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1 Introduction

Many scientific applications require localization of eigenvalues of matrices in
some predefined part of the complex plane. The most common approach to the
problem consists of computing the eigenvalues but the answer may be misleading
for two reasons.

First, the iterative procedure which is used for the calculation of the eigen-
values may loss some eigenvalues especially for large matrices since only a part
of the spectrum is computed and one can not be sure that all the relevant eigen-
values are computed. This bad behaviour often occurs from a shift-and-invert
transformation of a matrix that normally provides the eigenvalues in the order
of their increasing distance from the shift. But sometimes, especially when the
matrix is non normal, the order of the appearances of the eigenvalues is not
exact and wrong conclusions may be drawn.

The second objection to the direct evaluation of the eigenvalues is motivated
by the possible lack of precision on the entries of the matrix. In that case, the
matrix must be considered as an element of a neighborhood for which diameter is
given by the level of precision. Then, the question is that whether is to localize
the eigenvalues of all the matrices of the neighborhood. For that purpose,
Godunov and Trefethen simultaneously but independently defined the notion of
e-spectrum or pseudospectrum (see section 2.1).

In this paper, we propose some procedures for counting all the eigenvalues
that belong to a bounded domain of the complex plane ; the boundary of the
domain may be defined either by an a priori curve or by the boundary of an
e-spectrum which is built step by step by a path following procedure. Other
authors proposed different methods for localizing roots of analytic functions
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[8, 10, 11, 15, 16]. This paper is devoted to the special case of the characteristic
polynomial of a matrix and is specially concerned with the reliability of the
numerical computation.

In Section 2, we introduce the mathematical tools that are necessary to solve
our problem; they are the e-spectrum and the Cauchy formula applied to the
characteristic polynomial. In Section 3, we describe a method to count the
number of eigenvalues in a e-spectrum. The procedure, which is based on a
series expansion of the logarithm, is combined with an existing path following
method. In Section 4, we present some other procedures based on quadratures
for the case of parametrized curves. Roundoff errors occuring in the evaluation
of the characteristic polynomial and of its derivatives are examined in Section
5. Finally, in Section 6, we present some numerical results for a common test
matrix, and for a matrix obtained from the discretization of a Navier-Stokes
equation.

2 Mathematical tools

2.1 The e-pseudospectrum and its determination

The concept of pseudospectrum, or e-pseudospectrum was introduced by Tre-
fethen [14] and Godunov [4].

Let A € C**", and € > 0. The e-pseudospectrum of the matrix A is defined
by :

Ac = {z€C zisan eigenvalue of A + A where ||A||2 < €} (1)
{z€C [(A-2zD)7" 2 > e} (2)

when 2 is an eigenvalue of A, ||[(A — 2I)7!||2 = oco.

When A is a normal matrix, the set, A is the union of the discs of radius e
centered at every eigenvalue. When A is non-normal, the pseudospectrum may
be much bigger.

From (2), we obtain an equivalent definition of A.:

Ac={2€C: opin(zI — A) <€}

where opin(2I — A) is the smallest singular value of the matrix (21 — A).
Therefore, the construction of the pseudospectrum of the matrix A corre-
sponds to the determination of the function

$: 2 —> omin(zI — A).

A common way to compute the pseudospectrum of a matrix 4 in a given re-
gion of the complex plane, is to compute the function s on a grid discretizing the
domain. Other approaches described by Briihl [2] and Bekas and Gallopoulos
[1] consist of following the level curve of the function s corresponding to a given e.



2.2 Cauchy formula and complex logarithm

To compute the number of eigenvalues surrounded by a given closed curve, we
use the following result from the complex analysis [5, 13]:

Theorem 2.1 Let T be a closed piecewise reqular Jordan curve ( piecewise C*

and of winding number 1 ) in the complex plane which does not include eigen-

values of A. ( In this paper, T is even assumed to be a piecewise-C> curve.)
The number Nt of eigenvalues surrounded by I' can be expressed by :

1 [ Lf(z)

"2 e f(2)

dz (3)

where f(z) = det(zI — A) is the characteristic polynomial of A.

Let v(t)o<t<1 be a parametrization of I'. Then equation (3) can be trans-

formed into y
1 [t & (for()

= dt 4
=50 )y Feor® W
The primitive ¢ which is defined by
uw d
i (for(®)
p(u) = / L odt u € (0,1
S A 0] 01

is a continuous function which is piecewisely equal to determinations of In(f o+y)

vieR R(p(t)) In[f((®))|
S (®)) arg(f((1)))  (2m)

where R and & denote, respectively, the real and the imaginary parts. The
principal argument of z ( 0 < arg(z) < 27 ) is denoted by arg(z) .

