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Abstract: This work is dewoted to the numerical reliabilit y and time requiremerts
of the Mixed Finite Element (MFE) and Mixed-Hybrid Finite Elemert (MHFE)

methods. The behavior of these methods is investigated under the in uence of two
factors: the meshdiscretization and the medium heterogeneiy. We show that, unlike
the MFE, the MHFE "su ers" with the presenceof atted triangular elemers. A
numerical reliabilit y analyzing software (Aquarels) is usedto detect the instabilit y
of the matrix-in version code generated by MAPLE which is used in the MHFE

code. We also shawv that the spectral condition number of the algebraic systems
furnished by both methods in heterogeneouamedia grows up linearly according to
the smoothness of the hydraulic conductivity. Furthermore, it is found that the
MHFE could accunulate numerical errors if the conductivity varies abruptly in
space. Finally, we compare running-times for both algorithms by giving various
numerical experimerts.
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Fiabilit e numerique et temps CPU requis par les
metho des mixtes appliqu ees aux probl emes
d'ecoulement en milieux poreux

Resume : Ce travail porte sur la abilit e numerique et le temps d'execution
des methodes des Elemerts Finis Mixtes (EFM) et desElemerts Finis Mixtes Hy-
brides (EFMH). Le comportement de ces methodes est etudie sousl'in uence de
deux facteurs: la discretisation spatiale et I'h eterogeneite du milieu. Nous prou-
vons que, contrairement a la methode deseFM, la methode deseFMH "sou re" en
presenced'elemerts triangulaires tr esaplatis. Un atelier pour la abilit e numerique
(Aquarels) est employe pour detecter l'instabilit e du code d'inversion de matrice
genere par MAPLE qui est utilise dans le code EFMH. Nous prouvons egalemem
gue le conditionnemen dessystemesalgebriquesfournis par lesdeux methodesdans
des milieux heterogenescroit lineairemern selonle contraste des conductivit es hy-
drauliques. En outre, nousobsenonsque la methode deseEFMH peut accunuler des
erreurs numeriquesinacceptablessi la conductivit e varie brutalement en espace.En-
n, nouscomparonsle temps d'execution desdeux algorithmes en e ectuant diverses
experiencesnumeriques.

Mots-cl es :  problemeselliptiques/parab oliques, ecoulemen en milieu poreux,
elemerts nis mixtes et mixtes hybrides, stabilit e fonctionnelle, programmation sym-
bolique.



Mixed and Mixed-Hybrid methals 3

1 Intro duction

Various transient problems in the scienceand engineering elds, sud asthe heat
transfer, electromagneticcurrent, ow of uids and transport of solute in porous me-
dia [1] etc., are governed by coupled systemsof time-dependert partial di eren tial

equations. Due to the powerlessnes®f classicalmethods like the nite elemer or
nite di erence methods in manipulating these systemswhere usually the primary

variable and its derivative are neededto be approximated, the mixed and mixed-
hybrid nite elemernt methods are dewveloped to handle such problems. The main
favorable property of thesemethods is that both together the primary unknown and
its gradient are approximated simultaneously with the sameorder of convergence.
Besides,they ful ll the physics of the problem, i.e. consene masslocally and pre-
sene the cortinuity of uxes (see,e.qg.,[4, 5]).

The foremost motivation of this work is to give a scrupulousexamination of the
numerical reliabilit y and time-consuming of the MFE and MHFE methods applied
to elliptic/parab olic problems. The Darcy's law and the massconsenation equation
describing a single phase uid ow in porous media will be studied. In the case
of transient o w, the parabolic governing equationsfor the unknown pressurehead
scalar function p and Darcy's velocity vector function u are given by

@(x; 1)

s(x) +roupGt)=f(gt) i ©;T;
ux;t) = K (x)r p(x;t) in ©;T];
p(x; 0) = p°(x) in - 1)

;D= PO on  © (0T
ux;t): = g¥(x;t) on N (O;T]

In the caseof steady o w, the stationary problem of (1) is reducedto the following
secondorder elliptic equations

ru(x) =f(x) in ;

ux) = K (x)r p(x) in ;
p(x) = p°(x) on P;

ux): =gV¥(x) on N

(@)

where is a bounded domain in R (d = 1;:::;3) with boundary @ = P[ N;
K = K(x) is the so-calledhydraulic conductivity (permeability), it is assumedto be
a diagonal tensor with componerts in Lt (); indicates the outward unit normal
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4 Hoteit et al.

vector along @, f 2 L?() represets the sink/source function; s is the storage
coe cien t; pP and gV are respectively the Dirichlet and Neumann boundary condi-
tions.

It is well known that the MFE formulation, in approximating the stationary
problem (2), leadsto a saddle point problem (see, e.g., [3, 4, 6, 9]). Therefore,
an inde nite algebraiclinear systemis obtained and consequetly cannot be solved
by direct usageof robust algorithms like Cholesky or Conjugate Gradient methods.
The hybridization idea is exertedto overcomethis problem, herety new degreesof
freedomare appended. The bene t of this approad is that it leadsto solve an equiv-
alent linear systemwhich is symmetric and positive de nite. It wasshown in [6, 10]
that by using the lumped-masstechnique the mixed formulation with rectangular
elemerns boils down to the classical cell-certered nite di erences. Nevertheless,
in this work, we study the mixed formulations by using analytic integrations and
without any restrictions on the discretized elemerns. It is found that, unlike the
circumstancesin the caseof elliptic problems, the MFE method leadsto solve a
symmetric, positive de nite linear systemin approximating pure transient parabolic
problems. Furthermore, we show that the MFE method is numerically more ac-
curate than the MHFE in approximating the uxes, chiey with the presenceof
at mesh elemerts or large variations in the medium heterogeneiy. By discretiz-
ing the domain into triangular elemerts, the mixed-hybrid formulation necessitates
inverting a 3 3{dimensional matrix for eat elemer. It is found that at trian-
gles could blow up the conditioning of the corresponding matrices, so one should
be cautious in the way whereby these matrices are inverted. Incipiently, by using
a matrix-in version subroutine automatically generatedby Maple led sometimesto
non-consisten results that are mostly obtained on relatively at elemens. The
matrix-in version function of Maple is basedon Cramer's rule which is well known to
be numerically unstable [8]. Accordingly, the instability of the Maple's subroutine
is shavn by using a numerical stability detecting software, Aquarels [18, 19]. Com-
parisons with another matrix-in version code basedon LD L {factorization method
show that this code is stable, besidesit is more e cien t than the former. On the
other hand, the surpassingproperty of the MFE method is that the inversionof such
matrices is avoidable.

Generally, rough physical parametersin heterogeneousnedia could causeshort-

comingsin the approximated solutions. The weak spot of classicalmethods is that
the velocity unknown u is approximated by numerical di erentiation of the primary

INRIA



Mixed and Mixed-Hybrid methals 5

unknown and then multiplication by an often rough tensor of conductivity. In the
works presened in [11, 13], numerousnumerical experimerts attest that the MHFE
method is numerically more reliable than the conforming nite elemen method.
However, in this work we inspect the behavior of the algebraic systemsand the re-
sulting solutions ful lled by both mixed methods. We prove that the conditioning
of the resulting algebraic linear systems grows up linearly according to the ratio
betweenthe highest and lowest values of the hydraulic conductivity of adjacert el-
emerns in heterogeneousmedia. Furthermore, we have detected that the MHFE
algorithm could accurrulate numerical errors if large jumps in the tensor of con-
ductivit y take place. In accordancewith the work presened in [6], it is found that
the condition number of the linear systeminduced by the MFE method is critically
a ected by the valuesof the storagecoe cient s.

