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Abstract

The type and effect discipline is a new framework for reconstructing the principal type and
the minimal effect of expressions in implicitly typed polymorphic functional languages that
support imperative constructs. The type and effect discipline outperforms other polymorphic
type systems. Just as types abstract collections of concrete values, effects denote imperative
operations on regions. Regions abstract sets of possibly aliased memory locations.

Effects are used to control type generalization in the presence of imperative constructs
while regions delimit observable side-effects. The observable effects of an expression range
over the regions that are free in its type environment and its type; effects related to local
data structures can be discarded during type reconstruction. The type of an expression can
be generalized with respect to the type variables that are not free in the type environment
or in the observable effect.

Introducing the type and effect discipline, we define both a dynamic and a static se-
mantics for an ML-like language and prove that they are consistently related. We present a
reconstruction algorithm that computes the principal type and the minimal observable effect

of expressions. We prove its correctness with respect to the static semantics.



Contents

9

Introduction
Related Work

A Core Language and its Semantics

3.1 Syntax . . ...
3.2 Store operations . . . . ... ...
3.3 Formulation of the Dynamic Semantics . . . . .
3.4 Semantic Objects . . . . . ... .. .. ... ..
3.5 Axioms and Rules of the Dynamic Semantics . .

3.6 Dynamic Semantics of Store Operations . . . .

Static Semantics

4.1 Free Variables and Substitutions . . . . . . . ..
4.2 Type Schemes and Environments . . . . .. ..
4.3 Type Generalization . . . ... ... ... ...
4.4 Rules of the Static Semantics . . . .. ... ..
4.5 Static Semantics of Store Operations . . . . . .

4.6 Observation Criterion . . . . . . . . . . .. ...

Formal Properties of the Static Semantics
Consistency of Dynamic and Static Semantics

The Reconstruction Algorithm

7.1 Constrained Type Schemes . . . . . . . .. ...

7.2 Constrained Type Schemes of Store Operations

7.3 The Reconstruction Algorithm . . . . . ... ..

Constraint Resolution

.1 Well-Formed Constraint Sets . . . . . . . .. ..
8.2 Unification Algorithm . . . ... ... .. ...

Correctness of the Reconstruction Algorithm

10 Examples

© © ow o

10
10

11
12
13
14
14
15
16

17

19

32
32
33
33

34
35
38

40

47



11 Comparison with the Related Work
11.1 Comparative Examples . . . . . . ... ... oo
11.2 Benchmarks . . . . . . . . . e

12 Extensions

13 Conclusion

49
50
51

53

54



1 Introduction

Type inference [Milner, 1978] is the process that automatically reconstructs the type of
expressions in programming languages. Polymorphic type inference in functional languages
becomes problematic in the presence of imperative constructs and much investigations have
been devoted to this issue [Tofte, 1987, Leroy & Weis, 1991, Wright, 1992].

Effect systems [Gifford & al., 1987, Lucassen, 1987, Lucassen & Gifford, 1988] aim at a
safe integration of imperative programming features in functional languages. Just as types
describe what expressions compute, effects describe how expressions compute and both can
be statically reconstructed [Jouvelot & Gifford, 1991, Talpin & Jouvelot, Sept. 1992].

We introduce the type and effect discipline, a new framework for reconstructing the prin-
cipal type and the minimal effect of expressions in implicitly typed polymorphic functional
languages that support imperative constructs. Just as types structurally abstract collections
of concrete values, regions abstract sets of possibly aliased memory locations while effects
denote imperative operations on regions. Effects control type generalization in the presence
of imperative constructs while regions are used to report their only observable side-effects.

The observable effects of an expression range over the regions that are free in its type
environment and its type. Effects related to local data structures can be discarded during
type reconstruction. The type of an expression can be generalized with respect to the
variables that are neither free in the type environment nor in the observable effect.

In this paper, section 2 presents the related work. Then, we describe the dynamic (sec-
tion 3) and static (sections 4 and 5) semantics of the language. We state that the static
and dynamic semantics are consistent (section 6), and that our reconstruction algorithm,
presented in sections 7 and 8, is correct with respect to the static semantics (section 9). We
give some examples (sections 10 and 11) that show that our approach surpasses previous

techniques before suggesting some extensions (section 12) and concluding (section 13).

2 Related Work

Short of the ad-hoc techniques used in the first type inference systems, the imperative type
discipline [Tofte, 1987] is the classical way to deal with the problem of type generalization for
polymorphic functional languages in the presence of non referentially transparent constructs.
Its extension, based on weak type variables, is used in the implementation of Standard
ML [Appel & Mac Queen, 1990]. A different approach, suggested in [Leroy & Weis, 1991],
consists in labeling the type of each function with the set of the types of the value identifiers

that occur in its body, and then to track the dangerous type variables of references.



All those approaches build conservative approximations of value types that may be ac-
cessible from the global store by relating the typing of references to syntactic information.
A more intuitive and integrated approach is to infer a more semantically meaningful infor-
mation by recording and and keeping track of the types of values referenced in the store, as
soon as the store is expanded and as long as its locations are used. The quest for such a type
system has for long been the subject of many investigations [Damas, 1985, O’ Toole, 1989,
Wright, 1992]. Effect inference allows us to approximate the store by regions and types and,
as such, can be used to decide when to perform type generalization.

The FX system [Lucassen & Gifford, 1988, Gifford & al., 1987] suggests a static seman-
tics for polymorphic type and effect checking. In [Jouvelot & Gifford, 1991], the authors
show that effect reconstruction can be seen as a constraint satisfaction problem. However,
the exact matching of effects required by the static semantics, together with the use of explicit
polymorphism, imply the non-existence of syntactic principal types; it also somewhat limits
the kind of accepted programs. We present in [Talpin & Jouvelot, Sept. 1992] an algorithm
that computes the maximal type and the minimal effect of expressions, using subsumption
on effects to overcome this particular problem of effect matching.

In the type and effect discipline, we apply the technique of type, region and effect inference
to the problem of typing references in ML-like languages in the presence of polymorphic let
constructs. We determine the principal type and the minimal observable effects of expres-
sions. We use effect information to perform type generalization. By using effect information
together with an observation criterion, our type system is able to precisely delimit the scope
of side-effecting operations, thus allowing type generalization to be performed in let expres-
sions in a more efficient and uniform way than previous systems. It is shown with some simple
examples (section 10) that our system improves over earlier type generalization policies for

ML-like languages.

3 A Core Language and its Semantics

Reasoning on the complete definition of a functional language such as Standard ML or FX
would have been complex and tedious. In order to simplify the presentation and to ease
the formal reasoning, this section introduces a core language. It is an attempt to trade
between integrating the principal features of functional and imperative programming, and
being simple. This section introduces its syntax and its dynamic semantics together with a

series of conventions and notations that are used in this paper.



3.1 Syntax

The expressions of the language, written e possibly with a prime or a subscript, are the ele-
ments of the term algebra Krp generated by the grammar described below. It uses enclosing

parentheses in the reminiscence of Scheme [Rees & al., 1988].

en= x| value identifier
(op @) | operation
(e &) | application

(lambda (x) e) | abstraction

(let (x e) &) lexical value binding
op ::= new | get | set operations on references
Syntax

In this grammar, x and f range over a countable set of identifiers. The form (e €’) stands
for the application of a function e to an argument e’. The form (op e) applies the primitive
operation op to the argument e. The expression (lambda (x) e) is the so-called lambda-
abstraction that defines the first-class function whose parameter is x and whose result is the

value of e.

3.2 Store operations

The arithmetic operations over integers: + and -, the boolean operations: and and or,
or even the if construct are typically represented by operators op, because their meaning
cannot be explained easily by abstractions and applications. Store operations can also be
defined by operators. They operate on reference values, which are indirection cells that can
be dynamically allocated, read and written in place.

The operation (new e) initializes a fresh reference to the value of the expression e. The
operation (get e) gets the value referenced by the pointer returned by e. The operation
((set e) €') modifies the content of the reference returned by e and sets it to the value of

e’. We use the convention that set returns the unit value u.



3.3 Formulation of the Dynamic Semantics

In this section, we define the dynamic semantics of our language. The dynamic semantics
specifies the meaning of expressions. It is defined by an evaluation mechanism that relates
expressions to values. To express this relation, we use the formalism of relational semantics
[Plotkin, 1981, Kahn, 1988]. It consists of a predicate between expressions and values defined
by a set of axioms and inference rules called evaluation judgements. An evaluation judgment

tells whether an expression evaluates to a given result.

3.4 Semantic Objects

We present the semantics objects on which the predicate of evaluation is defined. These
semantic objects include values, environments, stores and traces.

Values are either the command value u, reference values [ or closures ¢. A closure (x, e, )
is composed of a value identifier x, its formal parameter, an expression e, its body, and the
environment F where it is defined.

