lean)

1 2 3
(57 176)
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Dumont-Thomas numeration
[ dominant eigenvalue (unit Pisot), v expanding left eigenvector.
e Numerical digit: d,(c(P)) = B0,(P)
(05 : P e A* =< I(P),vg > Q(1))
@ Polynomial representation of a prefix-suffix path
(Pns @ns$n) - - (Po, @0, 50) € Fp — d5(pn)B” + - + 05 (po) € Z[B77]

Theorem ((o, ag)-expansion, Dumont, Thomas)
Let ag € A. Every x € [0,6,(a0)) can be uniquely expanded as

X = 2,21 50(Pi)ﬁ_i1 (pi>ai,si)i>1 = d(cf,ao)(x)
o (pi,ai,si)i>1 in the prefix-suffix graph is issued from the letter
apg:  Vi>0,o0(aj) = piy1di+15i+1
e infinitely non-empty suffixes in (s;)i>1 (Parry condition).
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Underlying dynamics and exotic numeration

.o |J [0.6:(a))x{a} to [J [0,6,(a)) x {a}

ac{l...d} ae{l...d}
(X7 a) = (,6X - 5J(p)a b)

_ o(a) = pbs
with { Bx — 6,(p) € [0,6,(b)).

@ The map T, is well defined: for every (x, a) there exists a
unique (y, b) satisfying the conditions.

@ A different numeration for each letter
@ beta-substitution: recover beta-numeration

@ Rigo-Steiner: ultimately periodic expansions for abstract
numeration systems

A A P
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Multiple tiling

Substitution numeration system
Example: flipped Tribonacci substitution

Extended (F)-property

(125)

e

oG 105

(e,1,€)

ﬂ_

P 0
=
Flipped Tribonacci substitution:
die1)(1/6%) = do3)(1/%) = 0/6 + 1/ + 0/
(two walks are labelled by (0,1,0,0

02)(1/8%) = (1/B)/8 +0/53% + 0/
(a walk is labelled by (1/43,0,0,0

+ ..
), starting from 1 and 3)
+ .
,0,0,...), starting from 2)
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Substitution expansion of reals

We have a dynamics that describes an exotic expansion.

@ expansion on the real line RT,

@ reals with finite expansions
Fin(o) = {0s(qm)B" + -+ d5(po) + 05 (p1)B~" + -+ + 6 (pL) B~
M,LeN, (gu,bm,rm) ... (po, a0, S0)(P1,a1,51) ---(pL,aL,sL) € Fp},
@ integers for the substitution numeration system
Z§ = {65(am)B + -+ 85(q); M €N,

(qM, bM,SM) - (qo, bo,So) € Fp} C Fin(a).
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A A P
V. Berthé and A. Siegel: Finiteness properties for substitution dynamical systems



Beta-Numeration Multiple tiling Substitution numeration system Extended (F)-property

Substitution central tile

@ Representation space: representation space of (.

&, P(B) € Z[BY] = (P(B2),---P(Br+s))

€K, =R x C* ~Rd-1
o Central tile : no fractional part
T,(a) = o (ZF)
= {®:(6,(q0)) +---+ ¢U(5a(qM)6M) .
(gi, ai, si)i>o reversed prefix-suffix path }

@ Basic tiles 7;(/): paths starting from node i.
@ Recover Rauzy fractals
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Tiling: suitable fractional set

Zlvg] := Z[05(1), ..., 05(n)]
e Main property: Z[vg] is uniformly discrete and ®,Z[vg] is
dense in K,.
e Fractional parts Frac(o) = Uaeqa...,n)d(o,20)(Z[vs] N [0, 35 (a0))
e Zlvg] = Z[1/] for beta-substitution
@ Tiles for any element u € Frac(c): representation of reals
whose fractional part is u.

(nonempty interior; closure of their interior; finite union of basic tiles)
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Substitution tiling

The proofs for beta-numeration are generalizable.

Theorem

Let o be a primitive substitution whose dominant eigenvalue is a
unit Pisot number.

The finite up to translation set of tiles T, for u € Frac(c), covers
K.

The covering is a self-replicating repetitive multiple tiling.

The basic tiles satisfy the IFS:

Vac A T,(a)= |J hs(T(b))+ 0o(6-(pi))-

b’_)(P,'ya,nS,')a

Provided that the strong coincidence condition holds, the basic
tiles have disjoint interiors.
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Multiple tiling

Substitution numeration system

Extended (F)-property

Example: flipped Tribonacci substitution
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Substitutive (F)-property

Every fractional part in Frac(o) is finite:
(F) Va, Vz € Z|vg] N [0,65(a)), d(s,4)(2) is finite.
Theorem

The substitutive (F)-property provided with the strong coincidence
condition implies that the multiple tiling is a tiling and 0 is an
exclusive inner point of the central tile.

How to check the substitutive (F)-property ?

[m] = =
L O S O
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Discrete geometry

Restriction: o is of Pisot type (all the eigenvalues are conjugate)

@ Pisot type: the contracting plane is generated by the
conjugates of the dominant eigenvector.

o Unit faces: (x,7) == {x+ >, \jej; 0 <\ <1}

@ Discrete plane: the contracting plane is best-approximated by

S(vg) = U (x,1).

0<(x,vz )<(ei,vg)

@ Discrete geometry versus numeration: the numeration
multiple tiling is equal to the self-similar discrete multiple
tiling (Ei-Rao-Ito)
((x,7) € S(vg) corresponds to ®,(z) + T (i), z =< x,vg >€ Z[vg] N [0, ,(1)).)
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Projection of paths on the discrete plane

Lemma

A finite path in the prefix-suffix graph corresponds to a face in the
discrete surface:

Ifa_ k= va s i) P (pora1,s_1) Q0 is a prefix-suffix path

then (M*Y(p_1) + -+ p_k,a0) € Ef (0)*71(0,a_k).

Proof
@ Substitution rule on faces (Arnoux-Ito)
E{(0)(%, 3) = Uy (5 pas (M (x + 1(p), b).
@ Stability of the discrete plane
(0,1), ..., (0,d) U E;(0)S(vs) C S(vg)
e Stability of expansion of integer points of S(vg)
(X’ a) € S(V,@)v b —(p,a,s) @ = (M_lx + M_ll(p), b) € S(Vﬂ)
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(F) combinatorial condition

Theorem

A unit substitution of Pisot type satisfies the substitution (F)
property iff the images of the unit cube located at the origin under
the iterated action of E; (o) cover the full discrete surface:

S, = |J Ef(e)"((0,1) U...(0,d)).

neN
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Application

o (F) implies that 0 is an inner point of the Central tile/Rauzy
fractal

o (F) implies that the multiple tiling is a tiling

@ Flipped Tribonacci substitution: The combinatorial (F)
property holds (ring condition: check a finite number of
possibilities )
0 is an inner point of the central tile and the multiple tiling is
a tiling.

@ Discussion: Reducible case ? (see Ito-Rao, reducible case)

[m] = = =
L O S O
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