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Abstract

We introduce a notion of gap sequences for compact sets E C R?, which is a
generalization of the gap sequences of compact sets on the real line. We show
that if the gap sequences of two fractal sets are not equivalent, then these two
sets cannot be Lipschitz equivalent, where the latter fact is usually very hard to
verify. Finally, we show that for some typical fractal sets, the gap sequences
characterize the upper box dimension.

Mathematics Subject Classification: 28A80

1. Introduction

The definition of gap sequence of a compact set £ C R is nature. An open interval ]a, b[ is
saidtobeagap of Eifa, b € E but Ja, b[NE = . The set of gaps of E is thus a collection of
open intervals and it is at most countable. We are interested in the lengths of these intervals;
let us list them in a non-increasing order and call this (finite or infinite) sequence of positive
reals the gap sequence of E.

For example, the gap sequence of Cantor middle-third set is

1/3,1/9,1/9,1/27,1/27,1/27,1/27,1/81, ...

While the notion of gap sequence is firstly introduced in this paper as we know, the idea of
gap sequence in one dimension has already been widely used to characterize fractal properties
of E, especially when E has zero Lebesgue measure, for example, Besicovitch and Taylor [1]
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Figure 1. The function 4 of C x C.

on the Hausdorff dimension, Tricot [11] on twelve definitions of fractal dimensions, Lapidus
and Pomerance [8], Lapidus and Maier [7] and Falconer [3] on the Minkowski measurability.

In this paper, we will generalize the notion of gap sequence to higher dimensions and apply
it in the following two things: one is Lipschitz equivalence and the other is box dimension.

Definition of gap sequence in R?. A compact subset E of R? is said to be 8-connected
if for any x,y € E, there is a 6-chain connecting x and y. That is, there is a sequence
{x;i =x,x2,...,Xy—1,x, =y} C E such that |x;4; —x;] < dholdsfor1 <i<n—1.

We call F C E a §-connected component of E if F is §-connected, but for any
F ; F’ C E, F’ is not §-connected. Let us denote by 4(§) the number of §-connected
components of E, which is finite by the compactness of E.

It can be shown that 2(8) : R* — N is a non-increasing function, is locally constant
except at the neighbourhoods of discontinuous points, and is right continuous (see lemma 1).
Let us denote by {ai}> the discontinuous points (or jump points) of & in decreasing order.
We call iy = h(ap—) — h(ay) the multiple of a; and define the gap sequence of E to be the
sequence (also see definiton 2.1):

ay,...,A1,A2, ...,42, « .., Qpy ooy Ay oo v
—_——— —— —_————
i in [,,,
It is not hard to verify that the above definition is a generalization of the one-dimensional
case.

Example 1.1. The function % of C x C is depicted by figure 1 where C is the Cantor middle-third
set, and the gap sequence of C x C is

1/3,1/3,1/3,1/9,...,1/9,1/27,...,1/27, ....

3 3x4 3x42

Gap sequence and Lipschitz equivalence. Let E and F be two compact subsets of RY. Let f
be a function from E to F. The Lipschitz constant of f is defined by

J ) — flx2)

X1 — X2

M(f)=  sup

X1,X2€E; x1#x;

The map f is said to be Lipschitz if M(f) < +oo. Moreover, f is said to be bi-Lipschitz
if f is a bijection and f,f~! are both Lipschitz. Two sets E and F are said to be Lipschitz
equivalent if there exists a bi-Lipschitz function from E to F.

Recently, there are many works devoted to the Lipschitz equivalence of fractal sets,
Falconer and Marsh [5] on the Lipschitz equivalence of quasi-self-similar circles, Falconer
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and Marsh [6] on dust-like self-similar sets, Wen and Xi [12] on self-similar arcs, Xi [13] on
dust-like self-conformal sets, and Rao, Ruan and Xi [10] on just touching self-similar sets and
answering an open question of David and Semmes [2].

In general, it is hard to assert that two sets are not Lipschitz equivalent. This is often done
by constructing some Lipschitz invariant, for instance, the dimensions of fractal sets. In [6],
Falconer and Marsh constructed a free group associated with a dust-like self-similar set, and
proved that it is a Lipschitz invariant.

We will show that the gap sequence defined above is a new type of Lipschitz invariant.

In the following, we will always assume the sets under consideration have infinite gap
sequence since typical fractal sets have this property.

