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What is a substitution?

A substitution replaces letters with �nite words...

We need to iterate it: extend it as a morphism of a monoid

We get a �x ed point
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What is a substitution?

A substitution replaces letters with �nite words...
We need to iterate it: extend it as a morphism of a monoid
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About symbolic dynamics

Symbolic dynamics consists in studying

the shift map on in�nite sequences in
�

INTRODUCED to better understand the dynamics of geometric
maps

CODE the orbits of a system with respect to a cleverly chosen
�nite partition

the INTEREST is to replace the initial dynamical system by the
shift map on

it is APPLIED to systems for which past and future are disjoint
(toral automorphisms or Pseudo-Anosov diffeo. of
surfaces).
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Example: the Morse sequence

Morse studies geodesics
(1920)

with a symbolic coding in

The symbolic dynamics is
simpler

Properties of geodesics are
easy to check

Proving the existence of
a closed an recurrent
geodesics...
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Example: the Morse sequence

Morse studies geodesics
(1920)

with a symbolic coding in

The symbolic dynamics is
simpler

Properties of geodesics are
easy to check

Proving the existence of
a closed an recurrent
geodesics...

Geodesics are curves realizing
the minimal distance between
two points.
For connected surfaces with
constant negative curves, Morse
looks at in�nite geodesics that
stay in a small part of the
space.
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The symbolic dynamics is
simpler

Properties of geodesics are
easy to check

Proving the existence of
a closed an recurrent
geodesics...

Geodesics are coded by in�nite
sequences of 0 and 1 according
to which boundary of the surface
they meet
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The symbolic dynamics is
simpler

Properties of geodesics are
easy to check

Proving the existence of
a closed an recurrent
geodesics...

To advance along a geodesic
translates into looking at the
next element in the sequence
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easy to check

Proving the existence of
a closed an recurrent
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A closed geodesic is coded by a
periodic sequence
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a minimal sequence
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Example: the Morse sequence

Morse studies geodesics
(1920)

with a symbolic coding in

�

��� �

	

�

The symbolic dynamics is
simpler

Properties of geodesics are
easy to check

Proving the existence of
a closed an recurrent
geodesics...

A minimal an non-periodic se-
quence is given by the (Prouhet-
Thue)-Morse sequence
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How is the Morse sequence generated?
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Iterate to obtain a �x ed
point

Let be the associated
symbolic dynamical system

is a minimal and
uniquely ergodic dynamical
system.

. – p.5/17



How is the Morse sequence generated?


�

���

�

� � �

�

�

� �

Iterate 
 to obtain a �x ed
point 


�




�




�

Let be the associated
symbolic dynamical system

is a minimal and
uniquely ergodic dynamical
system.

. – p.5/17



How is the Morse sequence generated?


�

���

�

� � �

�

�

� �

Iterate 
 to obtain a �x ed
point 


�




�




�

Let be the associated
symbolic dynamical system

is a minimal and
uniquely ergodic dynamical
system.

�
� �

� � � �

� � � � � � � �

� � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

. – p.5/17



How is the Morse sequence generated?


�

���

�

� � �

�

�

� �

Iterate 
 to obtain a �x ed
point 


�




�




�

Let

���

be the associated
symbolic dynamical system

is a minimal and
uniquely ergodic dynamical
system.

. – p.5/17



How is the Morse sequence generated?


�

���

�

� � �

�

�

� �

Iterate 
 to obtain a �x ed
point 


�




�




�

Let

���

be the associated
symbolic dynamical system

is a minimal and
uniquely ergodic dynamical
system.
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gathers se-
quences having the same
language than 


It is independent from the
�x ed point that was chosen,
provided that the subtitution is
primitive

. – p.5/17



How is the Morse sequence generated?


�

���

�

� � �

�

�

� �

Iterate 
 to obtain a �x ed
point 


�




�




�

Let

���

be the associated
symbolic dynamical system

�

���

�

�

�

is a minimal and
uniquely ergodic dynamical
system.

. – p.5/17



How is the Morse sequence generated?


�

���

�

� � �

�

�

� �

Iterate 
 to obtain a �x ed
point 


�




�




�

Let
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be the associated
symbolic dynamical system

�
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�
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is a minimal and
uniquely ergodic dynamical
system.

This property is quite general
(see Queffelec's book)
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Self-similar dynamics and substitutions

How can one understand the local structure
of the orbits of a dynamical system?

