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Outline

@ Gap sequence of fractal sets (based on the joint work with
Hui Rao and Ya-Ming Yang)
o Definition of gap sequence in R?
e Gap sequence is a Lipschitz invariant
e Gap sequence and box dimension
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Outline

@ Gap sequence of fractal sets (based on the joint work with
Hui Rao and Ya-Ming Yang)

o Definition of gap sequence in R?
e Gap sequence is a Lipschitz invariant
e Gap sequence and box dimension

@ Algebraic properties of contractive ratios of dust-like
self-similar sets (based on the joint work with Hui Rao and
Yang Wang)

e Fundamental work of Falconer-Marsh’1992
e Dust-like self-similar sets with two branches, and
related results
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Gap sequence of fractal sets
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Gap sequence of a compact set E C R

@ Anopeninterval |a, b[is saidtobe agapof Eifa,be E
but ]a, b[NE = 0.
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Gap sequence of a compact set E C R

@ Anopeninterval |a, b[is saidtobe agapof Eifa,be E
but ]a, b[NE = 0.

@ The set of gaps of E is a collection of open intervals and it
is at most countable.
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Gap sequence of a compact set E C R

@ Anopeninterval |a, b[is saidtobe agapof Eifa,be E
but ]a, b[NE = 0.

@ The set of gaps of E is a collection of open intervals and it
is at most countable.

@ We are interested in the lengths of these intervals, let us
list them in a non-increasing order, we shall call this
(finite or infinite) sequence of positive reals the gap
sequence of E.
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Gap sequence of a compact set E C R

@ Anopen interval ]a, b[ is saidtobeagapof Eifa,be E
but ]a, b|NE = 0.

@ The set of gaps of E is a collection of open intervals and it
is at most countable.

@ We are interested in the lengths of these intervals, let us
list them in a non-increasing order, we shall call this
(finite or infinite) sequence of positive reals the gap
sequence of E.

For example, the gap sequence of Cantor middle-third set C is
1/3,1/9,1/9,1/27,1/27,1/27,1/27,1/81,...

Figure: Cantor middle-third set C
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The idea of gap sequence in one dimension has already been
used widely to characterize fractal properties of E, especially
when E has zero Lebesgue measure.

@ Besicovitch-Tayor (1954): Hausdorff dimension
@ Tricot (1981): twelve definitions of fractal dimensions

@ Lapidus-Pomerance (1993), Lapidus-Maier (1995),
Falconer (1995): Minkowski measurability
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The idea of gap sequence in one dimension has already been
used widely to characterize fractal properties of E, especially
when E has zero Lebesgue measure.

@ Besicovitch-Tayor (1954): Hausdorff dimension
@ Tricot (1981): twelve definitions of fractal dimensions

@ Lapidus-Pomerance (1993), Lapidus-Maier (1995),
Falconer (1995): Minkowski measurability

Our motivation

@ Generalize the notion of gap sequence to higher
dimensions.

@ Apply it: Lipschitz equivalence, box dimension.
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@ Cp =[0,1] is an interval.
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@ Cp =[0,1] is an interval.
@ The number of intervals of Cy: 2.
Distance of two intervals: 1/3.
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@ Cp =[0,1] is an interval.
@ The number of intervals of Cy: 2.
Distance of two intervals: 1/3.

@ The number of intervals of Co: 4.
Shortest distance of two distinct intervals: 1/9.
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@ Cp =[0,1] is an interval.
@ The number of intervals of Cy: 2.
Distance of two intervals: 1/3.

@ The number of intervals of Co: 4.
Shortest distance of two distinct intervals: 1/9.

@ The number of intervals of Cs: 8.
Shortest distance of two distinct intervals: 1/27.
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@ Cp =[0,1] is an interval.
@ The number of intervals of Cy: 2.
Distance of two intervals: 1/3.

@ The number of intervals of Co: 4.
Shortest distance of two distinct intervals: 1/9.

@ The number of intervals of Cs: 8.
Shortest distance of two distinct intervals: 1/27.
Gap sequence: 1/3,1/9,1/9,1/27,1/27,1/27,1/27,1/81, ...
2-1  4-2 8—4
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Definition of gap sequence in R?