Theorem 1. Let E and F be compact subsets of RY with gap sequences (ot }m>1 and { B }m>1,
respectively. If f is a bijection from E to F, then
M(f) > limsup ﬂ—m
m—>oo Oy
Consequently, if E and F are Lipschitz equivalent, then there exist two constants 0 < ¢ <
C < 400 such that ¢ < B, /o, < C holds for all m.

If the last condition is satisfied, then we say two infinite real sequences {«,,} and {8,,}
are equivalent. Apparently this is an equivalence relation on the set of positive sequences.
Any Cantor set is associated with an equivalence class containing its gap sequence, which is
a Lipschitz invariant according to theorem 1.

Gap sequence and box dimension. It is well known that if E is a compact set of R
with Lebesgue measure 0, then the upper box dimension dimpg is determined by the gap
sequence of E.

Theorem A (see [11]). Let E be a compact subset of R with Lebesgue measure 0 and {ct,, }n>1
be the gap sequence of E, then
S . logm
dimp(E) = lim sup ——. (D
m—oo0 T ]Og Uy

Unfortunately, the above property is not true in general for higher dimensional cases.
Some counter-examples are listed in section 3 (example 3.1). However we could show that for
a certain class of fractal sets in R?, formula (1) still holds.

Let us denote by E(§) = {x e R? : ing |x — y| < 8}, the §-parallel body of E.
ye

Theorem 2. Let E be a compact subset of RY. If there exist a constant C and a sequence

. .. . logd;
{8k }k>1 tending to O such that lim inf
k—o00 log 8k+1

has Lebesgue measure less than C 8¢, then formula (1) holds.

= 1, and every connected component of E (5)

Using this theorem, we show that formula (1) holds if either E is a self-similar set satisfying
strong separation condition (example 3.2) or E belongs to a class of McMullen self-affine sets
(example 3.3).

Remark 1. It is easy to check that if formula (1) holds for two fractal sets E, F, then gap
sequences of E and F are equivalent implies dimg(E) = dimg(F). Thus for typical Cantor
sets of R and some typical fractal sets of R?, the new invariant gap sequence is stronger than
the upper box dimension.

This paper is arranged as follows. In section 2, we prove theorem 1. Theorem 2 is proved
in section 3.
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2. Gap sequence and Lipschitz equivalence

In this section, we will study the relation between gap sequence and Lipschitz equivalence.
Recall that /(§) is the number of §-connected components of E.

Lemma 1. Let E be a compact subset of RY. Then, the function h : R* — N satisfies the
following properties.

(i) h(d) is equal to the number of connected components of the set E(5/2).
(ii) h(8) is a non-increasing function of é.
(iii) The set of discontinuous points of h(8) is at most countable; let us denote them by
{ai, ay, - - -} in decreasing order, then h(8) is a constant on the interval a1, ar) and
h(8) = 1 on the interval [a;, +00).

Proof.

(i) Forany § > O, let Ey, - - -, E,, be the 6-connected components of E, where m = h(§).
First, E = Ey U ---U E,, implies that E(6/2) = E(6/2) U---U E,,(§/2) and the union
is disjoint since d(E;, E;) > 6 fori # j.
Second, we show that E;(§/2) is connected, 1 < i < m. Take x,y € E;(§/2), then
there are x1, y; € E; suchthat |x; —x| < §/2, |y1—y| <§/2. Let{xy,- -, x, =y} CE;
be a §-chain connecting x; and y;; clearly the broken line XX, X1x3, ..., X,—1X,, X,y is a
path from x to y in E;(5/2).
(i) For 0 < 8, < 4&,, noting that every §;-connected set is §-connected, we have
h(81) = h(82).
(iii)) The function h(8) has at most numerable discontinuous points (jump points) follows

from its monotonicity. Let us denote these jump points of 2 by ay, az, - - -, a, - - -, Where
A > Afy1-
Pick k > 1. Let us denote m = h(ay+;) and denote by Ei,---, E,, the (ai+1)-

components of E. Then d(E;, E;) > a foranyi # j. Set
a=min{d(E;, E;) : 1 <i < j<m}.

For a;s1 < 8 < o, {Ei(6/2)}ici<m are disjoint by the minimality of «; on the
other hand, E;(§/2) are connected since E;(ai+1/2) are connected. This proves that
h(8) =m = h(ars).

If § = o, then d(E;, E;) = a forsome 1 <i < j < m. Hence E;(§/2) and E;(5/2)
forms one connected component, so that #(8) < h(ay+;). Therefore « is a discontinuous
point and o = a.