Study the �rst return map over a neighborhood of a given
point (Poincaré)

Self-similar structure: the system de�ned by the �rst return
map is conjugated to the original system.

Basic idea:
a substitution is hidden behind each self-similar system.
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Addition of the golden ratio

Let � be the addition of the
golden ratio on the 1-torus

Compute the �rst return
map on

The �rst return map on is
equal to

Code in the pink/yellow
partition

Code the �rst return map in
the induced partition

And obtain a substitution !

1-a

a

0 1

1

. – p.7/17



Addition of the golden ratio

Let � be the addition of the
golden ratio on the 1-torus

Compute the �rst return
map on

�

���

�
�

�

�

�

�

The �rst return map on is
equal to

Code in the pink/yellow
partition

Code the �rst return map in
the induced partition

And obtain a substitution !

2-2a

1-a

1-a

a

0 1

1

�

�
���

�! 

�

�
�

�

�

�

�

�

�

�
�

�

� �

. – p.7/17



Addition of the golden ratio

Let � be the addition of the
golden ratio on the 1-torus

Compute the �rst return
map on

�

���

�
�

�

�

�

�

The �rst return map on is
equal to

Code in the pink/yellow
partition

Code the �rst return map in
the induced partition

And obtain a substitution !

2-2a

1-a

1-a

a

0 1

1

�

�
��"

�

�

�

��� �
�

�

�
#

 

�

�
�$"

�

�

�
�

�
�

�

�

�

�

� �

. – p.7/17



Addition of the golden ratio

Let � be the addition of the
golden ratio on the 1-torus

Compute the �rst return
map on

�

���

�
�

�

�

�

�

The �rst return map on is
equal to

Code in the pink/yellow
partition

Code the �rst return map in
the induced partition

And obtain a substitution !

2-2a

1-a

1-a

a

0 1

1

�

�

�
�

"

�

�

�

�
�

�

�

 

�

�

�
�$"

�

�

�

��� �
�

�

�
#

 

�

. – p.7/17



Addition of the golden ratio

Let � be the addition of the
golden ratio on the 1-torus

Compute the �rst return
map on

�

���

�
�

�

�

�

�

The �rst return map on is
equal to

Code in the pink/yellow
partition

Code the �rst return map in
the induced partition

And obtain a substitution !

2-2a

1-a

1-a

a

0 1

1

�

�

�
�$"

�! 

�

�

�
�

�

�! 

�

. – p.7/17



Addition of the golden ratio

Let � be the addition of the
golden ratio on the 1-torus

Compute the �rst return
map on

�

���

�
�

�

�

�

�

The �rst return map on

�

is
equal to �

Code in the pink/yellow
partition

Code the �rst return map in
the induced partition

And obtain a substitution !

1-a=

a

a . a a . (1-a)
2a-1=

1-a

a

0 1

1

equality up to rever-
sal of the orientation
and renormalization
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Code � in the pink/yellow
partition
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Code � in the pink/yellow
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Let � be the addition of the
golden ratio on the 1-torus

Compute the �rst return
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equal to �

Code � in the pink/yellow
partition

Code the �rst return map in
the induced partition

And obtain a substitution !

01 3 2

ab

abaa
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Let � be the addition of the
golden ratio on the 1-torus

Compute the �rst return
map on
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The �rst return map on

�

is
equal to �

Code � in the pink/yellow
partition

Code the �rst return map in
the induced partition

And obtain a substitution !

01 3 24

ab

abaab

. – p.7/17



Addition of the golden ratio

Let � be the addition of the
golden ratio on the 1-torus

Compute the �rst return
map on
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The �rst return map on

�

is
equal to �

Code � in the pink/yellow
partition

Code the �rst return map in
the induced partition

And obtain a substitution !

01 3 5 24
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abaaba
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Addition of the golden ratio

Let � be the addition of the
golden ratio on the 1-torus

Compute the �rst return
map on
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The �rst return map on

�

is
equal to �

Code � in the pink/yellow
partition

Code the �rst return map in
the induced partition

And obtain a substitution !

01 6 3 5 24

ab

abaabaa
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Addition of the golden ratio

Let � be the addition of the
golden ratio on the 1-torus

Compute the �rst return
map on
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The �rst return map on

�

is
equal to �

Code � in the pink/yellow
partition

Code the �rst return map in
the induced partition

And obtain a substitution !

