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This paper presents a new technique for the reliable computation of the
o—pseudospectrum defined by A,(A) = {z € C : omin(4A — zI) < o} where omin
is the smallest singular value. The proposed algorithm builds an orbit of adjacent
equilateral triangles to capture the level curve Yo (A) = {2 € C: omin(A —2I) = o}
and uses a bisection procedure on specific triangle vertices to compute a numeri-
cal approximation to T, (A). The method is guaranteed to terminate, even in the
presence of round-off errors.
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1. Introduction

The o—pseudospectrum [16] of the matrix A € C"*" is the region of the
complex plane defined by

As;(A) ={z € C: z is an eigenvalue of A + E where ||E||s < o}.

The pseudospectrum reveals the sensitivity of the eigenvalues of the matrix with
respect to perturbations of norm smaller than or equal to . The following
equivalent definition provides an effective criterion to determine if a given complex

z belongs to A,(A) :

Ay (A) ={2 € C:omin(4A—2I) <o},

* This work was done during a visit of the first author to IRISA with the financial support of
EGIDE.
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where oy, denotes the smallest singular value. The numerical evaluation of the
smallest singular value is a computation of high cost; it can be performed with
different algorithms depending on the matrix structure [5,10,12,14].

To compute efficiently A,(A), it is now commonly accepted [15] that the
path following techniques that follow the curve

T,(A) ={z € C:omin(A—2I) =0}

are of much smaller complexity than methods based on a grid discretization of
the complex region. The first attempt in this direction was done by Briihl [4].
Since it involves a continuation with a predictor corrector scheme [1,9,7,13], the
process may fail in the case of singular points. In [2], Bekas and Gallopoulos
develop a hybrid algorithm that uses a continuation scheme coupled with a fine
local grid to compute the pseudospectrum of a matrix. In [6], Huitfieldt and
Ruhe developed a continuation method for following the solution of a non linear
eigenvalue problem. With a Euler-Newton procedure, they predict singular points
along the level curve using an augmented system. In the survey [1], Allgower and
Georg present the piecewise-linear methods for the curve tracing of non smooth
functions H : R"*! — R"; the PAT algorithm which is described in this paper
can be considered as a specialization of the piecewise-linear methods for the
pseudospectrum problem. This particular case where n = 1 enables us to prove
additional properties regarding the reliability, stability and termination of the
process.

The algorithm presented in this paper offers enhanced reliability for the
computation of T,(A) at a low cost. Furthermore, it guarantees termination even
in the presence of round-off errors. The main idea of the proposed algorithm is to
line up a set of equilateral triangles along the level curve and to use a bisection
algorithm [17] over the triangle vertices to compute Y, (A).

The paper is organized as follows. The mathematical foundations are given
in section 2; the algorithm to compute a single component 'I“Sfi) (A) is presented
in section 3, while its complexity is estimated in section 3.1. Section 3.2 provides
a backward error analysis and a guarantee of termination. Section 4 discusses a
technique used to compute all connected components of the level curve. In section
5, numerical tests are described demonstrating the reliability and efficiency of the
proposed algorithm.
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2. Mathematical foundations

We present in this section the mathematical background of the algorithm
used to capture the pattern of a single connected component of the level curve
1 (A). We start by defining a lattice of uniformly distributed nodes and the
corresponding triangular mesh, and then we consider a subset 77 of the mesh
triangles which contains connected components of YT, (A); we prove that 77, is a
finite set and we construct a transformation to generate subsets of 77 from an
initial triangle 7' € T;,. The set T;, will provide the edges from which some points
of T5(A) (one by edge) are extracted using a bisection.

Definition 2.1. For any o > 0, the interior of T,(A) is the set
As(A) = {z: 8(2) < o).

where ¢(z) = omin(A — zI). The closure A,(A) of Ay(A) is bounded and the
exterior of Y,(A) defined by

Io(A) ={z: ¢(z) > o}
is an unbounded open set.
The fact that lim,|_,o #(2) = +oo implies that for every o > 0, there exists

R, € RT such that ¢(z) > « whenever |z| > R,. The special case of a = o leads
to

Aq(A) C B(0, R,)
where B(0, R,) is the closed disk with center at 0 and radius R,.
Definition 2.2. Two distinct points a and b are said to be o-separated when,
by definition :
{a,b} NA,(A) #0 and {a,b} NT,(A) # 0.