Finally, it is clear that #(§) = 1 on [a;, +00). O

Definition 2.1. Let E C R? be a compact set and let {a Ye>1 be the discontinuous
points of h. Set
Ay = ay if har) <m < h(ags) — 1,
and we call {0, },,>1 the gap sequence of E.
Now we show that the gap sequence is closely related to the Lipschitz equivalent property.

Proof of theorem 1. Let E, F be two compact subsets of R? with gap sequences {c,, },,>1 and
{Bm}m>1, respectively. Pick any m > 1. Let k be the integer satisfying i (ax) < m < h(ag.1),
then «,,, = a; by definition.
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Let L = h(ay+1) be the number of (a+;)-connected components of E; let us denote them
by Ey, ---, Er. Note that

(i) d(E;, E;) > ax and the value ay is attainable. (See the last paragraph of the proof of
lemma 1.)

We define a graph G as follows. The vertex set is {Ey, ..., Ep}. There is an edge

connecting E; and E; if and only if d(E;, E;) = ay. Itis clear that
(i) The graph G contains exactly & (a;) connected components.

Now we delete the edges of G one by one in any order. Then the number of connected
components of the remaining graph will increase. We stop as soon as the number of
connected components becomes m + 1. This is possible since the number of vertices of G
is L = h(ay+1) = m + 1. Let us denote the connected components of the resulting graph
by Gy, ..., Guyl-

Letl; = J{Es;: E;€G;},1<j<m+1 Then E =1, U---U I, is a partition
of E. We claim that

(iii) 1; is ax-connected. (So it is o, -connected.)

Actually, we will show that for any connected subgraph G’ of G, g .o 18 (ar)-
connected. First, E, is (a1 )-connected and thus (ag)-connected. Second, for E,, Ey €
G, if there is an edge between E; and Ey, then d(E;, Ey) = ay. It follows that E; | J Ey
is (ay)-connected. Therefore one can show that (_J E.cG’ E; is (a)-connected inductively.

(iv) d(1;, 1;) > ar and there exists at least one pair /; and /; such that d(1;, I;) = ax = .

Itfollows from (i) thatd (/;, I;) > ay. If the second assertionis false, thend (/;, I;) > ax
for any i # j. So every G; is not only a connected subgraph but also a connected
component of G. So G has m + 1 > h(a;) + 1 components, which contradicts (ii).

In the same way, let k" be the integer such that h(by) < m < h(by,1), we can obtain a
partition F' = J;U- - -U J,,;1 having the same properties as the partition E = I[;U- - -Ul,41,
but here we only need the property

V) d(J;i, Jj) 2 by =B, forany 1 <i, j <m+1withi # j.

Let f be a bijection from E to F. Now we show that M (f) > B,,/ay,. According to f
and the partitions of E and F, we defineamap 7 : E — {1,2,---,m+ 1} as

T(x) =i if f(x) € Ji.

Case 1. There exist 1 < £ <m+ 1 and xq, x, € Iy such that T (xy) # T (x2).

Set Hi ={x € I, : T(x) = j}. Then I, = U;":} H; is a partition of I, and at least
two parts of the partition are not empty. Since I, is a;-connected by (iii), we can choose two
non-empty sets H; and H}, satisfying d(H;,, H},) < ay = a,. Then there exist x* € H; and
y* € Hj, such that [x* — y*| < ay.

On the other hand, T (x*) € J; and T(y*) € Jj, implies that | f(x*) — f(y*)| = Bn
by (v). Hence

M) 2 1f &) = fOON/IX™ = 1 = B/t

Case 2. T (x) is constanton I, foreach 1 < £ <m + 1.

Under this assumption, f maps /; to one set J;. Different /; maps to different J; since
f is bijective (and it implies that f(/;) = J;). By (iv), there exists a pair /; and /; such that
d(l;,1;) = a,. Pickx € I; and y € I; such that |[x — y| = a,,. Then |f(x) — f(y)| = Bn
since f(x) and f(y) belong to different J,. Again M(f) = Bu/ctm.

The theorem is proved. |

In the following, we briefly describe how to construct a Cantor set £ C [0, 1] with
diameter 1 and with gap sequence {o,, },n>1, where Zm o, < 1.

19



1344 H Rao et al

Letci =as+ag+---+opy,+--,d =az+as+---+0p,4 +---,thency +a; +d; < 1.