This paper is organized as follows. In the next section, after reviewing the
approximation spacesand the variational formulations of the equations (1), (2), we
presen the elemenary equationsand the nal algebraic systemsderived from both
mixed methods. The aim in section 3 is to study the e ect of the mesh geometry
on the approximated solutions. Thereat, the numerical reliability of two matrix-
inversion subroutinesis analyzedby using Aquarels. The properties of the algebraic
systemsinduced by both methods in simulating ow in heterogeneousmedia are
investigatedin section4. Finally, beforeending with a conclusion,we give in section
5 some numerical experiments comparing running-times of the MHFE and MFE
algorithms.

2 Mixed and Mixed-Hybrid Finite Element Discretiza-
tions

The essetial idea of the mixed methods is to approximate individually the Darcy's
law and ow equation and we get additionally the Darcy velocity u as an unknown
function. Thus, the variation formulations of the given PDEs systemsare chosenin
a way to have the pressureand its gradiernt in the basic formulation.

Intro ducing the Hilb ert spaces

H (div; )
Hgn (div; )

fo2(L%) %jr: 2L%() g
f 2H(div;) j : =gon Ng

the mixed formulation of (1) can be stated as:

RR n 4228



6 Hoteit et al.

Find (u;p) 2 Hpv y(div; ) L2(), sud that

8 Z z z
3 (Kzlu): dx + s p° : d = Zpr: dx 8 2 Hon(div;) ;

3
3 s%'dx+ rou'dxk = f'dx 8' 2Ly() : )

In order to state a nite elemen formulation of problem (3) it is necessaryto de-
ne nite dimensional subspacesof H(div; ) and L»(). Thesespacesare, in the

simplest case,the Raviart-Thomas spacesof lowest order RT? and multiplier spaces
M 0.

We shall restrict our discussionto the caseof two-dimensionaltriangular discretiza-
tion. The other spatial discretizations follow in a similar manner. Throughout this

paper, we denoteby T. the setof triangular partitioned elemens of whereh refers
to the maximal meshspacing(h = Pr(nzz%x diam(K)). Let E, be the collection of edges

h

of the grid not belongingto P. By Ng and Nt we denote the cardinals of E and
T, respectively.
De ne the Raviart-Thomas spaces

RTYK) = fs2 (Pi(K))?2js= (a+ bxi;c+ bxy); a;b;c2 Rg;
RTO(T) = f 2L%) j =k 2RTYK) 8K 2 T,g;
RToN(T) = RTYT)\ Hgn(div; ) ;

where P4(K) is the spaceof polynomials of total degreed de ned on K.
Further, the multiplier spaceM °(T.) is de ned as

MO(T)=1f" 2L%) j'=k 2Po(K);K 2T g

The lowest order Raviart-Thomas mixed discretization of problem (3) reads as fol-
lows:

Find (u,;p,) 2 RTS . (T.) M O(T), such that

gV N
8 Z z z
N “u,): hdx+Z@pD hd = pri,dx 8, 2RTE(T);
3 s@' dx+ r:u ', dx = f' dx 8", 2MOT):

@ h
4)

INRIA



Mixed and Mixed-Hybrid methals 7

On the other hand, in the MHFE formulation, u, is sough in the enlarged Raviart-
Thomas spaceRTO(Th). The continuity of the normal ux acrossthe interelemert
boundariesis enforcedby Lagrange multipliers on the spaceof constart functions
N O(EJ over the edges.De ne the multiplier spaces

N (&)
Ngo ()

Then the mixed hybrid discretization readsas:

f 2L%(E)j = 2 Po(E) 8E 2 Eg;
f 2N%E)j =gon Pg

Find (u,;p.;tp,) 2 RTYT) MYT) N& . (E) suc that

p° ;D
82 N 5 Z
(K "u,): , dx+ tp, : ,d = p,r:,dx 8 , 2RTYT);
7 7 KT, & 7 kor, K
@ 1 . L} — L} ' -
s—nt o dx+  rou ', dx= f', dx 8',2MOT);
% X g z
u:, ,d= Qv d 8 , 2N (E):
Kot & @

(5)

2.1 Local basis functions

The Raviart-Thomas basisfunctions of the 3-dimensionalspaceRT°(K ) are de ned

as L

X1 Xy :

W e = = =103 6

“Ei 2K X2 Xpi ()

where jKj is the measureof the triangular element K and the (xij;X52i)'s are its
vertices (seeFig. 1). X

Therefore,forevery , 2 RT%(K), K 2 T, it canbewritten as , = Gee Wi -

E &
Furthermore, the following properties are satis ed.

I Lok is constart over K .

. ce- « & =0 isconstat oneah E  @K.

E
Hence,u, is uniquely determined by the normal uxes q, . acrossthe edgesof K,
where denotesthe outer normal vector on E with respectto K.

K E

RR n 4228



8 Hoteit et al.

O Values of the Pressure

® Values of the Pressure and its Gradient
W's are the Raviart-Thomas basis functions
n; is the unitary normal vector on E

g is the flux through E

%0y 2

Figure 1: Nodal points and basisfunctions on triangular elemers.

2.2 Mixed-Hybrid Finite Element form ulation

The nite dimensional spaceRT9(T.) is spannedby linearly independert vectorial
basis functions w, ., E @, K 2 T, sud that w, .. hasits support in K
(supp(w, ) K) and
z
Wee:, d = ggoy E;E? @&:
EO

Thesefunctions canbe chosenthe local basesfunctions givenin (6). Thus, afunction
u, 2 RTO(Th) has three degreesof freedom per elemen which are the uxes across
the element's edges

X X

u, (x) = Gee Wee (X); X2
K2T, E @

The two spacesM %(T.) and N °(E) are spannedrespectively by the linearly inde-
penden scalar basisfunctions' , , K 2 (T.), and _, E 2 (E), sud that

() = kko x2KS% KKO2T;
e (X) eeo, x 2 E% E;E®2E:

INRIA



Mixed and Mixed-Hybrid methals 9

Thus, a function p, 2 M %(T) (resp. tp, 2 N°(E)) has one degreeof freedom of
constart value per elemert K 2 T, (resp. E 2 E ), suc that

X

p,(X) = Peo’ wolX) = Pe; X 2K;
K2T,

tp, (X) = tP.o colX) = tpe; X 2 E:
EQE,

Now, we individually investigate the underlying equationsin (5), which can be
integrated over the elemen level.

2.2.1 Discretization of Darcy's law

By taking astest functions  successiely the basisfunctions w, . , the discretized
equation of Darcy's law (the rst equation in 5) becomes
z x Z z
1 ~
(K, U ) dx+ Pee i ed = prodx (7)
K E & E K

where K, is a piecewiseapproximation of the conductivity tensor over K, and

Py o if E=K\K?