In this case, the segment [a, b] is said to be o-separated.
Given (z;,2.) € C? such that z; # z,

S(2i, 2e) = {Sk = 2i + k(2e — 1) + U(ze — 2:)€' 5, (k, 1) € Z%}
defines a uniform lattice (see fig 1) of nodes satisfying

|Ska+1 = Skl = |Skr10 — Skl = |2i — zel-
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Figure 1. The lattice for z; =0 and z. =1
The obtained triangular mesh is the union of two classes of equilateral triangles :
Q25 2e) = U (25, 2) U (2, )
where
U = {Tgs = {Sk1, k41,6 ks } : (k1) € 27}

and

U = {Thy = { Skt Skt1.> Sk1,-1} : (k1) € Z°}.

In the following, we denote by 77, the subset of Q(z;,z.) where T € Ty, if,
and only if, T has at least two o-separated vertices.

Proposition 2.1. For all z; # z., T;, is a finite set.

Proof. For any triangle T' € Tz, there exists a vertex S;; € A,(A). Since A,(A)
is bounded then S(z;, ze) VA, (A) is a finite set and card(7T;) < 6 x card(S(z;, ze)N
Ay (A)). O

We can easily show that if T is an element of 77, then T has two, and only two,
o-separated edges. Therefore, we may define the pivot of each element of Ty, :
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Definition 2.3. The common vertex to the o-separated sides is called the pivot

of T' and denoted p(T).
Definition 2.4. The transformation F' (see figure 2) is defined by

F(T) = R(p(T), sgn(o — ¢(p(T))) x 2 )(T)
1 ifxz>0

-1 ifx<0
z € C with angle 0. F maps every triangle T of T, into a triangle F/(T').

where T' € Ty, sgn(z) = {

and R(z,0) is the rotation centered at

A
ab Ac(f) Fc(f) .
25 — p(ﬁﬂ):p(Ti) Az
2t Ao(f) o Ac(f)
Transformation of Type IL. Transformation of Type EI.
A
(T, )=P(T) T
Transformation of Type EE. Transformation of Type IE.

Figure 2. The transformation F'
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Figure 2 exhibits the four cases of the F' transformation, while table (1)
presents the corresponding rotation angles. The four situations are identified by
two letters which specify the location of p(T) and p(F(T)) with respect to the

curve (I : interior , F : exterior).

Transformation T F(T) p(T) p(F(T)) 0
Type Type | Type
II I I EA(A) | €A (A) | 3
EI E I ET,(A) | €A (A) | -3
EE E E €l (A) | €T-(A) | —%
IE I E EA(A) | €T-(A) | %
Table 1

The four possible situations for T" and F(T)

Proposition 2.2. For any element 7' € 77, we claim that
1. F(T) #T,
2. p(T) is a vertex of F(T),

T and F(T) are adjacent,

- w

The common edge to T and F(T') is o-separated, therefore F(T) € T,

o

p(F(T)) is a vertex of T,
6. F2(T) #1T,
7. if T € U(z,2) then F(T) € U(z,z2) and if T € U(z;,2.) then F(T) €
(2, ze)-
Proof.
1. Follows from the definition of F.
2. p(T) is the center of the rotation, hence invariant by F.

3. Since F(T) is a rotation centered at a vertex of T' with angle £%, and since
T is equilateral T and F(T) are adjacent.

4. p(T) is the common vertex to the o—separated sides of T' and p(T) € F(T);
the fact that T and F(T') are adjacent leads to the result.
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5. Follows from the definition of p(#(T')) and from 4.

6. We know that T" and F(T) are adjacent; furthermore p(T') € TN F(T) and
p(F(T)) € TN F(T). There are two distinct cases :

either p(T) = p(F(T)) ~ F2(T) = R(p(T), +2)(T) £T
or p(T) # p(F(T)); in this case

#T
where Z[u](x) = = + u is the translation of vector w.

7. Obvious.

Proposition 2.3. F is a bijection from 77, onto 77.
Proof. We prove that F' is a one-to-one mapping. Let us assume that there exist
two triangles T' and T” such that

F(T) = F(T') and T #T'.