Thus ¢y, d; must belong to one of the following three cases: 1_2"“ > max{c,d}; ¢ =
e > d; dy > 52 > ;. We remove an open interval 1252, [ ey o) + oy and

11 —d; — a1, 1 —d;[ in corresponding cases, respectively. Denote the remaining two intervals
by 1 1(1) and 12(1). It is clear that in all three cases, we have

max{1/2, c;} > |I{"| > ¢, max{1/2,di} > [I”| > d,.
Define c; = Y oy Qum, do = D oy Qums2, €3 = Do Qe and d3 = Y07 | Olapas.
W,
Then c;, d, must belong to one of the following three cases: w > max{cy, dr}; ¢ >

1(1) _ ,(1) _ . . .
# >dy: dy > % > ¢,. Thus, we can remove an open interval in I\ with length
o, as above such that the remaining two subintervals / 1(2), 12(2) of 11(1) satisfy

max{1/2, 2} 2 1P| 2 2, max{1/2°, o} > |17 > db.
Similarly, we can remove an open interval in 12(1) with length a3 such that the remaining two
subintervals 13(2), If) of 12(]) satisfy

max{1/2,¢3) > |17 2 a5, max(1/2%, ds) > |17 > ds.

Continue the above construction inductively; finally we obtain a Cantor set E C [0, 1] with
gap sequence {o, }.

3. Gap sequence and box dimension

Let E be a compact subset of R?; the following inequality always holds.

Proposition 1. Let E be a compact set of R?, then

logm

dimg(E) > lim sup 2

b
m—oo — loga,

where {a,,}m>1 is the gap sequence of E.

Proof. Forany § > 0,takem € Nsuchthatw,,+; < 28 < a;;. Then h(28) = h(oyy) = m+1.
Let us denote L£(A) the Lebesgue measure of the set A C R? and denote C, the Lebesgue
measure of the unit ball of R¢. Then £(E(8)) > h(28)Cyé? and from [4],

— log L(E(8
dGimp(E) = d + lim sup 2ELEE@) 3)
§—0 — IOg(S
Thus,
— log h(28)Cy8¢ 1 +1)C
dimp(E) > d + lim sup log h(28)Cod” = lim sup log(m + 1)Co
§—0 - IOg 1) §—0 — 10g 1)
. log(m + 1)Cy . log(m + 1)
> limsup —————— = limsuyp ——.
m—soo —10g(p+1/2) m—soco — 108 i

O

In the case of d = 1 and Lebesgue measure of E equals 0, formula (2) is actually an
equality (see [4, 11]). But for d > 2, the situation is much more delicate.

Examples 3.1.
1. Let E = C x [0, 1], where C is the Cantor middle-third set. It is easy to check that

T _ log2 . . logm __ log2
dimg(E) =1+ Tog3° while lim sup,,_, o, “ovar = Tog3"




Gap sequence, Lipschitz equivalence and box dimension 1345

2. Even if E is totally disconnected and has Lebesgue measure 0, the inequality in (2) can be
strict. For example, let E be a Cantor set in [0, 1] with gap sequence {2~**D : k > 1}.
Then the one-dimensional Lebesgue measure of E is 1/2. Let us embed E into R?, then

dimp(E) = 1, while lim SUDP,, s 0o _l;’fg"; =0.

Recalling that theorem 2 is: Let E be a compact subset of RY. Ifthere exist a constant C and

log §
a sequence {8y} tending to 0 such that lim inf O %k
k=00 108 &k+1

of E(8;) has Lebesgue measure less than C 81‘3, then

= 1, and every connected component

— 1
dimp(E) = lim sup —22
m—oo T 10g Oy
Basically, it requires 8;-components of E are small. It is clear that all examples in
example 3.1 violate this requirement.

Proof of theorem 2. For any 8, let k be the integer such that §;.; < § < 8. Then
log L(E(8)) < log L(E(8;))  log L(E(&)) logéx

—logd = —1og8k —logé; logdis
Let m be the integer such that o+ < 20r < «a, then h(26;) = h(ayue) = m + 1.
Therefore by (3),

— log L(E (S log é
dGimp(E) < d +limsup SEEEGD o ing 1089
k— 00 — 10g Sk k—00 IOg 8k+]
1 +1)C8
e — log &k
. logC(m +1)
= limsuyp ———
k—o00 —log &
. logC(m +1) . log(m + 1)
< limsup ———— = limsup ——.
m—oco 10g Olm/2 m—oo 10g Uy
This, together with proposition 1, implies the desired equality. |

The following examples show that formula (1) holds for some typical fractal sets.