An environment F is represented by a finite map from identifiers to values. In an envi-
ronment K, we assume that all identifiers are distinct. The empty mapping is written {}.
The domain of the mapping F is written Dom(FE) and its range Im(F). If x belongs to
Dom(FE), we write E(x) for the value associated with x in . Finally, we write Ex for the

exclusion of x from F and Fx + {x — v} for the extension of £ to the mapping of x to v.

v € Value = {u}+Ref+Closure values

¢ € Closure = ldxFExpx Env closures

[ € Ref locations

E e Env = ]d@ Value environments
s € Store = Ref@ Value stores

Values, Environments, Stores and Traces

The presence of references requires the introduction of a notion of state in the dynamic
semantics: the store. The store changes during the evaluation of a program and it tells the
current contents of all initialized references. We assume that we are given a countable set
Refof locations [. Then, a store s is represented by a finite map from references, or locations,

in Ref to values. Thus, we use for stores the same notations than for environments.
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3.5 Axioms and Rules of the Dynamic Semantics

We present, in the vein of [Tofte, 1987, Milner, 1991], the set of rules that inductively defines
the predicate of evaluation s, ¥ F e — v,s" on the structure of expressions. Given a store
s and an environment F, the predicate s, £ - e — v, s’ associates each expression e with a

value v and a new store s'.

s, EFx— F(x),s (var)
s, B F (lambda (x) e) — (x,e, Fx),s (abs)
s, Fte—wvs s Ex+{x—ov}lkFe =0 "

let
s, EF (let (x e) &) — v/, 5" (let)

s, EFe—(x,¢ F),s s EFe =0, 8" " E+{x—v}iFe =" s"
s,EF (e &) =" s"

(app)

Dynamic Semantics

The axiom (var) states that an identifier x evaluates to the value F(x) bound to it in
the environment E. provided that this identifier x belongs to the domain of K. Otherwise,
the expression x has no meaning. By the axiom (abs), a function definition evaluates to a
closure.

As stated by the rule (let), a let binding evaluates the first argument e to a value v,
binds it to the identifier x, and then evaluates its second argument €’ in the environment £
extended with {x +— v}. The result v’ is the result of the let expression. In the case that the
evaluation of the first argument does not succeed, the evaluation of the let expression is not
defined.

The rule of application (app) is more complex. First, the expression e must evaluate
to a closure (x,e”, E’). Then, the argument ¢ must evaluate to a value v’. Finally, the
function body €” must evaluate to a value v” with the environment £’, captured in the

closure, extended with the formal parameter x bound to v’.

3.6 Dynamic Semantics of Store Operations

Now, we can give the relational semantics for the operations on references. The semantics

describes how the store is modified by the evaluation of expressions.

11



s, FFe—wv,s [ ¢ Dom(s")

(new)
s, Bt (new e) = 1,8+ {l — v}
s,EFe— 14 [ € Dom(s")
— (get)
s, EF (get e) — §'(l),s
s,EFe— 14 sEFe —uv s
(set)

s, Bt ((set e) &) = u,s/ +{l— v}

Dynamic Semantics of Store Operations

The rule (new) of reference initialization first evaluates the initial value v of the reference
and then picks a fresh location [. This very step is non-deterministic but all choices of [ are
equivalent modulo a renaming of the locations in s’. The second step is then to extend the
store with the binding of [ to v and to return [ as the value of the expression. The rule (get)
evaluates its argument e to a location [, then returns the value v stored at this location in
the store s. Finally, by the rule (set), the assignment operator evaluates its first argument
e to a location [ and its second argument e’ to a value v. Then, it updates the store at the
location [, substituting the previous value by v. Note that, by definition of the rule (new), [

must be in s when e evaluates to [.

4 Static Semantics

In this section, we present the static semantics of our language. We are first going to equip
the language with a type system. Then we will give the inference rules of the static semantics.
The rules of the static semantics associate the expressions of the language with their type
and effect, in the same way as the rules of the dynamic semantics associate expressions with
values. We begin by defining the term algebra for the three basic kinds of semantic objects:

regions, effects and types.

p u=rlo regions
o ==0|wmit(p,7) | read(p,7) | write(p,7) | s | cUo effects
T oa=unit| o | ref(7) | T ST types

Static Semantics Objects

12



The domain of regions p is the disjoint union of a countable set of constants r and
variables p. Every location corresponds to a given region in the static semantics. A region
abstracts the memory locations that will be initialized at a given program point at runtime.

Effects o can either be the constant (), that represents the absence of effects, effect
variables ¢, or store effects init(p, ), read(p,7) and write(p, ), that approximate memory
side-effects on the region p of references to values of type 7.

The effect init(p,7) (which could also be named alloc) statically records the allocation
of a reference in a region p and its initialization to a value of type 7. The effects read(p, 7)
and write(p, 7) keep track of how and when the references of a given region are used.

We define the range of an effect o, written Rng(c), is the set of pairs (p, 7) such that
either init(p, 7), read(p, ) or write(p,7) is in 0. We write Regs(c) the set of regions p such
that (p,7) is in the range of o.

Effects can be gathered together with the infix operator U that denotes the union of ef-
fects; effects define a set algebra. The equality on effects is thus defined modulo associativity,
commutativity and idempotence with () as the neutral element. We define the set-inclusive
relation O of subsumption on effects: ¢ O o', or ¢’ C o, if and only if there exists an effect
o” such that o = o’ U o”.

The domain of types 7 is composed of the constant unit, which denotes the type of the
trivial value of commands in ML (like the type named comm in Algol), type variables «,
reference types ref (7) in region p to values of type 7, function types 7 % 7' from 7 to 7/
with a latent effect 0. The latent effect of a function encapsulates the side-effects of its body

and is the effect incurred when the function is applied.

4.1 Free Variables and Substitutions

We have defined three kinds of variables: type variables, region variables and effect variables.
When it is not necessary to specify if a variable represents a type, a region or an effect, we
note it v. Also, we adopt the vector notation ¢ to represent sequences of terms, such as
sequences of variables v.

We write fu(7) for the set of free type, region and effect variables in 7. This definition
extends pointwise to regions and effects. The function fris defined in a similar manner and

computes the set of region constants and variables free in type and effect terms.

13



af folinit(p, T
fo(read

~
=
=
R g

Free Variables

Substitutions # map type variables « to types 7, region variables p to regions p and effect
variables ¢ to effects 0. We write 0 o §’ for the composition of the substitution § and 6’, so

that 6 0 §'(v) = 0(#'(v)). The identity is written Id.

4.2 Type Schemes and Environments

We use type schemes, introduced by [Milner, 1978], to generically represent the different
types of an expression. A type scheme V0.7 consists of a type 7 which is universally quantified
over a sequence v of type variables, region variables and effect variables. A type 7/ is an
instance of a type scheme V0.7, written 7/ < V.7, if the variables ¢ can be substituted by
some substitution 6 so that 7/ = 0.

In the sequence ¥, the variables are assumed to be distinct and their order of occurrence
is not significant. When that sequence is empty, we do not distinguish 7 from V.r. We
identify type schemes that differ only by a renaming of their quantified variables or that
differ by the introduction or elimination of quantified variables that are not free in the body
of the type scheme.

The context in which an expression is associated with a type and an effect is represented
by a type environment £ which maps value identifiers to type schemes. The definitions of
free variables and free regions are extended to type schemes by fu(V0.7) = fo(7) \ ¥ and to
environments £ by considering that a type variable is free in &€ if and only if it is free in £(x)
for some value identifier x in Dom(E). Substitutions are also extended to type schemes V.7
by using alpha-renaming of quantified variables in type schemes to avoid capture of bound
variables.

We extend substitutions to type schemes 6(V&.7) = Vo'.0"(6'7) using the renaming ¢ =
{V — 17’} of the bound variables @ by fresh variables v/, which are not free in 7 and 67. The
substitution 0”v of a variable v by 0" is defined as v if v € v’ and as fv otherwise. The image

6(&) of a type environment € by a substitution # is defined by (0&)(x) = 0(E(x)) for every

14



x in Dom(E). Our extension of substitution on type schemes and environments satisfies the

following lemma.

LEMMA 1 (SUBSTITUTION AND INSTANTIATION) If 7y < O(VU.7) then there exist 05 and

7o X VU.T such that 7 = Oy7,.

Proof By hypothesis, 7 < 0(Vd.7). By definition, 0(Vv.7) = ‘V’J’.(@”(@’T)) where the v
are neither free in 07 nor 7, where ¢ = {v — 17’} and where 6" is defined by fv for every
v € fu()\ O. By definition of <, there exists #] defined on v’ such that 7, = 8;(0"(6'7)). Let
0, = {7 — 00"} and 7, = 0,7. We have 7, < V&.7. Let 0, the restriction of 6 on fu(ry) \ 7.
It verifies that 7y = 8,7 O

4.3 Type Generalization

The generalization Gen(E,0)(7) of a type 7 is performed at let boundaries on some of the
type, region and effect variables ¢ that occur free in 7. A variable cannot be generalized

when it is either free in the type environment £ or present in the effect o.
Gen(E,0)(T) = let 7 = fo(r)\ (fu(€) U fu(o)) in V.7

The first condition is common for purely functional languages [Gordon & al., 1979]. As
for the second, just as types are bound to identifiers in the type environment, types are
bound to regions in the reconstructed effects. Thus, when these regions are observable from
the context, 1.e. in the type environment £ or the type 7 of the returned value, those types

cannot be generalized.

4.4 Rules of the Static Semantics

The next figure summarizes the rules of our static semantics. We formulate type and effect
inference by a deductive proof system that assigns a type and an effect to every expression
of the language. The context in which an expressions is associated with a type and an effect
is represented by a type environment £ which maps value identifiers to types. Deductions
produce conclusions of the form £ F e : 7,0 which are called typing judgments and read “in

the type environment &£ the expression e has type 7 and effect o”.

15



T < E(x)

Erx:T.0 (var)
Ere:To Ex +{xr— Gen(o,&)(T)}F e 7' 0 (let)
e
EF (let (xe) &):7 ocUd
Ext+{x—rT1lhe:7 o
— (abs)
Et (lambda (x) e):7 > 7.0
Ere:T 570 Ere:rd"
(app)

EF(e &) :7moUuc’Ud”

Static Semantics

In the rules (var) and (let), the static semantics manipulates type schemes by using the
mechanism of generalization and instantiation specified in the previous section. The com-
munication of the effects from a function definition to a function application is best viewed
in the rules of abstraction (abs) and application (app), which show the interesting inter-
play between types and effects. Via the abstraction rule, the effect of a lambda abstraction
body is put inside the function type while, with the application rule, this embedded effect
is extracted from the function type to be exercised at the point of call; effects flow from the

points where functions are defined to the points where they are used.