We know from proposition 2.2 that p(F(T')) € T, p(F(T)) € F(T), p(F(T)) €
F2(T) and p(F(T)) € T therefore

p(F(T)) e TNF(T)NFXT)NT

Furthermore, we know that T', F2(T) and T" are adjacent to F/(T). This can only
be true if 7' = F?(T); therefore,

F(T")=F(F*(T))
=F*(F(T))
and since F2(T) # T,VT € Tz, then F(T') # F(T). This proves that F : T, —

71, is a one-to-one mapping and therefore a bijection onto the finite set 77,. O

Definition 2.5. For any given T' € 77, we define the F'—orbit of T" to be the set
O(T) ={T, = F*(T),n € Z}.

Proposition 2.4. Let O(T) be the F—orbit for a given triangle T’;
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1. O(T) is a finite set.

2. If n = card(O(T)) then n is even and is the smallest positive integer such
that T,, = T.

3. Y4 0; =0 (27) where 6; is the rotation angle of F for triangle T;.
4. It O(T") is the F—orbit for a triangle T then O(T) = O(T") or O(T)NO(T") =
0.
Proof.
1. O(T) C Tr, and Ty, is a finite set.

2. Since T, € O(T), there exists an integer j such that, 0 < j <n and T,, = Tj.
Therefore,
Tho1 =Tj_q;

this is only true if j = 0, otherwise card(O(T)) < n.
Since T and F(T) belong to the two disjoint classes ¥(z;,z.) and U(z, 2),

the integer n is even.

3. Let O(Ty) = {Tv,T1,...,Tn—1} be the F—orbit of Tp; in the following,
{P;, S;,U;} denotes the triangle T; such that P; is the pivot of T; and
—
(P;S;, P,U;) = 6; (2m) such that F(T;) = R(P;,0;)(T;). Therefore, we can
state

T;NTiy1 = [P, U] = [Piy1, Siv]-

We have now two cases. The first case is when T; and T;4q are of the same
type (I or E, see Table 1) and therefore P,y = P; and S;11 = U; leading to

— —
P 1S 11=PU; .

The second case is when T; and T;41 are of different type, and therefore
Py =U; and S;1 = P; and

— —
P 1Sip1=— PU; . (1)
Let us consider the sum
n—1 n—1 BN
> 0= (PSi, BU;) (27)
1=0 1=0
- —
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where k£ is the number of triangles satisfying (1). Since F;,(Tp) = Tp, we can
claim that k is even; finally

n—1

Z 0; =0 (2m).

i=0

. Let T” be an element of O(T) N O(T"); there exist two integers 7, j such that
T = Fz(T) = Fj (TI) = Fn—l—j (TI) =T = Fj+n_i(Tl)

where n = card(O(T")), leading to O(T) C O(T"). In the same way we can
prove that O(T") C O(T).

(a) Start :

Given o,7 and % such that opin(A — 20I) < o
for k=1,2,...
Z, = Zo + 28 Lret?
if omin(A — Z;I) > o break
end for
Use a bisection algorithm over Z; and Z,
to compute z; and z, where
Omin(A — z;I) <0 < opin(A — 2zeI) and |z; — z| =T
Let Ty = {zi, 2e, zi + (2e — zi)e%r} € T1, be the initial triangle

(b) Build the F—orbit of Ty :

fori=0,1,2,...

Tip1 = F(T;)

if T;,1 = Ty break
end for

Figure 3. Path Following algorithm
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3. The path following algorithm

In this section, we analyze the implementation of the path following algo-
rithm presented in figure 3. The goal of this algorithm is twofold:

1. To find a suitable lattice and the corresponding F'—orbit O to capture the
pattern of a connected component of the level curve. We start by determining
two points z; € Ay(A) and z, € I';(A) such that |z; — z.| = 7 where 7 defines
the resolution of the lattice. The two points z; and z, are used to generate
the lattice S(z;,2.) where Ty = {Soo, S10,S01} is an element of 77 which
generates the F'—orbit.

In our implementation, the technique used to compute z; and z. is as follows

e Given Z; such that opin(A — Z90I) < o, consider the complex sequence
defined by

Zpy1 = Zo + 287

where 6 is a random angle; in this case,

WM omin(A — 2,1) = 400
k—+00

Let ky € N* be a value of k such that omin(A — 2k, I) > o

e use a bisection algorithm, starting from 2y and Zj,, to compute the two

points z; and z,.
The F—orbit is built by successively applying F' from the initial triangle T.