In order to determine Np, only the imaginary part ¢z of ¢ is needed since
(1) = 2irNr :

1

Nr = — 1).
T 27rSOI( )
Lemma 2.1 Let 0 <ty <ty < 1. Under the condition
lpz(t) —pz(ta)| <m (5)

the knowledge of pz(t1) is sufficient to know pz(t2).
Proof. There exists k; € N such that :

pz(t1) = arg (f(7(01))) + 2k

Since
p1(t2) = arg (f(y(t2)))  (27)
and
e1(t2) Elpz(ti) —m @z(t) + 7
the real @7 (t2) is uniquely determined. o



3 Counting the eigenvalues by an expansion of
the logarithm

In this section, the objective is to count the number of eigenvalues surrounded
by a level curve of the function s when the curve is constructed step by step
with a path following method. This method is based on a predictor-corrector
scheme. It uses the left and right singular vectors corresponding to the smallest
singular value of the matrix (2 — A). The existing implementations of this
approach involve a priori given constant stepsize. We look now for a stepsize
control which implies

ozt + A) — oz ()] < . (6)

Let z = y(t) and Az = y(t + At) — z. We assume that neither z nor z 4+ Az are
eigenvalues of A. Let R(z) = (21 — A)~!. From the following decomposition of
the characteristic polynomial :

f(Z + Az) = det((z + AZ)I - A)
= f(z)det(I + Az(zl — A) 1)

and therefore we may write

ot + A —p(t) = In (%) (2ri)
= In[det (I + AzR(2))] (27i)
= trace[ln(I + AzR(z))] (27) (7)

Under the condition |Az|.||R(z)||2 < 1 which is equivalent to :

|Az| < omin(z] — A) (8)
we may consider the series expansion of (7) :
—1)i+1 . .
p(t+ At) —p(t) =) ( ) trace(Az/ R(z)7)  (2mi) (9)

i>1

Actually, we may replace the modulo sign by an equality sign since both sides of
the equation are continuous with respect to At provided (8) holds. In conclusion,
we can claim that

Proposition 3.1 Assume that the curve which is parametrized by v does not
include any eigenvalue.
Let t € 0,1] and At such that

|Az| < omin(z] — A) (10)
where z = y(t) and Az = y(t + At) — z, then :

ozt + At) —oz(t) = Z %% [trace(Az7 R(z)7)]. (11)



Since we look for constraints on Az such that (6) is satisfied, we shall consider
the stronger condition :

Z % |trace(R(2)7)| < (12)

i>1

3.1 Case I: all the singular values are available

When a full SVD decomposition is performed during the continuation method,
a bound can easily be obtained. Let o9y > 02 > ... > 0, = Omin > 0 be the
singular values of (zI — A).

A bound is obtained from the following inequality (see [9], p176):

VieN , ftrace(R(z))] < Y [M(R(2))

k=1
< Y (ow(zI —A)~ (13)
k=1
Therefore:
Azl SN 1
pr(t+ A0 —pr() < S 12 5 L
i1 k= %%
~ 1|Az[d
lpr(t+ A0 — ez < 33 2122
k=1 j>17 Ok
n A
fert+ a0 - gr0] < - Yo (1- 22) (1)
k=1 g

which is well defined under condition (8). Let u(z) = > ,_,In (1 - %) for
x €]0,0,[. Since this is a sum of increasing functions, we can easily compute
the zero of u(z) — m and thus obtain an upper-bound of |Az| which satisfies the

condition of Lemma 2.1 for y(t1) = z and v(t2) = z + Az.

3.2 Case II: only a few of the smallest singular values are
known

Because only the smallest singular value is needed for the continuation method,
we can use a method ( e.g. Block-Davidson [6]) for computing only the m
(1 < m < n) smallest singular values and their associated singular vectors.
Therefore, from (13), the following relation holds :

n

VieN , |trace(R(z))[ < > low(zI-A)| 7+ n—m

On—m+1 (ZI — A)]

k=n—m-+1

(15)



It implies :

ozt + A —pr] <~ 3 i (1= 20) gy (1 1221

k=n—m+1 Tk On—m+1
(16)
From this last relation, an upper-bound of Az can be obtained as in case I.

3.3 The algorithm

For the path following method, it is necessary to compute the smallest singular
value and its associated singular vectors in order to follow the tangent to the
level curve of the function s : 2 — opin (2 — A). Iterative methods that return
only a few singular values and vectors are powerful methods to compute those
quantities. Then, from the inequality (16) we can estimate a step size control
in the following way.

We consider the step k, with zx = y(tx). Let (64)i=n—m+1,n the m smallest
singular values of (25 — A) sorted in decreasing order. Let

a0 = 3 (1o 2) o (1oAY

Op—
k=n—m-+1 n—m+l

where At € [0,0,], and 3 € [0, 1].