01 6 3 5 247

ab

abaabaab . . .
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Addition of the golden ratio

Let � be the addition of the
golden ratio on the 1-torus

Compute the �rst return
map on
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The �rst return map on

�

is
equal to �

Code � in the pink/yellow
partition

Code the �rst return map in
the induced partition

And obtain a substitution !

0

A B

0

A
a

. – p.7/17



Addition of the golden ratio

Let � be the addition of the
golden ratio on the 1-torus

Compute the �rst return
map on

�

���
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�
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The �rst return map on

�

is
equal to �

Code � in the pink/yellow
partition

Code the �rst return map in
the induced partition

And obtain a substitution !

01 2

A B

10

A B
ab a
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Addition of the golden ratio

Let � be the addition of the
golden ratio on the 1-torus

Compute the �rst return
map on

�
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�
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�

�
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The �rst return map on

�

is
equal to �

Code � in the pink/yellow
partition

Code the �rst return map in
the induced partition

And obtain a substitution !

01 3 2

A B

102

A B A
ab a a
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Addition of the golden ratio

Let � be the addition of the
golden ratio on the 1-torus

Compute the �rst return
map on

�

���

�
�

�

�

�

�

The �rst return map on

�

is
equal to �

Code � in the pink/yellow
partition

Code the �rst return map in
the induced partition

And obtain a substitution !

01 3 5 24

A B

1302

A B A B
ab a ab a
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Addition of the golden ratio

Let � be the addition of the
golden ratio on the 1-torus

Compute the �rst return
map on

�

���

�
�

�

�

�

�

The �rst return map on

�

is
equal to �

Code � in the pink/yellow
partition

Code the �rst return map in
the induced partition

And obtain a substitution !

01 6 3 5 247

A B

13024

A B A B A
ab a ab a ab a
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Addition of the golden ratio

Let � be the addition of the
golden ratio on the 1-torus

Compute the �rst return
map on

�

���

�
�

�

�

�

�

The �rst return map on

�

is
equal to �

Code � in the pink/yellow
partition

Code the �rst return map in
the induced partition

And obtain a substitution !

The Fibonacci substitution is
a�

� ab b�

� a

u = abaababaabaababaababaa

Theorem. The addition of
the golden ratio is semi-
topologically conjugate to the
shift map on the symbolic
dynamical system associated
with the Fibonacci substitution
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What can be represented?

The Fibonacci substitution provides the best representation
as possible for the addition of the golden ratio.

The Morse substitution is a coding of a two-point extension
of the dyadic odometer.

The Tribonacci substitution codes a domain exchange in
as well as a two-dimensional toral rotation.

Which self-similar actions are coded by a given substitution?

Substitutive system are deterministic.

Which are isomorphic to a rotation on a compact group?
What is their maximal equicontinuous factor?
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Substitution of constant length

Caracterization of the
maximal equicontinuous
factor (Dekking);

the Morse substitution has
height 1.

Example with height 3.

Pure discrete spectrum if
: the coincidence

condition.

Pure discrete spectrum if
: recoding in a pure

base.
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Substitution of constant length

Caracterization of the
maximal equicontinuous
factor (Dekking);

the Morse substitution has
height 1.

Example with height 3.

Pure discrete spectrum if
: the coincidence

condition.

Pure discrete spectrum if
: recoding in a pure

base.

Theorem. Let 
 be non-periodic
of constant length &. Let 


�




'

�




�

.
The height of 
 is the greatest

(,
�

(

�

&

�

�

�

, that divides every

)+*

�

, 
-,

�


-. .
The maximal equicontinuous
factor of

�

���

�

�

�

is the addition
of

�

�

�

�

�

on

/�0

1

/

2

(

/

.
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Substitution of constant length

Caracterization of the
maximal equicontinuous
factor (Dekking);

the Morse substitution has
height 1.

Example with height 3.

Pure discrete spectrum if
: the coincidence

condition.

Pure discrete spectrum if
: recoding in a pure

base.

�

�

�

�� �

�

�

� �



�

�� � �� � �� � � �� �� � �� � �� �

� � �


-.

�

�

appears at rank 3 and 5

�

3

45�

�

.

The maximal equicontinuous
factor is

/

� .
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Substitution of constant length

Caracterization of the
maximal equicontinuous
factor (Dekking);

the Morse substitution has
height 1.

Example with height 3.