T E2 D K:K%2T:
pP if E2 P 5 | "

tpE = tpK;E =

By integrating (7) and by making useof the Raviart-Thomas spacebasisproperties,
the following equationscomeinto view
X

(BidegoGeo= P Wyes E @&;K2T,.: (8)
E0 &
They can be written in the matrix form
BKQszKe TPK; K2Th; (9)
where

Q« and Tp are 3{ dimensional vectors containing respectively the uxes ¢, . and
the traces of the pressuretp, . oneahh E @

e refersto the elemenary divergencevector. It is of dimension3 and unitary ertries;

RR n 4228



10 Hoteit et al.

B, isa3 3 symmetric positive de nite matrix whoseelemers are

Z
1
(BK)E;EO: K W:;E KK W dx: (10)

KEDO '

It should be noted that theseintegrations are all evaluated exactly.

The last equation in (5) is equivalent to
Z z

d+ Ul d =0 if E=K\KS

R

where o = ) gV d.
Hence, the normal componerts of u, are cortinuous acrossthe interelemert bound-
aries, i.e. (

q, o, if E=K\KS
q if E2 N:
By inverting the matrix B, and using (11), it is possibleto eliminate the unknown
ux (in the runs we shall investigate in details the way wherely these matrices are
inverted). As aresult, the reducedalgebraicsystem,acquiredby discretizing Darcy's
law with unknowns the pressurehead givenin P and its tracesin Tp, becomes

q( E = (11)

RP MT+V=0 (12)
where

R' is the transpose matrix of R which is a sparsematrix of dimension Ng Nt
with nonzeroelemens given by

(Rlve = «e = (B, )E;Eo; E &,
EO @

M isaNg Ng sparsematrix with nonzeroertries de ned as

X 1
(M )E;EO = (BK )E;E O;
@ EE°

V is a Ng{dimensional vector corresponding to the Diric hlet and Neumann bound-
ary conditions.

INRIA



Mixed and Mixed-Hybrid methals 11

2.2.2 Discretization of the mass conserv ation equation

By integrating the massconsenation equation (the secondequation in (5)) where
the test functions  are successiely replacedby the basisfunctions of M °, we get
X
s KiPes T oq=f, K2 (13)
@ E K

wheres, andf, arerespectively the approximations of the storage coe cien t and
the sink/source term over K.

Therefrom, by using (9) to replacethe sum of uxes in (13), we obtain an ordinary
di erential systemwhich is given in its matrix form

SC;—T+DP RTo = F: (14)

where
S isaNt Ny diagonal matrix with ertries (S), , = s, jK];

D isalsoa Nt Nt diagonal matrix whosecoe cien ts are
X
(D)K;K = K = K E ’
E &

F is a vector of dimension N1, it correspondsto the source/sink function as well
asto the imposedpressuregiven by the Dirichlet boundary conditions.

2.2.3 The deriv ed algebraic systems

The spatial discretization of the governing equations obtained by applying the
mixed-hybrid formulation led to two systems. The rst one, given in (12), is an
algebraic system of unknowns P and Tp and the secondis an ordinary system of
rst order dierential equationsin time (14). They can be written in the matrix
form ! ! ! !

S 0 & D R P_ F . (15)

+
00 RT M T Vv

Due to the fact that using exacttime integrations in solving (15) is computationally
very consuming[14], a temporal discretization of the di erential operator is required.
Using for the sake of simplicity the rst-order badkward Euler (implicit) sceme,

RR n 4228



12 Hoteit et al.

denoting by t the sampling time-step and using the superscript n to refer to the

nth time level, we obtain the following systemfor eadh n > 0
! ! !

n 1 n

(L+ tJ) P =L P + 0t d ; (16)
T T VAR
s o .,_ D R
wherelL = 0 0 ;J o= RT M

2.2.4 Prop erties of the algebraic systems

Here, we presert some properties of the algebraic systemsinduced by the MHFE
formulation.

Lemma 2.1 For any triangular elementK, the elementary matrix B, hase =
(111)"T asan eigenvetor with 3= , the corresmnding eigenvalue. Moreover,

KE — ;E°:1:3 K1 8E;EO @<:

K

Pro of:
Let K be any element in T, (seeFig.1) with vertices (X1;;X2i) and edgesE;,

Let ¢ = (B« )E;Eo; 8E:EY2 &X. By using the shape functions given
EO0 @&
in (6), we have
3 Z
KE, - W-KrEi KK W, e dx
4 K
z ] %
- WK;EI KK WK E\dX
K . .
_3 1
= K] « (X1 X1 X2 Xzi)KK (X1 X1 X2 XZ)T dx fori=1::::3

Then 8i;) 2 11,2;3g;i 6 j, we nally obtain
Z

(X X1 Xgj X2i)KKl(X1 X1 X2 X2)' dx

KSEj K;Ej ZJKJ
. « z z
1
= - (Xy  Xu Xy Xa)K, (X1 x1)dx (X2 xz)dx
2K j K K
= O

INRIA
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R
One can easily verify that | (x1
Thus, e is an eigervector of B, and consequetly it is also an eigervector of

1
B, .

R
x1)dx = (x2

X2)dx = 0.

Lemma 2.2 The matrix M is symmetric, positive de nite.

Pro of:

For any nonzeroy 2 RNE, we have

y'My

X

yE ME:EOyEO

EEE®
% B

Yk e (BKl)E;EoyK;EO

K2T, @& EE®
X

yT (B )V

K 2T,

wherey, = (Yoe)e o 2 R
From lemma (2.1), B, "is positive de nite and sois M.

h

Prop osition 2.1 With the presene of Dirichlet boundary conditions, the matrix

is positive de nite, otherwiseit is semide nite.

Pro of:

For any nonzerovector (x y) 2 RNT

(xTy")J

D is a diagonal matrix, then

RR n 4228

x"Dx =

X

K 2T,

h

= x"Dx

X

K

RNe. we have

2x"Ry+ Yy My:

wherex = (X, )Ny :
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Lete= (111)7 andy = (¥e)ne = (Y2 Inr With ¥, = (Yee)e & 2 R, then
we get

X X
X R

h

X Ry

K;EyE
K 2T, EE
X X

= X
K2T E @&
X

h

K KE yK;E

K Al .
xK?e P

Wesetz, =y, « ewith | = Yy £ » then
E &

<
_|
<
<
I

1
y, (B, )Yy
K 2T, _
X ' h ) i
= +2 (B, )z,

KK
K 2T,

By simple calculations, we get
T,,T X x h 2 T 1 i
(x'y')J y = « (Xg )tz (B )z a7

K 2T,

Thus, (17) is strictly positive whenewerz, 6 Oor x, 6 , for someK 2 T .
Therefore, J is positive semide nite.

Now, suppose that D 6 : sothere exists a boundary elemert K° 2 T,
and E° @, suchthat E° 2 P. We will prove that J becomesde nite
positive.

By taking z, = Oandx, = ,; 8K 2 T,K 6 KP, (17) is reducedto

X 1
(XT yT)J y = xiD <D 2xKD K30 eTyKD + y:D (BKD)yKD:
We have
_ X, if E6EP;
Yeo e 0 otherwise;

INRIA
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since the row and the column corresponding to the imposededge (EP) are
eliminated from J . Thus, one can easily verify that

1 1
y:—D (BKD)yKD = XED ED + (BKD)ED;ED

Finally, we get

1

T T - 42 2 D 2 D
(x"y)Jd = X, oo AX5, 'é X, g +(BKD)ED;ED
1
= XED (BKD )ED;ED >0

Hence,J is positive de nite.

