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Abstract

By considering the eigenvalue problem as a system of nonlinear equations, it is possible to develop a number of solution schemes
which are related to the Newton iteration. For example, to compute eigenvalues and eigenvectors of an n · n matrix A, the Davidson
and the Jacobi–Davidson techniques, construct ‘good’ basis vectors by approximately solving a ‘‘correction equation’’ which provides
a correction to be added to the current approximation of the sought eigenvector. That equation is a linear system with the residual r

of the approximated eigenvector as right-hand side.
One of the goals of this paper is to extend this general technique to the ‘‘block’’ situation, i.e., the case where a set of p approximate eigen-

pairs is available, in which case the residual r becomes an n · p matrix. As will be seen, solving the correction equation in block form requires
solving a Sylvester system of equations. The paper will define two algorithms based on this approach. For symmetric real matrices, the first
algorithm converges quadratically and the second cubically. A second goal of the paper is to consider the class of substructuring methods
such as the component mode synthesis (CMS) and the automatic multi-level substructuring (AMLS) methods, and to view them from the
angle of the block correction equation. In particular this viewpoint allows us to define an iterative version of well-known one-level substruc-
turing algorithms (CMS or one-level AMLS). Experiments are reported to illustrate the convergence behavior of these methods.
� 2006 Published by Elsevier B.V.
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1. Introduction

A number of schemes have been developed in recent
years for enhancing the convergence of subspace-based
methods for computing eigenvalues and eigenvectors of
large matrices. These approaches essentially take the view-
point that the eigenvalue problem is a nonlinear system of
equations and attempt to find a good way to correct a given
approximate eigenpair ~k; ~u, by introducing to the most
recent subspace of approximants, an information that is
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not redundant with this subspace. In practice, this means
that we need to solve the correction equation, i.e., the equa-
tion which updates the current approximate eigenvector, in
a subspace that is orthogonal to the most current approx-
imate eigenvectors.

Several methods can be mentioned including the Trace
Minimization method [14,13], the Davidson method
[6,11] and the Jacobi–Davidson approach [16,15,18]. Most
of these methods update an existing approximation by a
step of Newton’s method and this was illustrated in a
number of papers, see, e.g., [10,19].

One can think of the problem as that of solving
(A � kI)u = 0, but since there are n + 1 unknowns, a con-
straint must be added, for example, kuk2 = 1. If the current
approximate eigenpair is ð~k; ~uÞ, it is assumed that k~uk2 ¼ 1,
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and that ~k is the Rayleigh quotient of ~u. We define the
residual r ¼ A~u� ~k~u. If a correction d, z to ~k; ~u is sought,
then we write the equations to be satisfied as

½ðA� ~kIÞ � dI �ð~uþ zÞ ¼ 0;

ð~uþ zÞTð~uþ zÞ ¼ 1:

Ignoring second-order terms, this yields the system of
equations,

ðA� ~kIÞz� ~ud ¼ �r; ð1Þ
� ~uTz ¼ 0: ð2Þ

The above equations can be solved in a number of ways,
for example as an (n + 1) · (n + 1) linear system. A simpler
solution is to invoke the orthogonal projector P ¼ I � ~u~uT.
Multiplying the first equation by P, and observing that
P~u ¼ 0, Pr = r, yields

P ðA� ~kIÞz ¼ �r: ð3Þ

Note that this system is degenerate – i.e., it has an infinite
number of solutions z. Among all the solutions of this
system, we require one that is orthogonal to ~u, i.e., one
such that Pz = z. This can be enforced by solving
P ðA� ~kIÞPz0 ¼ �r, for z0, and defining the solution to be
z = Pz0 (instead of z0). This z will satisfy Eq. (1). Indeed,

ðA� ~kIÞz ¼ P ðA� ~kIÞzþ ðI � P ÞðA� ~kIÞz

¼ �r þ ~u~uTðA� ~kIÞz ¼ �r þ ~urTz

and therefore, (1) is satisfied with d = rTz. In addition (2) is
trivially satisfied because z = Pz0. Note that the correction
d to ~k can be ignored since the new approximate eigenvalue
will just be defined as the new Rayleigh quotient. So we are
left with the equation

P ðA� ~kIÞPz ¼ �r: ð4Þ

The Jacobi–Davidson scheme [16], the Trace Minimiza-
tion method [13] and a number of related algorithms are
based on the above development. In other methods, the
projection is not considered since the matrix A is not used
exactly. Instead, A is replaced by a ‘‘preconditioner’’ [12]
when solving the system ðM � ~kIÞz ¼ �r in place of the sys-
tem (3). This viewpoint is most useful in a Davidson
approach to build a subspace for a projection technique
[19].

The Newton-type framework just described determines
one vector at a time and it is interesting to explore situa-
tions where a block of vectors must be corrected. This is
important in many practical applications. We will explore
a few block correction schemes which are derived in a man-
ner that is similar to what was done above for the one-
dimensional case.

One of the possible applications of these schemes lies in
domain decomposition methods. In these methods, one can
consider the invariant subspaces obtained from subdo-
mains as approximately invariant for the global operator.
Such approximations can be very rough and one may be
tempted to correct them in some way. This technique is
taken to the limit and exploited in a quite effective way in
the Automated Multi-Level Substructuring (AMLS) algo-
rithm [2,8]. In AMLS, the subspaces are corrected by add-
ing correction terms from the interface variables.

