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(a) Cramer - Method , Mesh quality ≈ 10-5
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(a) MHFE- Method, Mesh quality ≈ 10-8
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a) Results computed by MHFE method
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a) Results computed by MHFE method
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1 � � # � � , 
 � � 4 0 " ! � � � # � � , 
 � � 4 0 " ! �

10−2 6 � 6 � 7 � � 6 7 � � � 6 � 8 � � � � ×101 � 7 � 6 �

10−4 6 � 6 � � � � 6 7 � � � � � 6 � � � � ×103 � � � � 7

10−6 6 � 6 � � � � 6 7 � � � � � � � � � � ×105 � 8 � � �
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 � � � � 	 � � � � � � � � � �

� !  , *   " 
 + - � �  - + - * � , 0  , +

maxΩ×(0,T ] p(x, t) ≤ max∂Ω×(0,T ](p(x, t),0)

minΩ×(0,T ] p(x, t) ≥ min∂Ω×(0,T ](p(x, t),0)

� � 1  0  �  0 . 
 � + , 1 * � . - �

pD ≥ 0, qN = 0, p0 ≥ 0, f ≥ 0 ⇒ p ≥ 0
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� )  -  , � 0  � , 
 + 
 + �
S

dP

dt
+ RM−1RTP = F + RM−1V

& � ) + 0  � , " � � * 0 "

P (t) = e−tRM−1RT
P0 + P1

� � , 
  0  � , 1 + � 1 � , 0 "  � + ! / + " ) " 1 * � . - � 1 �  0  � 1  0  2

(RM−1RT)K,K ′ ≤ 0, K 6= K ′
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� )  -  , � 0  � , 
 " 1 0 ! � * " 1 
 "  ! " 1 1  � ,

S
dP

dt
+ (D − RM−1RT)P = F + RM−1V

& � ) + 0  � , " � � * 0 "

P (t) = e−t(D−RM−1RT ) P0 + P1

� � , 
  0  � , 1 + � 1 � , 0 "

(RM−1RT)K,K ′ ≥ 0, K 6= K ′

ME,E′ ≤ 0, E′ 6= E " 0 RK,E ≥ 0
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BK " 1 0 
  � � � , � )  � + ! 0 � + 0 K � � ) � ! 1 M 
  � � � , � ) 	

� � , 
 " , 1 � 0  � , 
 " - � 1 1 " 1 + ! + , - �  ) ) � � " ! . � + )  " !

" 0 0 " , 1 " + ! 
 "  " ! - . � 	  )  0 . 
  � � � , � )

⇒  !  , *   " 
 + - � �  - + - 
  1 * ! " 0 ! " 1  " * 0 .
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 � � � � � � � � � � � � � 	 � � � � � �

� )  -  , � 0  � , 
 " ) �  ! " 1 1  � , P

N = RT(S + hD)−1R

(M − hN)Tn+1 = RT(S + hD)−1(SPn + hFn+1) + V n+1

Pn+1 = (S + hD)−1(SPn + hRTn+1 + hFn+1)

� � , 
  0  � , 1 + � 1 � , 0 "

(M − hN)E,E′ ≤ 0, E 6= E′ " 0 R ≥ 0

� � , 
  0  � , 
 + 0 �  " h ≥ C × (∆x)2
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∂p
∂t + ∇.u = 0  � � 	 Ω × (0, T ]

u = −∇p  � � 	 Ω × (0, T ]
p(x,0) = 0  � � 	 Ω

Γ Γ

Γ

Γ
N

N

D D

= 0

= 1 = 0

= 0

Ω

� B � � D � > Ω > C � B � � D C D B � � � � � ? D � D C > �

1 � ) + 0  � , � , � ) � 0  / + " 1 + ! + , 
 � - �  , " 1 + � 1 � - - " , 0 ) � , �

p(x, t) = pDerfc
(

x
2
√

t

)
, (x, t) ∈ [0,∞) × [0,∞),

erfc(ν) = 1 − 2√
π

∫ ν

0
e−x2

dx, ν ∈ R
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B % � 5  ) + 1  ! . *  1 / + " % � 5 � 1 + ! - �  ) ) � � "  ! ! . � + )  " !

B % � 5  ) + 1  ! . *  1 / + " % � 5 � � � " * * � , 0 ! � 1 0 " 
 "  " ! - . � 	  )  0 .

B ! . 1 � ) + 0  � , % � 5 �  ) + 1 2 � *  ) " " , ! . �  - "  " ! - � , " , 0
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 " - � 1 1 "

B % � 5 � � � " * % + ) " !  -  )  *  0 " * � , 
  0  � , , " ) ) " - " , 0  � 1  0  2

9 : ; < = > ? @ A : A B C > D C E F G @ H F F I G �



� � 
 � 	 � � � � � � �

B # 0  )  1 � 0  � , 
 " 1 � ) � " + ! 1 )  , . �  ! " 1

B # 0  )  1 � 0  � , 
 " 1 � ) � " + ! 1 " , 0 " -  1

B � ! . * � , 
  0  � , , " - " , 0  � + ! - � 0 !  * " 1 � - . 0 !  / + "  , 
 . � ,  "

B � � , 
  0  � , 
 "  � 1  0  �  0 .  � + ! 5  � 0 " � � " * % + ) " !  -  )  *  0 "

9 : ; < = > ? @ A : A B C > D C E F G @ H F F I I F