4.5 Static Semantics of Store Operations

The store operations new, get and set have been defined by appropriate rules in the dynamic

semantics. In the static semantics, they are best defined by using axioms.

oUinit(p,7)
Ebnew: 7 '

ref,(7), 0

EFget: refp(r) Crum—d>(p77) 7,0

o'Uwrite(p, T

EFset:vef (1) ST ) unit, ()

Static Semantics for Imperative Operations

16



These three axioms specify the types that can be assigned to the identifiers new, get and
set that implement store operations. For instance, the axiom for the identifier new reads:
for any environment &£, type 7, region p and effect o, the type of new is a function from
objects of type 7 to references ref,(7) that has at least the effect init(p,7) of initializing a
reference in the region p. The additional effects o and ¢’ are used here to allow possible

coercions to be performed.

4.6 Observation Criterion

The latent effect of a function derives statically from the state transforming operations that
the expression it abstracts performs when it is executed. For example, store operations
comprise the initialization, reading and writing of references which are approximated by
regions.

Even if a value expression performs certain operations on the store, one may be able to
detect that those operations cannot interfere with other expressions. This is the case when
the regions over which the effect ranges are unreferenced in the rest of the program. If this
is the case, then we shall mask effects which derive from those operations.

In our type and effect inference system, the static determination of the lexical scope of
data regions is implemented by an observation criterion. The observation of effects consists
of selecting an effect that ranges over regions that refer to data accessible in the environment
of an expression or in its value. The accessible data are abstracted by the free regions of the
type environment and of the value type of the expression.

In the static semantics, only side-effects that can affect the typing context of an expres-
sion, i.e. its type environment £ and its value type 7, are worth reporting. The other effects
of o refer to local references that are freshly created and not exported from the expression

e.

Ekhe:T 0 o' O Observe(E,7)(0)
EkFe:T 0

(sub)

Observation and Subsumption Rule

The observation criterion is specified by the rule (sub) which tells that an expression e has
any effect o’ bigger than the observable effects that can be inferred for it. Observe(E,7)(0)

is the set of observable effects of o.

17



Observe(E,7)(o) = {init(p,7'), read(p, "), write(p,7") € o |p € fr(E) U fr{T)}
U{sc€oa|sefu(E€)U fu(r)}

Observable Effects

The observable effects are the effect variables ¢ that occur free in 7 or £ and the effects

of the form init(p, '), read(p, ') and write(p, ") where p occurs free in 7 or in £. We write
Observe(t) (o) for Observe({},7)(c) and Observe(a)(o’) for Observe(unit = unit)(c’). The

function Observe has the following formal property which is widely used in the rest of this
paper.

LEMMA 2 (Observe AND FREE VARIABLES) [fo’ = Observe(t)(o) then fr(t)NRegs(o\o') =
0 and fr(c’) N Regs(o \ o) = 0.

Proof By hypothesis, o' = Observe(t)(c). By definition of Observe and for any p €
Regs(o \ ¢'), we have that p & fr(7) U fr(c’). Thus, (fr(7) U fr(c’)) N Regs(c \ o') = 0 as
expected [J

With the lemma 3, we show that observation is conserved under substitution, in that
combinations of substitutions é to the function Observe can be compared with the application

of the function Observe to substituted terms.

LEMMA 3 (Observe AND SUBSTITUTION) 8(Observe(r)(o)) C Observe(07)(0c) for any 6.

Proof Let us write 0” = Observe(07)(8o). We proceed by case analysis. For every ¢ € o’
and by definition of Observe, we have ¢ € fu(7) and thus o” D 6. For every init(p,7') € o’
(respectively, read(p, 7") and write(p, 7')) and by definition of Observe, we have that p € fir(T)
and thus p € fr(67). This implies that init(p,07') € o”. This proves that ¢” D 6o’ O

Note, however, that the containment is not proper. An example where we do not have
0( Observe(T)(0)) = Observe(07)(0c) is T = ref, (int), o = init(py, int) U init(py, unit) and
0 ={pa— p1}.

5 Formal Properties of the Static Semantics

The lemma of substitution is used both in the proof of consistency and in the proofs of

correctness for the reconstruction algorithm.

LEMMA 4 (SUBSTITUTION) IfEF e: 7,0 then €+ e: 07,00 for any substitution 6.

18



Proof The proof is by induction on the typing derivation.

Case of (var) By hypothesis, we have £ F x : 7, (). By definition of the rule (var), 7 < £(x).
By the lemma 1, there exists 7/ < 0£(x) and 6" such that 67 = ¢'7'. Thus, by definition of
the rule (var), 0€ F x : 07, 0.

Case of (abs) By hypothesis, we have £ F (lambda (x) e) : 7 5 7/,0. By definition of
the rule (abs), £x + {x — 7} F e : 7/, 0. By induction hypothesis on e, §(Ex + {x— 7})
e : 07’ 00 for any substitution §. By definition of the rule (abs), 6 F (lambda (x) e) :
0(r = 1), 0.

Case of (app) By hypothesis, EF (e &) : 7,0 Ud’Uo”. By definition of the rule (app),
Ehe:r 2 ;o and € F & : 7,0’. By induction hypothesis on e and &, 0 e : §(7 %
7'),00 and 0E = &' : §7,00" for any substitution 6. By the definition of the rule (app), we
conclude that € - (e €') : 07',0(c U o’ U ") for any substitution 4.

Case of (let) By hypothesis £ F (let (x e1) e3) : 7,01 U oz. By definition of the rule

(let), we have
EFer:m,or and Ex+{x+— Gen(o1,E)(n)}Fex:T, 09

Let Yv.11 be Gen(oy,E)(m1). For any substitution 0, let us consider fresh v and define ¢’
as the extension of 07 with {¢ — 17’} By the definition of Gen, we have that € = §’€ and
fo = 0'c. By definition of ¢, 6'(Vi.1y) = \V/J/.((glﬁ). Thus:

(9(5}( + {X — Gen(al, 5)(7’1)}) =0Ex + {X — Gen(@al, 05)(0/7_1)}

Using the induction hypothesis on e; with #’, we get that '€ - ey : 8’1y, 6’0y and thus,
by definition of #', € I ey : 8’1y, 801. By induction hypothesis on eq, we get:

G(EX + {X = Gen(01,5)(7'1)} Fey:br,00,

which is equivalent to 0Ex + {x — Gen(001,0E)(0'm1)} - ey : 67,005, By definition of the
rule (let), we can then conclude that € - (let (x e1) e3) : 07,00

Case of (sub) By hypothesis, £ F e : 7,0. By definition of the rule (sub), this requires
that there exists ¢’ such that

EFe:r, 0/ and o 2O Observe(E,7)(0’)

19



Let € be any substitution. By induction hypothesis on the derivation, we have that
0E+e: 07,00

Let o1 = Observe(E,7)(0’) and o}, = o' \ o}. Let us define the substitution §’ that maps
effect variables in o} to ) and regions in Regs(a}) to fresh regions, not free in €, 07 and
0o . Using the lemma 2, Regs(cy) N (fr(7) U fr(E) U fr(a})) = 0. Thus, for the substitution
0 o0, we have

EFe:01,0(0) Ul 0y)

By definition of the rule (sub),
0E & e : 07, Observe(0€,07)(0(c} U 0'c))
By definition of Observe, Observe(6€, 07)(0(0'cS)) = Observe(0E,07)(8'a%) = 0. Thus,
0E b e Or, Observe(0€, 07)(0c")

By definition of Observe, Observe(6E,07)(0oy) C Oo). By the rule (sub), 6 - e : 07, f07.

Since o D o1, we have 6o D fo1, and by the rule (sub),

0E e 01,000

6 Consistency of Dynamic and Static Semantics

We define a consistency judgment s:o, S |= v:7 which relates values and types according to
a given store model §, a store s and observable effects o. The notion of store model § is

defined below.

DEFINITION 1 (STORE MODEL) A store model S is a finite mapping from locations [ to
pairs (p,7) of regions p and types 7. We say that S’ extends S, written S T 8, if and only

if Dom(S) C Dom(S') and for every l € Dom(S), S(I) = S'(l).

In the dynamic semantics, when an expression is evaluated, its initial store s possibly
mutates to another, s'. Similarly, in the static semantics, the observable effects o that
correspond to the construction of the initial store s may be augmented with the effect o’,
inferred for the evaluated expression. Similarly, the store model & must be updated to S'.
However, &' must agree with S on the locations [ of its domain which refer to observable

regions in o. These considerations are formalized by the following definition 2.
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DEFINITION 2 (EXTENSION) (¢/,§') eatends (0,S), noted (c,S) C (0/,8') or (¢/,8) 3
(0,8), if and only if ¢ C o', Dom(S) C Dom(S") and, for all | € Dom(S), if S(I) € Rng(o)
or S'(l) € Rng(o) then S'(1) = S(1). (¢/,8") and (0, S) are equivalent, noted (c,S) ~ (o', S'),
if and only if (0,8) C (¢/,S") and (¢',S') C (0, S).

The relation, presented in the definition 3 below, specifies the consistency between values
and types according to observable effects. It refers to an effect which represents the effect of
evaluating an expression to a value and the history of the effects that permitted the evaluation
of its environment. Unobservable effects may however be needed to show the consistency

between unused values, captured within closures, and the types assigned to them.