The main goal of this paper is to explore block versions
of the correction equation. By considering the correction
equation as a nonlinear system of equations we can derive
Newton-type iterations whose convergence is quadratic
or cubic. We will also consider the Automatic Multi-Level
Substructuring algorithm, and domain-decomposition
methods, from the point of view of a block correction.
2. Block correction

This section examines a few schemes for ‘‘correcting’’ a
given approximate invariant subspace. We are given a sub-
space in the form of a certain basis U = [u1,u2, . . . ,um] and
would like to find a correction W of the same dimensions as
U, such that U + W is a better invariant subspace than U.
Schemes of this type are well-known for the case when
m = 1, and they lead to the standard Olsen’s method or
Jacobi–Davidson scheme.
2.1. Correction of an orthonormal basis

Let us assume that U 2 Rn�m is an orthonormal basis of
an approximate invariant subspace of A 2 Rn�n. In partic-
ular, UTU = I. Let D = UTAU be the interaction matrix
whose eigenvalues are approximations of eigenvalues of
A. The residual of the corresponding subspace is

R ¼ AU � UD; ð5Þ
¼ ðI � UU TÞAU : ð6Þ

The last expression shows that R lies in a space that is
orthogonal to U, i.e.,

UTR ¼ 0: ð7Þ

The goal is to obtain ðW ;DÞ 2 Rn�m;Rm�m, respectively,
which will correct (U,D) so that the perturbed pair of
matrices (U + W,D + D) satisfy the (nonlinear) equation:

AðU þ W Þ ¼ ðU þ W ÞðDþ DÞ: ð8Þ

This equation involves mn equations and mn + m2 un-
knowns. In order to close the system, m2 equations must
be added. We consider the additional constraint:

UTW ¼ 0: ð9Þ

The above constraint may seem arbitrary but it can be
interpreted as follows. It can be viewed as a means of
restricting the information that is being added to the cur-
rent system (W) to being nonredundant. Another condition
we could have imposed is that the new system U + W
should be orthonormal. This would have m2 constraints
as desired, but these constraints are nonlinear. However,
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up to second-order approximation these constraints will
imply the requirement (9). Indeed,

ðU þ W ÞTðU þ W Þ ¼ I ! U TW þ W TU þ W TW ¼ 0:

Neglecting second-order terms from the system of Eqs.
(8) and (9), yields the equations:

AW � WD� UD ¼ �R;

UTW ¼ 0:

�
ð10Þ

This system is actually a general expression of Eqs. (1) and
(2) when vectors are replaced by blocks of vectors. By mul-
tiplying the first equation on the left side by UT, and using
relation (7) we obtain the following expression for D:

D ¼ UTAW : ð11Þ
Therefore, system (10) is equivalent to solving

ðI � UU TÞAW � WD ¼ �R ð12Þ
and then computing D = UTAW. It can be easily shown
that the obtained solution W satisfies UTW = 0 as required.
Formula (12) generalizes formula (4). To prove (4), we pre-
ferred to use a more classical derivation.

2.2. Non-orthonormal systems and the projection viewpoint

We now adapt what was developed above to the correc-
tion of a nonorthonormal basis X 2 Rn�m of an approxima-
tion of an invariant subspace. Along with X is a certain
representation of A in the subspace in the form of a matrix
D 2 Rm�m such that A, X, and D satisfy the relation

AX ¼ XDþ R;

where R is a certain residual matrix. The only requirement
on X, D, and R is that XTR = 0. This implies in particular
that D = (XTX)�1(XTAX).

We seek ðW ;DÞ 2 Rn�m � Rm�m such that XTW = 0 and

AðX þ W Þ ¼ ðX þ W ÞðDþ DÞ: ð13Þ
When the above equations are satisfied, then (X + W)
spans an invariant subspace of A and the eigenvalues of
(D + D) are eigenvalues of A. By neglecting the second-or-
der terms, the equation becomes

AW � WD� XD ¼ �R; ð14Þ
which implies that D = (XTX)�1(XTAW). Let Q =
X(XTX)�1XT be the orthogonal projection onto X and
P = I � Q the dual projector. The final equation which
generalizes Eq. (12) is

PAW � WD ¼ �R ð15Þ

with (I � P)W = W.
It is clear that if X and an orthonormal system U span

the same subspace, then the resulting subspace obtained
by the above process should be identical with the one
resulting from the treatment of Section 2.1. In other words
the matrices W ; eW obtained in both cases are related by a
nonsingular p · p transformation S, i.e., W ¼ eW S.
2.3. Nonlinear correction

Clearly the original correction equation is nonlinear and
its exact solution will yield an exactly invariant subspace. It
is possible to solve the nonlinear equations iteratively
and this section explores this possibility. In this section,
we go back to the case when U is orthonormal. Eq. (8) is
expanded as

AW � WD ¼ �Rþ UDþ W D: ð16Þ

We still need to impose m2 constraints in the form of (9).
Multiplying both sides of (16) by UT yields the same
expression for D, i.e., D is again given by (11). This means
that we have again removed the unknown D from the
system (8) and we can write

AW � WD ¼ �Rþ ðU þ W ÞU TAW : ð17Þ

Grouping like terms leads to the nonlinear system,

ðI � UU TÞAW � W ðDþ U TAW Þ þ R ¼ 0: ð18Þ

This system can be solved with some form of iteration and
then D can be obtained from D = UTAW. The solution W

obtained also satisfies UTW = 0 as required.
It is interesting to examine a Newton approach for solv-

ing (18). Newton’s method is equivalent to starting from a
certain W0 (for example W0 = 0) and then iterating as
Wk+1 = Wk + Zk where Wk + Zk is made to satisfy (18)
for up to first-order terms in Zk, This yields after a little
calculation,

ðI � ðU þ W kÞUTÞAZk � ZkðDþ U TAW kÞ
¼ �R� ðI � UU TÞAW k þ W kðDþ U TAW kÞ ð19Þ

The above system is a Sylvester equation in Zk and with the
notation Uk = U + Wk = Uk�1 + Zk�1 and Dk = D +
UTAWk = UTAUk it becomes

ðI � UkUTÞAZk � ZkDk ¼ �Rk; ð20Þ

where Rk is the right-hand side seen above.
A few observations will provide some insight. The

matrix Dk = D + UTAWk is the right-corrected projection
matrix since Dk = D + UTAWk = UTA(U + Wk). There is
some loss of symmetry in this process. In the end the
Newton scheme would be as follows:

0. Select W0 (e.g., W0 = 0)
1. For k = 0, . . ., until convergence Do:
2. Set Dk = D + UTAWk; Rk = (I � UUT)AWk �

WkDk + R

3. Solve (for Zk): (I � (U + Wk)UT)AZk � ZkDk =
�Rk

4. Set Wk+1 = Wk + Zk

5. EndDo

Observe that when W0 = 0, then the first step corre-
sponds simply to the previous linearized scheme and this
is expected. From the definition of Uk and Dk, the iteration
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can be rewritten in terms of Uk. Note first that the expres-
sion for Rk can be simplified:

Rk ¼ ðI � UU TÞAW k � W kDk þ R

¼ ðI � UU TÞAðU k � UÞ � ðU k � UÞDk þ R

¼ ðI � UU TÞAU k � ðI � UU TÞAU � UkDk þ UDk þ R

¼ AU k � UðUTAUkÞ � R� UkDk þ UDk þ R

¼ AU k � UDk � U kDk þ UDk ¼ AU k � UkDk:

This gives the following alternative expression of the
previous algorithm.

Algorithm 2.1 (Newton–Sylvester iteration)

0. Select U0 s.t. UT
0 U ¼ I (e.g., U0 = U)

1. For k = 0, . . ., until convergence Do:
2. Compute Dk = UTAUk, and Rk = AUk � UkDk

3. Solve (for Zk): (I � UkUT)AZk � ZkDk = �Rk

4. Set Uk+1 = Uk + Zk

5. EndDo
An important note here concerns the solution of the Sylves-
ter equation in Line 3. Since we would like to solve the cor-
rection equation with the constraint that W T

k U ¼ 0, we
would like the relation ZT

k U ¼ 0 should be satisfied in gen-
eral. The relation is trivially satisfied for k = 0 a conse-
quence of the choice made in Line 0. For a general k, the
relation ZT

k U ¼ 0 is equivalent to U T
k U ¼ I . We can use a

little induction argument. Assume that the relation is satis-
fied for k. Then multiplying the Sylvester equation by UT

yields UTZkDk = 0. This will imply that UTZk = 0 when
Dk is nonsingular, which may be true under certain
assumptions. However, in order to avoid difficulties, we
will always assume that the system (20) is solved for a Z

that is orthogonal to U. When Dk is nonsingular, then as
was seen, UTZk = 0 is automatically satisfied. When Dk is
singular, we can for example shift both A and Dk by the
same shift r so that Dk � rI is nonsingular. Then we solve,
instead of (20), its shifted variant:

ðI � UkU TÞðA� rIÞZk � ZkðDk � rIÞ ¼ �Rk: ð21Þ
Now since Dk � rI is nonsingular, ZT

k U ¼ 0 and this Zk is
also solution of (20). In practice this issue does not arise.

When convergence takes place it is quadratic at the
limit, a characteristic of Newton’s method. A relation
which will establish this fact independently can also be
proved.

Lemma 2.1. At each step of the Newton–Sylvester iteration

the following relations hold:

UT
k U ¼ I ; ð22Þ

Rk ¼ ðI � U kU TÞAU k; ð23Þ
UTRk ¼ 0; ð24Þ
Rkþ1 ¼ �ZkU TAZk: ð25Þ
Proof. The first relation was discussed in detail above. It
comes from the fact that at each step UTZk = 0. The sec-
ond relation follows immediately from the definition of
Dk and the third is obtained by multiplying the second
by UT to the left and making use of (22). For the fourth
relation we write,

Rkþ1 ¼ AðU k þ ZkÞ � ðUk þ ZkÞðDk þ U TAZkÞ
¼ AU k þ AZk � U kDk � ZkDk � U kUTAZk � ZkUTAZk

¼ Rk þ ðI � UkU TÞAZU k � ZkDk|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼0

�ZkUTAZk

¼ �ZkUTAZk: �

Eqs. (22) and (23) show that the method is equivalent to
finding a block U* such that (I � U*UT)AU* = 0 subject to
the condition that the system U*, U be bi-orthogonal. Note
that from (23), we can easily infer that kRkk = O(kUk �
U*k) where U* is the limit. Indeed, using the fact (I �
U*UT)AU* = 0

Rk ¼ ðI � UkU TÞAU k � ðI � U �U TÞAU �

¼ ðI � UkU TÞAU k � ðI � UkUTÞAU � þ ðI � UkU TÞAU �

� ðI � U �U TÞAU �

¼ ðI � UkU TÞAðUk � U �Þ � ðUk � U �ÞU TAU �:

The following relationship will confirm this and provide
some additional insight:

Rkþ1 ¼ �ZkUTAZk:

In the case when m = 1 we get the following iteration
for k = 0,1, . . ., starting with u0 = u:

dk ¼ uTAuk;

rk ¼ Auk � dkuk;

ðI � ukuTÞAzk � dkzk ¼ �rk;

ukþ1 ¼ uk þ zk:

8>>><>>>:
Note that the scalar dk is an approximate eigenvalue.
Indeed, uT

k u ¼ ðuþ wkÞTu ¼ uTu ¼ 1 and therefore dk =
(uTAuk)/(uTuk). When (and if) uk converges to an eigenvec-
tor, then dk will converge to the corresponding eigenvalue.

The residual system in the third line of the above algo-
rithm can be transformed. The system is

ðI � ukuTÞAzk � zkdk ¼�rk ! ðA� dkIÞzk � ukuTAzk ¼�rk

and it can be solved in block form by setting nk = �uTAzk

and putting the unknowns zk, nk in one vector:

A� dkI uk

uTA 1

� �
zk

nk

� �
¼
�rk

0

� �
:

The advantage of writing the system in this form is that we
can better exploit any sparsity in A. In contrast the matrix
(I � ukuT)A � dkI is generally not sparse, though the Sher-
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mann–Morrisson formula can also be invoked with a sim-
ilar result.