This is an increasing function of At, with hg(0) = —f7 and lima;—», hg(At) =
+00. By a dichotomy method, we can estimate the largest At,,: € [0, 0,,] such
that hi(Atep) < 0 ( S = 1 represents the condition of Lemma 2.1 ). Let
th+1 = tr + Atope, then ¢ and t;41 satisfy the condition of Lemma 2.1 and we
can determine 7 (tx+1) in an unique way, as describe in algorithm 1 :

ALGORITHM 1: Algorithm to follow a determination of
arg(det(y(tes1)] — A))

teta(k + 1) := arg(det(y(tgr1)l — A));
if teta(k) < 7w and (teta(k + 1) > teta(k) + © or teta(k+1) =0)
n(k+1):=n(k)—1;
else if teta(k) > 7 and (teta(k + 1) < teta(k) +m or
teta(k +1) =0)
n(k+1):=n(k)+1;
else
n(k+1) = n(k);
endif




At the end of the pathfollowing method, n(kenq) is the number of eigenvalues
surrounded by the level curve.

Practically, we do not use § = 1 because of the roundoff error during the
computation of arg(det(y(tx+1)I — A)). A bound of this error is given by 6”0—/1”
which is constant along the level curve. Therefore, we have § =1 — 5%. In
the case of a well-conditionned matrix, 8 will be close to 1. !

4 Quadratures in the case of parameterized curves

In this section, we consider general integrators to compute (3) along a parametrized
user-defined curve. Actually, except for the trapezoidal rule with constant step-
size, the methods can be adapted to path following techniques as well.

4.1 Trapezoidal quadrature with constant stepsize

Let I' C C a Jordan curve, and y(t)o<¢<1 a parametrization of the contour I
We have to evaluate the integral :

_ 1 /7“) L det(y(t)I — A)
um ~(0) det('y(t)l — A)

Nr dt (17)

Because I is closed, we have v(0) = v(1). So, we can extend the parametriza-
tion Y(t)o<i<1 tO Yert(t) for t € R with ezt (t) = y(t mod 1). We assume that
Yext(t) € C™T1(R). We have the following result about quadrature for periodic
functions [3] which is a consequence of the Euler-Mac Laurin formula :

Theorem 4.1 Let f a (8 — «)-periodic function, and f € C™ 1 (R). Let a
subdivision of interval [, §] in k intervals with equidistant points x; = a + ih
and h = B_TO‘ We consider the integration of ff f(x)dz by the trapezoidal rule

Tulf) = h3 S w0) + f(1) + o+ flra) + 37 (@0

Then, we have

B8
I/ f(@)dz — Ty (f)| < Cph™ .

This integration method ensures a convergence to the exact integral. The
convergence rate depends on the regularity of the curve I'. It is thus very
interesting in the case of a circle or an ellipse, which implies that the convergence
is faster than any power.

The drawback of the method is the constant step size along I" that may imply
too many evaluations of determinants. Because of the computational cost, this
is not a desirable property. The points computed at the previous steps must be
reused at the current step. A method which satisfies the constraint, consists of
considering a stepsize twice smaller than the previous one for every iteration.



We call it Strategy 1 method ; it leads to the following algorithm :

ALGORITHM 2: Trapezoidal method with constant step size

k:=1,;
h:=0.5;
f) :=u((0)); f(2) =u(y(05)); [f(3):=f(1);
repeat
pk =k+1;
h:=h/2;

fll:2:2841):= fl1:28 1 +1];
fl2:2:2% ::ku(y([l :2:2F—1]/h));
N(k) = (S35 1)) /2mh)

until |N (k) — round(N(k))| < €

To evaluate the function u(t) = di}%?g))) which must be integrated, we con-

sider a first order approximation of the derivative in the direction of contour
line (see §5.3).

Now, we must describe the stopping criterion of the algorithm. The study of
(3) ensures that the real part of ¢(1) must be equal to zero, and the imaginary
part of (1) is a multiple of 27. Those two properties will be used to stop the
integration. The method will be said to have converged when

- the difference of quadrature between two steps of the algorithm will be below
a given threshold,

- the imaginary and real part will be near a value in accordance with the prop-
erties mentioned above.

A drawback of the previous strategy defining the sequence of steps is its lack
of progressivity : every step doubles the amount of work performed in the total
of the previous steps. A second strategy, called Strategy 2, is a combination of
partitioning based on radix two and three such that in five steps, an interval is
divided into 18 subintervals whereas Strategy 1 splits it into 32 parts. Strategies
1 and 2 are illustrated in Figure 1. It is expected to see that Strategy 2 is more
efficient than Strategy 1, especially, when the number of steps necessary to reach
convergence is high.

A weakness of the constant stepsize method is that it does not take into
account rapid variations of the function. In order to integrate a local stiffness of
the function, the stepsize will be reduced along the whole domain of integration,
whereas a local reduction of the step would have been more adequate.

Such local stiffness of the function occur in neighbourhoods of eigenvalues.
This method of integration will only be considered for curves far from eigenval-
ues. This notion of distance between the curve and eigenvalues must be related
to the size of the domain. For instance, if the curve turns around an eigenvalue
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Figure 1: Tllustration of the two strategies of partitioning.
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Figure 2: Evolution of the two strategies of partitioning.

with a diameter small with respect to the distance to the other eigenvalues, then
the method will work nicely. In such situation, we even expect to obtain a larger
stepsize than with the first method because the condition |Az| < opin (2] — A)
is no more a constraint to satisfy.