2. To find an approximation to Tgi ) (A); this is achieved by performing, over each
element of O, a bisection algorithm starting from the o-separated vertices.
Bisection algorithm, presented in figure 4, was chosen for its reliability.

3.1. Complexity

Let O(T') be the F—orbit of T built to compute a numerical approximation
of a connected component of a level curve Y, (A); we limit our study to the case

where the cardinal of the orbit satisfies |O(T)| > 6.

11t is obvious that the smallest orbits have 6 elements.
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Let z, y be two complex values such that omin(A — 2I) < o and opin(A —yl) > o
while |z — y| > p|z|
-
if oin(A —mI) > o then
y=m
else
rT=m
end if
end while

Figure 4. The bisection algorithm

Proposition 3.1. The number n of triangles needed to capture the pattern of

a level curve of length [ satisfies

Lep<c 0 <£>
T~ T V3\7r/)’
Proof. For any given element U € O(T'), there exists an integer 0 < k < 5 such
that p(F*(U)) # p(FF+Y(U)), otherwise FS(U) = U and card(O(T)) = 6.
In the following, we denote by V = FK(U), W = F(V) and [z,y] = V N W.
We may assume that z = p(V) and y = p(W). Let v be the third vertex of V'

and w the third vertex of W; the two segments [z, v] and [y, w] are o-separated
and parallel. If 2(*) € [z,v] N T (A) and 2(*) € [y, w] N T,(A) then

20— 200> d(fa, ] fy o)) = T2

Therefore, we are guaranteed to progress by a distance not smaller than TT‘/g for

five consecutive triangles. O

3.2. Round-off errors and termination

As shown in proposition 2.4, the process terminates when F(Ty) = Ty. To
guarantee the process termination even in the presence of round-off errors, we

use integer coordinates to identify the lattice nodes. Therefore, the node Sy, is
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identified by the two integers k and [ and the evaluation of oy, (A — Sk ) requires

the evaluation of

min(A = (2 + (ze — 2)(k + e F))I).

3.2.1. Backward error analysis

Let us now consider the effect of roundoff errors on the evaluation of
Omin(A — SgiI) where Si; is a mesh node. It might be possible that in some
cases the computed value fl(omin(A — Sk I)) and the exact value opmin(A — Sk 1)
are o—seperated and therefore, the constructed orbit differs from the exact one.
We shall prove that the computed orbit is the exact orbit of a function v approx-
imating ¢(z) = omin(A — zI) within a precision defined by the computational
precision of the algorithm used to compute opin.

In the following, we define the forward error ey of the evaluation of ¢(Sk;)
by

fUP(Ski)) = d(Sk1) + ex-

Furthermore, we assume that the evaluation of ¢ is performed by a reliable and
stable computation which means that:

lext] = O(enw),

where € is the precision parameter used in the singular value computation, and
ns,, = max(e, ¢(Sk;)). This implies that

max le| = 0(e)
2€8(zi,2e) My

Theorem 3.1. For any given o—level curve and any given acceptable? triangle
T, we consider the numerically computed F'—orbit O(T) computed using a float-
ing point arithmetic with a given singular value solver working at precision e.
The F—orbit O(T) may be considered as the exact F—orbit for a function
satisfying

2], o

n
2 An acceptable triangle is any triangle such that Sgn(fl(omin(A — 2I) — €)) = Sgn(omin(A —
zI) — €) when z is any of the three vertices.
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7, if z is a mesh node,
n(z) = < max(ny,ny) if 2z € (u,v) edge of the lattice,
max(1ny, Ny, Nw) if z belongs to a triangle {u, v, w} of the mesh.

Proof. Since the forward error is defined at each vertex of the mesh, we can
linearly interpolate it on each mesh triangle based on the values at the vertices:
for any z belonging to the triangle {u, v, w}, we consider («, [3,7) the barycentric
coordinates of z where « > 0, 8 > 0, v > 0 and a + 8 4+ v = 1; in this case,
z = au+ v +yw. Let us define e(z) = aey + Bey, +vey. The function ¢ defined
by 1(z) = omin(A — 2I) + e(z) interpolates the computed evaluations of ¢ over
the mesh and

@l ea el el
1) =% e T )
Soz'—e“—|+5|e”|+7|—ew—|
m My T

< O(e)

a

When the orbit O(T') is built, the bisection process is run to obtain a polygon
with vertices {z(i)}i:mn_l such that |20+D) — 2()| < 7. In the stopping criterion
|z — y| < p|z|, p is chosen an order of magnitude larger than e and smaller than
.