A more traditional way of invoking the Newton
approach is for the case m = 1, by solving directly the
equation Au � u(uTAu) = 0, with the constraint kuk2 = 1.
Extending this to the m dimensional case is doable but
the constraint that U be unitary yields a more complicated
iteration. The scheme shown above avoids the problem of
orthogonalization – but it yields an iteration that is some-
what nonsymmetric.

So far symmetry has not been exploited. When A is sym-
metric, the matrix UTAZk in the above expression is the
transpose of ZT

k AU ¼ ZT
k ðAU � UDÞ ¼ ZT

k R0 so that

A ¼ AT ! Rkþ1 ¼ �ZT
k RT

0 Zk

with R0 = R. As a result one step of the process yields a
residual which satisfies R1 ¼ �Z0RT

0 Z0. Since kZ0k2 is of
the order as kR0k, an error of order � should be cubed in
the next iteration. Thus, one should expect to obtain cubic
convergence by a process of this type. Specifically, if one
step is performed, and the process restarted (i.e., U1 is
orthogonalized and U is set to U1, etc.) then one should
expect a cubic convergence according to this formula. This
is explored next.

2.4. Iterative correction

In this section, we consider the following modification of
the Newton–Sylvester scheme discussed in the previous
section.

Algorithm 2.2 (Iterative correction)

0. Select U0 (e.g., U0 = U)
1. For k = 0, . . ., until convergence Do:
2. Compute Dk ¼ U T

k AU k, and Rk = AUk � UkDk

3. Solve (for Wk): ðI � U kUT
k ÞAW k � W kDk ¼ �Rk

4. Orthogonalize: [Uk+1,Sk] = qr(Uk + Wk).
5. EndDo
In line 4, Matlab notation is used so that Uk+1 is the
result or orthonormalizing Uk + Wk.

Theorem 2.1. When the process converges, it exhibits a cubic
convergence at the limit, as expressed by the following

relation:

Rkþ1 ¼ �W kRT
k W kS�1

k þOðkRkk4Þ: ð26Þ

Proof. We first remark that (Uk + Wk)T(Uk + Wk) =
Sk

TSk = I + Wk
TWk.

Let us denote Dk ¼ ðU k þ W kÞTAðU k þ W kÞ and Rk ¼
Rkþ1Sk; hence

Rk ¼ AðU k þ W kÞ � ðU k þ W kÞðST
k SkÞ�1Dk:

Therefore, with Dk ¼ UT
k AW k, the correction implies that

AðU k þ W kÞ � ðUk þ W kÞðDk þ DkÞ ¼ �W kDk ð27Þ
and remembering that U T
k W k ¼ 0,

Dk � ðI þ W T
k W kÞðDk þ DkÞ ¼ �W T

k W kDk;

which can be rewritten as

Dk ¼ Dk þ Dk þ W T
k W kDk: ð28Þ

For the residual, we estimate Rk ¼ Rkþ1Sk as follows:

Rk ¼ AðU k þ W kÞ � ðU k þ W kÞðI � W T
k W kÞDk þOðkW kk4Þ;

¼ AðU k þ W kÞ � ðU k þ W kÞDk

þ ðU k þ W kÞW T
k W kDk þOðkW kk4Þ;

¼ �W kDk � ðUk þ W kÞW T
k W kDk

þ ðU k þ W kÞW T
k W kðDk þ DkÞ þOðkW kk4Þ;

¼ �W kDk � ðUk þ W kÞW T
k W kDk þOðkW kk4Þ;

¼ ð�W k � UkW T
k W kÞDk þOðkW kk4Þ;

¼ ð�W k � UkW T
k W kÞUT

k AW k þOðkW kk4Þ;
¼ ð�W k � UkW T

k W kÞðRT
k W k þ DkU T

k W kÞ þOðkW kk4Þ;
¼ �W kRT

k W k þOðkW kk4Þ:

Since Wk is the solution of a nonsingular Sylvester
equation of which right-hand side is Rk, clearly kWkk =
O(kRkk) and (26) is established. Near convergence
Uk + Wk is close to an orthonormal basis and therefore
matrix Sk is close to identity. Hence (26) proves that
Rk+1 = O(kRkk3). h
2.5. Inverse iteration and Rayleigh quotient iteration

The above developments lead to Olsen’s scheme and
the Jacobi–Davidson approach, see, e.g., [19]. A simpler
scheme is often used in practice which consists of ignoring
the projection step. In the situation of a single vector iter-
ation, this scheme is simply the inverse iteration algorithm,
which computes a new direction by solving

ðA� lIÞunew ¼ u ð29Þ

in which l is typically a fixed shift close to an eigenvalue.
Note that the right-hand side is an approximate eigenvec-
tor instead of a residual. A block generalization can be
written from the scheme (12) by using a different right-hand
side, namely, we solve

AUnew � UnewD ¼ U :

If R � AU � UD, and Unew = U + W then the above con-
dition, can be rewritten as AW �WD = U � R. Note that
now D is no longer defined as D = UTAU but can be a
diagonal matrix of shifts. Also a normalization must be
added to the basic step mentioned above, in the form of
a QR factorization of Unew.

In Rayleigh Quotient Iteration [7], the shift l in (29) is
changed to the Rayleigh quotient at each step. This, how-
ever is not practical as it requires an expensive refactoriza-
tion of the matrix at each step. Of course the same is true of
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Algorithm 2.1, where a change in the matrix Dk would
require expensive refactoring in the method used to solve
the Sylvester equation.

3. Domain decomposition: CMS and AMLS

This section explores applications of what was just
learned on block corrections to domain decomposition
(DD) methods [17]. Let A 2 Rn�n be a symmetric real
matrix, partitioned as

A ¼
B E

ET C

� �
; ð30Þ

where B 2 Rðn�pÞ�ðn�pÞ, C 2 Rp�p and E 2 Rðn�pÞ�p. Assume
that the above matrix arises from the discretization of a
certain self-adjoint operator (e.g., a Laplacean) on a do-
main X which is then partitioned into several subdomains
with an interface C, see Fig. 1 for the simplest case of
two subdomains. The subdomains, which may overlap,
are separated by an interface C. The unknowns in the inte-
rior of each subdomain Xi are completely decoupled from
the unknowns of all other subdomains. Coupling among
subdomains is through the unknowns of the interface C
and the unknowns in each Xi that are adjacent to C. With
the situation just described, the matrix B is block diagonal,
consisting of two diagonal blocks corresponding to the un-
knowns that are interior to each subdomains. The C block
corresponds to the variables on the interface.

