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Plan

• Forward and inverse problems

• Bayesian inferen
e
• Choi
e of the estimators
• The MCMC method
• The SPSA method
• Sensitivity analysis

2



The forward problem
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Ωf

Γ
Fluid

sΩ

Solid
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The forward problem

The 
ontinuous formulation:
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∂p

∂t
+ c2fρf div vf = 0 (Ωf) (1.1)

ρf
∂vf

∂t
+ ∇p = 0 (Ωf) (1.2)

A
∂σ

∂t
− ǫ(vs) = 0 (Ωs) (1.3)

ρs
∂vs

∂t
− div σ = 0 (Ωs) (1.4)

vs.n = vf .n (Γ) (1.5)

σ.n = −p.n (Γ) (1.6)

(1)
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The forward problem

The dis
rete formulation:
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Mp
Pn+1

2 − Pn−1
2

∆t
+ DfV n

f = 0 (2.1)

Mf

V n+1
f − V n

f

∆t
− Dt

fPn+1
2 + B

Σn+1 + Σn

2
= 0 (2.2)

MΣ
Σn+1 − Σn

∆t
+ Dt

sV
n+1

2
s − Bt

V n+1
f + V n

f

2
= 0 (2.3)

Ms
V

n+1
2

s − V
n−1

2
s

∆t
+ DsΣ

n = 0 (2.4)

(2)
(J. Diaz and P. Joly 2005)
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The forward problem

Simulations results:
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The inverse problem

• θ: the 
oe�
ients to re
over (λ, µ, ρ)

• Pressure measures
y = u + ǫ

where u := {uij = u(xi, tj)},ǫ := {ǫij} ∼ N(0, s2).
7



Estimators of θ
1. the expe
tation with respe
t to the posteriorprobability:

E(θ|y) =
∫

θ p(θ|y) dθ

2. the maximum a posteriori:
θ∗ = arg max

θ∈Dθ

p(θ|y),
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The Bayesian model and the inverse problem

From Bayes's formula:
p(θ|y) =

1

p(y)
p(y|θ)p(θ)We 
onsider:

p(θ) ∝







1 si ∀ i , θi ∈ [θmin, θmax]
0 elsewhere

p(y|θ) ∝ exp
(

−
1

2

∑

i

(yi − u(xi, T, θ)

s

)2)

p(θ|y) ∝


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exp
(

− 1
2

∑

i

(

yi−u(xi,T,θ)
s

)2) si ∀ i , θi ∈ [θmin, θmax]

0 elsewhere
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Markov Chain Monte Carlo

Estimation of θ:
E[θ|y] =

∫

θp(θ|y)dθ

This integral is approa
hed by:
E[θ|y] ≈

1

n

n
∑

k=1

θk

with θ ∼ p(θ|y) the limiting distribution of a Markov
hain (Harold Niederreiter, SIAM, 1992).
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The Metropolis-Hasting algorithm

The a

elerated version of M-H algorithm with p∗(.|y)a linear interpolation of p(.|y):1- At θk generate a proposal C from q(·|θk).2- With probability αpred(C, θk) = min
{p∗(C|y)

p∗(θk|y)
,1

}

promote C to be a 
andidate to the standard M-Halgorithm. Otherwise, pose θk+1 = θk.3- With probability α(C, θ) = min
{p(C|y)

p(θk|y)
,1

} a

ept

θk+1 = C; Otherwise reje
t C, θk+1 = θk.(J. Andre`s Christen and C. Fox, 2005.)
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Markov Chain Monte Carlo

The varian
e of the estimator given by MCMC:

var(θMC) = τ
var(θ)

nwhere τ is the integrated auto
ovarian
e time (IACT).

τ = 1 + 2
M
∑

s=1
ρ(s).