4.2 Trapezoidal quadrature with variable stepsize

We have observed that strong variations of the function provoke a small stepsize
all around the curve. We will use a variable stepsize to get rid of this drawback.
For that, we consider the combination of two applications of the trapezoidal
rule with two different steps, in order to estimate the error of the method.

At step k, the quantity which must be computed is :

thy1
Ik,kJrl = / u(t)dt.
tr

In order to get two evaluations from two different stepsize but at no extra
evaluation of the function u, we will first consider

trt1
Ik—l,k—i—l = / u(t)dt.

th—1



We get the following two approximations of I 1 g4+1 :

hg1+h

T = =g (ulte1) + ulti) (18)
hp— h

T2 e = g (ulter) +ult) + 5 (ulte) +ultin)).  (19)

Supposing hy = O(h), we also define the two quadrature errors :

Elzlll,k-i-l = De-1k41 — Tlgl—)1,k+1

= —%(hk—l + I )P’ (t) + O(h*)
E,Fffl,kJrl = D1k — T,§2_)1,k+1

= U D () + O,

The quadrature error at step k can be expressed by :
1 1"
By k1 = I g1 — T,SIQH = —Ehiu (t) + O(h") (20)
where T,S,g+1 = B (u(ty) + u(tp41)). Since

T,1 T,2 _ (1) (2)
Ekfl,k+1 - Ekfl,k+1 - Tk71,k+1 - Tk71,k+1

]. n
= thflhk(hkfl + he)u () + O(hY),

the following estimation

1 2
u” (t ) _ 4(TI§31,k+1 - Tlgjl,k+1)
g hi—1hi(hg—1 + hi)

+ O(h),

can be plugged into (20)
1 h 1 2
|Ek k1] < 37,2 k_|TI§—)1,k+1 - Tlg—)l,k+1| +O(h*) (21)
k-1
and then the condition

3€
hr < hk_1\/ 5 @) (22)
|Tk71,k+1 - kal,k+1|

maintains the error below the threshold ¢, as long as the error expansion is valid.

We apply this result to u(t) = di}{ﬂs?t()t))) , and we assume that we know exactly

the integral on [0,%x]. A stepsize hy, is therefore suggested by (22). We com-
pute j;t'““ u(t)dt in two different ways by (18) and (19) and obtain by (21) an

k—1
evaluation of the error |Ej r+1]- This error can be used to accept the proposed

step hy since |Ej g+1| < 7 in the quadrature from ¢, to tx41 implies the exact
knowledge of the determination of the logarithm in t;,; and therefore of the
integral on [0, tf41]-

10



4.3 Integration by interpolating polynomials

We now compute the integral by interpolation polynomials as it is done in the
Adams schemes that are ODE integrators.

Let Pr—sx(t) be the Lagrange polynomial of degree s interpolating u(t) =
Ldet(z(t)[-A) .
% in (¢;)j=k—s,...k- Therefore :

= [T, (t — tr—j)

Pk—s,k(t) = ; (tk l)HJ Oﬁé,(tk i —th— J)

and Iy 41 = f::“ u(t)dt can be approximated by the Adams-Bashforth ap-
proximation

1 thy1
AL = / Prsi (H)dt. (23)

ty

By interpolating w with Pri1_sr+1(t), a second approximation is obtained
(Adams-Moulton approximation) :

tr41
A® = / “p (t)dt (24)
k,k+1 k+1—s,k+1 .

tr

We obtain the quadrature errors ( by denoting h; = tj41 —t; = O(h) ):

A1 _ 1)
Ek k+1 T g1 — Ak k+1
u(erl) tk

tpy1 S
_ _ s+2
- e /t Ht bo_s)dt + O(h™+2), (25)

and

A,2 _ (2)
Ek k41 — Ty k41 — Ak,k+1

U(s+1)t tpt1 S
B (;‘i)—'f)/ [1(t = tri-idt + OR+). (26)
Tt =0

Therefore, we obtain the following approximation of u(*+1)(t;) :

AW A2 +1)!
D (y) = i tw’“ L OEDL o) )
(ka1 —tr—s) [, Tliza (8 — tepr—s)dt

By plugging (27) into (26), we get an evaluation of the quadrature error Ek [RE
Then, similary to the procedure used with the Trapezoidal rule, when this error
is lower than a given threshold the predicted stepsize hy = tx+1 — 1t is accepted.
Otherwise, the procedure is rerun with a smaller stepsize.

11



Now, we discuss the way to compute (23) and (24). We consider the poly-
nomials expressed in their divided difference form as in [12].