The eigenvalue problem Au = ku, can be written as

B E

ET C

� �
u

y

� �
¼ k

u

y

� �
; ð31Þ

where u 2 Cn�p and y 2 Cp. A method for computing eigen-
values of matrices partitioned in this manner was intro-
duced in structural dynamics by [5,8]. Referred to as the
method of component mode synthesis (CMS), this method
begins by solving the problem Bv = lv. This amounts to
solving each of the decoupled smaller eigenvalue problems
corresponding to each subdomain Xi separately. The meth-
od then injects additional vectors to account for the cou-
pling among subdomains. This is done by invoking a
1 2

Fig. 1. The simple case of two subdomains X1, X2 and an interface C.
carefully selected operator for the interface nodes. AMLS
is a multilevel approach which exploits recursivity by
continuing this approach into lower levels recursively, see
e.g., [2,1] for details.

In the following, the main steps of CMS – i.e., one level
of AMLS, will be reviewed. Consider the matrix

U ¼ I �B�1E

0 I

 !
: ð32Þ

This is a block Gaussian eliminator for matrix (30), which
is selected so that

UTAU ¼
B 0

0 S

� �
;

where S is the Schur complement

S ¼ C � ETB�1E: ð33Þ

The original problem (31) is equivalent to the general-
ized eigenvalue problem UTAUu = kUTUu, which becomes

B 0

0 S

� �
u

y

� �
¼ k

I �B�1E

�ETB�1 MS

 !
u

y

� �
; ð34Þ

where MS = I + ETB�2E. The next step of CMS is to neg-
lect the coupling matrices (blocks in positions (1,2) and
(2,1)) in the right-hand side matrix of (34). This yields
the uncoupled problem

Bv ¼ lv; ð35Þ
Ss ¼ gMSs: ð36Þ

Once the desirable eigenpairs have been obtained from
(35) and (36), they are utilized in a projection method
(Rayleigh–Ritz) applied to the original problem (34). The
basis used for this projection is of the form

v̂i ¼
vi

0

� �
; i ¼ 1; . . . ;mB; ŝj ¼

0

sj

� �
; j ¼ 1; . . . ;mS

� �
;

ð37Þ

where mB < (n � p) and mS < p and where the vi’s and sj’s
are eigenvectors of the problems (35) and (36), respectively.

It is important to note that the projection is applied to
(34) rather than to the original problem (31). There is an
inherent change of basis between the two and, for reasons
that will become clear shortly, the basis fv̂igi; fŝjgj, is well
suited for the transformed problem rather than the original
one. In fact let us consider this point in detail. We could
also think of using the transformed basis

v̂i ¼
vi

0

� �
; i¼ 1; . . . ;mB; ûj ¼

�B�1Esj

sj

 !
; j¼ 1; . . . ;mS

( )
ð38Þ

for solving the original problem (31), instead of the basis
(37). As can be easily seen, these two options are mathe-
matically equivalent.
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Lemma 3.1. The Rayleigh–Ritz process using the basis (37)

for problem (34) is mathematically equivalent to the Ray-

leigh–Ritz process using the basis (38) for problem (31).
Proof. For a given matrix A, and a given basis (not neces-
sarily orthogonal) consisting of the columns of a certain
matrix Z, the Rayleigh–Ritz process can be written as

ZTAZv ¼ kZTZv:

If Z is the basis (37) then the basis (38) is nothing but
UZ. Comparing the two projection processes gives the
result. h

In the rest of the paper we will use the basis (38) on the
original problem (31) for describing the CMS projection.

It should be mentioned that the original CMS method as
described in [5,8] does not use selected eigenvectors sj from
the Schur complement as was done here, but instead uses
a technique which amounts to taking all of them (i.e.,
mS = p). Since this can be a problem when the interfaces
are large Bourquin [4] in particular suggested a technique
based on Schur complements which is similar to the more
general approach described above.

3.1. Links with the correction equation

One of the purposes of this paper is to present CMS/
AMLS from the angle of the correction equation. Notice
at first that CMS does implement a correction: it corrects
the eigenvectors of B to try to obtain better approxima-
tions to the eigenvectors of the whole matrix A. This is
done by using the Schur complement matrix and construct-
ing a good (improved) basis to perform the Rayleigh–Ritz
projection. This viewpoint (correction) is important
because there are many variants for correcting eigenvectors
and some are better than others. It should be noted that, in
contrast with the above description, the common CMS
viewpoint begins from the eigenmodes of the Schur com-
plement that results from the so-called Guyan reduction,
or static condensation, see [9]. These modes are then
enriched by adding selected modes from the interior vari-
ables of each subdomain. Since we are in effect selecting
a set of coupling modes and a set of internal modes, to
form a basis of for the Rayleigh–Ritz projection, this
distinction is no longer important.

Consider eigenvectors of B associated with smallest
eigenvalues

Bvi ¼ livi:

One can consider the vectors

v̂i ¼
vi

0

� �
as approximate eigenvectors of A. The eigenvectors ob-
tained in this manner amount to neglecting all the coup-
lings and are likely to yield very crude approximations.
We can now think of correcting these eigenvectors via a
correction equation as is usually done, see the previous
sections.

An interesting observation is that the residuals
ri ¼ ðA� lIÞv̂i have components only on the interface vari-
ables, i.e., they have the shape:

ri ¼
0

wi

� �
; ð39Þ

where the partitioning corresponds to the one above and
where wi = ETvi.