DEFINITION 3 (CONSISTENT VALUES AND TYPES) Given the store s, the effect o and the
model S, the consistency relation between a value v and a type 7, written s:0,S = v:r,

satisfies the following properties.

s:0,S = wiunit

5:0,S = Lref (1) & (p,7) € Rng(o), S(I) = (p,7) and 5:0,8 = s(l):7

s:0,8 | (x,e, B):m & there exist € such that £+ (lambda (x) e) : 7,0,
o' such that Observe(7)(o’) =0 and Observe(o)(o’) =0,
S’ such that (¢,8) ~ (0,8") and s:c Ud', S = E:€

We write s:0,8 = v:NU.T if and only if s:0,S§ = v:07 for any substitution 0 defined
on U and s:0,8 | FE:€ if and only if Dom(E) = Dom(E) and s:0,S = F(x):£(x) for any
x € Dom(E).

It is shown in [Tofte, 1987] that such a structural property, between values and types,
does not uniquely define a relation. Because functions can be recursively defined through
references, it must be regarded as a fixed point equation. We must define the typing con-
sistency relation as the maximal fixed point of the property defined in 3. This is done by

considering the appropriate function F below.

DEFINITION 4 (F) Let R be the set of all tuples (s,0,S8,v,7). The function F is defined over
the elements Q of P(R). The greatest fized point of F, gfp(F)=U{Q CR | Q C F(Q)},
defines our relation: we write s,0,S | vt if and only if (s,0,8,v,7) € gfp(F).

F(Q)={(s,0,8,v,7) |
if v =u then T = unit

if v =1 then there exists 7" such that T = ref,(7'), S(I) = (p,7') € Rng(c)
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and (s,0,8,s(1),7") € Q

if v=(x,e, F) then
there exist € such that £+ (lambda (x) e) : 7,0, ¢/ and S’ such
that Observe(t)(o') = 0, Observe(o)(a’') =0 and (0,S) ~ (0,S")
and (s,0 Ud', 8" E(x),7") € Q for any x € Dom(E) and 7" < E(x)}

To admit a maximal fixed point gfp(F), the function F must be monotonic. This is the

first property that we thus have to verify.

LEMMA 5 (MONOTONY OF F) If Q C Q' then F(Q) C F(Q).

Proof Let Q and Q' be two subsets of S such that @ C Q'. Let g be (s,0,8,v,7) in F(Q).
We prove that ¢ € F(Q').

e If v = u then, by the definition 4, 7 = unit so that ¢ € F(Q').

o If v = [ then, by the definition 4, 7 = ref (1), (p,7') € Rng(c), S(I) = (p,7') and
(s,0,8,s(l),7") € Q. Since @ C Q', (s,0,8,5(1),7") € Q. By the definition 4,
q € F(Q).

o If v =(x,e, F) then, by the definition 4, there exist £ such that £ F (lambda (x) e) :
7,0, o’ such that Observe(7)(c’) = 0 and Observe(a)(o’) = 0, S’ such that (0,S) ~
(6,8") and (s,0 U o' S F(x),7") € Q for any x € Dom(FE) and 7" < £(x). Since
QC Q) (s,0Ud S E(x),7") € Q. By the definition 4, ¢ € F(Q") O

The lemma 6 relates the definition 2 of the relation C with the consistency relation, given

in the definition 3, according to the following respects.

LEMMA 6 (EXTENSION) If s:0,S = v:T and (0,8) C (¢/,8") then s:o’, 8" |E vir.

Proof We consider the set Q={(s,d’,8",v,7) | s:0,§ E viT and (0,8) C (¢/,S') }. We
show, by case analysis on the structure of v, that ¢ = (s,0’,8',v,7) is in F(Q). Thus,
Q C F(Q), showing that Q is F-consistent.

o If v = u then, by the definition 3, 7 = unit so that ¢ € F(Q).

o If v = [ then, by the definition 3, 7 = ref (1), (p,7') € Rng(c), S(I) = (p,7') and
s:0,8 | s(l):7'. Since s:0,S | s(1):7" and by definition of Q, (s,0’,8",s(1),7') € Q.
Since (p,7') € Rng(a), S(1) = (p,7') and by definition 2, (p,7') € Rng(co’) and S'(l) =
(p,7'). By the definition 4, ¢ € F(Q).
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o If v =(x,e, F) then, by the definition 3, there exist £ such that £ F (lambda (x) e) :
7,0, o1 such that Observe(r)(o1) = 0 and Observe(o)(o1) = 0, Sy such that (0, S) ~
(0,81) and s:0 U 01,81 | F(x):7" for any x € Dom(FE) and 7" < E(x).

Let us define § on Regs(oy) in such a way that the regions Regs(6oq) are not free in 7,
o’ and also Im(S'). Let us write & = 0, o} = 0oy and S| = 6S,. By the lemma 4,
E'F (lambda (x) e) : 7,0. By the lemma 1, for all 7" < £'(x), there exists 7/ < &(x)
such that the restriction §’ of § on the free variables of £ verifies 7/ = §'7'. By the
lemma 8, s:c U o}, S |E E(x):7" for any x € Dom(F) and 7”7 < &£'(x). Let us define

ST as follows,

vl e Dom(S), S(I) = Si(l), ifl € Dom(S) and Si(l) € Rng(o U o})

S'(l) otherwise
To prove that (s,0’ U o},S], E(x),7") € Q, it remains to show that (¢ U o},S7) C
(0 U oy, 87). This requires that, for any | € Dom(S}), if Si(I) € Rng(c U o) or
S1(1) € Rng(c Uc}) then SY(1) = S1(1).

o If §1(1) € Rng(c U cy) then, by definition of 87, S7(1) = S| ().

o If 8Y(l) € Rng(c U ay), we proceed by case analysis on the definition of SY.

First, if [ € Dom(S) and S|(I) € Rng(oc U a1) then S{(I) = Si(l). Otherwise,
either [ € Dom(S) [This is impossible, since we suppose that { € Dom(S})] or
S1(1) € Rng(c U a}). We show that this is impossible as well.
By hypothesis, we have that S{(/) = S'(l) € Rng(o U o}). Since, by definition of
oty fr(Im(S")) N Regs(ay) = B, we must have S{(1) = S'(l) € Rng(c). However, by
hypothesis, we have that (¢,8) C (¢/,S"). This imposes that, if S(I) or S'(l) is in
Rng(c), then §'(1) = §(1). Since (7,S) ~ (0,S1) and 6 does not affect o, we must
have S'(1) = S(I) = S1(1) = Si(1). However, we cannot have both §'(l) € Rng(c)
and S1(1) & Rng(a U ay).

We have shown, by the definition 2, that (¢ U o(,8]) C (¢/ Uy, SY). Since, for any
x € Dom(F) and 7" = &'(x), s:io U, 8] = E(x):7", by definition of Q, (s,0’ U
o, 8" E(x), ™) € Q.

To show that ¢ € F(Q), it remains to prove that (¢/,8") ~ (¢/,SY). Since Dom(S') =
Dom(S8Y), this reduces to showing that, if S'(I) € Rng(c') or S7(l) € Rng(c'), then
S'(1) = S7(1). We proceed by case analysis on o and ¢’ \ o.
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o If ST(l) € Rng(c) or S'(I) € Rng(c) then either [ € Dom(S) or not. If I &€ Dom(S)
then, by definition of 87, S7(1) = S'(I). It € Dom(S) then, since (o,S) ~ (7, 81),
S(l) = S1(l). Since 6 is not defined on o, S;(I) = S}(l). Since, by hypothesis,
(6,8) C (¢/,8"), S(I) = S'(1). Now, we know that S(I) = S'(l) = S1(1) = S} ().
To prove that S7({) = §'({), it remains to show that (1) = S{({). By hypothesis,
[ € Dom(S) and either S{(l) € Rng(c) or S'(I) € Rng(a) If S7(1) € Rng(o) then
STl =81(1). It §'(1) € Rng(o) then, since S'(1) = S1(1), S1(1) € Rng(o). Thus,
by definition of 87, S7({) = Si(I). It follows that S"(l) = S'(I1). We conclude
that, if S’(1) € Rng(c), then S'(1) = SY(1).

o If §(l) € Rng(c’\ o) then, since Regs(co}) N fr(c’) = 0, SY(l) € Rng(c U o}).
Thus, by definition of 87, S7(1) = S8'(l). Similarly, if S'({) € Rng(a’\ o) then,
since Regs(a))Nfr(c’) =0, S'(l) € Rng(cUo}). Thus, either [ € Dom(S) and then
S'(l) = ST(l), or I € Dom(S) and then, since (0,8) C (¢/,8'), S(I) € Rng(o).
Thus, S§1(1) € Rng(c) and, by definition of S, §{(l) = S'(I).

We have proved that (¢/,S") ~ (¢/,S7). By the definition of o], Observe(r)(ay) = 0 and
Observe(a’)(oy) = 0. Since &'+ (lambda (x) e) : 7,0 and (s,0'Uc, ST, E(x),7") € Q
for every x € Dom(E) and every 7" < £'(x), by the definition 4, ¢ € F(Q) O

The lemma 7 relates the definition 2 of the relation ~ with the consistency relation,

defined in 3.

LEMMA 7 (EQUIVALENCE) [f(0,8) ~ (¢/,8’) then s:0,S |= vit if and only if s:0', S | vir.

Proof By hypothesis, (0,8) ~ (¢/,8'). By definition 2, (0,8) C (¢/,8’) and (¢,8) 3
(¢’,8"). If 5:0,S [ viT then, since (¢,8) C (¢/,8’) and by the lemma 6, s:0’,S" = vir. If
s:0’, 8" = vt then, since (0,8) 3 (¢/,S’) and by the lemma 6, s:0,S = vit O

The lemma 8 states that the typing judgment s:o, S |= v:7 is stable under substitution.

LEMMA 8 (SUBSTITUTION) If s:0,S |= vt then s:00,0S |= v:01 for any substitution 6.

