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Introduction Background Beta expansion

Background

A well known theory on recurrence is Poincaré's recurrence theorem.

Theorem (Poincaré's Recurrence Theorem)

Let T : X — X be a measurable transformation on a probability
space (X,B,u). Let B € B with (B) > 0. Then for almost all
points x € B, the orbit {T"(x)}n>0 returns to B infinitely often.
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Background

A well known theory on recurrence is Poincaré's recurrence theorem.

Theorem (Poincaré's Recurrence Theorem)

Let T : X — X be a measurable transformation on a probability
space (X,B,u). Let B € B with (B) > 0. Then for almost all
points x € B, the orbit {T"(x)}n>0 returns to B infinitely often.

However, this information is only of qualitative nature and it is only
concerned with a fixed target B.
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Problems

Problem 1

With which frequency an orbit visits a given set of positive measure;
and
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Problems

Problem 1

With which frequency an orbit visits a given set of positive measure;
and

Problem 2

With which rate a given point returns to an arbitrarily small neigh-
borhood of itself.
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Problems

Problem 1

With which frequency an orbit visits a given set of positive measure;
and

v

Problem 2

With which rate a given point returns to an arbitrarily small neigh-
borhood of itself.

v

Problem 3

What happens if the ball B shrinks with time and more generally if
the ball also moves around with time?
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Beta expansion

Let G > 1 be a real number. The beta transformation with respect
to 3 is given as
Ts(x) = fr(mod 1).

Hence, any = € [0,1) can be expanded uniquely as an finite or
infinite series with the form

B B
x:ﬂ(f; )+62(;‘2 )+_‘_,

where €,(z,3) = [ﬁTg_l(w)] are called the digits of = and the

sequence (el(x,ﬁ), ea(z, B), - ) is called the sequence of the beta
expansion of x with respect to the base [.
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Admissible sequence

Definition

An n-block (€1, €9, ,€,) is called admissible in base [3 if there
exists x € [0,1] such that ex(x,5) = € for all 1 < k < n.
An infinite sequence (€1, €2, - ,€p, -+ ) is admissible in base (3 if
(€1, €9, ,€) is admissible in base (3 for all k > 1.
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Admissible sequence

Definition

An n-block (€1, €9, ,€,) is called admissible in base [3 if there
exists x € [0,1] such that ex(x,5) = € for all 1 < k < n.
An infinite sequence (€1, €2, - ,€p, -+ ) is admissible in base (3 if

(€1, €9, ,€) is admissible in base (3 for all k > 1.

Denote by ¥ 3 all infinite admissible sequence in the beta expansion
with respect to the base .
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Characterizations on admissible sequence

Theorem (W. Parry)

Let B > 1 be a real number and €(1, 3) be the [3-expansion of 1.
We denote by w an infinite sequence of positive integer.

(1) If €(1, ) is infinite, w € g if and only if o%(w) <jer €(1, 3),
for all k > 0.

(2)If €(1,03) is finite, ie., €(1,8) = (ei(1,5), - ,en(1,5),0%)
with e, (1,8) # 0. Then w € Xg if and only if
oF(w) < €(1,8), for all k > 0. where ¢*(1,8) =

(61(176)762(1>6)>“' 76n71(1>6)?(6n(176) _ 1)) is a pure/y pé-
riodic sequence.
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Known results

Quantitative recurrence properties to general settings.

Theorem (Boshernitzan)

Let (X, u,T,d) be a measure dynamical system with a metric d.
Assume that, for some o > 0, the Hausdorff a.-measure H™ is o-
finite on the space X. Then for u-almost all x € X,

liminfnéd(T"a:,x) < 00.
n—oo

If, moreover, H*(X) = 0, then for p-almost all x € X,

1
liminf nod(T"z,z) = 0.

n—oo
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When applied to beta transformation, one has, almost surely,

liminf nd(T"z, z) < oco.
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Quantitative recurrence properties to beta transformations.

Theorem (W. Philipp)

Let ¢ be a positive function defined on natural numbers N. The set

Ra(¢) = {x € [0,1] : Tz € B(x, ¢(n) "), infinitely oftenn € N

is a full or null set if and only if the series ¢~ 1(n) diverges or
not.

v
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Our formulations

Given a general function ¢ : N — R, find the Hausdorff dimension
of the set

{3: €[0,1]: [Tgz —z| < ¢(n)~!, infinitely often n € N}.

Wang BaoWei Quantitative recurrence for beta expansion



Quantitative recurrence for beta expansion Known results and our formulations Proof of the result

Our formulations

Given a general function ¢ : N — R, find the Hausdorff dimension
of the set

{3: €[0,1]: [Tgz —z| < ¢(n)~!, infinitely often n € N}.