Example 3.2. Let E be the self-similar set defined by the iterated function system {S j}le,
where S; are contractive similitudes on RY with contraction ratios ¢;. If the IFS satisfies a
strong separation condition, i.e. S;(E) N S;(E) = ¥ wherever i # j, then the conditions of
theorem 2 are satisfied and formula (1) holds for E.

Let ¥ = {1,2,...,L}and X" = {ijip---i, : i; € Xforalll < j < n}. Define
X*=U> X" For I =ijip...iy € L*, wedenotec; =c¢; 0---0¢;, Sy = 8,008,
and E; = S;(E). Denote | E| the diameter of the set E, d(E;, E;) the distance of the sets E;
and E;. Without loss of generality, let us assume |E| = 1. Let

r=min{d(E;, E;): 1 <i<j<m}>0.

Denote ¢, = min{c; : i € X}. Forany 0 < 6 < ¢, letZs = {i;---i, € T 1 ¢j.q, <
8 < ¢y, ). Then E = Ulels E/ is a finite disjoint union.

We first prove that d(E;, E;) > rd holds for any I # J € ZI;. Suppose I =
iy- -in, J = j1---jm- Let k be the integer satisfying iy ---ix = ji--- jx but ixe1 # sl
Since E; C Ej,...i\i,,, and E; C Ej ... .., We have

d(E;, E;) > d(Eil"'ikik+1 s Ejl"'jkjk+1) = d(Ei1"'ik) : d(Eik+1 H Ejk+l) Zrd.
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Set 8 = r8/3, then the §’-parallel bodies of E; and E; are disjoint for I # J, hence the
diameter of any connected component of E (') is less than § + 28" and its Lebesgue measure
is bounded by C(8")¢ with C = Cy(8 +28")¢/(8')¢ = Co(3/r +2)?, where Cj is the volume
of the unit ball of R?.

Let 8 = 37%(k > 0), then {8, = 2t};>0 and C = Co(3/r + 2)? are the sequence and
constant satisfying theorem 2. )

Example 3.3. McMullen [9] has studied the fractal dimensions of the following sets. Let
N > M > 2 be positive integers. Denote R(N, M) = {(i,j) :i =0,1,...,N—1;j =
0,1,..., M — 1}. Let Ry be a subset of R(N, M) with f Ry > 2. For (i, j) € Ry, let us
define §;; : K x K — K x Kas §;;(x, y) = (5., %) + (#, ﬁ'), where KC = [0, 1]. The maps
S;; are affine contractions. Let E be the invariant set of the IFS {S;;}, j)er, and we call it a
McMullen set.
We will show that if E satisfies
Si;(E) N Sy j(E) =@ forany (i, j) # (i’, j') € Ro and
the projection of E to the y-axis is not an interval,

“

then the conditions of theorem 2 are satisfied and formula (1) holds.
Take any integer k > 0, let /; be the integer satisfying

M*(k+lk)71 g N*k < M*(k+lk).

Assume p = 8 Ry,q = # {j : there exists i such that (i, j) € Rp}. The kth
approximation of E is

{Se (X x K) :0 = (i1j1) - (rjr) and (i, j) € Ry for 1 <t < kY,

which consists of p* rectangles of the same size.

Pick any of these rectangles, we divide it into M'* equal parts along the y-direction. By the
definition of ¢, we know that among these M equal rectangles, there are exactly ¢'* rectangles
which contain the points of the set E. Totally we get p*q'* rectangles with size N~ x M~ &+
which intersect E.

By (4), the projection of the sets {S;;(K x K)}q j)er, On y-axis is a Cantor set as
follows: divide the unit interval K into M equal parts labelled by 0,1,..., M — 1, and
the interval with label j is selected provided (i, j) € Ry for some i. Suppose these
q intervals form s connected components, containing n;, 1 < i < s intervals, respectively.
Set T = max{ny, - --,ns_1, n +n} and let Dy, be the union of the above p*g’s rectangles.
By S;;(E) N Sy (E) = @ for any (i, j) # (i, j), any connected component P of Dy, is a
rectangle of size N™% x (ap M~*+)) where ap < T.

Let 8 = N~* /3, k > 1; then every connected component of E(§;) contains at most T
small rectangles and has a diameter of less than v T2M2 +1 N~* +26;, and its Lebesgue
measure is bounded by C§2, where C = (3v/T2M? + 1 +2)%. Therefore formula (1) holds by

theorem 2.
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