Corollary 2.1 The matrix
|

S+ tD tR

L+ tJ)=
( ) tRT tM

is positive de nite.

Pro of:
Let z= (x y)T be a nonzerovector in RNT  RNe, The two matrices S and
J are positive de nite and semide nite matrices, respectively. Thus, we get

zZT(L+ tJ)z=x"Sx+ tz'Jz>0;

sinceby taking x = 0, the quartity z"J z is strictly positive (seethe proof of
(2.2).

Sincethe matrix G = (S+ tD) is diagonal, it can be easily inverted. Hence,
by eliminating P" from (16), the following Schur complemer systemis obtained
8
<M tR'GRT =R G (SP" '+ tF")+Vv": 8)

1

GP"=SP" "+ tRTp + tF':

RR n 4228



16 Hoteit et al.

Prop osition 2.2 The Schur complementmatrix (M tR' G 1R) is positive def-
inite.

Pro of:
lety 2 RNE be a nonzerovector, then

yTMy  ty"R' G 'Ry
STy 1) ) >0

yT(M  tR'G 'R)y

wherex is chosento be tG 1Ry.
Therefore, our proposition holds by applying corollary (2.1).

As aresult, the MHFE formulation leadsto compute, at every time step, rst Tp
by solving a linear systemwith symmetric, positive de nite coe cien t matrix, then
P by solving a diagonal linear system. As a matter of fact, experimertal inspections
shaved the adaptability and the robustnessof the preconditioned conjugate gradiert
method in solving sud systems[11].

The principal stepsof the MHFE algorithm can be illustrated as follows.

Algorithm 1 Principal stepsof the MHFE algorithm.

1{ Initialize geometry and physial parameters of the problem.
2{ Create the Schur complement matrix.
3{ Iterations on the time{steps.
4{ Find Tp by solvingthe rst systemin (18).
5{ Find P by solving the second systemin (18).
6{ Loop on the numker of cells.
7{ Evaluate and invert B .
8{ Calculate the ux Qg by solving (9).
9{ Write the outputs P and Q.

It should be noted that at ead time step we have to invert Bk (as appears in
Algo. 1) which could be very time-consuming. On the other hand, if one storesthe
matrices BKl for eadh elemen K, this will relatively exhaustthe memory capacities.

INRIA
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2.2.5 Discretization of the time indep endent problem

In the approximation of the time independert problem (2), the derived algebraic
system (15) is reducedto ! !
P F
J = : (19)
T V
By inverting D, the Schur complemen systembecomes
(M RD'RTp=R D F+V;
DP =R Tp + F:

(20)

Onceagain, by using proposition (2.1), onecan easily show the positive de nitiv eness
of the Schur complemert matrix (M R’ D 'R). Furthermore, it is found that this
systemis e cien tly solved by the preconditioned conjugate gradient method [11, 15].

2.3 Mixed Finite Element form ulation

The last equationin (5) ensuresthe cortinuity of the normal componerts of u, across
the interelemert boundaries, i.e. u, 2 RTISD N (T.). Therefore, if (u,;p,;tp,) 2
RTYT) MOT) NSD » (E) is the solution of (5) then (u, ; p,) is alsothe solution
of (4) (see,e.qg.,[3]). Thus, the two methods are in fact two di erent formulations of
the samenumerical approximation. Hence,the MFE solution (u, ; p,) can be simply
deducedfrom that of the MHFE by eliminating the pressuretracestp, and taking
as main unknowns the pressureand the uxes acrossthe meshedges.

In order to ful ll the pressureand ux continuity constraints, we intro duce a scalar

sign indicator similar to that usedin [3, 6],

K E

_ K- KE if E @;

e =0 it E6 @; (21)
where _ is an arbitrary chosenunitary normal vector on E, and . is the outer
unitary normal vector on E with respectto K.

This de nition serwesto guarartee opposite signvaluesfor , . and  ,_,i.e. ¢ =
coe = L 8E =K\ K % Thus, cortinuities of pressureand ux are satis ed by
imposing for every E = K \ K °the following

G = K:Eq<;E - Ko;Eqr(o;E; (22)
cetPre v copthooe = O (23)
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By multiplying the algebraic equations (8) by , . , we get
X
K E tpK:E = K E pK (BK)E;EOOEO E @v (24)
E0 @&

where (BK)E;Eoz K E (BK)E;EO e 0 and q., = e 0% g0 -
Therefrom, it is possibleto eliminate the unknowns tp, .. by plugging (24) into
(23). By taking into accourt the boundary conditions, the algebraic system with
unknowns the pressurevector P and the ux vector Q can be written in the matrix
form

RRP MQ V=0 (25)

where

R’ and M are two matrices whosestructures are similar to those de ned in (12).
8E;E®2 E; K 2 T, their ertries are given by
X
(R)K;E = ke (M)E;EOZ (BK)E;EO;
@ EEO©

V is a vector corresponding to the Dirichlet and Neumann boundary conditions.

For the discretized massconsenation equation (13), it can be written in the matrix

form asfollows 4P
S—+RQ=F; (26)

dt
where S is the same matrix as that de ned in (14), and F corresponds to the
source/sink function aswell asto the imposed uxes givenby the Neumannboundary

conditions.

2.3.1 Prop erties of the algebraic systems obtained from the MFEM

The two systems(26) and (25) can be globally written in the matrix form
! ! !

& P P
L & J = , (27)
@ Q v
0 R
where J~ = RT M

In a similar processasin the MHFE, we usebadkward Euler schemefor the temporal

INRIA



Mixed and Mixed-Hybrid methals 19

discretization of (27) to get
! ! !
P p" F
L tJ . =L L+t . (28)
Q Q v

It should be noted that the choice of a numerical solver of the above systemis re-

strained by the fact that its coe cien t matrix (L tJ") is symmetric but inde nite.

Sincethe diagonal matrix S is invertible, it is easyto separatethe unknowns P and
Q by constructing the Schur complemen system, i.e.

(

(M+ tR'S'RIQ"=R'(P" 1+ tS "FM"+vn;

(29)
SP"=spP" ! tRQ"+ tF™

Lemma 2.3 The matrix B, is positive de nite.

Pro of:
Let x 2 R® be a nonzerovector, then
T _ X T .
X'B, x= Xe ke (Bidego wegoXeo= %X By x> 0;
EE0 @&

wherex = (X; ,e)e & -
Further, one can easily shov that e, = () & IS an eigervector of B,
and iK is the corresponding eigernvalue.

Lemma 2.4 The matrix M is positive de nite.

Pro of:
Similar to lemma (2.2).

Prop osition 2.3 The Schur complementmatrix (M + tR'S 1F(') is positive def-
inite.

Pro of:
Since M is positive de nite and t(RT S 1F?) is semide nite then the Schur
complemert matrix is positive de nite.
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As aresult, the problem is reducedto solve at ead time step two linear systems
of similar properties to those derived by the MHFE formulation.
The principal stepsof the MFE algorithm are illustrated in (Algo. 2).

Algorithm 2 Principal stepsof the MFE algorithm.
1{ Initialize geometry and physial parameters of the problem.
2{ Create the Schur complement matrix.

3{ Iterations on the time-steps.

4{ Find Q by solvingthe rst systemin (29).

5{ Find P by solving the second systemin (29).

6{ Write the outputs P and Q.