@ A compact subset E of R is said to be §-connected if for
any x, y € E, there is a §-chain connecting x and y. That
is, there is a sequence {x; = X, X2, ..., Xp_1,Xn =y} C E,
such that |x;1 — Xxj| < d holdsfor1 <j<n—1.
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Definition of gap sequence in R?

@ A compact subset E of R is said to be §-connected if for
any x, y € E, there is a §-chain connecting x and y. That
is, there is a sequence {x; = X, X2, ..., Xp_1,Xn =y} C E,
such that |x;1 — Xxj| < d holdsfor1 <j<n—1.

@ We call F C E a d§-connected component of E if F is
é-connected, but forany F & F' C E, F'is not
d-connected.
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Definition of gap sequence in R?

@ A compact subset E of R is said to be §-connected if for
any x, y € E, there is a §-chain connecting x and y. That
is, there is a sequence {x; = X, X2, ..., Xp_1,Xn =y} C E,
such that |x;1 — Xxj| < d holdsfor1 <j<n—1.

@ We call F C E a d§-connected component of E if F is
d-connected, but forany F & F' C E, F'is not
d-connected.

@ Let us denote by hg(d), or h(d) for short, the number of
d-connected components of E, which is finite by the
compactness of E.
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Figure: Cantor middle-third set C
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Figure: The function h of C.
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The structure of C x C
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Figure: The function h of C x C.
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Definition of gap sequence in R?

@ It can be shown that h(§) : RT™ — Z™ is a non-increasing
function, is locally constant except at the neighborhoods of
discontinuous points, and is right continuous.
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Definition of gap sequence in R?

@ It can be shown that h(§) : RT™ — Z™ is a non-increasing
function, is locally constant except at the neighborhoods of
discontinuous points, and is right continuous.

@ Let us denote by {ax }«>1 the discontinuous points (or jump
points) of h in decreasing order.
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Definition of gap sequence in R?

@ It can be shown that h(§) : RT™ — Z™ is a non-increasing
function, is locally constant except at the neighborhoods of
discontinuous points, and is right continuous.

@ Let us denote by {ax }«>1 the discontinuous points (or jump
points) of h in decreasing order.

@ We call jx = h(ak.1) — h(ak) the multiplicity of ax and
define the gap sequence of E to be the sequence:

at,...,a,az,...,82,...,8m,---,a8m,- - -

J1 J2 Jm
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Definition of gap sequence in R?

@ It can be shown that h(§) : RT™ — Z™ is a non-increasing
function, is locally constant except at the neighborhoods of
discontinuous points, and is right continuous.

@ Let us denote by {ax }«>1 the discontinuous points (or jump
points) of h in decreasing order.

@ We call jx = h(ak.1) — h(ak) the multiplicity of ax and
define the gap sequence of E to be the sequence:

at,...,a,az,...,82,...,8m,---,a8m,- - -

J1 J2 Jm

In the following, we will always assume:
@ The sets in consideration have infinite gap sequence.
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Definition of Lipschitz equivalence

Let E and F be two compact subsets of R?. Let f be a function
from E to F.
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Definition of Lipschitz equivalence

Let E and F be two compact subsets of R?. Let f be a function
from E to F.

@ The Lipschitz constant of f is defined by

f(x1) — f(x2)
X1 — Xo

M(f) = sup

X1,X€E; X1#X2
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Definition of Lipschitz equivalence

Let E and F be two compact subsets of R?. Let f be a function
from E to F.

@ The Lipschitz constant of f is defined by

f(x1) — f(x2)
X1 — Xo

M(f) = sup

X1,X€E; X1#X2

@ The map f is said to be Lipschitz if M(f) < +oc.
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Definition of Lipschitz equivalence

Let E and F be two compact subsets of R?. Let f be a function
from E to F.

@ The Lipschitz constant of f is defined by

f(x1) — f(x2)

M(f) = sup Xi %

X1,X€E; X1#X2

@ The map f is said to be Lipschitz if M(f) < +oc.

