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An Errors—In—Variables Problem in Color Imaging



L east Squares from Gauss—Markov
Model

In the deblurring problem in image processing, we sup-
pose a linear relation with additive noise. That is

g=Hf+r
g observed image
f exact image
r unmeasurable error
H blur matrix

Using Gauss—Markov assumptions we get

min — Hf
min llg — Al

n 1/2
def
el % (Zr?)

=1

where



Least Squares (2)
Simple to solve

Classical linear algebra problem
e (Q—R factorization
e Cholesky factorization of normal equations
e Iterative methods for large scale problems
Caveat — don’t trust the solution

e The may be uncertainties in H. Two examples from
image processing include
— Camera alignments in superresolution problem
— Weighting parameters in color imaging
Lead to errors—in—variables problem.

e H is very ill-conditioned. Regularization is neces-
sary.

e Overemphasis of outliers. /-1 minimization may be
advisable. See Fu et al. (2004). Leads to quadratic
programming problem.



Total Least Squares (1)

Errors in variables model — Sprent (1966), Gleser (1982)
g=(H+E)f+r
where we want to minimize

ICE r)llr

Note —
1/2

1A < ZZ%

1i=17=1

Better formulation for use is

min ||g — Af||3 + |7 - H|Z

7

This problem also has a nice linear algebra solution.



Total Least Squares (2)

Let
C=(H g)
have the singular value decomposition
C=UxVv"
U e Rmx(n—l—l), Ur'U = n+1,

Ve Ritxd) =y Ty = yyT =T,
2 = diag(dl,...,0n+1)
012022 ...0p41 2> 0.



Total Least Squares (3)
Take

U = (ul,...,un_H), V = (Vl,...,Vn_|_1)

IF el ,vni1 # 0, the solution is

[ frrs ] _ 1 Vot
- n
1 T Vo1

Alteratively, frps solves

(H'H — o7 Dfrrs = H'D.

ELSE let
kK n—k+1
V = (V1 Vo )
where k is the smallest integer such that
V2Ten-|-1 # 0.
Then
frrs ] 1 T
- — V2V2 €n+1.
[ -1 1V ent1ll3



Ill-Conditioning and Regularization

Many ways to handle it — truncated singular value de-
compostion and Krylov space methods. Simplest is
probably Tikhanov regularization. Here we solve

mfin lg — Hf||2

subject to

|Lf]|2 < a.
for some L and f. Equivalent to assuming a prior distri-
bution on f.

For some X > 0, this is equivalent to

min [lg — HE|3 + M| £
eRn

This lambda may be found by solving a nonlinear equa-
tion.

Another common constraint is

lg — Hfll2< 5

L-curve criterion — tries to get modest values for both
|g — Hf||2 and [[Lf]|2.



Regularization of Total Least Squares

min|lg — HE|3 + | — H|}

subject to
| LE||2 < e

Golub, Hansen, and O’Leary(1999)

For a two parameters A\, > 0 and \; < 0, f is the solution
of

(HF H+ X\ LT L+ X Df = H'b

Can be solved as a nonlinear equation in the two vari-
ables \; and A\r.

See
e Guo and Renaut (1999,2004)
e Sima, Van Huffel, and Golub(2004)

e Fu and B. (2004)



Structured Total Least Squares (1)

Suppose that H is a structured matrix. Moreover, that
structure is a big part of what the problem is about.

E.g. Toeplitz matrices — common in image restoration
problems.

[ 1o t1 to  t3z ]
. t_1 to t1 1o
H = t2 t-1 to t1
| t_3 t—2o t_1 to |
= Toep(t)

where
t = (to,tl,tz,t3,t_1,t_2,t_3)T.
Choose H = Toep(t).

Do
|H — H||[r = ||D( —t)]|2
where D is a diagonal matrix.
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Structured Total Least Squares (2)

With regularization (necessary under any common sense
conditions) this becomes the nonlinear least squares
problem

min llg — H®OI3 + 1Dt - D13 + M LEII2

I

General computational procedure — Rosen, Park, and
Glick (1996)

Application to superresolution deblurring — Fu and B.
(2004)
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Color Imaging
Color Image f
Three components, Red, Green, and Blue.

Let
fr(xay)a fg(xay)a fb(xay)

be the red, green, and blue components of the “true”
scene.
Let

'Urr(il?,y), ug(a:,y), ’LLb(ZE,y)
be red, green , and blue components of the observed
scene.

Define

hij(mvy)a 7’7] S {Tagab}
are the within channel and cross channel point spread
functions (PSF) normalized to integrated to one.
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Continuous and Discrete Models

Up = Wprhpy * fr + wgrhgr * fg + 'wbrhbr * fb + n,
ug = Wrghrgx fr + wgghgg * fg + wpghpg * fg + ng
up = wWrphpp x fr + wephgy x fg + wpphy * fo + np.