Theorem (Main result)

For any B > 1,

dimpy Rg(¢) = ——, where b = lim inf

1 10g,8 ¢(n)
1+b n—o00 n ’

Wang BaoWei Quantitative recurrence for beta expansion



Quantitative recurrence for beta expansion Known results and our formulations Proof of the result

Difficulties

A
In studying the metric theory related to beta transformation, one of

the big obstacle lies in estimating the length of a cylinder

Ig(er, - ,en) ={x €[0,1] : ex(z, ) = e, 1 < k <n}

for general 5 > 1.
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Our strategy

As far as Haudorff dimension or metric theory is concerned, we can
discard some bad points without affecting the final results.
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Our strategy

As far as Haudorff dimension or metric theory is concerned, we can
discard some bad points without affecting the final results.

As a result, we confine our attention to "good” points:

{:L': (61,“‘ 7671,7”') : (61,“' )E’na"') E Z,@N}?
where [y is defined as the solution to the equation

1= 61(1aﬁ)+62(17ﬂ)++€]\7(17/6)

BN B3 sy
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By the criterion for admissible sequence, one can know easy that
EﬂN C 25.

More importantly, for any admissible block (ei,---,€,) € g,
(617... ,emON’l) € EgN, so is in Eﬁ.
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By the criterion for admissible sequence, one can know easy that
EﬂN C 25.
More importantly, for any admissible block (ei,---,€,) € g,

(617... ,emON’l) € EgN, so is in Eﬁ.
As a consequence,

Proposition

For any admissible block (€1, --- ,€,) € ¥3,, then it holds the fol-
lowing length estimation

Iﬁ(el,--- ,én) = —
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Cantor subset

It is easy to see that if the B-expansion of T"x and that of x coincide
in a long block from the very beginning, one can make sure that T"x
and x are close enough. So, our Cantor subset is defined as follows.
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Cantor subset

It is easy to see that if the B-expansion of T"x and that of x coincide
in a long block from the very beginning, one can make sure that T"x
and x are close enough. So, our Cantor subset is defined as follows.
Level 1.

Er= U  Is((a, e, 0M) 0 0N)

€1, en; EX5L
where w; is some rational with wy(n; + N) € N such that
FMENET < g(ny) 7, but TN > gng)

Then it follows that, for any = € Ig((€1, - , €, 0V)U1T10N),

‘Tglx—x‘ < (2.1)

¢(n1)
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Level 2. Write m; = (w1 + 1)(n1 + N), to = ny — my. For each
Ig = Iﬂ(el,--- ,Gml), set

Es(Ig) = U Ig((er, -+ 5 en,0N) 220N,

€mq+1," 75’”262;21\]
where wy is some rational with wa(n2 + N) € N such that

ﬂ*(anrN)wz < ¢(n51)’ but ﬂf(n2+N)w2+1 > (b(n;l)
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Level 2. Write m; = (w1 + 1)(n1 + N), to = ny — my. For each
Ig = Iﬂ(el,--- ,Gml), set

Es(Ig) = U Ig((er, -+ 5 en,0N) 220N,

€mq+1," 75’”262;21\]
where wy is some rational with wa(n2 + N) € N such that

/Bf(anrN)wz < ¢(n2—1)’ but 67(n2+N)w2+1 > (b(n;l)
Then finally, define

By = U Ex(Ig(er, - emy))-
Ig(e1, emq )EET
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Further study

Size of the level set defined by the Birkhoff ergodic related to beta
expansion.

Theorem (Fan, Feng, Wu)

Let (X4,T) be a topologically mixing subshift of finite type on an

alphabet consisting of m symbols and let ® : ¥4 — R? be a con-

tinuous function. For any possible limit of the ergodic limit o of
. =1l 1

nh_)ngo 1 > i ®(T7z), one has

n—1
1 .
htop(x € ZA:nlLHoloﬁ E O(T7x) :a> :sup{hu 2 /(IDd,u:a}
i=0

where h,, denotes the entropy of i and hyp, denotes the topological
entropy.c d.
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Furt

If we relate above system with beta shift, it deals with the 8 with
finite expansion of the unit 1. Then how about the case for general

Question 1

Given 3 > 1. Denote by X3 the collection of all infinite admissible
sequence in the beta expansion in base 3. Let ® : Y3 — R be a
continuous function. How about the size of the set

|\.

n—1

z€0,1] :JLHQO%ZQ(TJ'(E@,@)) — b,
=0

where €(z, 3) denotes the sequence of the 3-expansion of x.
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Shrinking target problems for beta transformation.

Given # > 1 and zp € [0,1). Let ® be a positive function defined
on N. Find the Hausdorff dimension of the set

{x €10,1] : ‘T"J; - a:o‘ < ®(n), for infinite many n € N} :
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