@ fis said to be bi-Lipschitz if f is a bijection and f,f~" are
both Lipschitz.
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Definition of Lipschitz equivalence

Let E and F be two compact subsets of R?. Let f be a function
from E to F.

@ The Lipschitz constant of f is defined by

f(x1) — f(x2)
X1 — Xo

M(f) = sup

X1,X€E; X1#X2

@ The map f is said to be Lipschitz if M(f) < +oc.

@ fis said to be bi-Lipschitz if f is a bijection and f,f~" are
both Lipschitz.

@ E and F are said to be Lipschitz equivalent if there exists a
bi-Lipschitz function from E to F.
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Recently, there are some works devoted to the Lipschitz
equivalence of fractal sets.

@ Falconer-Marsh’1989: Lipschitz equivalence of
quasi-self-similar circles.

@ Falconer-Marsh’1992: dust-like self-similar sets.
@ Wen-Xi’2003: self-similar arcs.
@ Xi’2004: dust-like self-conformal sets.

@ Rao-R-Xi'2006: just touching self-similar sets and
answering an open question of David-Semmes’1997.
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Recently, there are some works devoted to the Lipschitz
equivalence of fractal sets.

@ Falconer-Marsh’1989: Lipschitz equivalence of
quasi-self-similar circles.

@ Falconer-Marsh’1992: dust-like self-similar sets.
@ Wen-Xi’2003: self-similar arcs.
@ Xi’2004: dust-like self-conformal sets.

@ Rao-R-Xi'2006: just touching self-similar sets and
answering an open question of David-Semmes’1997.

In general, it is hard to assert two sets are not Lipschitz
equivalent. This is often done by constructing some Lipschitz
invariant.
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Recently, there are some works devoted to the Lipschitz
equivalence of fractal sets.

@ Falconer-Marsh’1989: Lipschitz equivalence of
quasi-self-similar circles.

@ Falconer-Marsh’1992: dust-like self-similar sets.
@ Wen-Xi’2003: self-similar arcs.
@ Xi’2004: dust-like self-conformal sets.

@ Rao-R-Xi'2006: just touching self-similar sets and
answering an open question of David-Semmes’1997.

In general, it is hard to assert two sets are not Lipschitz
equivalent. This is often done by constructing some Lipschitz
invariant.

@ The dimensions of fractal sets.
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Recently, there are some works devoted to the Lipschitz
equivalence of fractal sets.

@ Falconer-Marsh’1989: Lipschitz equivalence of
quasi-self-similar circles.

@ Falconer-Marsh’1992: dust-like self-similar sets.
@ Wen-Xi’2003: self-similar arcs.
@ Xi’2004: dust-like self-conformal sets.

@ Rao-R-Xi'2006: just touching self-similar sets and
answering an open question of David-Semmes’1997.

In general, it is hard to assert two sets are not Lipschitz
equivalent. This is often done by constructing some Lipschitz
invariant.

@ The dimensions of fractal sets.

@ Falconer-Marsh’1992: A free group associated with a
dust-like self-similar set.
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Gap sequence and Lipschitz equivalence

Our result: gap sequence is a Lipschitz invariant.
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Gap sequence and Lipschitz equivalence

Our result: gap sequence is a Lipschitz invariant.

Theorem (Rao-R-Yang’2008)

Let E and F be compact subsets of RY with gap sequences
{am}m>1 and {Bm}m>1 respectively. If f is a bijection from E to
F, then
M(f) > sup B—m
m Om
Consequently, if E and F are Lipschitz equivalent, then
30 < ¢1 < ¢ < +oo such that ¢y < Bm/am < ¢ holds for all m.
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Gap sequence and Lipschitz equivalence

Our result: gap sequence is a Lipschitz invariant.

Theorem (Rao-R-Yang’2008)

Let E and F be compact subsets of RY with gap sequences
{am}m>1 and {Bm}m>1 respectively. If f is a bijection from E to
F, then
M(f) > sup B—m
m Om
Consequently, if E and F are Lipschitz equivalent, then
30 < ¢1 < ¢ < +oo such that ¢y < Bm/am < ¢ holds for all m.