As a matter of fact, to avoid inverting the elemenary matrix B, is an important
advantage of the MFE over the MHFE from a computational point of view.

2.3.2 Discretization of the time indep endent problem

In a similar manner, the algebraic system of the time independert problem (2)
derived from the MFE approximation is given by
! !
P F
0T R _ (30)
R v Q v
This linear systemis relatively large comparedto (19), furthermore its resolution is
restricted by the fact that the coe cien t matrix is symmetric but inde nite.

3 Eects of the mesh geometry on the mixed and mixed-
hybrid appro ximated solutions

The gradual ewlution of symbolic programming languageshas enriched not only the
technical computing but alsothe numerical computations in solving various problems
in applied sciences.However, many hindrancesare still restricting this programming
technique. Commonly, symbolic computation programs are regarded as fairly lim-
ited in solving PDEs where analytical solutions may not exist and therefore may
not be implemented in the symbolic computation padkages. Furthermore, numerical
computations in symbolic languages(being interpreted languages)are limited in use
for large scale problems, besidesby comparing with compiled languages,symbolic
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computing usually involves high computational overhead. Subsequetly, one of the
used approachesto get bene ts of technical languagesis to translate the symbolic
code into a more e cien t computational environment and this can also be done au-
tomatically. Thus, the outtted translated routine can be thrown in the compiled
language(e.g. C or Fortran) and even can be treated as a black-box. Although the
theoretical results of the algorithm are correct, one cannot guarantee the accuracyof
the numerical results sincethe algorithm may fail to presene its numerical stabilit y.

This section is dewoted to inspect the numerical reliabilit y of two matrix-in version
subroutinesusedto compute and invert the elemenary matrices B, de ned in (10).
The rst one, which was originally utilized in our Fortran 77 MHFE program, was
generatedautomatically by using mainly the two Maple functions inverse and for-

tran. The matrix-in versionfunction of Maple is basedon Cramer's rule which is well

known to be unstable (see[8]). Accordingly, we have detected many numerical ex-
ampleswhere non-consistet results obtained by the MHFE code are mainly caused
by this subroutine. On the other hand, our reconstructed subroutine is basedon the
LD L T {factorization method.

Being B, a symmetric matrix, it can be decompsedinto the form B, = LD L'

where L is a lower triangular matrix with unitary diagonal and D is a diagonal
matrix. Consequetly, the inverted matrix B, 1 can be easily computed by solving
respectively lower, diagonal and upper linear systemsof the form

1_ T 1 1y.
B,'=( "D L Y

In this case,the positive de niteness of B, ensuresthe numerical stability of this
method (see,e.g., [7]). Nevertheless,the total number of arithmetic operations is
reduced by this method to about 110 after it was about 230 arithmetic operations
in the former method. Accordingly, it is found that the LD L-subroutine is at least
two times faster than Cramer-subroutine.

Despite the fact that the corvergenceof the MFE/MHFE method doesnot neces-
sitate the Delaunay triangulation conditions [15], we give somenumerical examples
shawing that the MHFE method su ers with the presenceof badly shapeddiscretized
elemerts. In cortrast, the MFE method doesnot facethis numerical di cult .

In the numerical exampledepicted in Fig.2, the domain is discretizedinto a nonuni-
form mesh of triangular elemens. Throughout the incoming tests the domain is
taken to be homogeneouswith unit conductivity tensor and storage coe cien t and
without sink/source terms, the boundary conditions are time-independert constart
functions (seeFig.2), and the simulation sampling time interval is ]0; 3]. Thesenu-
merical tests intend to study the consequence# the caseof bad meshquality, i.e.
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=1 G'=0

of . F=1

L L
0 05 1 15

Figure 2: Nonuniform meshwith two at triangular elemers,
with T=3, t=1s=1K=1, ,;f=0.

meshescontaining badly shaped elemers which are often obtained by automatic
or adaptive re nements. According to the de nition givenin [17], the quality of a
triangular elemen K is evaluated by

QK) = = (31)
he

where h, is the element diameter (the length of its longest edge), , is the in-
radius ﬁrld is a scaling factor suc that the quality of an equilateral triangle is 1
(=2 3).
Thus, a triangle quality variesin the interval ]0; 1], at worst closeto 0, at best equal
to 1. The meshquality is measuredby the qualities of its worst elemeris and their
geometricaldistribution. The two shadedtriangles appearingin Fig.2 are arti cially
constructed sothat we canincreasetheir atness by decreasingtheir common edge.

In Fig.3, we compare the computed results obtained by the MHFE code where the
two matrix-in version subroutines are used, the rst (Fig.3a) is the one generated
automatically by the symbolic language and the second (Fig.3b) is basedon the
LD L{factorization method. For a mesh quality about 0:2, the velocity ow and
pressurecontour obtained by both methods are apparertly undi erentiated. How-
ewver, by lesseningthe meshquality to 10 ° in Fig.4, we can clearly notice that,
unlikethe LD L{method (Fig.4b), the other code (Fig.4a) brings on senselesgesults.
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(a) Cramer - Method, Mesh quality » 0.2
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(b) LDL - Method, Mesh quality » 0.2

Figure 3: MHFE numerical results obtained by using Cramer and LD L{subroutines.

The causeof this shortcoming is the instabilit y of Cramer-method where mistaken
results can be obtained especially when inverting ill-conditioned matrices.
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(a) Cramer - Method, Mesh quality » 10°
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(b) LDL - Method, Mesh qudity » 10

Figure 4: MHFE numerical results obtained by using Cramer and LD L {subroutines.
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3.1 Numerical stabilit y of Cramer and LD LT matrix-in version sub-
routines

This section is dewvoted to ched out the stability of the two subroutines by using
Aquarels which is a software toolbox usedto evaluate the reliability of numerical
algorithms [18, 19]. One of the tools available in Aquarels depends on functional

stability analysissothat the instabilit y of a given program is automatically detected
by using perturbation techniques. In this case,the code is treated as a black-box,
somedirectivesare addedto declarethe input parametersto be perturbed and the
output variablesto be analyzed. This approadc has the practical advantage of be-
ing easyto use and exible to test general numerical algorithms. The amplitude
of perturbations is speci ed by indicating the number and the position of bits in
the variable mantissa to be changed. Thus, by executing the code sewral times
accordingto a speci ed number of samples,the code stability can be estimated by
examining the problem conditioning aswell asthe forward errors. These perturb ed
samplesof the code are automatically generatedand analyzed by Aquarels.

In order to estiew from any numerical intervertions, the two subroutines are inves-
tigated individually and independerily of their main code. The stability analysis
of Aquarels is basedon perturbing the inputs which are the three vertices of a tri-

angle and analyzing the output which is the inverted matrix. The graphical results
depicted in Fig.5 are automatically generatedby Aquarels and the numerical errors
are tabulated in table 1. The number of perturbation samplesis chosento be 16. In
practice, a numerical algorithm is expectedto be stable for a given problem if linear
interpolated line is obtained, i.e. slope (Regularite) is closeto one (seeFig.5). In
test 1, almost an equilateral triangle is taken (triangle quality  0:9). In this case,
both routines are stable and even they sound equivalent (Regularite 1). On the
other hand, the instabilit y of Cramer-subroutine is clearly detectedby increasingthe
atness of triangles in tests 2 and 3, beyond the other subroutine is always stable.

Table 1: Absolute and relative errors of the two methods measuredby using k:k; .