Pure discrete spectrum if
: the coincidence

condition.

Pure discrete spectrum if
: recoding in a pure

base.

�

�

�

�� � �

�

�

� �� �

�

�

� � �



�

�� � � �� �� �� � � �� � � �� �� � � ��


-.

�

�

appears at rank 2, 4, 6
etc.

�

3

45�

�

.

The maximal equicontinuous
factor is

/76

1

/

2

�

/

.
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Substitution of constant length

Caracterization of the
maximal equicontinuous
factor (Dekking);

the Morse substitution has
height 1.

Example with height 3.

Pure discrete spectrum if

4

�

�

: the coincidence
condition.

Pure discrete spectrum if
: recoding in a pure

base.
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Substitution of constant length

Caracterization of the
maximal equicontinuous
factor (Dekking);

the Morse substitution has
height 1.

Example with height 3.

Pure discrete spectrum if

4

�

�

: the coincidence
condition.

Pure discrete spectrum if
: recoding in a pure

base.


 satis�es the coincidence con-
dition if the image of each letter
under 


'

has the same n-th let-
ter.

�

�

�

�� �

�

�

� � �
�

�

� �

�� � �� � � � � � � �� � �� � � � �� � � �

� � � � �� � � �� � � �� � � �� � �� � � �

�� � �� � � �� � � � �� � � �� � �� � � �

Morse has no coincidences: its
system is not isomorphic to the
dyadic odometer.
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Substitution of constant length

Caracterization of the
maximal equicontinuous
factor (Dekking);

the Morse substitution has
height 1.

Example with height 3.

Pure discrete spectrum if

4

�

�

: the coincidence
condition.

Pure discrete spectrum if

4

#

�

�

: recoding in a pure
base.
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Substitution of constant length

Caracterization of the
maximal equicontinuous
factor (Dekking);

the Morse substitution has
height 1.

Example with height 3.

Pure discrete spectrum if

4

�

�

: the coincidence
condition.

Pure discrete spectrum if

4

#

�

�

: recoding in a pure
base.

The example

�

�

�

�� � �

�

�

� �� �

�

�

� � �

has a pure discrete spectrum.
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Non-constant length substitution: The

Tribonacci substitution

�

�

�

�� �

�

�

� � �
�

�

�

Studied by Rauzy in 1981.

The �x ed point gives rise to
a stair

From another view point

A projection: the Rauzy
fractal

Many ergodic properties !

quite nice explicit pictures...
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Non-constant length substitution: The

Tribonacci substitution
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�

�

�� �

�

�

� � �
�

�

�

Studied by Rauzy in 1981.

The �x ed point gives rise to
a stair

From another view point

A projection: the Rauzy
fractal

Many ergodic properties !

quite nice explicit pictures...

Fixed point:
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Non-constant length substitution: The

Tribonacci substitution

�

�

�

�� �

�

�

� � �
�

�

�

Studied by Rauzy in 1981.

The �x ed point gives rise to
a stair

From another view point

A projection: the Rauzy
fractal

Many ergodic properties !

quite nice explicit pictures...

The substitutive system is
measure-theoretically isomor-
phic with a domain exchange on
the Rauzy fractal.

This brings to an isomorphism
with a two-dimensional toral
translation.

It has an explicit pure discrete
spectrum.
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Non-constant length substitution: The

Tribonacci substitution
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A signi�cant advance (Host)

Measure-theoretic
isomorphism and
topological conjugacy are
equivalent for primitive
systems.

Structure of the spectrum:
coboundaries

Arithmetic spectrum:
incidence matrix

Combinatorial spectrum:
return words
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A signi�cant advance (Host)

Measure-theoretic
isomorphism and
topological conjugacy are
equivalent for primitive
systems.

Structure of the spectrum:
coboundaries

Arithmetic spectrum:
incidence matrix

Combinatorial spectrum:
return words

Eigenvalues and eigenfunctions
of

�

���

�

�

�

are those of the uni-
tary operator

8

�

�

8:9 �

on

;

�

�

���

�

.

Theorem. All eigenfunctions
of primitive substitutive systems
are continuous
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A signi�cant advance (Host)

Measure-theoretic
isomorphism and
topological conjugacy are
equivalent for primitive
systems.

Structure of the spectrum:
coboundaries

Arithmetic spectrum:
incidence matrix

Combinatorial spectrum:
return words

. – p.11/17



A signi�cant advance (Host)

Measure-theoretic
isomorphism and
topological conjugacy are
equivalent for primitive
systems.