@ If the last condition is satisfied, then we say two infinite real
sequence {am} and {Sn} are equivalent.
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Gap sequence and Lipschitz equivalence

Our result: gap sequence is a Lipschitz invariant.

Theorem (Rao-R-Yang’2008)

Let E and F be compact subsets of RY with gap sequences
{am}m>1 and {Bm}m>1 respectively. If f is a bijection from E to
F, then
M(f) > sup B—m
m Om
Consequently, if E and F are Lipschitz equivalent, then
30 < ¢1 < ¢ < +oo such that ¢y < Bm/am < ¢ holds for all m.

@ If the last condition is satisfied, then we say two infinite real
sequence {am} and {Sn} are equivalent.

@ Any Cantor set is associated with an equivalence class
containing its gap sequence, which is a Lipschitz invariant.
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Gap sequence and box dimension

Theorem (Tricot’1981)

Let E be a compact subset of R with Lebesgue measure 0 and
{am}m>1 be the gap sequence of E, then

dimg(E) = limsup log m

m—oo — lOQ am

(1)
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Gap sequence and box dimension

Proposition (Rao-R-Yang’2008)

Let E be a compact set of R9, then
log m

dimg(E) > Ilnr?fgop o
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Gap sequence and box dimension

Proposition (Rao-R-Yang’2008)
Let E be a compact set of R9, then

log m @)

dimg(E) > IlanEgOp o

The inequality in formula (2) cannot be replaced by equality for
higher dimensional case, if we only require that the Lebesgue
measure of E equals 0.
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Gap sequence and box dimension

Proposition (Rao-R-Yang’2008)

Let E be a compact set of R9, then

—_ : logm
> _—.
dimg(E) > IlanEgOp o

(@)

The inequality in formula (2) cannot be replaced by equality for
higher dimensional case, if we only require that the Lebesgue
measure of E equals 0.

Example
1. Let £ =C x [0,1]. Then dimg(E) = 1+ 225, while
limsup,, ... _'%%’Zm = :g%g
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Gap sequence and box dimension

Proposition (Rao-R-Yang’2008)
Let E be a compact set of R9, then

—_ : logm
> .
dimg(E) > ",,Tfip o

(@)

The inequality in formula (2) cannot be replaced by equality for
higher dimensional case, if we only require that the Lebesgue
measure of E equals 0.

Example

1. Let E =C x [0,1]. Then dimg(E) = 1 + 292 while

log 3’
: logm _ log2
imsupy, .o —fogam = Togs-

2. Let E be a Cantor set in [0, 1] with gap sequence
{2=(m+1) . m > 1}. Then £'(E) = 1/2. Let us embed E into

R2, then dimg(E) = 1, while limsup,,, ... 7'%%’& —0.
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Gap sequence and box dimension

@ We will show that for a certain class of fractal sets in R?,
dimension formula (1) still holds.
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Gap sequence and box dimension

@ We will show that for a certain class of fractal sets in R?,
dimension formula (1) still holds.

@ E(6)={xeR9: in}‘:_|x — y| <4}, the d-parallel body of E.
ye
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Gap sequence and box dimension

@ We will show that for a certain class of fractal sets in R?,
dimension formula (1) still holds.

@ E(6)={xeR9: in}‘:_|x — y| <4}, the d-parallel body of E.
ye

Theorem (Rao-R-Yang’2008)

Let E be a compact subset of RY. If there exist a constant C
and a sequence {Jx }x>1 tending to 0 such that
... logdg
. liminf =
(a) ;(*)IOO |Og 5k+1

(b). every connected component of E(dx) has Lebesgue
measure less than C§¢,

then dimension formula (1) holds.

@ Basically, (b) requires that §,-components of E are small.

Huo-Jun Ruan, Zhejiang University (Joint work with Hui Rao,  Some progress on Lipschitz equivalence of self-similar sets



Gap sequence and box dimension

Some fractals such that dimension formula (1) holds:

@ E is a self-similar set satisfying strong separation
condition.