,Pkfs’k(t) = U[tk] + (t — tk)u[tk,tkfl] + (t — tk)(t — tkfl)u[tk,tkfl,tkfg] + ...+
(t — tk)(t — tk_l)...(t —thk—s+ Q)U[tk,tk_l, ---atk—s—i-l]

with
k k-1 1
ultp, te—t1, . thosp1] = ' Z u(t;) ' H e
i=k—s+1 j=k—s,j#t
We now consider the following formulae :
hi = ti—ti-1,
vi(k+1) = hgyr+he+ oo+ hpgos 1 >1,
h .
ai(k+1) = d,i(’;g:_ll) 1 >1,

o1(k) = wufty] = u(ty),

¢,i(k) = P1(k)Y2 (k). i1 (k)ulte, te—1, ..., teg1—4] i>1,

¢z(k) = ’g[)l (k + l)iﬁQ(kJ + 1)@[}1_1(]6 + l)u[tk,tk_l, ---atk+1—i] 1> 1,

s ! .
Pi (k) = Zj:i ¢;(k—1) 1 >1,
(28)
and
: i=1,
90 =19 705D i=2, (29)
Gi—1,qg —i—1(k+1)gi—1,g41 >3,

from which

1 thy1
A;c)c_i_l = / Pr—s.i(t)dt

ty
S
= hip Zgi,k¢i(k’ +1)
e
Af,;cﬂ = /tk Pry1—skr1(t)dt
= Agcl,;chl + i1 s,k (w(trs1) — @5 (k +1).

The use of the polynomials through the divided difference form is very attractive
because the quantities defined in (28) can be updated at a low computational

cost for the next step. The computation of E,’:;i_l relies on the estimation of
PRHUTTE (t = trq1—i)dt. The sequence ¢;(j) for 0 < i< sand 0 < j < s+1

i=1

t
which is defined by :

CZ(O) =0
ci(j) =9 cli+1) = 1 (30)
ci(j) = cic1 —cim1(J) X thesti,



provides the constants ¢(j) (j = 1,...,s + 1) which are used in :

tegr S st t{ — ti
[Tt —tiiidt = > eo(i)=—=. (31)
e =1 j=1 J

i _ #f0®)
5 Computation of u(t) = 475

The derivative will be evaluated by its first order approximation in the neigh-
bourhood of ¢. Several facts will impact on the accuracy of the estimation:

e the roundoff error in the determinant evaluation;

e the roundoff error in the first order approximation of the derivative;

e the approximation error due to the first order approximation.

In this section, the three cases above are investigated in order to lower the
final error.

5.1 Roundoff error in the determinant evaluation

The quantity f(y(t)) = det(y(t)I — A) can be computed through a LU factor-
ization of the matrix (y(¢)I — A) with partial pivoting. In order to get rid of
underflow or overflow, the quantity is computed by

FO@®) 11 ( vk
mwm‘H< )’ (32)

i \ukkl

where uy, i, is the k-th diagonal entry of U in the LU factorization. The quantity
| £(v(¢))] is implicitly recorded by the modulus of the main diagonal of U.

For sake of simplicity in the notation of this subsection, we assume the
following notations :

e The matrix P(y(t)I — A), where P is the permutation matrix obtained in
the LU factorization, is simply denoted A. Therefore, in this subsection :
A=1LU.

e Ay, Ly, Uy are the principal submatrices of order k¥ ( &k = 1,...,n ) of
ALU.

e x(M) denotes the condition number of the matrix M for the 2-norm and
for any matrix M.

e ¢ is the machine precision parameter.
e L,U are the obtained factors in finite arithmetic :

A+AA=LU (33)

13



From the backward error analysis of the LU factorization [7], we obtain that:
|AA| < el LI|T] (34)

with v, = 77—. We assume that ne < 1 and therefore v, ~ n. The matrices

AL =L —L and AU = U — U are, respectively, a strictly lower triangular and
an upper triangular matrices.

We assume that the pivots (k) are not too small with respect to the
arithmetic precision in such a way that we may assume that :

IAL|l = O(el|L]]) and [[AU[| = O(el|U]]).
From (33) we derive :

I+L'AAU! (I+L'AL)Y(I+AUU™Y)
L7'AAUTY = L7'AL+AUUT + LY AL)(AU)U!

We consider the k-th diagonal entry; since diag(L *AL) = 0, we get :
e LTTAAU ey = el AU U lep + el LN (AL)(AU)U ey

Aug p
= — L4+ 0(E7x(Li) x(Uk))
Uk, k
which implies
|Aug,k | t7—1 -1 2
Turr] <eplLy | |AAL] (U ler + O™ x (L) x(Uk)) (35)

where A Ay is the principal submatrix of order k£ of AA. From (34), we derive
the following bound :

Au =1 |7 | |7 —
IMIEL 0 L) 103 1077+ OEX(a) X(U)
|0,
Au - —
||Ukkl;T| < ywelLi | Lel Ukl UG + O(ex(Li) x(Ur))
Au
ukkl;k < wex(Le) x(Ux) + O(e?x(Lx) x(Us))

Since the function k& — x(Lg)x(Uy) is an increasing function, we obtain the
following result.