€L p LT

4. Computing disjoint connected components of Y (A)

Given two sets of points Z C A,(A) and € C I';(A), we develop in this
section a reliable technique used to compute multiple connected components sur-
rounding all the points in Z. We limit our study to the case where £ # ) since
one can easily compute external points to append to £. The points in Z can be
user defined or numerical approximations of the eigenvalues of A.

Definition 4.1. For any orbit O(T'), the internal vertices of the triangles in O(T')
define the interior polygon denoted I;(O(T)), whereas the exterior vertices define
the exterior polygon denoted I.(O(T)).
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Proposition 4.1. [;(O(T)) and I.(O(T)) are disjoint.

Proof. Since [;(O(T)) and I.(O(T)) have adjacent mesh nodes as adjacent ver-
tices, therefore the intersection of [;(O(T)) and I.(O(T')) will include a mesh node
x satisfying

Omin(A —zI) <o and opin(A —2zI) > 0.
|

Definition 4.2. An orbit O(T) is said to be direct if I.(O(T")) encloses [;(O(T));
otherwise, the orbit is said to be reversed.

To decide if a given z € [;(O(T)) is surrounded by I.(O(T')), we consider the

criterion
(z € [;(O(T)) is surrounded by [.(O(T))) < Ind;, o(r) (2) # 0

where
1 d’U/
Indle(o(T))(z) = un /ZE(O(T)) u—z

We know that Ind;, o)) (2) is an integer-valued function [11]. Numerically,

Ind;, (o(ry)(#) can be evaluated by the sum (for small enough )

1 u(i+1) —
Indy, (o) (2) = 5~ > ag
uel (O(T))

(2)

wld — 2
where u() and u(+1) are two consecutive points of I(O(T)).
Theorem 4.1. A reversed orbit O(T) is enclosed within a direct orbit O(T").

Proof. Follows from the fact that A,(A) is bounded. O

Let z; and 2. be the two points used to generate a triangulation where
Omin(A — zI) < 0 < opin(A — 2eI). We limit our study to the case where each
point in 7 is included in a mesh triangle having a vertex in A,(A) and each point
in £ is included in a mesh triangle having a vertex in T';(A) (if this is not the
case, a finer mesh should be considered). In the following, every point in Z and &
is replaced by the vertex of the corresponding triangle having the same location

with respect to the curve (interior or exterior).
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Theorem 4.2. If S;,;, € Z and Sj,;, € £ are two mesh nodes, then we can find
a triangle T, such that

1. T, € Tg,
2. T, has a vertex z satisfying:
(a) 5(x) <o,
() [lz = Skete |l < [Skete — Skt I-
3. T, has a vertex y satisfying:
(a) s(y) > o,
(b) Iy = Skl < 1|Skete — Sk |-
Furthermore, if Si;;, and Sj ;. are not adjacent mesh nodes, we can state that,
at least one of the inequalities 2b and 3b is strict.
Proof. Let A, B and C be three mesh nodes (see Figure 5) such that:
1. A= Sk,
2. the triangle (A, B,C) is equilateral,
3. (./Ilg’, ZiZe) = k% where k € Z,
4. Sy, is along the edge BC.

Let J be the midpoint of the edge BC, we have now two cases. The first case is
when Sj;, € [BJ], and therefore we define S, to be the mesh node along the
edge AB such that the triangle (S,3, B, Sk.i.) is equilateral. The second case is
when Sy,;, €]JC], and therefore S, will be the mesh node along AC such that
(Sa8,C, Sk.1.) is equilateral. We can easily show that [Sk,;,, Sk.;.] is the tallest
edge of the triangle (Sk,i;,Sa3, Sk.1.) and that we can find two adjacent mesh
nodes z and y, along one of the following edges [Sk,i;, Sag) Or [Sag,Sk.1.], such
that

Omin(A —zI) < 0 < opin(A — yI),

|z — Skt | < |[Skit; — Sket ||
and

1y = Skt |l < [1Skit; — Skete |-
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Figure 5. Building multiple connected components.