Proof We consider the set Q={(s,00,0S,v,07) | s:0,S | v:t}. We show, by case analysis
on the structure of v, that ¢ = (s,00,08,v,07) is in F(Q). Thus, Q@ C F(Q), showing that
Q is F-consistent.

o If v = u then, by the definition 3, 7 = unit so that ¢ € F(Q).
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o If v = [ then, by the definition 3, 7 = ref,(r'), (p,7') € Rng(c), S(I) = (p,7’) and
s:.0,8 | s(l):m'. Since s:0,S | s(l):7, by definition of Q, (s,00,0S,s(l),07") € Q,
0(p, ') = 0S(1) € Rug(fo). By the definition 4, ¢ € F(Q).

o If v =(x,e, F) then, by the definition 3, there exist £ such that £ F (lambda (x) e) :
7,0, o’ such that Observe(7)(c’) = 0 and Observe(a)(o’) = 0, S’ such that (0,S) ~
(6,8") and s:o0U o', S’ = E(x):7' for any x € Dom(E) and 7/ < £(x). Let us define the
substitution 6" of Regs(o’) by the regions Regs(6'c’) not free in 67 or §o and let §' be

same as 8 elsewhere.

Let us write & = §'6, §" = S’ and ¢” = #'a’. By the lemma 1, for all 7" < &'(x),
there exists 7/ =< £(x) such that the restriction 8” of 8" on the free variables of £ verifies
™ = 0"7'. By definition of Q, (s,00 U d", 8" E(x),7") € Q for every x € Dom(F)
and every 7 < &'(x). By definition of Observe and ', Observe(fc)(c”) = 0 and
Observe(67)(c”) = (). By the definition 2, (§o,08) ~ (0o, S"). By the lemma 4 with
¢, &'+ (lambda (x) e) : 07,(. By the definition 4, ¢ € F(Q) O

The lemma 9 is a refinement of lemma 8 and states that the judgment s:0,S | vir
reduces to s:0,S = v:f7 for any substitution @ that affects 7 but not o. It is used in the

proof of consistency, theorem 6, to show that our type generalization criterion is correct.

LEMMA 9 (INSTANTIATION) [f s:0,S | v:t and 0 is defined on fo(7) \ fu(o) then s:0,S =

v:0T.

Proof By hypothesis, s:0,S§ | vir and 6 is defined on fu(r) \ fu(c). By the lemma 8,
5:0,0S = v:ifr. Since o = o, by the definition 2, (0,S5) ~ (0,60S). By the lemma 7,
s:0,S E v O

During the evaluation of an expression, the store is extended and updated in an organized
way. The definition 5 specifies the requirements for preserving consistency between types

and values in the presence of side-effects.

DEFINITION 5 (SUCCESSION) (s,0,S) becomes (s',0',S"), noted (s,0,8) C (8,0, 8"), if
and only if Dom(s) C Dom(s'), (0,8) E (¢/,S') and s:0,S |E vt implies s':0', 8" |= vt for

any v and T.

The lemma 10 represents the situation that arises when a reference is initialized. In the

lemma 11, we address the situation arising when a value is assigned to a reference.
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LEMMA 10 (INITIALIZATION) Let o' = init(p,7), s = s+ {l = v} (I &€ Dom(s)), §' =
S+{l—=(p,7)} (1 € Dom(S)) and s:0,S E v:t. If s:0,S |Ev":7’ then so U’ S Ev'ir'.

Proof We consider the set Q={(s,a U d' 8" v/, 7) | s:0,§ | v:7'}. We show, by case
analysis on the structure of v, that ¢ = (s',c U o', 8',v',7') is in F(Q). Thus, @ C F(Q),
showing that Q is F-consistent.

e If v/ = u then, by the definition 3, 7/ = unit so that ¢ € F(Q).

o If o' = [’ then, by the definition 3, 7' = ref,(7"), (p',7") € Rng(o), S(I') = (p,7") and
s:0,8 | s(I"):7". Since s:0,S |= s(I'):7", by definition of Q, (s',0Ud’, S, s('), ") € Q.
If I # 1, since (p',7") € Rng(c) and S(I') = (p’, 7") then (p',7") € Rng(cUc"), S'(I') =
(p', "), $'(I') = s(I') and (s',0 U ', 8", s(l'),7") € Q. If I' = [ then, by hypothesis,
v=2s(l'), 7" = 7 and s:0,S | v:7. Thus, by definition of Q, (s',cUc’, S’ s'(I'),7) € Q.
By the definition 4, ¢ € F(Q).

o If v/ = (x,e, ) then, by the definition 3, there exist € such that £ F (lambda (x) e) :

7,0, o1 such that Observe(7')(o1) = 0 and Observe(c)(o1) = 0, Sy such that (o,S) ~
(0,81) and s:oc U 01,81 | E(x):m for any x € Dom(FE) and 7, < E(x). Let 8 be
defined on Regs(o1) and such that the regions Regs(foy) are not free in 7/, o and o’.
Let o] = 0oy, S} = 0S8, and &' = €. Since, by the lemma 2, Regs(ay) N fu(7') = 0, by
the lemma 4 with 0, & F (lambda (x) e) : 7/, 0.
By the lemma 1, for all 7] < £'(x), there exists 7, < £(x) such that the restriction 6,
of § on & verifies 7{ = #;7;. Thus, by the lemma 8, s:oc U g}, S| = E(x):7{ for any
x € Dom(E) and 7] < &'(x). By definition of Q, (s,c Uo’' Ucy,S1, E(x),7) € Q for
every x € Dom(FE) and every 7| < £'(x). We have defined o} such that Observe(o U
a')(o}) = 0 and Observe(t')(o}) = @ and S| such that (¢,8) ~ (¢,8}). By the
definition 4, ¢ € F(Q) O

LEMMA 11 (ASSIGNMENT) Let o' = write(p,7), s' = s; + {l = v}, s:0,S§ | Liref (1) and

s:o0,. S =vir. If sio. S = v':7’ then s''o Uo’,S |=v":7".
2 | 2 2

Proof We consider the set Q={(s,0 U o’,5,v',7") | s:0,S = v":7'}. We show, by case
analysis on the structure of v, that ¢ = (s/,0 U o', §,v',7') is in F(Q). Thus, Q@ C F(Q),
showing that Q is F-consistent.

e If v’ = u then, by the definition 3, 7’ = unit so that ¢ € F(Q).
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o If o' = [’ then, by the definition 3, 7' = ref,(7"), (p',7") € Rng(o), S(I') = (p,7") and
s:0,S = s(I'):7". By definition of Q, (s,0 Uo’,S,s(l"),7") € Q.

Since (p',7") € Rng(o), by definition of o', (p/,7") € Rng(loc U o). If ' = [ then
v=2s'(I')and s:0,8 [= vir. Thus, by definition of Q, (s',cU0’,S,v,7) € Q. Otherwise,
sy =s(l"yand ("o Uo',S,s(l'),7") € Q. By the definition 4, ¢ € F(Q).

o If v/ = (x,e, ) then, by the definition 3, there exist € such that £ F (lambda (x) e) :
7,0, o1 such that Observe(c)(oy) = @ and Observe(r)(oy) = 0, Sy such that (0, S) ~
(0,81) and s":0c Uoy,S1 | E(x):7' for any x € Dom(F) and 7" < £(x).

Since s:0,S |= liref,(7), by definition 3, (p,7) € Rng(o) and then Rng(c') C Rng(o).
Thus, Observe(o Uo’)(o1) = 0. By definition of Q, (s,0Ud'Uoy, 81, E(x),7') € Q for
every x € Dom(F) and every 7/ < £(x). By the definition 4, ¢ € F(Q) O

The lemma 12 is used in the inner proof case of the theorem 6 in the case the rule
(sub) is used. It tells that the consistency of the rest of the computation is not affected by

unobservable effects.

LEMMA 12 (OBSERVABILITY) If s:0,S |= vit and Observe(t)(c) C o' C o then s:0',S =

viT.

Proof We consider the set Q={(s,0’,S,v,7) | s:0,S |= v:r} for any ¢’ such that ¢’ C o and
Observe(T)(o) C o'. We show, by case analysis on the structure of v, that ¢ = (s,0',8,v,7)
is in F(Q). Thus, Q@ C F(Q), showing that Q is F-consistent.

o If v = u then, by the definition 3, 7 = unit so that ¢ € F(Q).

o If v = [ then, by the definition 3, 7 = ref,(7'), (p,7") € Rng(o), S(I) = (p,7')
and s:0,8 | s(l):7'. Since s:0,S = s(l):7', by definition of Q, (s,0',S,s(l),7') €
Q. Since (p,7') € Rng(c) and 7 = ref (7'), by definition of Observe, (p,7') €
Rng( Observe(t)(c)). Since Observe(r)(o) C o', (p,7') € Rng(o’). Thus, by the defini-
tion 4, g € F(Q).

o If v =(x,e, F) then, by the definition 3, there exist £ such that £ F (lambda (x) e) :
7,0, o1 such that Observe(r)(o1) = 0 and Observe(o)(o1) = 0, Sy such that (0, S) ~
(0,51) and s:o U0y, S | E:E.

By the definition 3, for any x € Dom(€) and 7" < &(x), s:.o U 01,81 | F(x):7'. By
definition of Q, (s,0 U0y, S1, E(x),7') € Q
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Let op = o1 U (o \ ¢'). Since Observe(r)(oy) = 0 and fr(7) N Regs(co \ o’) = 0, we have
Observe(t)(oy) = 0. Similarly, since Observe(o)(oy) =0 and fr(c’) N Regs(o \ o) = 0,

we have Observe(a’)(a) = 0.

