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Explicit Form of Multiplicative
Schwarz(EFMS)

Problem
• Solve in parallel M−1Ax = M−1b, where M is defined by one

iteration of multiplicative Schwarz .

Part I: Define M−1 explicitly
see [Atenekeng, Kamgnia, and Philippe: 2007]
∗ It has been proven in previous work that

M−1 = Ā−1
p C̄p−1Ā−1

p−1...Ā
−1
2 C̄1Ā−1

1 . (1)

(Explicit Form of Multiplicative Schwarz(EFMS))
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Explicit Form of Multiplicative
Schwarz

Āi , C̄i : Ai , Ci complete by identity to dimension of A.

? With condition that: ∀(k , l) ∈ Ii × Ij [akl 6= 0 ⇒ |i − j | ≤ 1].
(1D partition of matrix)
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Part II: 1D partitioning

Partition definition
Let G = (V , E) be an adjancy graph obtained from A

• We need to partition V into p > 1, (Vi)i=1,...,p.⊙
Under the constraint that (Vi)i=1,...,p are almost balanced.⊙
And that distance between interacting partition=1.⊙
While minimizing vertex separators.

• Consequence: No possibility to use an existing partitioning
software like METIS, HMETIS or PATOH, etc.

=⇒ Define new tools for 1D partition. This is done work
[Atenekeng, Grigori, and Sosonkina 2008].

• Remark: This partition does not always exist. (Eg: When
matrix have arrow profile).
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GMRES Preconditioned By
Explicit Formulation of

MS(GPREMS)

Arnoldi Relation
1 A priori construction of Krylov subspace basis. See

(Reichel,Erhel).
Set B = M−1A.

Km+1 = {σ0v0, σ1v1, ..., σmvm}, vi+1 = σi+1(B − λi)vi .

(λi): Ritz values of B ordered under Leja order.(i = 1...m),
σi = ‖vi−1‖.(i = 1...m).

2 Orthogonalisation of Krylov basis. See (Sidje).
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GPREMS(cont)
Parallel construction of Krylov basis
M−1 = Ā−1

p C̄p−1Ā−1
p−1...Ā

−1
2 C̄1Ā−1

1 .

Figure: Krylov basis for M−1A: [I Souopgui]

⇒ Asymptotic efficiency=1/3.
• Every processor have set of consecutive rows of Krylov

subspace.
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GPREMS(cont)

Recovering Arnoldi relation

1 QR factorization Km+1 = Vm+1Rm+1.[No global
communication (see Sidje)].

2 BKm = Vm+1H̄m,
where H̄m = Rm+1T̄mR−1

m .

T̄m =




λ1 0

σ1
. . . 0
. . . λm

0 0 σm




.
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GPREMS(cont)

Condition number of the Krylov basis

• Problem with this approach is that Km+1 become intraitable
when m increases.

Because cond(Km+1) = cond(Rm+1), become bad.
⇒ We then need to find l ≤ m such that cond(Rl) is acceptable

in order to correct the roundoff error on the correction to add
to the current solution.
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GPREMS(cont)

Acceptable condition number of Rm+1?

• z: roundoff error which occurs when computing y(Solution of
least square problem).

We can estimate z by the following relation.

‖z‖ = O(ε‖y‖cond(Rm)max(‖B‖, ‖T̄m‖, 1)). (2)

ε: machine precision.
(Incremental Conditioning Estimator)

• Condition number of Rl is acceptable if ‖z‖ < ‖r‖. Where r is
residual vector
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Experimental results

Software
• Petsc
• MUMPS and

Superlu

Test Matrices

Matrix Size nnz Cond
bjtcai 27,628 442,898 6.46e19
C07 233,786 27,333,984 -

Parameters for GMRES
• b=Ae
• restart: 64
• tol: 1e − 12
• Systems scaled by 1-norm

Observations
• Parallelism: Speedup and

efficiency
• Convergence: Number of

iteration

Machine: Cluster of Grid5000
CPU Intel Xeon Bi−processor 2.33Ghz

Dual Core Memory 4Go Gigabit Ethernet
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Experimental results

Circuit simulation: bjtcai

• Iterations increases while number of subdomains augmented.
• Good efficiency when ND=NP=8.
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Experimental results

CFD: C07

• Good efficiency when ND=8.
• For conclusion, when we increases the number of processor the efficiency decrease.
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Conclusion

• We provide an automatic parallel GMRES solver
preconditioned by multiplicative Schwarz.

• Our implementation need a 1D partition and we see that 1D
partition cannot be found when adjancy graph of matrices
have small diameter.

• Exprimentation result show that efficiency is asymptotic 1/3.

• We needs now to make a comparaison with other domain
decomposition preconditionner in Petsc and pAMRS.
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