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ABSTRACT. The neighboring degree of a compact space Y is the minimum value of n such that every
open cover of Y has an open refinement each element of which intersects at most n other elements.
Let Deg(X) = max{Deg(Y)} with ¥ running through compact subsets of X. Then Deg(-) defines
a simple topological invariant. If X is a one-dimensional continuum then 2 < Deg(X) < 3. For

Euclidean spaces, we have Deg(R) = 2, Deg(R?) = 6 and Deg(R™) < K(v/2 + 1) for all n.

1. INTRODUCTION

Lebesgue covering dimension, or topological dimension, of a topological space X is defined to be
the minimum value of n, such that every open cover of X has an open refinement in which no point
is included in more than n + 1 elements. The neighboring degree of a compact space Y is defined
to be the minimum value of n, such that every open cover of Y has an open refinement each of
whose elements intersects at most n other elements. The neighboring degree Deg(X) of X is then
defined as the maximum of Deg(Y') for Y running through compact subsets of X. Clearly, we have
the following observations:

(1) Deg(X) > dim(X) + 1;
(2) Deg(Y) < Deg(X) whenever Y C X (monotonicity);
(3) Deg(Y) = Deg(X) if f: X — Y is homeomorphism;
(4) Deg(R) = 2 for the real line R, and Deg(T') = 3 for the union 7" of two line segments
intersecting at a single point;
(5) Deg(M) > 2 for all continua (connected compact set in a metric space), while Deg(M) = 2

if and only if M is either chainable or circularly chainable.

Here, a continuum is chainable if it admits an e-mapping f onto the interval [0, 1] for every number

€ > 0, in the sense that each f~1(¢) with ¢ € [0, 1] is of diameter less than e. Equivalently, a (metric)
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continuum is defined to be chainable provided that every open cover has an open refinement {Uy, : k}
such that U; N Uj # 0 if and only if i — j| < 1. Similarly, a continuum is circularly chainable if it
admits an e-mapping onto the circle S!.

For continua M with covering dimension dim(X) = 1, we can infer a nice estimation of Deg(M).
Theorem 1.1. If M is a one-dimensional continuum then 2 < Deg(M) < 3.

Examples of continua M with Deg(M) = 3 include Sierpinski’s triangle and carpet. The above
theorem provides typical cases that the neighboring degree Deg(X) is closely related to covering
dimension dim(X), which can be seen from the definition, too. However, this connection is not
clear when dim(X) > 1, even for cases X = R" with n > 2.

The pattern of brick walls from ancient times, depicted in the following figure, suggests an open

cover of R? each of whose elements intersects exactly 6 other elements.

FI1GURE 1. Brick Wall Pattern

Since the minimal distance between two disjoint bricks is no less than a positive number 8, we
may assign to each brick its m-ﬁmmmr_uoﬁwooP i.e. an open set, consisting of points within wu to the
brick. Therefore, we obtain an open cover of the plane each of whose elements intersects exactly 6
other elements. Choosing a small enough size of the bricks, we can easily verify that Deg(R?) < 6.
On the other hand, we will use an argument based on isodiametric inequality on the plane to show

Deg(R?) > 6, and hence obtain the exact value of Deg(R?).

Theorem 1.2. Deg(R?) =




vertex set 7 for which two vertices Ty and T5 are incident if and only if 1 N T # (). Let Deg as
the degree of neighbor graph Gr.

Definition 3.1. «j := inf{Degs : T}, where the infimum is taken over all the lattice tilings 7 of
R¥,
B := inf{Degy : T}, where the infimum is taken over all the tilings 7" of R¥ with a finite set of

prototiles.

Remark 3.2. As we assume a finite set of prototiles, the above mentioned tilings 7 necessarily have
a locally finite property: there exists an integer N7 so that any point can be contained by at most
N tiles of the tiling.

a; = 01 =2, ag = o =6, f3 = 14 and a3 is unknown for the moment.

Lemma 3.3. (Product Lemma) oy, and S, are sub-multiplicative:
AC amtn +1 < Qf: e CAQ: + CA
(2) (Bagm +1) < (B + 1)(Bn +1).

Theorem 3.4. The limits o = limy,_yo0 w Ina, and B = lim,_s w In 3, both e

Then, a very interesting problem is to estimate the two numbers « and 3.
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