Lemma 5.1 The roundoff error which occurs at the k-th step in the factoriza-
tion is bounded by :

Auy, i
Uk k

)

< mex(L) x(U) + 0(e*x(L) x(U)) (36)

which provides the following bound for the error on the argument :

sin(|AGk|) < yrex (L) x(U) + O(e*x(L) x(U)) (37)
where A8, = arg (%) —arg (\Z::I)

14



Proof. It remains to prove (37). It directly comes from the simple geometric

illustration 3. o
Uk . Auk,k
U k -~ i
. U]~ Aug g k.k
sin A8 e

\ T = ~

\ Uk k
| |

Af
1

Figure 3: Errors at step k of the LU factorization

We deduce from that the roundoff error on the approximation of arg(f(y(¢))).

Proposition 5.1 Let e, the roundoff error

ea = |arg(f(y(t))) — arg(f(v(t)))]-
Then

ea <ex(L)x(U) Y w + O(*x(L) x(U)) (38)
k=1

where the parameters vy, are defined in (34).

Proof. In the previous proposition we identify sin(A#) and A6 since the
difference is of the third order, and we cumulate the bounds obtained at all
the elementary steps. The roundoff error which occurs when summing all the
elementary arguments is omited since it is of order O(e) with a small constant.
o

Practically we shall consider that the pivoting strategy insures that x (L) x(U)
is of the same order of magnitude as x(A), and that v, ~ k for k = 1,..n. A
practical bound is then :

e, <

L M DX() (39)
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5.2 Roundoff error in the derivative estimation

The derivative < f(y(t)) is approximated by its first order approximation

fOyE+h) = f(r(@)
h

where h is some small quantity of which order of magnitude will be discussed
in the next subsection.
Actually, g5 (t) is not computed but

_1/f0E+h)
Wm‘h( Ie0) 1)

which approximates the logarithmic derivative of f o~. The practical compu-
tation of vy (t) is obtained by

L (OR[GO )]
w(®) wau+h»|fwa» FO)] Q (4D

which only involves quantities that can effectively be computed. | f(jyg g;l (s=t

gn(t) = (40)

or t 4+ h) corresponds to the already discussed determinant evaluation, whereas
% can be computed explicitly from the records of the modulus of the
pivots in the LU factorization.

f(y(t+h))

A bound for the rounding error in the computation of ‘IJ‘(T))\ is given by:

Proposition 5.2

F(y@E+h)| _ [f(y(t + b))
Foo - e LY
with .
In| < Zokezl'":’““ b 1+ 0(e?) (42)
k=1
where

|Auk7k(t)| |Auk7k(t + h)|
|,k ()] |uk,k (t+ h)]

( € = machine precision parameter )

O, =

Proof. Because

| akk ()] = Jurk(3)] | _ [Aug,r(s)]

fors=t,t+hand k=1,....n

|k ()] = lukk(s)]
we get |tk (s)] = |uk,k(s)|(1 + ag(s)) with |ag(s)| < ‘Au’“ik(gl)‘ and therefore
lini(t+R)] _ Jukk(t+h)| (1+ ok(t+h))
|Gk (1)) ur k(D] (14 ar(t))
|tk (t+ D)
PG
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with |B¢| < 6k + O(e?). In the previous expression, we omited the error on each
division of modulus, since their impact is negligible. The final error is evaluated

by
H|ukkt+h <H|ukkt+h >H1+Bk

[T (t) | (t)

It can easily be proved by recursion that :

< Z | B |eXi=n 1]

k=1

H 1+8)—1

which ends the proof of the proposition. S

Coming back to the evaluation of vy, from formula (41), we consider the
relative errors which occured in each factor !

o= - -

where
611 < 2ex(L(y(t+ 1)) x (U(y(t+h) (Zw)

+ O (2X(L(y(t + 1)) x(U(v(t + 1)) ,
02 < 2ex (L(yv(1)) x (U(y(1)) (kZ:’Yk> +0 (Ex(L(y(1) XU (1)),
03] < zn:|9k|e&":k+1 9% + O(e?) where 6 is defined by (43).
=1

Therefore

50() = 0n(1)] < 3 (1] + 182] + 135]) + O(=) (44)
where K = 2max x(L(v(s)))x(U(v(s))), with s € [t, ¢ + h].

In practice, the bound will be explicitly computed from the assumptions
23 k1 v = n? and X(L(v(s)))x(U(7(s))) = x(A(7(5))) when omin(A(7(s)))
is computed. If this quantity is not available, we estimate it roughly by the
quantity W where Ugmaz and wgmq, are the diagonal entries of U (7y(s))
with maximum and minimum modulus, and /4, is the entry of L(vy(s)) with
maximum modulus.