Consider a single vector inverse iteration correction. In
this case, for each approximate eigenvector vi we would
seek a new approximation ui by solving an equation of
the type (29), (A � lI)ui = vi, where l is a certain shift.
In a typical inverse iteration correction, l is constant to
reduce cost of factorization.

The matrix A � lI can be factored as

ðA� lIÞ ¼
I 0

ETðB� lIÞ�1 I

� �
B� lI E

0 SðlÞ

� �
; ð40Þ

where S(l) is the Schur complement

SðlÞ ¼ C � lI � ETðB� lIÞ�1E:

Taking the particular structure of vi into account we find
that

ui ¼ ðA� lIÞ�1 vi

0

� �
¼ ½I þ ðB� lIÞ�1ESðlÞ�1ET�ðB� lIÞ�1vi

�SðlÞ�1ETðB� lIÞ�1vi

 !
:

In other words,

ui ¼
zi � ðB� lIÞ�1Esi

si

 !
with zi ¼ ðB� lIÞ�1vi

and si ¼ �SðlÞ�1ETzi:

There is a strong similarity between the result of this
correction and that obtained from CMS. This can be seen
from the nature of the basis (38) which consists of the
vectors

vi

0

� � �B�1Esj

sj

 !
; ð41Þ

where the si’s are eigenvectors of a Schur complement,
and the vi’s are eigenvectors of the B block.

3.2. Correction equations and domain decomposition

Consider now the application of the correction Eq. (12)
to the Domain Decomposition framework discussed above.
Specifically, we consider the Newton approach discussed in
Section 2.3 and we will apply one step of the Newton–Syl-
vester algorithm, i.e., (Algorithm 2.1). Note that since we
are only considering one step of the process, there is no dif-
ference between this algorithm and Algorithm 2.2. The
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index k is removed for simplicity and Uk+1 in Line 4 is
denoted by Unew. We denote by V 1 2 Rp�m (1 6 m 6 p < n)
an orthogonal basis of an invariant subspace of B, so that

BV1 = V1D, where D = diag(l1, . . . ,lm) and we let

U ¼ V 1

0

� �
2 Rn�m. To simplify notation we will denote

by P1 the orthogonal projector P 1 � I � V 1V T
1 , so that

I � UU T ¼ I � V 1V T
1 0

0 I

 !
�

P 1 0

0 I

� �
: ð42Þ

In addition, the matrix Dk in Line 2 of Algorithm 2.1 is
simply the diagonal matrix D:

U TAU ¼ ½ V T
1 0 �A

V 1

0

� �
¼ V T

1 BV 1 ¼ D:

Similarly, the residual matrix Rk has a simple structure
due to (39):

R ¼ AU � UD ¼
0

ETV 1

� �
:

Now the Sylvester system in Line 3 of Algorithm 2.1 can
be written (I � UUT)AZ � ZD = �R. Since D is diagonal
this system decouples into the p distinct linear systems,

ðI � UU TÞAzi � lizi ¼ �ri ¼ �
0

ETvi

� �
: ð43Þ

Writing zi ¼
yi

si

� �
the system (43) translates to

P 1Byi þ P 1Esi � liyi ¼ 0;

ETyi þ ðC � lIÞsi ¼ �ETvi:

Note that the first equation is equivalent to P1(B � liI)yi +
P1Esi = 0 the solution of which is

yi ¼ �½P 1ðB� liIÞ�
yP 1Esi:

Substituting this solution in the second equation results in:

�ETP 1ðB� liIÞ
yP 1Esi þ ðC � liIÞsi ¼ �ETvi;

which gives the following equation to solve for si:

½C � liI � ETP 1ðB� liIÞ
yP 1E�si ¼ �ETvi: ð44Þ

This leads to a natural definition of a projected Schur

complement,

S�ðliÞ ¼ C � liI � ETP 1ðB� liIÞ
yP 1E ð45Þ

from which the solution is readily expressible. In what fol-
lows it is assumed that S*(li) is not singular. (A less restric-
tive assumption is that S*(li) is not singular in the range of
ET.)

In the end the column-vectors of the new matrix Unew

are given by

unew
i ¼ ui þ zi ¼

vi � P 1ðB� liIÞ
yP 1Esi

si

 !
with si ¼ �S�ðliÞ

�1ETvi: ð46Þ
An interesting property which can be shown is that

ðA� liIÞunew
i ¼ �V 1V T

1 Esi

0

 !
:

It is, of course possible to apply additional steps of this
correction process. However, these additional steps will
require expensive Sylvester-like equations to be solved at
each step with different shifts. Instead of considering these
we can instead gain insight from the AMLS procedure and
try to define good subspaces for a projection process. Spe-
cifically, the question is: which subspace should be added to

spanV1 if the goal is to obtain a good approximation to the

original eigenspace?

A comparison between (46) and the basis (41) used by
CMS suggests that we replace li by zero in (46) and that
we enrich the basis V1 by the vectors

�P 1B�1P 1Esi

si

 !
with si ¼ �S�ð0Þ�1ETvi:

Note that P1B�1P1 = P1B�1 = B�1P1. In other words
we can consider performing a Rayleigh–Ritz process on
the original problem (31) with the basis

v̂i ¼
vi

0

� �
; ûi ¼

�P 1B�1Esi

si

 !
; i ¼ 1; . . . ;m

( )
;

with si ¼ �S�ð0Þ�1ETvi: ð47Þ

The differences with the basis used by CMS are (1) the
way in which the si’s are defined and (2) the presence of
the projector P1 in the definition of ûi. We can also define
a simplified basis, which we will refer to as the Newton-
CMS basis, in which the projectors are removed:

v̂i ¼
vi

0

� �
; ûi ¼

�B�1Esi

si

 !
; i ¼ 1; . . . ;m

( )
;

with si ¼ �S�1ETvi: ð48Þ

Note that S*(0) has been replaced by the standard Schur
complement S = C � ETB�1E. Experiments indicated
that at least for a one-level AMLS (i.e., for a CMS algo-
rithm), there is no difference between the two bases (47)
and (48).