Finally the triangle T, is any of the two equilateral triangles having the vertices
z and y. a

The technique used to enclose all the points in 7 is a four steps procedure:
1. Determine z7 € 7 and zg € £ that minimize the distance d(z,y) = ||z — y||-
2. Find triangle T, and compute the orbit O(Ty).
3. T=TUIl;(O(T,)) and € = E Ul (O(Tw))
4.
IT=TI—{z€Z:1Indyom,y(z)#0}
and
E=E&—{z€&:Indyom,)(z) #0}.

Notice that after steps 3 and 4, the vertices of li(O(T)) are appended to T if
O(T,) is reversed whereas the vertices of [.(O(T')) are appended to & when O(T},)
is direct.
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The procedure described earlier is repeated until Z = () or £ = (). In the
later case, we compute new external points that are not enclosed by any of the
computed orbits, append them to £ and restart the procedure.

While Z # ()

If £=10
Find z € 7 with the largest magnitude.
Build the sequence 2z, = z + 2¥72/|z| until s(z;) < o
E={z}.
End If
Find z; € 7 and 2z, € £ that minimize |z, — z;]|.
Compute T,,.
Compute O(T,).
Z=7ZUli(O(Ty)) and €& = EUIL.(O(Ty)).
Delete all enclosed points of Z and £.

End While

Figure 6. Compute multiple connected components.

The procedure, described in Algorithm 6, is guaranteed to terminate; in fact,
let us consider that in a given iteration of the process we compute a triangle T,
of a computed orbit O(T). Since T, is a triangle of a closed orbit not enclosing
27 nor zg, we can state that the polygons [;(O(T)) and [.(O(T)) intersect the
line (2z,Sa3,2¢c) two times at least. Let z,z; and y,y; be two points of the
intersections of (27, Sag, ze) with [;(O(T')) and I.(O(T')) respectively (see Figure

7), and consider the two points

(#,§) = {(x1,y1) when {z,y} N {zr,2e} # 0

(z,y) otherwise.
The vertices  and ¢ satisfy
s(z) <o < s(9) (3)

g = 2zl| <l2e — 2zl (4)
17 = ze|| < l|ze — 2zl (5)
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/\

G —separated

two points of the same type
(Interior of Exterior)

Figure 7. The intersection of O(T') and zz, Sags, 2¢.

{z.g}n(zUE) #0, (6)

which contradicts the fact that zz and zg¢ minimize the distance d(z,y) = ||ly—z||.

Since every point of Z is enclosed within a connected component, and since
the number of connected components is bound by the matrix dimension; therefore
the described procedure is guaranteed to terminate.

In case of close components, the path following algorithm might jump from
one component to another; therefore, it might capture the pattern of multiple
components of the level curve as if they were one. Figures 8, shows different
behaviors of the algorithm for the same level curve o = 0.28 of the matrix defined
in (7). In this case, A is normal; therefore, the level curve is composed of the
5T with radius r = 0.28. In

figure 8-(a), the algorithm jumps from one circle to another whereas, in figure

set of circles centered at the eigenvalues z, = e

8-b, the algorithm keeps track of the two circles; this is mainly due to the relative
orientation of the triangles with respect to the level curve. This is also true for
the cases where the level curve crosses itself; this is shown in Figure 9 where the
path following algorithm computes one of the two connected components (top)
or merges the two components (bottom).
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0.5F

1 15

T,(A) for 0 = 0.28 and 7 = 0.01 for the

normal matrix (7).

046/ \ Acs(f)

I I I I I I I I I I
-0.9 -0.88 -0.86 -0.84 -0.82 -0.8 -0.78 -0.76 -0.74 -0.72

Fig. (a) - The path following algorithm

jumps from one circle to another.

A

(9

-0.04

840

-0.06 -

I I I I I I I I I I
-1.04 -1.02 -1 -0.98 -0.96 -0.94 -0.92 -0.9 -0.88 -0.86

Fig. (b) - The algorithm keeps track of
two distinct circles.

Figure 8. Merging two close components of the computed level curve T, (A) for o = 0.28,7 =
0.01 in the case of the normal matrix (7).
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AA)

T (A) I, (A)

ALA)

AA)

I(A)
I (A)

Al

Figure 9. A crossing point along the level curve.
5. Test problems and numerical results

In this section, we report some numerical results obtained by using a Matlab
prototype implementation® of the procedure previously described to demonstrate
its performance.