@ E belongs to a certain class of McMullen self-affine sets.
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Part Il

Algebraic properties of contraction ratios of dust-like self-similar
sets
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Dust-like self-similar sets

@ Let K be a self-similar set determined by the IFS
{f,...,fm}, where each f; is a similarity on R? with
contractive ratio p;. We call K a self-similar set with
contraction vector (p1, ..., pm).
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Dust-like self-similar sets

@ Let K be a self-similar set determined by the IFS
{f,...,fm}, where each f; is a similarity on R? with
contractive ratio p;. We call K a self-similar set with
contraction vector (p1, ..., pm).

@ We write c.v. for contraction vector.

@ Example. Cantor middle-third set is a self-similar set with
c.v. (1/3,1/3).
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Dust-like self-similar sets

@ Let K be a self-similar set determined by the IFS
{f,...,fm}, where each f; is a similarity on R? with
contractive ratio p;. We call K a self-similar set with
contraction vector (p1, ..., pm).

@ We write c.v. for contraction vector.

@ Example. Cantor middle-third set is a self-similar set with
c.v. (1/3,1/3).

@ We say K is dust-like if fi( K) N f;(K) = 0 for any i # j.
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Dust-like self-similar sets

@ Let K be a self-similar set determined by the IFS
{f,...,fm}, where each f; is a similarity on R? with
contractive ratio p;. We call K a self-similar set with
contraction vector (p1, ..., pm).

@ We write c.v. for contraction vector.

@ Example. Cantor middle-third set is a self-similar set with
c.v. (1/3,1/3).

@ We say K is dust-like if fi( K) N f;(K) = 0 for any i # j.

@ For dust-like self-similar set K with c.v. (p1,...,pm), we
have dimy K = s, where 3 pf = 1.
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Dust-like self-similar sets

@ Foranyc.v. 7 = (p1,...,pm) With ij‘-’ < 1, we define
Dy(P) = Dy(p1,- - -, pm) to be all dust-like self-similar sets
with c.v. (p1,. .., pm) in RY,
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Dust-like self-similar sets

@ Foranyc.v. 7 = (p1,...,pm) With ij‘-’ < 1, we define
Dy(P) = Dy(p1,- - -, pm) to be all dust-like self-similar sets
with c.v. (p1,. .., pm) in RY,

@ Throughout the talk, the dimension d will be implicit.
@ We write D(7) for Dy( 7).
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Dust-like self-similar sets

@ Foranyc.v. 7 = (p1,...,pm) With ij‘-’ < 1, we define
Dy(P) = Dy(p1,- - -, pm) to be all dust-like self-similar sets

with c.v. (p1,. .., pm) in RY,

@ Throughout the talk, the dimension d will be implicit.

@ We write D(7) for Dy( 7).

@ We define dimy D(p') = dimy E, for some (then for all)
E cD(p).
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One well-known result on Lipschitz equivalence of dust-like
self-similar sets:

Proposition
E ~ F forany E,F € D(7). J
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One well-known result on Lipschitz equivalence of dust-like
self-similar sets:

Proposition
E ~ F forany E,F € D(7). J

@ Define D(') ~ D(7) if E ~ F for some E € D(p’) and
F € D(7).
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Fundamental result by Falconer and Marsh

Theorem (Falconer-Marsh’1992)

Let o = (p1,--.,pm), T = (71,...,7n) be two c.v.s with
D(p) ~D(T). Let s =dimy D(p) = dimy D(7). Denote
@ Q(ay,...,am): subfield of R generated by Q and

81 g ey am
@ sgp(ay,...,am): subsemigroup of (R™, x) generated by
81 goeey am
Then

(1) Qp3,---50m) = Q(77, ..., 75);
(2) 3p,q € Z*, s.t. sgp(pf, ..., pm) C sgp(ry,...,7n) and
Sgp(T‘Iqa"' 77—/?) C sgp(p17‘ o 7pm)

0 ()<= Elps7 qge Z+§ s.t. sgp(pf’s ... pry) Csgp(7s, ..., 75)
and sgp(7y7,...,777) C sgp(p}, .- -, pi)-
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Example
D(1/3,1/3) £ D(r,r,r),where2-(1/3)*=1=3-r". J

=] = = = = 9DA@
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Example
D(1/3,1/3) £ D(r,r,r),where2-(1/3)°=1=3-r".