Structure of the spectrum:
coboundaries

Arithmetic spectrum:
incidence matrix

Combinatorial spectrum:
return words

Coboundary: map
4

�

�

<

such that there exists a map

8

�

�

<

with

8

�
=

�

�

8

�?> �

4

�?> �
@

>

=

in the language.

Spectrum:
A

 

<

is an eigen-
value of

�

���

�

�

�

iff

BDC

*

�

such
that

@

>

� , the limit
4

�?> �

�

E
FHG

0

I
J

A

K

�

LM

NPO

Q K

is a coboundary.

. – p.11/17



A signi�cant advance (Host)

Measure-theoretic
isomorphism and
topological conjugacy are
equivalent for primitive
systems.

Structure of the spectrum:
coboundaries

Arithmetic spectrum:
incidence matrix

Combinatorial spectrum:
return words
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A signi�cant advance (Host)

Measure-theoretic
isomorphism and
topological conjugacy are
equivalent for primitive
systems.

Structure of the spectrum:
coboundaries

Arithmetic spectrum:
incidence matrix

Combinatorial spectrum:
return words

The eigenvalues for the trivial
coboundary are computable and
depends only on the incidence
matrix of the substitution.

A

K

�

LM

NPO

Q K

�

�

�

�
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A signi�cant advance (Host)

Measure-theoretic
isomorphism and
topological conjugacy are
equivalent for primitive
systems.

Structure of the spectrum:
coboundaries

Arithmetic spectrum:
incidence matrix

Combinatorial spectrum:
return words
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A signi�cant advance (Host)

Measure-theoretic
isomorphism and
topological conjugacy are
equivalent for primitive
systems.

Structure of the spectrum:
coboundaries

Arithmetic spectrum:
incidence matrix

Combinatorial spectrum:
return words

The eigenvalues for non-trivial
coboundaries are purely combi-
natorial: they depend on return
words, playing the role of the
height.

Roughly, a return word is a word

�

>

"

� � �

>

' such that >

" is in
the language and >

,

#

�

>

" .

Example:

�

�

�

�� � �

,

�

�

�

� ��

,

�

�

�

� �� �

has a non-trivial
coboundary.
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Applications

Example of weakly mixing
substitution

Livshits: conditions for
purely discrete spectrum or
partially continuous
spectrum.

If the incidence polynomial
is irreducible: the exis-
tence of discrete spectrum
depends on expanding
eigenvalues of the matrix
(Solomyak).
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Applications

Example of weakly mixing
substitution

Livshits: conditions for
purely discrete spectrum or
partially continuous
spectrum.

If the incidence polynomial
is irreducible: the exis-
tence of discrete spectrum
depends on expanding
eigenvalues of the matrix
(Solomyak).

�

�

�

�� �� �

,
�

�

�

� ��

is weakly mixing

(1 is the only eigenvalue)
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Applications

Example of weakly mixing
substitution

Livshits: conditions for
purely discrete spectrum or
partially continuous
spectrum.

If the incidence polynomial
is irreducible: the exis-
tence of discrete spectrum
depends on expanding
eigenvalues of the matrix
(Solomyak).

Mix of coincidences and re-
turn words

�

�

�

� �

,
�

�

�

��

,

�

�

�

� �

as
a continuous spectral compo-
nent but is not weakly mixing
(constant length).
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Applications

Example of weakly mixing
substitution

Livshits: conditions for
purely discrete spectrum or
partially continuous
spectrum.

If the incidence polynomial
is irreducible: the exis-
tence of discrete spectrum
depends on expanding
eigenvalues of the matrix
(Solomyak).

If

R

�

�

�

�

S

for every ex-
panding eigenvalue � of the
matrix, then TU C

�

�

V

)

S

�

is an
eigenvalue of

�

�

�

�

�

�

.

Partial converse by Ferenczi,
Mauduit, Nogueira.

Application: The spectrum of
�

�

�

��

W W

,

�

�

�

� �

,

�

�

�

W

,

W

�

�

�

is TU C

�

�

V

)

/

�

�

.

. – p.12/17



Substitutions of Pisot type

Pisot type: the incidence matrix has only one expanding
eigenvalue �.