Absolute Error Relative Error
Cramer{Method LD L{Method Cramer{Method LD L{Method
Test 1 17 10 4:4 10 16 59 10 16 1.5 10 16
Test 2 1.6 108 47 10 % 11 10 % 33 10 10
Test3 35 1077 2.7 10 92 1.6 10 % 1.2 10 10
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In table 1, the absolute and relative errors of the three numerical experiments are
estimated by comparing the subroutines' solutions with the solutions computed for-
mally with very high-precision arithmetic. In is clear that the numerical errors
causedby the instabilit y of Cramer's rule could indeeda ict the output of the main
algorithm.

Despite the fact that the subroutine basedon the LD L{method is stable, unfor-
tunately, big direct errors may also be obtained sinceill-conditioned problems could
build on the error and consequetly no numerical algorithm with xed precision
oating point computation is able to guarartee very accurate results. In Fig.6a,
the MHFE code leadsto inconsistert results with the use of LD L{subroutine. In
this example, the triangle quality is about 10  and the condition number of the
matrix to invert is about 10'® which is nearby the limits of the macdhine precision.
Nevertheless, the aim of presering this example is to showv that even with such
elemerts of very bad quality which aict the MHFE algorithm, this doesnot cause
any shortcoming of the accuracy of results obtained by the MFE code (seeFig.6b)
simply becausethe inversion of the elemenary matrices is needless.

—
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(a) MHFE- Method, Mesh quality » 10° (b) MFE - Method, Mesh quality » 10°

Figure 6: Numerical results computed by using MHFE and MFE codes.
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4 Functioning of MFE and MHFE metho ds on hetero-
geneous media

In the previous section, we have investigated the numerical di culties induced by
the meshgeometry This sectionis dewoted to the numerical behavior of the approx-
imated solutions of the mixed methods in heterogeneougnedia. We are interested
in the caseof rough physical parameters, speci cally physical problems to which
large jumps in the tensor of conductivity or small values of the storage coe cien ts
are imposed. It is found that such problemsa ect the numerical accuracyand time
requiremerts of the MFE and MHFE algorithms, di erently. The rst common nu-
merical di cult y, which is causedby sharp leaps of the conductivity tensor, is the
growth of the conditioning of the algebraic linear systemsto solve.

Suppose henceforth that the heterogeneousdomain is composed of a set of

sub-domains i, i = 1;:::;n, according to their conductivity tensorsKj, i.e. eadh
i has a homogeneousconductivity (seeFig.7). We assumethat is uniformly
w
W ki

Figure 7. Decomposition of the domain accordingto the permeability values.

discretized and the medium is isotropic, i.e. the tensor of conductivity is equal to
a scalar function times the unit tensor. By i, we denote the scalars such that
Ki= il, ,. Wealsoset

For the sake of simplicity, we supposethat = 1[ 2. The aim hereis to give
someestimations of the conditioning of the algebraic systemsinduced by both mixed
methods.
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First, let us prove the following lemmas.

Lemma 4.1 Let A (resp. B) be a non-singular (resp. singular) matrix, then the
condition numkbker X (A) of A is bounded by the following inequality

KAk

X (A) A BK Bk:

Pro of:

SinceB is a singular matrix, there existsa nonzerovector x suc that Bx = 0,
then we can write

kAX k k(A B)xk kA BKkkxk; (32)
kxk = kA 'Axk KA 'kkAxk; (33)

Hence,the lemmais a direct conclusionof (32) and (33) .

In the runs, we'll usethe norms k:k; or k:k; and assumethat the fraction -2 1.

N

4.1 The condition number estimations of the derived MHFE alge-
braic systems

Lemma 4.2 LetJ ,., denotethe matrix J in the algebric system(16) tte d out
by the MHFE formulation over the heterogen®us domain  (Fig.7). Similarly, we
use the notation J ; if the medium is homagen®us with hydraulic conductivity
i.e ;= . Then, weget

k) k is O( 1);
kJ .,k is O( 2):

Pro of:

By expressingexplicitly the hydraulic conductivity parameter , in the de -
nition of B, givenin (10), we get

B, = L B, ; (34)
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such that, B, is independert of .
In a similar manner, 8K; K°2 T; E  @; E® @ % we canwrite

R = b

KiE*

K :E K
DK = (K bK;
" ) ) (@Kl)E;EO E 6 EO; (35)
. - 1 1
B e + <2 (B,0)ce] E=EC

Then, in the homogeneougnedium case,it is evidert that kR ,k, kD  k and
kM  kareO( 1) andsoiskJ k. Similarly, in the heterogeneousnedium case,
by using 1 -norm (or 1-norm), one can easily verify that kR ;. ,k, kD ,. ,k,
kM ;. ,kand kJ .. ,kare O( »2).

Prop osition 4.1 The condition numkbers of the algebaic systemsinduced by the
MHFE methad havethe following bounds:

Kl .k .
1. XA ,.,) le—lli which is O(—i).

n 1 kSk 0
2. X(L td ;;,)isO max == 2

3. X(A ,;,)is O(-2), wher A ,;,= (M  tR'G 'R) ,; , is the Schur com-
plement matrix for the time dependent problemgivenin (18).

4. X(B ,; ,) is O(-2), whee B ,; , = (M R'D 'R) ,;, is the Schur comple-
ment matrix for the time independent problemgivenin (20).

Pro of:

Proof of 1. Referring to (35), it is evidert to seethat for i = 1;2, we have

R1;2 :Ri in i
D,,, =D in j
M in j;

M., on 1\ o

Ml;z
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Accordingly, J ,. , can be expressedas
3 _ J i in §; 1=12
vz g3 ., on g\ g

Now, let's de ne the following matrix
8

< 0 in q;
Jy,=. J, I3, in 2
“J ., J, on 1\ 2

This matrix is constructed in sudh away sothat J ,., J,.,=J ;:
To prove the singularity of J ., it issucient to nd oneedgein 1
not belongingto 2, then the corresponding row in J . is null. Hence,
the sough inequality is a direct consequencef lemma4.1. Furthermore,
by applying lemma 4.2, the condition number X(J ,; ,) is O(-2).

Proof of 2. Sincekd ,. ,k= O( 2), thereexistsC 2 Rsuch that kJ . ,k=C 5. It
follows that

kL tJ .. LK KLk + tkJ ..,k
kSk+C t »
2maxfkSk; C t »g:
Thus, kL tJ .. ,kis O(maxfkSk; t »0).
On the other hand, we can easily show that
(L tJ 1:2)+ tleL t(‘] 1, 2 ‘]1)

is a singular matrix (similar to the previous proof). Therefore, the sough

inequality is a direct conclusionof lemma (4.1), i.e.
!

k(L tJ . )k _ max -+ kSk; »
tkd ,k 1

X(L tJ 1, 2)

Proof of 3. 8K 2 T.; E;E® @, we have
. . . X t
j (A 1)E;E0J = 1ME:E° (S +
@ E;EO0 K

: . X 1.
1(JME;EoJ+ ﬁJhK;Eo
@_ EE0 t 1
1Mo+ jR

@ E;EO

LR R )]
t 1 K E ;
Ree )
R ):

K;EO
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Thus, kA kis O( 1). In the heterogeneouscase, we can also verify
that kA .k is O( 2). Hence,our proposition holds by showing that
(A ., A ))isasingular matrix then applying lemma4.1.