One of the main weaknesses of AMLS is that it is a one-
shot algorithm, in the sense that it just provides one set of
approximations that cannot (at least with the classical algo-
rithm definition) be improved. Because of the close relation-
ship between the AMLS algorithm and the correction
equation, we can think of using more steps of the correction
algorithms described earlier to fill the gap. The biggest
appeal of AMLS is that it is essentially a method which per-
forms one factorization (direct) only to extract a large num-
ber of eigenvectors. In the numerical experiments we will test
the following adaptation of Algorithm 2.2 in which U0 cor-
responds to the initial set of CMS which is the first part of
the basis (38). For this reason it is important to set Dk to zero
throughout. In addition, following the spirit of CMS, the
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correction in Line 4 of Algorithm 2.2 is replaced by a projec-
tion step using the sets given by Uk and Zk. This gives fol-
lowing iterative, or corrected, variant of CMS.

Algorithm 3.1. Iterative CMS

0. Select U0 s.t. U T
0 U 0 ¼ I from eigenvectors in each

subdomain.
1. For k = 0, . . ., until convergence Do:
2. Compute Rk ¼ AU k � U kðU T

k AU kÞ
3. Solve (for Zk): ðI � UkUT

k ÞAZk ¼ �Rk

4. Set V = [Uk,Zk]
5. Compute Uk+1 from a Rayleigh–Ritz projection on

A using the basis V.
6. EndDo
The system ðI � U kU T
k ÞAZk ¼ �Rk can be solved, for exam-

ple, by setting T ¼ U T
k AZk and then solving

A �U k

U T
k A �I

� �
Zk

T

� �
¼
�Rk

0

� �
:
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Fig. 2. Test with the Laplacean: (a) pattern of the matrix; (b) converg
Since Uk is typically of low rank, the above system can be
easily solved with one factorization of A.

This algorithm will be tested for a 2-domain case in the
next section.

4. Numerical examples

All the tests are run in the MATLAB environment.

4.1. Quadratic and cubic convergence

The first test considers a matrix of small order (n = 238).
This matrix is the classical matrix obtained by the discret-
ization of the 2D Laplacean by finite differences on a
14 · 17 rectangular mesh. The twenty smallest eigenvalues
are sought. The two principal diagonal blocks of order
112, the leading one and the tailing one, are separated by
a block of dimension 14. When adequately permuted, the
matrix profile is shown in Fig. 2(a). The evolution of the
residual norms are displayed in Fig. 2(b) for the Newton–
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ence with Algorithm 2.1 and (c) convergence with Algorithm 2.2.
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Sylvester iteration (Algorithm 2.1), and in Fig. 2(c) for the
Iterative Correction (Algorithm 2.2). The quadratic and
cubic convergences are well illustrated by the curves. Dur-
ing the first iterations, the two methods stagnate as long as
they have not yet determined a good approximation of an
invariant subspace. The computed eigenvalues are not the
20 smallest ones: there are some missing eigenvalues. For
Algorithm 2.1, the 12 smallest eigenvalues are computed
and the last 8 computed eigenvalues correspond to eigen-
values ranking between the 14th and the 25th eigenvalue
of the matrix. For Algorithm 2.2, the result is almost equiv-
alent although a bit worse: the first 10 eigenvalues are com-
puted and the last 10 computed eigenvalues range between
the 12th and the 26th eigenvalue.

4.2. Computing inner eigenvalues

In this section, we consider as test matrix A0, the matrix
PLAT1919 from the test suite Matrix Market [3]. The
matrix is of order 1919 and its sparsity pattern is shown
in Fig. 3(a). By applying a symmetric reordering P

obtained from the Symmetric Reverse Cuthill–McKee
algorithm, the matrix AP = PTAP has a smaller bandwidth.
Considering the permuted matrix AP, two diagonal blocks
are defined by the intervals of indices I1 = [1 : 1040] and
I2 = [1081 : 1919]. The interval J = [1041 : 1080] is the sep-
arator. By renumbering symmetrically rows and columns
of AP, with the numbering defined by Q = [I1, I2,J], one
gets the test matrix A whose pattern is displayed in
Fig. 3(b).

The full spectrum of PLAT1919, computed by the QR
method, is displayed in Fig. 4. The goal of the tests is to
analyze the behavior of the two Algorithms 2.1 and 2.2
for computing a basis of an invariant subspace correspond-
ing to six eigenvalues in a neighborhood of r = 0.995.

The same initial guess U 0 2 R1919�6 of a basis of the
sought invariant subspace is considered for the two meth-
Fig. 3. Sparsity patterns of PLAT1919: (a) origina
ods. It is built, consistently with Section 3.2, by the follow-
ing: for each of the two blocks, the three eigenvectors
corresponding to the eigenvalues which are the closest to
r are computed; in that way, two orthonormal blocks
U ð1Þ 2 R1040�3 and U ð2Þ 2 R849�6 are obtained and U0 is
then defined by

U 0 ¼
U ð1Þ 0

0 U ð2Þ

0 0

0B@
1CA: ð49Þ

Table 1 shows, for each of the two methods, the com-
puted eigenvalues, corresponding to the invariant subspace
defined by the last computed basis Uk. In each case, the
eigenvalues of Dk are given, along with their respective
index in the spectrum of the matrix, and their absolute
error. The eigenvalues are labeled in ascending order. In
Fig. 5, the computed eigenvalues are located in the whole
l pattern and (b) after symmetric renumbering.