They are never weakly
mixing

Their arithmetical spectrum
can be computed

A condition for not having a
combinatorial spectrum: co-
incidences

What about discrete spectrum? They are good candidates...
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Substitutions of Pisot type

Pisot type: the incidence matrix has only one expanding
eigenvalue �.

They are never weakly
mixing

Their arithmetical spectrum
can be computed

A condition for not having a
combinatorial spectrum: co-
incidences

Every
R

�

�

�

is an eigenvalue
(Solomyak)

The spectrum contains

/

�

�

X

What about discrete spectrum? They are good candidates...
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Pisot type: the incidence matrix has only one expanding
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Substitutions of Pisot type

Pisot type: the incidence matrix has only one expanding
eigenvalue �.

They are never weakly
mixing

Their arithmetical spectrum
can be computed

A condition for not having a
combinatorial spectrum: co-
incidences

In the unimodular case, the
arithmetic spectrum is gener-
ated by the frequencies of the
letters in the �x ed point.

In the non-unimodular case,
additional rational eigenval-
ues have to be computed.

What about discrete spectrum? They are good candidates...
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Substitutions of Pisot type

Pisot type: the incidence matrix has only one expanding
eigenvalue �.

They are never weakly
mixing

Their arithmetical spectrum
can be computed

A condition for not having a
combinatorial spectrum: co-
incidences


 satis�es the coincidences
conditions if for all

=

" ,

=

� , there
exists > such that




0

�
=

"

�

�

R

"

>

�

"




0

�
=

�

�

�

R

�

>

�

�

R

" and

R

� contain the same
letters up to the order.

Coincidences �

3 no combi-
natorial spectrum

What about discrete spectrum? They are good candidates...
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Substitutions of Pisot type

Pisot type: the incidence matrix has only one expanding
eigenvalue �.

They are never weakly
mixing

Their arithmetical spectrum
can be computed

A condition for not having a
combinatorial spectrum: co-
incidences

What about discrete spectrum? They are good candidates...
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Spectrum of substitutions of Pisot type

Pisot type and coincidences
on two-letters implies pure
discrete spectrum (Host,
Hollander)

Pisot type on two letters
implies coincidences
(Barge, Diamond).

What about three-letters or
more?
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Spectrum of substitutions of Pisot type

Pisot type and coincidences
on two-letters implies pure
discrete spectrum (Host,
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Pisot type on two letters
implies coincidences
(Barge, Diamond).
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Spectrum of substitutions of Pisot type

Pisot type and coincidences
on two-letters implies pure
discrete spectrum (Host,
Hollander)

Pisot type on two letters
implies coincidences
(Barge, Diamond).

What about three-letters or
more?

Theorem. Every substitutive
system of Pisot type on two
letters has a pure discrete
spectrum.
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Spectrum of substitutions of Pisot type

Pisot type and coincidences
on two-letters implies pure
discrete spectrum (Host,
Hollander)

Pisot type on two letters
implies coincidences
(Barge, Diamond).

What about three-letters or
more?
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Spectrum of substitutions of Pisot type

Pisot type and coincidences
on two-letters implies pure
discrete spectrum (Host,
Hollander)

Pisot type on two letters
implies coincidences
(Barge, Diamond).

What about three-letters or
more?

Nothing works...

More intricate results have to
be proved in the �a vour of
Rauzy's work

. – p.14/17



Rauzy fractals

Geometric representation of substitutions of Pisot type...

Coincidences and Pisot type im-
ply that the substitutive system
is isomorphic to a domain ex-
change in a compact set called
the Rauzy fractal of the substitu-
tion.
(Rauzy, Arnoux-Ito, S.)
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Rauzy fractals

Geometric representation of substitutions of Pisot type...

Coincidences and Pisot type im-
ply that the substitutive system
is isomorphic to a domain ex-
change in a compact set called
the Rauzy fractal of the substitu-
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The Rauzy fractal of a sub-
stitution with coincidences
is a self-similar compact
subset of a product of the
Euclidean space with �-
nite extensions of C -adic
spaces.

It has a non-zero Haar
measure.
It is stable under a piece-
wise translation.
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Rauzy fractals

Geometric representation of substitutions of Pisot type...

Coincidences and Pisot type im-
ply that the substitutive system
is isomorphic to a domain ex-
change in a compact set called
the Rauzy fractal of the substitu-
tion.
(Rauzy, Arnoux-Ito, S.)

(exchange of domains)
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Rauzy fractals

Geometric representation of substitutions of Pisot type...