Proof.
@ Denote p1 = po=1/3, 71 =712 =73 =r. Then
pf =1/2, Tjs =1/3,Vj.
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Example
D(1/3,1/3) £ D(r,r,r),where2-(1/3)°=1=3-r".

Proof.
© Denote p1 = p2 =1/3, 71 =72 =73 =r. Then
p; =1/2, 77 =1/3,V].
o sgp(py’, p3’) = {(1/2)P : ne N},
sgp(r$,75,75) = {(1/3)" : ne N}
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Example
D(1/3,1/3) £ D(r,r,r),where2-(1/3)°=1=3-r".

Proof.
@ Denote p1 = po=1/3, 71 =712 =73 =r. Then
pi=1/2, 7°=1/3,V]
@ sgp(pi”, p3”) = {(1/2)" : ne N},
sgp(77 ,7'2,7'3) ={(1/3)": ne N}.
) sgp(p1 ,p2 Py ¢ sgp(77,75,75) forany p € Z.
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Question

What'’s the necessary and sufficient condition for
D(p1, p2) ~ D(71,72)?
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Question

What'’s the necessary and sufficient condition for
D(p1, p2) ~ D(71,72)?

@ We assume that p1 < po, 14 < and py < 4.
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Question

What'’s the necessary and sufficient condition for
D(p1, p2) ~ D(71,72)?

@ We assume that p1 < po, 14 < and py < 4.
@ Conjecture.  D(p1, p2) ~ D(71,72) iff (p1, p2) = (71, 72).
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Step 1 to solve the Question

Assume that D(p1, p2) ~ D(71,2). By Fal-Mar’ theorem, one of
followings must happen:
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Step 1 to solve the Question

Assume that D(p1, p2) ~ D(71,2). By Fal-Mar’ theorem, one of
followings must happen:

Case 1. IX € (0,1), and p1, P2, 91, Q2 € Z™T such that

pr =X = AP = AT = R
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Step 1 to solve the Question

Assume that D(p1, p2) ~ D(71,2). By Fal-Mar’ theorem, one of
followings must happen:

Case 1. IX € (0,1), and p1, P2, 91, Q2 € Z™T such that
pr =X = AP = AT = R

Case 2. I\, € (0,1) withlog\/logu € Q, and py, g1, P2, Qe € Z
such that

p1 =M pp=pt, T =22 =%,

or
pr =" pp=ph, =2 =%
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Step 2 to solve the Question

Let’s study Case 1 first.
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Step 2 to solve the Question

Let’s study Case 1 first.
@ From s = dimy D(p1, p2) = dimy D(74, 72), we have

(P1)F + (P2)F = (AT)* + (A%)F = 1.
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Step 2 to solve the Question

Let’s study Case 1 first.
@ From s = dimy D(p1, p2) = dimy D(74, 72), we have

(P1)F + (P2)F = (AT)* + (A%)F = 1.

@ Denote x = )5, then xPt 4+ xP2 = x& + x% = 1.
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Step 2 to solve the Question

Let’s study Case 1 first.
@ From s = dimy D(p1, p2) = dimy D(74, 72), we have

(P1)F + (P2)F = (AT)* + (A%)F = 1.

@ Denote x = \S, then xP1 4 xP2 = x% 4 x% =1,
@ Thatis,

xPt 4 xP2—1=0 and x9 +x%2-1=0

have same root in (0,1), where p1 > p2, g1 > G2, P1 > G-
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Step 2 to solve the Question

Let’s study Case 1 first.
@ From s = dimy D(p1, p2) = dimy D(74, 72), we have

(P1)F + (P2)F = (AT)* + (A%)F = 1.