Table 1
Computed eigenvalues of PLAT1919 near r = 0.995

Algorithm 2.1 Algorithm 2.2
After k = 10 iterations After k = 6 iterations
Residual: 5 · 10�2 Residual: 3 · 10�11

Eigenvalue Index Error Eigenvalue Index Error

0.91576 1771 4 · 10�3 0.96497 1782 1 · 10�15

0.97367 1785 2 · 10�3 0.99000 1786 1 · 10�15

0.98842 1786 2 · 10�3 0.99359 1788 2 · 10�15

0.99213 1788 1 · 10�3 0.99515 1791 2 · 10�15

0.99964 1791 4 · 10�3 1.0053 1793 4 · 10�15

1.0866 1812 2 · 10�3 1.0113 1794 2 · 10�15
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spectrum of matrix PLAT1919. On this example, the supe-
riority of Algorithm 2.2 over Algorithm 2.1 is clear: the
eigenvalues computed by the former are closer to the refer-
ence number r and they are much more precise. Actually,
the run of Algorithm 2.1 showed a lack of convergence.
We rerun Algorithm 2.1 with U equal to the Q-factor in
the QR factorization of the last estimate Uk of the first
run. After 10 additional iterations, the residual reached
10�6 and the computed eigenvalues were corresponding
to eigenvalues of PLAT1919 with indices from 1771 to
1815, with a precision higher than 10�12. It appears that,
this algorithm needs a better initial estimate than its coun-
terpart. A drawback of Algorithm 2.1 lies in its Step 3
which corresponds to a nonsymmetric Sylvester equation.
However, complex computation can be avoided since it
can be proved that, although nonsymmetric, matrix Dk is
similar to a symmetric matrix.
4.3. Tests with domain decomposition

We consider a Schrödinger operator of the form

H ¼ �Dþ V
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a

Fig. 5. Location of the computed eigenvalues in the sp
on a rectangular domain in two dimensions. The potential
V is a Gaussian

V ðx; yÞ ¼ �be�ðx�xcÞ2�ðy�ycÞ2

in which (xc,yc) is the center of the domain. The operator H

acts on a given function u by simply adding the function Vu

to the negative Laplacean of u. We selected b = 100, and
discretized the domain uniformly using centered finite dif-
ferences and applied Dirichlet boundary conditions. The
domain is a rectangle of dimension (nx + 1) · h = 1 and
(ny + 1) · h, where nx, ny are the number of discrete points
on the x- and y-directions, respectively, excluding bound-
ary points. The domain is then split in two horizontally,
in the middle of the domain. The matrix is reordered by
putting the interface variables at the end as is usually done
to illustrate DD orderings. The resulting matrix is shown
on the left side of Fig. 6. The first experiments is only for
demonstrating the power of the CMS algorithm and its
variants. We found in general very little difference between
the different variants of the same idea. We compared the
following four methods for computing the smallest nev

eigenvalues. In the test nev = 8.

No correction: This performs a Rayleigh–Ritz procedure
with eigenvectors from the two domains. The process
takes nev/2 eigenvectors from each domain which will
form the column-vectors of two matrices U1, U2 then
gathers them in a basis W = [U1,U2] and then proceeds
to a Rayleigh–Ritz projection on A with the nev vectors
in W.
CMS: This approach consists of a CMS projection,
which takes the same W from above and augments it
with the set Z obtained as

Z ¼ �B�1EG

G

 !
;
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where G is a matrix whose columns are eigenvectors of S
associated with the smallest nev eigenvalues. This corre-
sponds to using the basis (41) for a Rayleigh–Ritz pro-
jection. This corresponds to using the basis (41) for a
Rayleigh–Ritz projection.
Newton-CMS: This is similar to the previous method,
but the G matrix of eigenvectors of the Schur comple-
ment is replaced by the matrix S�1ETW where S is the
Schur complement. Note that since W = [U1,U2] has
2nev columns, we end-up adding a basis of has 2nev col-
umns instead of nev for CMS. This scheme corresponds
to using the basis (48) for a Rayleigh–Ritz projection.
Newton-CMS with projection: The only difference
between this and the previous process is that the projec-
tor P1 = I �WWT is used, along with the projected
Schur complement given by (45). Thus, the inverse of
B is replaced by P1B�1 when defining S and the Z matrix
above. This corresponds to using the basis (47) for a
Rayleigh–Ritz projection.

In all cases we tested for this example, Methods 3 and 4
seemed to be exactly identical. This means that the G matri-
ces generate the same subspace in both cases. Because of
this we only show the results with the first three methods.

Fig. 6 shows an illustration for a case when nx = 35,
ny = 33 which yields a matrix of size n = 1155. The number
of eigenvalues computed is 12. As it turns out it is very dif-
ficult for this example to find cases where CMS and New-
ton-CMS yield (significantly) different results. Because nx is
relatively small, the subspace spanned by the matrices G

involved above is the same or very close and this leads to
the same approximations. What is remarkable is the
quality of the approximation obtained from CMS-type
approaches. The accuracy obtained by using eigenvectors
from subdomains alone (no correction) is already quite
good, considering the simplicity of this approach.
In the next test, we consider the iterative CMS, Algo-
rithm 3.1, discussed earlier. Only two correction steps
(corresponding to the k loop in the algorithm) are taken.
In this test we take nx = 45, ny = 43 which leads to a big-
ger matrix of size n = 1935. Fig. 7 shows the result of
computing the 20 lowest eigenvalues with the three
methods: Newton-CMS, first step of Iterative CMS, and
second step of Iterative CMS. The results are much
improved, especially for the lowest 10 eigenvalues. Note
also, that the biggest improvement is achieved by the first
corrective step. What is important to emphasize here is
that the improvements achieved by the two corrections
are obtained without any additional factorizations of the
matrix A.
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5. Summary and conclusion

We have discussed a few variants of certain algorithms
based on the correction equation for solving eigenvalue
problems and we showed how they can be adapted in a
domain decomposition framework. In particular, block
variants of the correction equation were derived by viewing
the eigenvalue problem as a system of nonlinear equations.
The resulting algorithms converge cubically or quadrati-
cally but they require the solution of a different Sylvester
equation at each step. In the case of CMS, experiments
show that it is possible to obtain good improvements by
versions of these algorithms which do not require to refac-
tor the matrix at each step.
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