LFor sake of simplicity, we neglect the roundoff error which occurs in the substraction by
1 and the division by h.
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5.3 Search for an acceptable h

Because there are two origins of errors in the evaluation of the derivative, we
would like to select a stepsize h for which roundoff error and approximation
error are of the same order of magnitude. Figure (4) displays the computed
value of the derivative as a function of h for the matrix 3906 x 3906 introduced
in section 6. We may split the evolution into three phases :

I: for h greater than 108, the numerical value iy, is a coarse approximation
of u.

IT: h e [1071,1078], the approximation is acceptable.

III: for h lower than 10~!!, rounding errors become dominant and lead to
unexploitable results.

-2.4122}
~2.4124} 4 161
-2.4126 4 14k
-2.4128}

-2.4131
-2.4132}

0.8
-2.4134

06
-2.4136

-2.4138 4 04

Iaaen = = = = = = o 02
107 10 10 10 10 10 10 10 107 107 107 10° 10°

Figure 4: h — 5(0.532) Figure 5: h — @,(0.532) + 24137

By zooming phase II (figure (5)), we notice that the range of acceptable
results is quite narrow and the goal is to determine an approximation of the lower
bound of this area. For that purpose it remains to evaluate the approximation
error. By its first order expansion in ¢, we can write (in exact arithmetic)

iy LN k[ g (o)) )
WO =GFenm Tz | Genm | O

Therefore the error is expressed by :

Eu(t) =" lM] _h 1<M>+<— ><>>2

~

(for
2| (foy)(t) 2 [dt \ (fo)(t) (foy)(®)

This quantity is estimated from vy (t) and by a first order approximation of its

derivative obtained from the last computed points. Let K (t) = 4 (%) +

18



2
(%) . We shall accept the approximation when

2(]01| + 02| + |d5])
= \/ Koy OV

which approximatively produce |E}°und| < |EpPP T,

6 Numerical experiments

We report in this section the behaviour of the presented algorithms on a well
known test matrix and then on a family of matrices arising in a Navier-Stokes
discretization.

6.1 Example 1 : The GRCAR’s matrix

The case is often considered as a test matrix in the area of pseudospectra [2,
1, 14] since the level curves of the norm of the resolvent often includes angles.
This makes difficult the task of any path following procedure. The matrix is
defined by

G, = ' : : € RPX7™.

In the tests, we consider the order n = 50.

6.1.1 Algorithm for level curves of the norm of the resolvent

In that case we use the method described in Section 3. At each step, a full SVD
is performed which is used for both following the level curve I', defined by the
equation ||zI — A|| = € and selecting an appropriate stepsize.

Figure 6 illustrates two level curves for e = 1.1072 and € = 5.10~2 as well as
the eigenvalues of the matrix (denoted by stars) in the complex plane. In Figure
7, we plot the increase on the argument at each step oz (tr+1) — @z (tr)| which
must always be smaller than 7 in order to satisfy the condition of Lemma 2.1.
Actually, the condition |Az| < 0pin(Gso—2I) ! is the most severe and explains
the gap between the increase on the argument and 7. Figure 8 represents the
increase on the argument for ¢ = 5.1072. Because the condition on |Az]| is
weaker, the quantity |¢7(tr+1) — @z(tr)| is closer to the upper bound .

Farther the curve is from the eigenvalues (ie bigger o) smaller the number
of steps is : the numbers of necessary steps are, respectively, 1806 and 424

19



KA

Pt

Figure 6: Pseudospectra of Gsg for € = 1.1072 and 5.1072

o5 35-

Figure 7: Argument increase between Figure 8: Argument increase between
two steps for € = 1.1072 two steps for € = 5.1072

for € = 1.1072 and € = 5.1072. It must be noticed that the stepsize control
improves the behaviour of the path following method. This can be seen at the
irregular points of the curve for which the strategy of constant step size may
have problems [2]. At those points the step size is automatically and drastically
decreased.

6.1.2 Parametrized contour

We now consider the case of a parametrized contour. Let T" be the circle defined
by its center z. = 0.8 + 0¢ and its radius r. The parametrization is given by
¥(t) = zc + r(cos(2nt) + isin(2wt)) with ¢t € [0,1]. We compare the methods
described in Section 4.

Let us first consider r = 2.9. In that case, the circle surrounds all the
eigenvalues of Gso (see Figure 9). The function u(¢) which must be integrated
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Method # steps # determinant eval.
Trap. rule - constant steps | S1: 32 /S2:54 | S1:64/S2: 108
Trap. rule - variable steps 45 120
Adams ( order 4) 59 128

(S1 : strategy 1 ; S2 : strategy 2 for the stepsize definition)

Table 1: Counting the eigenvalues of G5 for a smooth situation

Method nb of steps nb of determinant eval.
Trap. rule with constant steps | S1: 512 / S2: 243 | S1: 1024 / S2: 486
Trap. rule with variable steps 87 236

Adams ( order 4) 80 176

(S1 : strategy 1 ; S2 : strategy 2 for the stepsize definition)

Table 2: Counting the eigenvalues of G5¢ for a stiff situation

is represented in Figure 10.