Let us first consider the orthogonal matrix

01
n=(0) "

and Ip is the 10 x 10 identity matrix. Matrix A; is normal, therefore, the level
curve for a given o is the union of the circles centered at the eigenvalues with
radius o. Figures 10 and 11 show the level curves for o = 0.28,0.3,0.5,1 and
7 = 0.01,0.1. For the particular case where o = 0.28, adjacent circles are only

% This code is available via anonymous ftp from the site
ftp.irisa.fr/local/aladin/philippe/PAT .
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separated by a distance d ~ 0.0034 < 7; therefore, the path following algorithm

jumps from one component of the level curve to another.

Next, we consider the non normal GRCAR matrix A € R'99X190 given by

Ay

Il
—
oo
~

1
1

: |
0 ......... ... 0-11

This matrix is ill-conditioned with respect to its eigensystem. Figure 12 shows
the level curves for the input presented in the following table :

o T T &
8.730 x 1072 | 0.01 | {2i,—-2i} | {}
4.585 x 107> | 0.01 {1.25} {}
4.7112 x 1072 1 0.01 | {-0.5—2i} | {}
1.494 x 1071 | 0.01 | {=0.75 — 2i} | {}

Since the evaluation of ¢ is more expensive than in the previous tests, we
used a parallel implementation of the code [8]. This example shows that the
proposed algorithm copes easily with directional discontinuities along the level
curve.

Table 2 gathers the statistics concerning the different numerical examples
where Length is the length of the computed level curve, Triangles is the triangle
count and o, is the number of evaluations of op;,. Notice that we used the
bisection in the MatLab prototype to compute the level curve points whereas
ZEROIN is used in the parallel implementation of PAT presented in [8]. The pro-
cedure ZEROIN which is available on Net1ib combines efficiently the bisection, the
secant method and even a quadratic interpolation [3]. However, the tests per-
formed for an acceptable precision equal to 1027 using ZEROIN and the bisection
process proved that both algorithms are equivalent (requiring 7 evaluations of
s(z) per segment). Finally, Figure 13 presents the ratio (Effective Number of
triangles) / (Maximum number of triangles).
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Figure 11. Level curves for ¢(z) = omin(41 — zI) with 7 = 0.1

6. Conclusion

We have shown that the combination of the F'—orbit with a bisection al-
gorithm results in a numerically stable path following strategy for determining
pseudospectra. The construction of the F'—orbit is guaranteed to terminate even

in the presence of round-off errors. The proposed technique is able to handle
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T T
3+ - Eigenvalues |
0=1.494e-01
— . 0=4.712e-03
— - 0=4.585e-05
2k — 0=8.730e-12 | |
1k 4
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1 4
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Figure 12. Level curves for ¢(z) = omin(A2 — zI) with 7 = 0.01

0.9 q

0.7 q

0.6 7

05 7

0.4~ 1

0.3 4

02 q

0.1r 7

Figure 13. Matrix A» : Ratio (Triangle Count)/rl—?/%.

singular points along the level curve without difficulty.

The fact that the computation of the F—orbit is separated from the bisec-
tion process means that one can parallelize the bisection on a cluster of machines
[8]. This is important, given the high cost of computing oy, since the bisec-
tion process on different triangles are completely independent and can be run in
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l

‘ o ‘ Length ‘ Triangles ‘ L ‘ 101

s | owe |

| ¢(2) = omin(A — 2I), A is normal |

0.280 16.434 356 165 953 2850
0.300 9.308 200 94 543 1602
0.500 9.669 216 97 561 1730
1.000 12.552 280 126 728 2242
0.280 18.492 4068 1850 | 10681 | 32546
0.300 9.845 2164 985 5687 | 17314
0.500 9.719 2144 972 5612 | 17154
1.000 12.565 2768 1257 | 7258 | 22146

¢(2) = omin(A — 2I), GRCAR problem

8.730 x 1072 | 7.602 1675 761 | 4394 | 13402
4.585 x 107 | 16.858 3716 1686 | 9735 | 29730
4712 x 1072 | 17.813 3932 1782 | 10288 | 31458
1.494 x 10~ | 19.168 4220 1917 | 11068 | 33762

Table 2
Level curve length and the corresponding triangle count

parallel. This may yield a substantial speed up of the path following. In [8],
successful tests with a matrix of order 8192 are reported.
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