Here x donotes convolution. Thus the above is a Fred-
holm integral equation of the first kind. The w;;,2,5 €
{r, g,b} are positive weights. Solving for them is part of
the problem.

| Discretize!

Uy wrr Hyr £ + 'wnggrfg + wpr Hyp £ + 0y
Uy WrgHyrgly + wggHggly 4+ wygHpgty 4 1y
w, = wppHpplr + wypHgpfy + wep Hypfy + 1y,

Here H;; the within channel or cross channel blur matrix
and n,, n, and n; are additive noise.
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Matrix Version of the Model
In good matrix form
u=H(w)f+n
WrrHyr  worHgr Wiy Hyy
H(w)=H(W) = | wrgHry wggHgy wpHp,

wrpHppy  wepHgy  wipy Hyp

- T
W = (w’I‘T7 Wygr, Whr, Wrg, Wgg, Whg, Wrhy Wgb, wbb) )

fr u'l" nr
f=11 |, u=|u |, andn=| ng |,
fy uy ny

Boundary Conditions
Zero Boundary Conditions
H;; is Block Toeplitz with Toeplitz Blocks.

Not a terribly good boundary condition. It tends to be
inaccurate at the edges.

Neumann Boundary Conditions

H;; is Block Toeplitz plus Hankel with Toeplitz plus Han-
kel Blocks (BTHTHB)

These are pretty useful BC.
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Toeplitz and Hankel Matrices — In

4 x 4 Examples
Toeplitz

[ 1o t1 tz3 tg ]|
t_1 to t1 o
to t-1 to t1

| t_3 t_2 t_1 to

It is banded in many applications.

T —

Block Toeplitz
C To Th T3 Ty ]
T 1 To Ty T»
T_2 T_1 To Tl
| T3 T-o T-1 Tp

where T; is a matrix of appropriate dimension. It is
BTTB is the blocks are Toeplitz.

Hankel

T —

You get the idea what BTHTHB would mean.

Matrix—vector muliplication with these matrices is fast,
about O(n log n).
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Ill-Conditioning

Fredholm integral equations of the first kind are ill—
posed, in general.

For a fixed w
min lu — H(w)f|3

does not obtain a meaningful solution. The ill-posedness
of the original equation makes H(w) very ill-conditioned.

Thus we need to regularize the solution. Add penalty
terms.

16



Regularization

Galatsanos et al (1991) proposed the following regular-
ization scheme. We add the extra variable z.

min u — H(w + 2)f|13 + |VQR(EF|3 + anllzl3

R(f) = DLD™ 1,
L is a 3-D Laplacian.
D = diag(||tr||21, [|£5]|21, ||fpl|21), 2 = diag(a,l,a4l,apl)

where ag4,04 and oy are regularization parameters.

The last term is an acknowledgement that w and w +
z must be “close” together. In other words, w is a
reasonable estimate of the true weight vector.
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Add a Constraint

Also, z is constrained by

Z(W +z);; = szj

2

That allows us to eliminate three components, and let

. T
zZ = [er Zgr  Rrg Zgg  Arb Zgb] )
Thus

7z = Sz
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Non—Linear Least Squares Procedure
Thus the problem we want to solve is

min [|H(w + 2)f —ull3 + VRS + anl|SZ]3.
This is a nonlinear least squares problem. We solve it
by a Gauss—Newton iteration.

Rosen, Park, and Glick (1996) — Structured Total Least
Squares (STLS)

Preussner and O'Leary (2003) — Applied STLS to Image
Deblurring

Fu and Barlow (2004) — Applied STLS to Superresolu-
tion Problem
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Gauss—Newton Step for STLS

Procedure
A Gauss—Newton step for this STLS procedure is
H(w+ z) Z AF u— H(w+ 2)f
min ||| VQR(f) 0 [ N ] - | VR :
s 0 JapS —\/a, Sz 5

where Z is a block diagonal matrix such that

H(w 4+ z2)Af = ZAz.
This problem is LARGE. The Z and S matrices are
sparse and H is structured. It must be solved by Krylov

space methods, e.g. LSQR or CGLS. That is a conju-
gate gradient for least squares.

20



Preconditioning

Thus we have to find a preconditioner for solving
min ||b — Ax||2

where
H(w + z) Z
A= | VQR() 0
0 vonS

and Z and S are simple matrices.