The table 1 gathers the number of steps for each methods. The most efficient
method is the trapezoidal quadrature with constant stepsize for both strategies.
This behaviour was easy to foresee because the shape is C'*° and the function
u(t) to integrate is smooth. We notice that for the two variable stepsize methods,
the number of computed determinants is larger than twice the number of steps,
because it also takes into account the rejected steps.

To observe the behaviour of the methods for a stiff function, we consider the
circle with radius » = 1.93. Figure 11 shows that the circle crosses some dense
areas of eigenvalues which makes the function, u(t), stiff to integrate (see Figure
12). In that case, small step sizes are needed when ¢ varies in the neighborhood
of 0.3 and 0.7. For the trapezoidal method with constant stepsize, small steps
are needed on the whole interval ¢ € [0,1]. With an adaptative stepsize, we
obtain better results.

The Adams method appears to be the winner in the case of stiff problems.
For the trapezoidal rule, Strategy 2 is better than Strategy 1 as soon as the
number of refinement steps is large enough. When the number of refinement is
small (as in the first case), then the two methods behave similarly and Strategy
1 may appear to be less expensive.

6.2 Example 2 : Matrix from a hydrodynamic problem

We consider now a matrix obtained from a physical problem. An incompressible
fluid is enclosed between two coaxial cylinders, and two horizontal disks. The
lower disk is rotating with a constant angular velocity. We assume that the
flow is axisymmetric, and so, we only work in a two dimensional plane. We
consider a discretization of this domain on an uniform grid 65 x 129 that leads
to a linearized operator ( L ) of the Jacobian of size 16002 x 16002. In order
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to study the stability of a stationary solution, it is useful to know where the
eigenvalues of L lie.
Let D be the domain of the complex plane defined by

D ={z€C|3()] <20,0 <R() <1}, (45)

We want to know how many eigenvalues lie in this area. We choose $(z) > 0
to take into account only the eigenvalues that lead to unstability of the station-

nary solution. Because the linearized operator L € R!6002x16002 jg req] the
spectrum is symmetric and we restrict our domain to
Dy ={2€C,0<3(2) £20,0 < R(z) <1}. (46)

We obtain that 14 eigenvalues lie in D, . Therefore 28 eigenvalues lie in D.
We report the performance of the methods in Table 3.

Method nb of step | nb of determinant
Trapezoidal rule with variable steps 126 296
Adams ( order 4) 168 396

Table 3: Results for the matrix L € R16002x16002

x10*

Figure 13: Eigenvalues of L and the Figudre 14: Evolution of
domain D S (@t oione D
+ det(y(t)I—L) & “+

Figure 14 represents the function which is integrated. The parameter ¢ can
be read on the X-axis. Because the parametrization is done on the whole coun-
tour of D, and because we only consider the contour of Dy ( omiting the real
axis), we use the parameter ¢ in a range of width 0.5 ( half of the whole closed
contour). It is important to notice that the two breaks of the function at ¢
around 0.5, correspond to the corners of the domain. It means that they can be
predicted, and therefore have no effect on the accuracy of the algorithms. On
the other hand, these two corners prevent from using the method of trapezoidal
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quadrature with constant stepsize that take advantage of a smoother coun-
tourline. The results that are displayed in Table 3 show a comparable efficiency
for the two methods, Trapezoidal rule and Adams method.

7 Conclusion

New tools are now considered to help the user in localizing eigenvalues with
high reliability. There is a hope for building such toolboxes in a near future.
The problem comes usually from the computational cost of the routines (eg.
dichotomy of spectrum). Although the user might be willing to pay the price of
a high reliability, it is necessary to decrease the amount of calculations. Progress
have already been made for the situation of the e-spectrum calculation but more
is necessary to deal with matrices arising from large applications.

In this paper, procedures with feasible computational costs are proposed to
count the number of eigenvalues of a given matrix that are surrounded by a
curve ( a priori given or determined step by step in the case of a level curve of
the norm of the resolvent).

The method based on a series expansion of the logarithm assumes the com-
putations of the smallest (at least) singular value and determinants. It is well
adapted to the case of the boundary of the e-spectrum. Its limit comes from
the severe constraints on the step size that are imposed to guarantee that the
series converges and that the branch of the logarithm is correctly followed.

The methods based on quadratures are well adapted to the case of an a priori
known curve. The trapezoidal rule is considered under two versions depending
on the step size which can be either constant or variable. When the curve is
highly regular (as a circle for instance) the constant stepsize might be the most
efficient solution since in that case there is an exponential convergence of the
quadrature. However, when the norm of the resolvent is highly varying on the
curve, it becomes more efficient to consider an adaptative stepsize. The schemes
of higher order may bring some improvement but this is not always the situation.

The methods are limited by the factorization of the matrix. This is an
expansive calculation that must be performed in each point on the discretized
curve. In this paper, we report an example of order n = 16002.

In conclusion, the obtained routines are already acceptable solutions even if
it is expected to obtain improvements in the future versions.
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