We have that o U oy = ¢’/ U o] and finally, since (0,S) ~ (0,81) and ¢’ C o, (¢/,8) ~
(¢/,81). By the definition 4, ¢ € F(Q) O

The consistency theorem appears below. The effect o corresponds to the effect of evalu-
ating the environment of the expression e. Let F and & be consistent with respect to this
initial effect o and such that the initial store s and a store model S satisfy s:cUo’, S E E:E.
If e is such that s, K - e — v,s’ and £ F e : 7,0, then there exists a store model S’ such that
(s,0,8) becomes (s',aUo’,S') and that the value v is consistent with its type, according to

the model S’ satisfying s':0 U o', S |E v:r.

THEOREM 1 (CONSISTENCY OF DYNAMIC AND STATIC SEMANTICS) [fs:0,S = E:E, €F
e: 7,0 and s,E + e — v, s then there exists S’ such that (s,0,8) C (s',0 Ud',§') and

shoUd S Evir.

Proof The proof is by induction on the length of the dynamic evaluation. Before detailling
the case analysis that corresponds to each syntactic form, we detail the inner proof case that
corresponds to the application of the rule (sub) in the static semantics. The situation is that
EFe:r0, s,FF e — v and s:0,5 = E:E. The judgment £ F e : 7,0’ was inferred

from the rule of observation.

EFe:T 04 Observe(E,7)(01) C o
Ere:7,0

Let us write o] = Observe(E,7)(o1) and o), = o1 \ o]. Let us define the substitution 6

on Regs(o}) such that the regions Regs(6c}) are not free in £, o U o} and 7. Let us write
ol = 0al. Since Observe(E,7)(c}) = (), by the lemma 2, Regs(cy) N (fr(E) U fr(7)) = 0. By

the lemma 4,
EFe:r,0iUdy

By hypothesis on the inner proof, there exists S’ such that s:cUc|Uc¥, S’ = v:7 and that
(s,0,8)C (s',0UoyUcy,S"). Since Observe(E,7)(0}) = 0 (and of course Observe(r)(al) C
Observe(E,7)(0Y)), by the lemma 12,

shioUo, S E v
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Let us consider any v’ and 7/ such that s:0, S = v":7/. Since (s,0,8) C (s',0UaiUdl, S'),
by the definition 5, s':0 U o] Uay, 8" | v:7'. We can freely choose o) = 6}, in the
judgment € F e : 7,07 U dl, so that Regs(al) N fr(7') = (. By the definition of Observe,
Observe(t')(cy) = () and thus, by the lemma 12, s":c U ¢}, S" | v":7'. This holds for any
judgment s:o, S = v":7. Thus, by the definition 2,

(s,0,S) E(s',0U 01,8
Since o7 C o', by the lemma 6,
(s,0,S)C (s',0Ud" 8" and s:\c Uc'", S | vir
Case of (var) By hypothesis s:0,S = E:€, s, EF x —v,sand £+ x: 7,(. By definition

of the rule (var) this requires that F(x) = v and that 7 < &(x). By the definition 3,
s:0,S |= vit. We conclude, taking s’ = s, ¢/ = ) and &’ = S, that

(s,0,S)C (s',0Ud" 8" and s:\c Uc'", S | vir
Case of (abs) By hypothesis s:0,S = E:£. The rules (abs) of the dynamic and static

semantics impose that s, £ F (lambda (x) e) — (x,e, Fx),s and £ F (lambda (x) e) :
7,0. By the definition 3, taking s’ = s, ¢/ = () and S’ = S, we conclude that

(s,0,S)C (s',0Ud’, 8" and s':\c Ud', S = (x,e, Fx):T

Case of (let) By hypothesis, s:0,S | E:£. The rule (let) of the dynamic semantics

imposes that:

s, Bl Fe — v, si, Fx +{x— v} F ey — vy 8
s, B F (let (x e1) ey) — vy,

In the static semantics, writing ¢’ = o1 U 03, we have

EFel:m, 04 Ex +{xr Gen(o1,E)(m1)} F ey 1,09
EF (let (x e1) ey) i1y, 01 U0,

Let us write v/ = fo(r) \ (fu(or) U fu(E)). Let us define the substitution 8" on v such that
the variables v = (9’(17’) are distinct and not free in o U oy and &£. Let us write 7 = #'7. By

the lemma 4,

Elhel im0
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By induction hypothesis on ey, there exists &y such that
(s,0,8) C (s1,0U0y,S1) and s1:0 U oy, 81 | o7

Since (s,0,8) C (s1,0 U o1,81), by the definition 5, s;:0 U oy,81 | E:£. Since v =
Jo(m)\ (fo(er) U fu(E)), we have TN fo(o1) = 0. Let 6 be any substitution defined on @. Since
7N fo(or) =0 and 7N fu(o) = 0, by the lemma 9, s;:0 U 01,81 |E v1:07. By definition of <
and definition 3,

sp:oUop, Sy = vVor

Let us write £/ = Ex + {x — v} and & = Ex + {x — Vu.7}. By induction hypothesis
on ey, there exists &’ such that (s;,0Ua,S1) C (s',0Uc’,8') and that s:cUd’,S" | va:m.
Since (s,0,8) C (s1,0 Uoy,81) and (s;,0 Uy, 81) E (s, U’ S'), by the definition 5,

(s,0,S)C (s',0Ud’, 8" and s:\c Uc', S |E vaimy
Case of (app) By hypothesis, s:0,S = FE:£. The rule (app) of the dynamic semantics

imposes that:

s, B el — (x,e5,E),81 s1,EF eg = 09,82 s9, B+ {x+—> 02} Fes — vs, 83

s, B+ (e; e3) — v3,83
Let us write ¢’ = o U 05 U 03. In the static semantics, we have:

a,
Ehel:im 313,04 ErFey:im, o

EF (e e) :m3,00 U0y Uos
By induction hypothesis on ey, there exists &y such that
(5,0,8) C (51,0 U0y, S) and s:0 Uay, Sy = (x,e3, B')imy =5 1

Since (s,0,S) C (s1,0 U 01,81), by the definition 5, s;:0 U 01,81 | E:€. By induction
hypothesis on ey, there exists Sy such that

(s1,0 U0y, S1) C (82,0 Uoyp U0z, S2) and sq:0 U oy U o, Sy = vaimy

Since s1:0 U 01,81 | (x,e3, B'):y 53 73 and by the definition 5, sy:0 U oy U0y, Sy =
(x,e3, B'):my 2% 73. By the definition 3, this requires that there exist £, S} and o such that
(U Uy, Sy) ~ (0Uo Uy, Sh), Observe(ry 73 73)(04) = 0 and Observe(cUaUay)(ah) = 0,

verifying
&' F (lambda (x) e3) : 7 2 73,0 and sy:0 Uoy Uoy U o)), S = E:E
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Let us write g = Regs(o}) and define § on p such that the regions 6(p) are not free in &,
ocUoUay and 75 23 73. Since Observe(ry, 23 m3)(0%) = () and Observe(o U oy U oy)(ah) = 0,
by the lemma 2,

fo(rs 23 13) N Regs(o4) = 0 and fo(o U oy U aq) N Regs(ah) =

Let us write of = 0o, and S = 0S5, we have (o U oy U0y, 83) =~ (0 U oy U0y, Sy),
Observe(ty 23 73)(0l)) = 0 and Observe(o U oy U oy)(oy) = 0. By the lemmas 4 and 8, &, o
and S verify

0"+ (lambda (x) e3) : 7y 23 73,0 and sy:0 U oy Uy Uol, Sy = E:0&

Let us write E” = By + {x — vy} and £" = €% + {x — m}. By the definition 3, the
lemmas 6 and 7 sy:0 Uoy Uoy Uoly, Sy = E":E". By induction on e, there exists 8’ such
that

(sg,0 Uy UoyUay,SY)C (s',oUo’' Uay,S') and that s’,c Ud' Ucy), S | vaims

Since s, 0 U o' U o), 8" |E vaits and Observe(rs)(ch) = 0, by the lemma 12,

sioUo 8" E vams

In the same manner, let us consider any v” and 7’ such that s:0, S = v":7’. Since (s,0,8) C
(s',oUc'Udy,8'), by the definition 5, s:c U ¢’ U o}, 8" = v":7'. Since we can freely choose
oll = 0al, so that Regs(cy) N fr(t") = 0, by the definition of Observe, Observe(r')(cy) = 0.
Thus, by the lemma 12, s":0 U ¢/,8" |= v":7". This holds for any judgment s:0, S = v':7'.
Thus, by the definition 2,

(5,0,8)E (s',0U ", S")

Case of (new) By hypothesis, s:0,§ | E:£. The rule (new) of the dynamic semantics
imposes that:

s, Ete—wv, s [ & Dom(sy)

s, B+ (new e) = [,s1+ {l — v}

In the static semantics, the situation is
EkFe:T 04

EF (new e) :ref (1), 01 Uinit(p, )

Let us write o/ = init(p,7) U 01. By induction hypothesis on e, there exists Sy such
that (s,0,8) C (81,0 U o1,81) and that s;:0 Uoy,S; | vir. Let us write (s',0 Uo’,S') =
(si+{l—~v},oUd" S +{l— (p,7)}). Since [ & Dom(s;) and sy:0 U 01,81 | viT, by the
lemma 10, (s1,0 Uoy,81) C (8,0 Uo’,8'). Thus, by the definitions 5 and 6,

(5,0,8)E(s,0U 0", 8 and s 0 U o', 8" = l:ref, (1)
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Case of (get) By hypothesis, s:0,8 = E:E. The rule (get) of the dynamic semantics
imposes that:

s,FFe—14¢ [ € Dom(s")

s, B F (get e) — §'(1),s

In the static semantics, the rule (get) reads

Ete:ref, (1), 01
EF (get e) :7,00Uread(p, )