Proof of 4. Similar to the previous proof.

4.2 The condition number estimations of the derived MFE alge-
braic systems

Prop osition 4.2 The condition numbers of the algebaic systemsinduced by the
MFE methad havethe following bounds:

kI . Lk o N
ok , Which is O( l).
n o]

2. X(L tJ . ,)is O max -%kSk;

1L X(I1:2)

o

: L. ,e1t 1 tks 'k -
3. X(A,.,)isO max 1 tkS 'k; —i(m) ,Whee A" ., = (M . ,+

tR'S 'R) is the Schur complementmatrix for the time dependent problem
givenin (29).

Pro of:

Proof of 1. In a similar manner to (34) and (35), we can write
1 o
_ —K(®K)E;Eo E6E®
EED AK((@K)E;EO+ ﬁ(@Ko)E;E) E=E®

such that, B is independert of .
Thus, onecan easily verify that kJ~,k and kJ™,; ,k are O(-) and O(+),
respectively. Moreover, the matrix

0 0

0 Mo, M,

is singular. Therefore, by applying lemma 4.1, we get

kJ™,. .k
kJ™,k

J‘-1:2 ‘Tzz

X(T 4 ) = 0(—j):
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Proof of 2. We have

kKL tJ .,k kik+ tkJ,. ,k

kSk + tE
1

2max kSk; tE ; for someC 2 R:
1
n 0]

Consequetly, kL tJ,. ,kisO max kSk; —1‘ . On the other hand, the

matrix (L tJ ,.,)+ tJ, issingular, then by applying lemma 4.1, we
get
kL tJ ..,k

X(L tJ . ) =0 max —2kSk;
’ k tJ,k t

2
1

Proof of 3. We have

KA . K KV k+ tkR'S "Rk= O(1+ tks 'k):
1

Sincethe matrix A ., M ., = tR'S 'R is rank de cient (not of full
rank), soit is singular. Thus, by applying lemma 4.1, we get

kKA .,k

kM. LKk

O L+ tks 'k

X(A 1 5)

O 1 tkS 'k : (36)
o L1

1

On the other hand, the matrix A ,., A, = (M ,., M ,) is singular,
where A", = M, + tR'S 'R). Thus, we also get

KA . K
XED e
2
|
1 .
_Oil+ tkSk_O 21+1tkSlk_(37)
0 L+ tks'k 11+ o tks'k

Therefore, the sough inequality is a conclusionof (36) and (37).
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Remark 4.1 Proposition 4.1 indicates that the value of the storage coe cient s
has a critical e ect on the solution of the linear system(29) assaiated to the MFE
formulation. As s tendsto zer, the condition number of the coe cient matrix in
(29) blowsup to in nity. In this case, it is preferred to solvethe symmetric inde nite
linear system(28). While on the contrary, the MHFE formulation doesnot face this
di culty.

Remark 4.2 Suppse that the meshis made up of right angle triangles that are
constructed by suldivisions of rectangular elements,then in (34), we can bring out
a term which depends on the geometry of the elements(see [14]), i.e. (34) can be
expressel as

B = 1 X

By
K R

suchthat, B, is independentof the elementgeometry.

Hence, one can notice that the ratio TXK which is relatad to the element quality,
K
plays a similar role as the conductivity parameter . In other words, large varia-

tions among the qualities of the elementsenlarge the conditioning as well.

4.3 Accum ulation of numerical errors by the MHFE form ulation

The mixed nite element methods have gained a big popularity chiey for two su-
perior advantages. First, the two physical quartities, the pressureand the ux, are
computed with very accurate approximations and with the same order of corver-
gence. Second,they consene masslocally. Unfortunately, numerical experiments
shoved that the accunulation of numerical errors could break down the theory.
In this section, we addressanother computational di cult y which could aict the
accuracy of the computed ux aswell asthe local massbalance property. This nu-
merical problem concernsspeci cally the MHFE algorithm and it is mostly caused
by large jumps in the permeability parameters. After computing the pressureand
its traces, the ux, in the MHFE formulation, is computed by the local equation
(9). By rewriting this equation8K 2 T; E @, we get

n #
X 1

G e K bK;E P (ﬂ?K )E;EotpK;Eo"' K E

(38)

1
=2
H

+
=
=
m
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whereq, . is supposedto be the exact value of the ux acrossk, and . denotes
the numerical errors accunulated while computing g, . , i.e. it is the roundo error
plus the truncation error coming out from solving the linear systems. Thus, the sum
of uxes through the edgesof K becomes
X X
q(:E = q(;E+ K KE : (39)
E @& E &
As the simulation time increases,the transient solution corvergestoward the sta-
tionary one. Theoretically, the local massconsenation property necessitatesthat
the sum of uxes over eat elemert be equal to the imposedlocal sink/source term
(13). Howewer, with the presenceof numerical errors, this can be expressedasfollows

" #
X X

q(;E fK = K K;E: (40)
E & E &

Consequetly, the numerical di cult y in computing (38) and then (40) is twofold.

1. The hoped for computed results may not be so reliable since multiplications
by rough conductivity parameterscould aict the approximated uxes.

2. The ux overthe grid elemerts is not calculated with the sameorder of accu-
racy. This can be expressedn the following proposition.

Prop osition 4.3 The condition numkber of the algebaric systemwherebythe ux is
computed is O (-2)? .

Pro of:
By inverting B, in (9), we obtain

Q= kB (pe T K2T: (41)
These equations can be gatheredin the matrix form
Q=B (P Tp); (42)

where
P and T, are 3N {dimensional vectors, sud that

P = (P ) 2T, » Tp= (TPK )¢ 2Ty ;
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B isa3N, 3N, block-diagonal matrix, sud that ead block corresponds
to an element K 2 T, andis equalto ( @Kl).

By using lemma 4.1, one can easily verify that X(B) = O(—i). On the other
hand, proposition 4.1 indicates that the conditioning of computing (P Tp) is
O(—i). Therefore, (42) yields that the ux Q is calculated with a conditioning

of order O (-2)% .

5 Numerical experiments

5.1 Experiment 1: stationary problem

We consider a two-dimensional elliptic boundary value problem on the unit square
where the boundary conditions, the permeability distribution and the value of
the sourceterm are graphically givenin Fig.8. In order to ee from any numerical

=0

L)

: 1012
i

1 10?
b

i

!