(S. Meyer, N. Christensen and G. Ni
holls, 2001)
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Markov Chain Monte Carlo
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Markov Chain Monte Carlo

• 19000 samples of the Markov 
hain with the a
-
elerated version of M-H algorithm (6000 simu-lations and noise < 6%):
θ Exa
t Value (SI) Conf. Interval % of error

λ 11.5×109 10.9×109±2.6% 5.2%

µ 6×109 6.5×109±2% 8%
ρ 1850 1867 ± 0.15% 0.9%
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Markov Chain Monte Carlo

• 19000 samples of the Markov 
hain with thestandard M-H algoritm and di�erent starting points:

θ θ0 = θmin θ0 = θmax

λ 11.1×109±2.8% 10.8×109±2.7%

µ 5.82×109±2.5% 6.14×109±2.6%
ρ 1827 ± 0.21% 1911 ± 0.4%
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Markov Chain Monte Carlo
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Markov Chain Monte Carlo
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Simultaneous Perturbation Sto
hasti
 Approximation

Optimize the log of the posterior probability:

L(θ) = − log p(θ|y)In our 
ase, it is a least squares problem

The form of the algoritm is as follows:
θ̂k+1 = θ̂k − akĝk(θ̂k)with

ĝk(θ̂k) =
L(θ̂k + ck∆k) − L(θ̂k − ck∆k)

2ck
[∆−1

k1 ,∆−1
k2 , . . . ,∆−1

kp ]T(J.C. Spall, 2003). 14



Simultaneous Perturbation Sto
hasti
 Approximation

Asymptoti
 normality:
kβ/2(θ̂k − θ∗) dist−−−−−−−−−−→N(0,Σ)(J.C. Spall, 2003).It is possible to have a 
on�den
e interval for θ∗ byapplying the Monte Carlo method:

1

N

N
∑

k=1

kβ/2(θ̂k − θ∗) = 0

=⇒ θ∗ =

∑N
k=1 kβ/2(θ̂k)
∑N

k=1 kβ/2

Σ =
1

N

N
∑

k=1

kβ(θ̂k − θ∗)(θ̂k − θ∗)T
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Simultaneous Perturbation Sto
hasti
 Approximation

θ Exa
t Values (SI) Con�den
e Intervals Errors

λ 11.5×109 11.83×109±1.4% 2.8%

µ 6×109 5.75×109±1.6% 4.1%
ρ 1850 1856 ± 0.12% 0.03%Inje
ted noise < 1% and 600 simulations

θ Exa
t Values (SI) Con�den
e Intervals Errors

λ 11.5×109 12.2×109±6.12% 6.6%

µ 6×109 5.4×109±7.2% 9.5%
ρ 1850 1868 ± 0.83% 1%Inje
ted noise < 6% and 700 simulations
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Simultaneous Perturbation Sto
hasti
 Approximation

θ Exa
t Values (SI) Estimated Values Errors

λ1 11.5×109 11.43 ×109 0.6%

µ1 6×109 6.01 ×109 0.1%
ρ1 1700 1702 0.1%

λ2 9×109 8.93×109 0.7%

µ2 7×109 7.02×109 0.2%
ρ2 2000 2003 0.1%

λ3 11.5×109 11.4×109 2.1%

µ3 6×109 6.02×109 1.8%
ρ3 2400 2405 0.1%Inje
ted noise < 1% and 6000 simulations
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Sensitivity analysis

ǫ ≈ F ′(θ0)δθConsider the singular value de
omposition (SVD) ofthe Ja
obian matrix (F ′(θ0)).
F ′(θ0) = USV T

One easily veri�es that:

δθk =
ǫk
sk

, ∀k = 1, ..., p.
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Sensitivity analysis

A �rst order analysis yields:

0 = F(0) = F(θ0) − F ′(θ0)θ0Thus

‖u0‖ = ‖F(θ0)‖ ≃ ‖F ′θ0‖ < s1‖θ0‖

∀k,
|δθ∗k|

‖θ0‖
≤

s1
sk

|ǫk|

‖u0‖
≤ σuHen
e, if the a

ura
ies on θ and u, respe
tively σθand σu, verify the inequality:

sk

s1
≥

σu

σθ
∀k,
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Sensitivity analysis

then:

|δθ∗k|

‖θ0‖
≤ σθ ∀k whenever |ǫk|

‖u0‖
≤ σu.

(P. Al Khoury, G. Chavant, F. Clément and P.Hervé, 2002).
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Sensitivity analysis
1 2 3 4 5 6 7 8 9

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
R

at
io

 o
f t

he
 s

ig
ul

ar
 v

al
ue

s

singular value’s index

18



Con
lusion

• MCMC is more a

urate than SPSA but it isharder to implement and to have 
orre
t results.

• SPSA is mu
h less expensive in 
omputationsthen MCMC .

• In the 
ase of multiple layers, SPSA is a moreappropriate method.
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