We look at the normal equations matrix

M H(w+2)TZ

T A —
ATA = ZTH(w+2) ZTZ + o STS |°

where

M = H(w+2)I H(w+2) + RETQR(F)

and make use of the fact that much is known about how
to precondition H(w + z).
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Preconditioning a Symmetric PSF (1)
A PSF is symmetric if
h(z,y) = h(z, —y) = h(—=z,y) = h(—=, —y)

In that case, from a result of Ng et al. (1999) H can
be reduced using the discrete cosine transform (DCT).

Ner /\gr /\br
H=IQCY) | Ny Ngyg Nyy | TRCO)
Nep Ngy N
Likewise,
o A42r —I —1I .
R(f) = D¢t —I A + 21 —I CD
—1 —1 N + 21

where C =1®C.
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Preconditioning a Symmetric PSF (2)

Thus

A A As |
M=CT| A2 N A3 |C
| A13 Aoz Azz |
Apply a permutation and we have that

M = C‘Tdiag(Bi,j)C’
where C = PC and 4,5 € {1,2,...,n}. Under
weak and reasonable assumptions, this matrix
IS positive definite.

The inverse is

r—1 _ AT g —1\ A
M~ =C dlag(Bi,j )C.

Moreover, M = GI G where
G = diag(Gi,j)C’.

Can be obtained without producing M using
Q—R factorization.
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Preconditioning a Symmetric PSF (3)

Choose the preconditioner
M 0
0

M = ZT7 + o, STS |-

Then

M AT A=T1T+E;
where E; has rank 12. Guaranteed convergence in 13
iterations.
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Preconditioning a General PSF (1)
Substitute the PSF
h;(4,5) = (h(4,5) + h(é, —5) + h(—4,5) + h(—i,—5))/4
with the Neumann BC. Define
§ =Y |h(i,5) — hs(i, 7))
i,J

Create new blurring matrix c¢(H) based upon h,;. Then
|H —c(H)|| < 46
and the 1,2 and oco norms.

Let
[ L 0
Me = | 0 2724+ a,87s
M. = c(H(w+2z)) c(H(w+2z)) + R(f)" QR(f)
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Preconditioning a General PSF (2)

We can show that
MPATA=T1+4+E + E>
where FE1 has rank 12 and

1B2]l2 < 88||w + zloo || M2

Thus, again we expect rapid convergence.
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A Computational Example (1)
We used the following PSFs.

hrr — hgr — hb’r‘ —

OO O |~

OO O |~
OO O |~

0 0125 0
h,y=hy, =hy,,= | 0.125 0.5 0.125 |,
0 0125 0

0.0625 0.125 0.0625
hrb — hgb — hbb — 0.125 0.25 0.125
0.0625 0.125 0.0625

We added random noise of size about 0.01 is added to
these PSFs and then they are normalized to integrate
to one. This makes them slightly nonsymmetric.

For both least squares (fixed w) and total least squares
solutions we used [a,, a4 o] =[0.0001 0.0001 0.0001].
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Example — The Weights

The weights used to generate the observed
channels are as follows:

w = [0.5,0.3,0.2,0.25,0.5,0.25,0.2,0.3,0.5]".

A noise returned by the MATLAB command
“0.01*(rand-0.5)" is added to the observed
channels. The estimated weights are set to

w = [0.45,0.33,0.22,0.275,0.45,0.275,
0.22,0.33,0.55]7.

The relative error on the estimated weights is
10%.

For the TLS solution we used «a; = 9. The
recovered weights were

w = [0.4943,0.3137,0.1920, 0.2555, 0.4688,
0.2757,0.1902,0.3292, 0.4807]".

a considerable improvement.
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Example — Convergence

Relative residual norm for the normal equations

Conjugate Gradient convergence

error norm
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iteration No.
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Example — Original and Observed

Images

The observed image
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Example — Least Squares Solutions

20 40 60 80 100 120

The image recovered by the least squares method.
The observed image is used to scale R(f). PSNR=75.92

20 40 60 80 100 120

The image recovered by the least squares method.
The original image is used to scale R(f). PSNR=76.14
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Example — TLS Solutions

20 40 60 80 100 120

The image recovered by the TLS Algorithm, PSNR=82.35

20 40 60 80 100 120

The image recovered by a variant of the TLS Al-
gorithm (a fixed R(f) is used), PSNR=81.53
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Conclusion

The image deblurring problem requires consider-
ation of a number of alternatives to the Gauss—
Markov linear model.

The errors—in—variables model for computing the
inter channel and cross channel weights leads to
the recovery of a better color image.

Problem is easily formulated and solved as a non-
linear least squares problem.

A Gauss—Newton step for the nonnlinear least squares
problem can be performed using preconditioned con-
jugate gradient. The precoditioner of choice is one
that is based upon the discrete cosine transform.
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