Permeability

* 10

* Source term

=0

S0

Figure 8: Triangulation of the unit square.

shortcomings that might be causedwhile inverting the elemenary matrices, the
domain is discretized into a regular grid of right angle triangular elemerns. In this
case,the inversesof thesematrices are known analytically (see[6, 14]). The solution
of this problem is approximated by using both mixed methods. In the MHFE, the
preconditioned conjugate gradient method is usedto solve the positive de nite linear
system (20), whereas,in the MFE, the Symmlq solver (see[22, 23]) is usedto solve
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a) Results computed by MHFE method b) Results computed by MFE method

Figure 9: Numerical results computed by using MHFE and MFE codes.
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Figure 11: Relative errors obtained over the grid.

the inde nite systemgivenin (30).
Even though the approximated pressuresby both methods are nearly alike, one can
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clearly notice the senseleswaluesof the velocity eld in the lower left corner of the
domain (Fig.9a) which are obtained by the MHFE method. This shortcomingis due
to the numerical errors indicated in (38). To evaluate the intensity of these errors,
in Fig.10, we compute the absolute value of equation (40) over eat elemen in the
mesh. The relative errors depicted in Fig.11 are locally computed with respect to
the sum of the absolute value of the uxes acrossthe elemen edges. In Fig.10a,
we can notice that the absolute errors in the two regions of higher permeability
(the two unshadedregionsin Fig.8) have nearly the sameorder. Howewer, the big
relative errors appearing in Fig.11a, which are due to feeblevaluesof uxes, cause
the pointlessresults in (Fig.9a). In contrast, the MFE is free from this di cult y.

d'=0

Permeability

=1 &'=o0

P

Figure 12: Permeability distribution and boundary conditions,
T=0;1] t=4;s=1f=0

5.2 Experiment 2: parab olic problem

In Fig.13, we comparethe transient solution of a parabolic problem approximated by
using the two mixed methods. The simulation time interval is ]0; 1] with time-step

t = 1=10, the boundary conditions and permeability valuesare given graphically in
Fig.12. In a similar behavior asthat in the elliptic casegivenin the former example,
one can clearly notice (Fig.13a) numerical confusionsin the velocity eld obtained
by the MHFE over the spots of high permeability. On the other hand, the MFE
solution doesnot facethis numerical di cult y (Fig.13b).
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a) Results computed by MHFE method b) Results computed by MFE method

Figure 13: Numerical results computed by using MHFE and MFE codes.

5.3 Time requiremen ts

To illustrate the theoretical results obtained in propositions 4.1, 4.2, we give some
computational measuremets comparing the MHFE and MFE algorithms. The
domain of simulation =]0;20[ ]0;20[ is divided into two sub-domains , =
15;10[ ]5;10[and ;= n ». The domain is uniformly discretizedinto a20 20
grid (40 40 triangular elemerns). Let s;; ; be respectively the storage coe cien t
and the permeability parameter over ; i = 1;2. The imposedboundary condi-
tions are P = 1 on the left and o or sidesof , and N = 0 on the rest of the
boundary.

The CPU running-time, the condition numbersand the number of iterations, needed
to fulll the desiredtermination criterion of the PCG (Preconditioned Conjugate
Gradient) and symmlg solvers, are tabulated belonv. These computations were
donein double precision on a Sun Ultra30 workstation. In Table 2, the domain is
supposedto be homogeneoussuch that s; = ;| = 1, while we vary the time-steps.
Here, the PCG algorithm is usedto solve the two Schur complemert systems(18),
(29). In this case,the MFE algorithm is about 30% faster than the rst one.

By increasingthe ratio betweenthe highest and lowest conductivities in table 3, we
seethat the condition numbersgrow up almost linearly with the fraction E—i Similar
remarks can be noticed by usingsymmlqg (seetable 5) to solve the inde nite system
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Table 2: s i=1Li=12

PCG solver.

MHFE method

MFE method

# Time-steps CPU Cond. Num. # Iter.
10 2.25

CPU Cond. Num. # lter

11.1 15{14 1.50 6.9 14{13
107 21.2 10.3 11{10 14.6 4.4 12{9
103 212.9 10.3 12{10  144.7 4.6 13{9

(28) induced by the MFE formulation.

Table3: t=1=10,si=1i=1;2;, PCG solwer.
MHFE method MFE method
»= 1 CPU Cond. Num. # lter. CPU Cond. Num. # lter
107 22 102 1¢* 22{21 1.8 43 10° 33{31
10* 23 109 10* 24{23 21 42 100 42{40
10° 24 107 10° 26{25 24 45 10° 55{54

Finally, asappearsin table 4, the conditioning of the MFE linear system(29) grows
up linearly with the quantity tkS k. On the other hand, the conditionings of the

MHFE system (18) (table 4) and the MFE system (28) (table 5) stay invariant as
the storagecoe cien t tendsto zero.

It should be noted that symmlq is usedwithout preconditioner. The challenging
point is therefore the construction of a suitable preconditioner for the inde nite
system (28). This is an ongoing work.

Table4: t=1=10, j=1i=1;2; PCG solwer.

MHFE method MFE method
S CPU Cond. Num. # lter. CPU Cond. Num. # lter.
102 2.2 50.9 20{19 2.4 65.1 10t 30{29
10 4 2.2 55.1 20{19 3.2 683 10° 51{50
106 22 55.1 20{19 39 683 10° 84{83
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Table 5: MFE Method, Symmlqg solwer.

t=1=10 s = 1i= 1,2 t=1=10 ;=1i= 12
»= 1 CPU Cond. Num. # Iter. S CPU Cond. Num. # lter.
107 3.9 20.2 107 71 102 45 63.4 90
10¢ 3.9 19.3 10° 71 104 4.7 64.8 92
100 4.3 19.6 10° 75 106 4.7 64.8 92
Conclusion

In spite of the fact that the MFE and MHFE formulations are algebraically equiv-
alert, it is found that in many applications their numerical solutions behave di er-
ently. In this work, our ultimate intention wasto ched out the numerical reliabilit y
and time requiremerts of both algorithms under the in uence of two factors: the
geometry of the mesh and the medium heterogeneiy. As a result, the following
topmost points can be drawn.

The MHFE formulation necessitatesinverting the elemerary matrices. In view
of the fact that at elemerts could blow up the conditioning of their corresponding
elemeriary matrices, one should be careful in choosing a stable matrix-in version
solver. While in cortrast, the MFE formulation is free from this numerical di cult y
sincethe inversion of these matrices is needless.

In heterogeneoudnedia, it is found that the conditioning of the pressurehead ob-
tained by the MHFE method is proportional to the ratio betweenthe highestand the
lowest values of permeability parameters betweenadjacert subdomains, i.e. O(—i).

Beyond, the conditioning of the computed uxes is O((—g)z). On the other hand,
the MFE formulation leadsto two approadcesby which the unknown variables can
be approximated. The rst one,which is possiblein the caseof pure parabolic prob-
lem, is to solve the Schur complemert system (18). This systemis positive de nite

but its condition number dependson kS k. Thus, small valuesof the storage coef-
cients have a critical e ect on its resolution, commonly this is the case. The second
approac leadsto solve system (28) whosecoe cien t matrix is inde nite besidesits
large size comparedto the rst one.

Practically, the accuracy of the velocity eld of a variety of groundwater ow prob-
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lems, such astransport problems,is crucial. As we have seenthe MHFE formulation
leadssometimesto senselessaluesin the velocity eld, especially whenlarge jumps
in the hydraulic conductivity take place or with the presenceof at discretized ele-
ments. While on the contrary, by usingthe MFE method, the pressureheadand the
velocity eld are computed with the sameorder of convergence.Throughout all the
tested numerical experiments, no lapsesin the approximated MFE solutions have
beenreported. As a conclusionthe choice of a method is one of the casestabulated
in table 6.

Table 6: Choice betweenthe MHFE and MFE formulations.
(-2)?small kS 'k small  kSk small

MHFE
MFE @
MFE @

MFE®): is the rst approac that leadsto solve the Schur complemert system
(29).
MFE @ is the secondapproac which leadsto solve the inde nite system (28).

The time-consuming of the MFE and MHFE algorithms strongly depends on the
geometrical and physical parameters of ead problem and on the linear systemsto
solve, so no preferencescan be given for one over the other.
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