Coincidences and Pisot type im-
ply that the substitutive system
is isomorphic to a domain ex-
change in a compact set called
the Rauzy fractal of the substitu-
tion.
(Rauzy, Arnoux-Ito, S.)

Notice that we don't know
any substitution of Pisot

type with no coincidence!
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Discrete spectrum...

The exchange of domains
projects onto a translation
on an abelian group...

Pure discrete spectrum:
suf�cient conditions are
deduced, based on graphs
(S., Thuswaldner), or
balanced pairs (Ito, Rao,
Berthé).

Geometric interpretation
of pure discrete spectrum:
tilings.
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Discrete spectrum...

The exchange of domains
projects onto a translation
on an abelian group...

Pure discrete spectrum:
suf�cient conditions are
deduced, based on graphs
(S., Thuswaldner), or
balanced pairs (Ito, Rao,
Berthé).

Geometric interpretation
of pure discrete spectrum:
tilings.

The question is:

Is this representation one-to-
one?
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Discrete spectrum...

The exchange of domains
projects onto a translation
on an abelian group...

Pure discrete spectrum:
suf�cient conditions are
deduced, based on graphs
(S., Thuswaldner), or
balanced pairs (Ito, Rao,
Berthé).

Geometric interpretation
of pure discrete spectrum:
tilings.

There is no general result...

Everything has to done by
hand (or computer) on each
example
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Discrete spectrum...

The exchange of domains
projects onto a translation
on an abelian group...

Pure discrete spectrum:
suf�cient conditions are
deduced, based on graphs
(S., Thuswaldner), or
balanced pairs (Ito, Rao,
Berthé).

Geometric interpretation
of pure discrete spectrum:
tilings.

No counter-example is
known!

Each example of a substitu-
tion of Pisot type that have
been tested has a pure dis-
crete spectrum.
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What is this used for?

The combination of combinatorics, spectral theory, geometry
and number theory allows one to use the same object (a
substitution) in different directions:

proving general results on discrete spectrum and tilings.

apply them to -numeration and diophantine analysis.

Building discrete planes.

Quasi-crystals.

Explicit Markov partitions for toral automorphisms.

. – p.17/17



What is this used for?

The combination of combinatorics, spectral theory, geometry
and number theory allows one to use the same object (a
substitution) in different directions:

proving general results on discrete spectrum and tilings.

apply them to -numeration and diophantine analysis.

Building discrete planes.

Quasi-crystals.

Explicit Markov partitions for toral automorphisms.

. – p.17/17



What is this used for?

The combination of combinatorics, spectral theory, geometry
and number theory allows one to use the same object (a
substitution) in different directions:

proving general results on discrete spectrum and tilings.

apply them to

^

-numeration and diophantine analysis.

Building discrete planes.

Quasi-crystals.

Explicit Markov partitions for toral automorphisms.

. – p.17/17



What is this used for?

The combination of combinatorics, spectral theory, geometry
and number theory allows one to use the same object (a
substitution) in different directions:

proving general results on discrete spectrum and tilings.

apply them to

^

-numeration and diophantine analysis.

Building discrete planes.

Quasi-crystals.

Explicit Markov partitions for toral automorphisms.

. – p.17/17



What is this used for?

The combination of combinatorics, spectral theory, geometry
and number theory allows one to use the same object (a
substitution) in different directions:

proving general results on discrete spectrum and tilings.

apply them to

^

-numeration and diophantine analysis.

Building discrete planes.

Quasi-crystals.

Explicit Markov partitions for toral automorphisms.

. – p.17/17



What is this used for?

The combination of combinatorics, spectral theory, geometry
and number theory allows one to use the same object (a
substitution) in different directions:

proving general results on discrete spectrum and tilings.

apply them to

^

-numeration and diophantine analysis.

Building discrete planes.

Quasi-crystals.

Explicit Markov partitions for toral automorphisms.

. – p.17/17


	EWM talk
	What is a substitution?
	About symbolic dynamics
	Example: the Morse sequence
	How is the Morse sequence generated?
	Self-similar dynamics and substitutions
	Addition of the golden ratio
	What can be represented?
	Substitution of constant length
	Non-constant length substitution: The Tribonacci substitution
	A significant advance (Host)
	Applications
	Substitutions of Pisot type
	Spectrum of substitutions of Pisot type
	Rauzy fractals