Let us write o/ = read(p, ) Uoy. By induction hypothesis on e, there exists S’ such that
5,0,S)C (s, 0 Uoy,8) and that s:0 U oy, S’ |= l:ref, (7). By the definitions 5 and 3
s Uy ) ) ) p y )

(s,0,S)C (s',o0Ud’, 8" and s:'ca U, S = s'(I):7
Case of (set) By hypothesis, s:0,S |= E:£. The rule (set) of the dynamic semantics
imposes that:

s, e —1, s s, B ey — v, 8
s, B F ((set e1) &) — u,s9, + {l — v}

In the static semantics, we have that

ElFey: refp(r),al EFey:T, 09
EF ((set e1) e3) : unit,oy Uoy U write(p, )

Let us write ¢/ = oy U 03 U write(p, 7). By induction hypothesis on ey, there exists Sy
such that

(5,0,8) E (51,0 U0y1,81) and that sy:0 U0y, Sy = Lref,(7)

By the definition 5, sy:0 U 01,81 = E:£. By induction hypothesis on e,, there exists S
such that

(s1,0 U01,81) C (82,0 Uoy U0z, Ss) and that sy:oU oy Uog, Sy = vir

By the definition 5, s5:0 Uy Uy, Sy |= Livef, (7). Let us write (s, 0U0’,S') = (59, +{[ —
v}, 0 Ud’,Sy). By the lemma 11, (s2,0 U oy Uoy,Ss) C (s',0 Ua’,S). By the definitions 5

and 3, we conclude that

(5,0,8) E (s/,0 U0, 8") and s":o0 U o', 8" |= w:unit O
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7 The Reconstruction Algorithm

We present the inference algorithm 7 that reconstructs the principal type and effect of
expressions with respect to the static semantics. The inference algorithm 7 uses a double
recursion scheme that separates the reconstruction of types and effects from the process of
restricting effects with regard to the observation criterion. The next section explains the

notions introduced in the algorithm.

7.1 Constrained Type Schemes

We use constrained type schemes to generically represent the possible types and constraint
sets of let-bound expressions. In the static semantics, type schemes were of the form Vov.r.
But now, since effect variables occur in function types, constraint sets involving these effect
variables have to be kept within type schemes. In the algorithm, the type environment &
binds value identifiers to such constrained type schemes.

Constrained type schemes, written V9.(7, k) or Ya.Vo.¥< (7, k), are composed of a type 7
and a set of inequalities k universally quantified over type, effect and region variables. The
type and constraint set associated with e only depend on the free variables of e and, thereby,
on the type environment £. We write V&.(7, () = V.7

In order to relate the constrained type schemes and environments of the algorithm to the
static semantics, we define a relation from the former to the latter by using the principal

model % of a constraint set «, as defined in the section 8. We write: Y¥.(7, k) = VU.(F7) and

E(x) = E(x) for all x € Dom(€).

Gen,(&,0)(1) =let {v} = fu(®T) \ (fU(RE) U fu(Ro)) in (VO.(1, k3), K \ Kg)
Inst(V0.(r, k) =let o' new and 0 = {7 — v’} in (07, 0k)

Generalization and Instantiation

For a given constraint set k, the function Gen, generalizes the type 7 of an expression
upon the variables that are neither free in its environment £ nor present in its observed
effect 0. We write rz for the restriction k3 = {¢ 2 0 € k | ¢ € U} of & on the effect variables
U. We write x \ k7 the complement of k7 in k. The instantiation of type schemes for value

identifiers and operators is done by using the function Inst.
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7.2 Constrained Type Schemes of Store Operations

In the reconstruction algorithm, the store operation new, get and set are viewed as opera-

tors. They are related with appropriate constrained type schemes by the function TypeOf[.]

TypeOf[set] = Vapsd.(ref,(a) = AN unit, {¢' O write(p,a)})
TypeOffget] = Vaps.(ref,(a) = a,{s 2 read(o,a)})
TypeOf[new] = VYaps.(a - ref,(a),{s 2 init(g,a)})

Constrained Type Schemes for Store Operations

7.3 The Reconstruction Algorithm

In the first phase of the reconstruction, the algorithm 7', given an environment £ and a
constraint set r, reconstructs the type 7 and the effect o of an expression e, together with
a substitution § that ranges over the free variables of the environment £ and an updated
constraint set &’. In its second phase, the algorithm 7 takes into account the observation

criterion Observe in order to restrict the effect ¢ computed by the algorithm 7.

I(E,k,e) = let (0,7,0,k") =T (E,k,e) in (0,7, Observe(R'(0€),®'7)(F'o), ')

T'(€,k,e) = case e of
op = let (7, k") = Inst( TypeOfJop]) in (Id, 7,0, x U £’)
x = if x € Dom(€)

then let (7', k") = Inst(E(x)) in (Id,7',0, kU &')
else fail

(lambda (x) e) = let a, ¢ new
(0,7,0,c") =T(Ex + {x — a},k,e)

in (0,00 = 7,0, U{cDo})

Reconstruction Algorithm 7
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(e1 e3) = let (01, 11,01,K1) = Z(E, K, e1)
(02, 72,00, K9) = L(01E, K1, e2)
a, ¢ new
Os = Uy, (0271, 72 = «)
k' = 03(k2) and 0 = 0300506,
in (8,030, 05(0200 U oy Ug), k')
(let (x e1) e) = let (01, 71,01,k1) =Z(E, K, e1)
(VU.(11,KY), KY) = Gen, (0.€,01)(71)
(02, 7,09,") =T(0:Ex + {x — VU.(11, k) }, £, e2)

n ((92 o] 01,7’7 020’1 U O'Q,KJ/)

Reconstruction Algorithm Z (continued)

An important invariant of the algorithm Z is that latent effects of functions are al-
ways represented by effect variables in the algorithm. This technique was introduced in
[Talpin & Jouvelot, Sept. 1992] and makes the problem of solving equations tractable by
a simple extension to a unification algorithm on free algebras [Robinson, 1965] over effect
variables. The unification algorithm U (7, 7’), presented in section 8.2, solves the equations
7 = 7' on the types built by the algorithm Z (We note U, for U curried with its first

argument, the constraint set , in order to simplify the notation).

& Constraint Resolution

We view the inference of types and effects of an expression as a constraint satisfaction
problem. The algorithm builds equations on types and inequations on effects. In the algo-
rithm, indirections between types and effects are introduced by the notion of constraint sets.
Among the solutions of a constraint set x, the principal model, &, defined below, satisfies

the lemma 14.

DEFINITION 6 (MODEL OF CONSTRAINTS) A substitution 0 is a model of a constraint set
K, written 0 = k, if and only if 0 2 0o for every constraint ¢ 2O o in k. The principal model

R of k is inductively defined by:

0=1d and kU{cD o'} ={s— '} oR where o' =R(cU o)
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However, recall that we introduced types 7 in effects o as well as effects o in types 7 = 7.
Consequently, some expressions may now have recursively defined types and effects and shall

thus be rejected by the static semantics.

Example The static semantics might constrain some expressions to have an effect o con-
taining init(p, 7 = 7') itself [Leroy, 1991]. The simplest known example producing such an

ill-formed constraint set is:

(lambda (f)
(let (x (new (new (lambda (x) x))))
(if true f (lambda (y) (set x (new f)) y)))

In this program, the type of the function £ has to match the type of the lambda-expression
(lambda (y) (set x (new f)) y) that initializes an observable reference to £ (Note that
the incriminated effect must be observable for this situation to appear). Giving type 7 to x,

the type 77 of £ is recursively defined by:

gUwrite(p',refp(Tf))Uinit(p,ﬂ'f)
Ty =T —

For our algorithm to be effectively implemented constraint sets must be checked for well-
formedness. It must be enforced that no indirect cycles are introduced through init effects

8.1 Well-Formed Constraint Sets

Our solution is to only use well-formed constraint sets within the algorithm Z. They corre-

spond to sound assignments of effect variables in the static semantics.

DEFINITION 7 (WELL-FORMED CONSTRAINT SETS) A constraint set k is well-formed,

written wf(k), if and only if, for every ¢ 2 o such that k = &' U{s D o}, we have:

Y (p,7) € Rng(F'(0)), < & fu(T)

The notation wf(r) is extended to type schemes by: wfV0.(7,r)) iff wfix) and to type
environments by: wf(€) iff wf{E(x)) for every x in Dom(E).

The definition of well-formed constraint sets comes here with the following lemmas that

state that well-formed constraint sets are solvable by finite substitutions.

LEMMA 13 (WELL-FORMED CONSTRAINT SETS) wf(x) if and only if & = &
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Proof [If wf(x) then R = k] We proceed by induction on the number of constraints in . If
k = (), then & = Id solves k. Consider k = k'U{¢ D o} where ¥’ = '\ {¢ 2 o}. By definition,
we have ® = {¢ — F'(¢U o)} o ® and by induction hypothesis on £’, & solves x’. For every

constraint ¢’ 2 o’ in &', B(<") = {c = F(cU o) }F'(¢')) and Ro' = {s = F' (¢ U o) HF'(o)).

o If ¢ € R(¢') then R(¢') = (F'(¢') \ ¢) UR (¢ U o). Since ¢ € F'(s) we have R(¢') =
' (¢") UR (¢ U o). By induction we have ®'(¢') 2 %' (o). If ¢ € F'(¢') then R(o') =
(F'(0’) \ ¢) UR' (¢ U o) so that B(¢") D E(o’). Otherwise ¢ & ®'(0’) so ®(o') = F'(0');

thus ®(¢') =7 ()UR (sUo) DR (") 2F(o') =FR(o')
e Otherwise ¢ € F'(¢') and ®(s') = F'(¢’). Since ¢ € F'(¢’) and 7'(¢')
s & ®'(0'), so B(o') = F'(0'). Since ' solves ', we have that &(<’)

R(¢") 2 ’(o').