@ Denote x = \S, then xP1 4 xP2 = x% 4 x% =1,
@ Thatis,

xPt 4 xP2—1=0 and x9 +x%2-1=0

have same root in (0,1), where p1 > p2, g1 > G2, P1 > G-

@ Using Ljunggren’s result on the irreducibility of trinomials
x"+ x™ + 1, we proved that the above happen iff

° (p1,p2) = (a1, qe) Or
° (p17p27 a1, Q2) = ’7(57 11372) for some v € Zt.
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Step 2 to solve the Question

@ Thatis, Case 1 happens will imply (p1, p2) = (71, 12) Or
there exists A € (0,1), s.t.

(p1ap277—177_2) = ()\57)‘7 )\37)\2)' (3)
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Step 2 to solve the Question

@ Thatis, Case 1 happens will imply (p1, p2) = (71, 12) Or
there exists A € (0,1), s.t.

(p1ap277—177_2) = ()\57)\7 )\37)\2)' (3)

We will check that if Eqn (3) holds, then D(\y, A2) ~ D(71, 72).
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Step 2 to solve the Question

@ Thatis, Case 1 happens will imply (p1, p2) = (71, 12) Or
there exists A € (0,1), s.t.

(p1ap277—177_2) = ()\57)\7 )\37)\2)' (3)

We will check that if Eqn (3) holds, then D(\1, Ap) ~ D(71, 72).
@ Consider IFSs {fi, b} and {fy,fb o fi, > o fr}, we have

DX, \) ~ D(A3, A8, \2),
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Step 2 to solve the Question

@ Thatis, Case 1 happens will imply (p1, p2) = (71, 12) Or
there exists A € (0,1), s.t.

(p1ap277—177_2) = ()\57)\7 )\37)\2)' (3)

We will check that if Eqn (3) holds, then D(\1, Ap) ~ D(71, 72).
@ Consider IFSs {fi, b} and {fy,fb o fi, > o fr}, we have

DX, \) ~ D(A3, A8, \2),
@ Consider IFSs {fi, b} and {f; o fi, fy o o, b}, we have

D(A3,)2) ~ DX, X%, \2).
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Step 3 to solve the Question

Let’s study Case 2 now.
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Step 3 to solve the Question

Let’s study Case 2 now.
@ Givenac.v. o = (p1,...,pm). Define

<7> = <p17"'7pm> = {p$1p?lnm O‘1a-~~704m€Z}-
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Step 3 to solve the Question

Let’s study Case 2 now.
@ Givenac.v. o = (p1,...,pm). Define

<7> = <p17"'7pm> = {p$¢1p?lnm 0417-~~704m€Z}-

@ (') is a free abelian group and has a nonempty basis.
@ Define rank(’) to be the cardinality of the basis.

@ Clearly, 1 < rank(p’) < m.

@ Ifrank(7p’) = m, we say p has full rank.
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Step 3 to solve the Question

@ By theorem of Fal-Mar, if D(p’) ~ D(7T), then
rank( ') = rank(7 ) = rank(p, 7),

where
<7,7>> = {P1y s Pmy Ty Th)

for 7 = (p1,...,pm)and 7 = (14,...,7n).
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Step 3 to solve the Question

@ By theorem of Fal-Mar, if D(p’) ~ D(7T), then
rank( ') = rank(7 ) = rank(p, 7),

where
<7,7>> = {P1y s Pmy Ty Th)

for 7 = (p1,...,pm)and 7 = (14,...,7n).

Theorem (Rao-R-Wang'2010)

Assume that both " and 7 have full rank m. Then
D(7P) ~D(T)ifand only if 7 is a permutation of .

Huo-Jun Ruan, Zhejiang University (Joint work with Hui Rao, = Some progress on Lipschitz equivalence of self-similar sets



Theorem (Rao-R-Wang’2009)

D(p1 5 pg) ~ D(7‘1 : 7‘2) if and onIy if (p1 ] p2) = (7‘1 5 7‘2) or there
exists A € (0,1), s.t.

(p1,p2,71,72) = (A%, X, A3, 02).
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Thank you!
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