It follows that ®¢’ O ®o’ in both cases. For every constraint ¢’ O ¢’ in «’; so ® solves «'.
It remains to show that % solves {¢ D o}. By definition ®(s) = {¢ — F'(cU o) }F'(s)). Since

SEFR(s), RBs)=(F(s)\s)UFR'(cUo) =F(s) UR'(0). Also, R(o) ={s = F' (s Uo)HF(0)).
If ¢ € 7'(0), then R(0) = F'(s) UR'(0), otherwise (o) = F'(¢). In both cases, we have that

7'(0') we have

2
2 ®'(0') so that

% solves {¢ D o}. We have thus proved that & solves x.

Proof [If % |=k then wf(k)] Let us assume that & = k and rewrite  as:
K= {g 2 U(CQU)EHU \ ) | (g 2 U/) € /i}

If ® = &k then, by definition of |=, ®(c) 2 ®(o) for every constraint (¢ 2 o) € k. By
construction of &', & (<) 2 ®'(0). Thus, for every constraint (¢ 2 Uos)eso \ <), B () 2
R (Utcoo)eno \ ). Finally, & |= &’

Consider any constraint ¢ O o in &’ and define ¥” = £\ {¢ 2 o}. Since & = £’ then,
by definition of =, ®'(¢) 2 ®'(¢). Since, by construction of &, ¢ € ®'(¢), this is equivalent
to ®’'(s) UR"(c) 2 (o). Since, by construction of ', £’(¢) = ¢, this is equivalent to
sUFR"(o) D F'(0). Since, by construction of &', ¢ € o, this is equivalent to '(¢) 2 7'(0).
Since, by definition of 7', & (o) = {¢ = F’(¢ U o)} 0o (o), this implies that, for every pair
(p,7) €R"(0), 7 ={s = F'(¢Uo)}(7). This implies that ¢ & fu(r) and, by definition of wf,
that wf{x").

Now, if wf(x’) then, writing every constraint in &’ as ¢ 2 Uos)ex0 \ 5, we have that
¢ & fo(t) for any pair (p,7) of &'(Uicos)exo \ ¢). This implies that it is not in any of the
7"’(c). Thus, we conclude that wf{x) O

LEMMA 14 (PRINCIPAL MODEL) If 6§ solves r, then § = § o K.
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Proof By induction on the number of constraints in x. If K = (), then & = Id, so # = § o k.
Now let us consider k = k' U{s D o} where " = £\ {¢ 2 ¢} and let § be a solution of &.
Note that 0 solves &/, so by induction, # = § o . Let ¢’ be any effect variable; we wish to
show 0(¢") = 0(R(¢")). By definition, 7(¢") = {¢ — P(g U U)}(F(g’)). Then, there are two

cases:

o If ¢ ¢ K(¢') then H(R(s")) = 0(x/(<")) = 0(<’), by induction.

o Otherwise, ¢ € P(g’), sothat 0(R(<")) = 0({s— r'(cUo)}K'()))
O\ ) VO U)) as s € (S
O('()UO(K(sUa))  asc€r(S)
f(s"YUB(sU o) by induction
= ("YU b(s) as 0 solves &

Now ¢ € #/(¢') implies that 0(s) C 0(x'(¢")) = 6(¢’). Thus 0(<') U b(s) = 6(¢’). Thus
O(R(<")) = 0(<’) in this case as well O

We state that ill-formed constraint sets cannot be satisfied by substitutions of effect

variables by finite effect terms.

LEMMA 15 (ILL-FORMED CONSTRAINT SETS) If & is ill-formed, then there does not exist

a substitution satisfying k.

Proof We show that, in order to satisfy an ill-formed constraint set k, any substitution 6
must substitute at least one effect variable by a non finite effect term.

We assume that —wf(x). By definition, this implies that there exists a constraint {¢ 2 o}
in k such that (p,7) € Rng(c) and ¢ € fo(F'T) where ' = k \ {¢ D o}. Suppose that there
exists a substitution 6 such that 0 | «.

By the lemma 14, we know that § = 0 o k. By definition of %, we know that & = {¢ —
F'(sUo)}o®. Then, from § = x and by definition, § must verify:

0(7(s)) = 0(F'(c U o)) 2 8(w())

Thus, Rng(0(%(o))) must be in Rng(0(F'(¢Uo))). Since (p,7) € Rng(o), the substitution
6 must verify 0(7'(7)) = 0(R(7)). However,

0(rr) =0({s = F'(sUo)}(
0({c = cUR' (o)}
({s — cUFRo}RT)) since {¢c » R's}or =F

R'T)) by definition of ®
{¢ = F<}(F'T))) sinces € F¢and F'¢ =¢UFs
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Since (p, (7)) € Rng(#(7)), 0(F'(7)) = 0({s = (¢ UK (¢))} o F'(7)) and < € fu(F'(7)),
the term ¢ must satisfy ¢ = (¢ UR o). But since (p, %' (7)) € Rng(F'(c)) and < € fu(F'(7)),
s occurs in O(7'(7)). Thus, the substitution 8 satisfying x cannot be defined, since the term
f< must be defined recursively [

8.2 Unification Algorithm

In the reconstruction algorithm 7, instead of checking the well-formedness of the constructed
constraint set after each expression is typechecked, we implement an extended occurrence
check test, reporting the construction of ill-formed constraint at the point of unifying effect

variables together.

Ui(T,T") = case (1,7') of
(unit, unit) = Id
(a.a') = {a o}

(o, 7)|(7, ) = if & € fu(R7) then fail else {o — 7}
(ref,(T), ref, ( Ny =let § ={ow— o'} in Ups(07,07") 0 0
(7; = 74, 7! < 74) = let 0; = U (7, 7))

0 = Up,(0i7s,0i7F)
0 =10s(0ic) — 005"V} 0b0;00;
in if wf(fx) then 6 else fail
otherwise = fail

Unification Algorithm

The unification algorithm U (7, 7’), presented above, solves the equations 7 = 7’ on
types built by the algorithm Z and checks the constraint set x generated by the algorithm
for well-formedness. It either fails or returns a substitution § standing for the most general
unifier of the two given type terms 7 and 7/, also checking that the substitution  preserves
the well-formedness of the given constraint set k. The following soundness and completeness
lemma give the invariants of the unification algorithm ¢ (We note U, for U curried with its

first argument, the constraint set s, in order to lighten the notation).

LEMMA 16 (SOUNDNESS OF U) If k is well-formed and U (7,7") = 8, then Ok is well-
formed and 0T = 07,
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Proof The algorithm ¢ unifies the terms of a free algebra and its soundness proof only
departs from [Robinson, 1965] in the case that enforces the well-formedness of the constraint
set: 7/ = a. By hypothesis, « is well formed and U (7,a) = 6. By definition of U,,, this
requires that o ¢ fo(R7) and § = {a + 7}. Thus, §a = 07 and it remains to prove that §x
is well formed.

By hypothesis, we have that k is well-formed. By definition, this requires that for every

constraint ¢ 2 o in &, considering £’ = k \ {¢ 2 o}, we have:

V (p,7') € Bng(R'o), < & fu(7')

We want to show that 8k is well-formed. By definition, this requires to show that for
every 0s O fo in Ok, considering 0’ = 0k \ {0 2 0o}, we have:

Y (0p,07") € Rng(0x'(0)), Os & fo(07")

By definition, § = {a + 7}. Thus, we have to show that ¢ & fu(07'). If o € fu(7'), then
O’ = 7' so that we have ¢ & fu(07'). Otherwise, o € fu(7'), and since ¢ & fo(7') and fa = 7,
it remains to show that ¢ & fu(7).

Assume that there exists (p,7’) € Rng(R'o) such that a € fu(r'). By definition of &, this
requires that o € fu(R¢). We have shown that supposing ¢ € fo(7) implies o € fu(R7), which
contradicts the hypothesis: « & fuo(RT).

We have proved that for every ¢ O fo in 0k, considering 0k’ = 0 \ {¢ O 0o}, we have
that ¢ & fo(07') for every (p,07') in Rng(0x'(0c)). By definition, this proves that 0x is
well-formed O

LEMMA 17 (COMPLETENESS OF U) Let k be well-formed. Whenever 8't = §'17" for a sub-
stitution §' satisfying r, then U.(7,7") = 0, then Ok is well-formed and there exists a substi-

tution model 0" satisfying Ok such that ¢ = 0" o0 0.

Proof By hypothesis, « is well-formed and there exists a substitution #" satisfying x such
that @7 = 0'7'. The cases that differ from the completeness proof of [Robinson, 1965]
are those which require the well-formedness of the constraint set to be checked: 7 = « or

(r,7") = (7: = 74,7/ 5 4.
In the case of 7 = a, the hypothesis is that §'7 = 0’a. By the lemma 14, we have that

0 = 0' o R, so that ¢'(KT) = #'a. This implies that « is not in fu(R7), so that we get that
= {a — 7} = U.(a,7) by definition. Consider §” defined by 8”’a = a and 6"v = v
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otherwise. We have that 6 = 0” o 0 and that 0" satisfies 0k since ¢’ satisfies k. By the
lemma 15, this implies that 8« is well-formed.

In the case of (7,7') = (1 = 74,7/ 5 7¢), the hypothesis requires that 0'r; = 0’7/,
Oy = (9’7'} and 0'¢c = 0'¢’.

By induction hypothesis on 7, and 7/, U (7, 7]) = 0;, then wf(0;x) and § = 7 o §; for
some 07 |= 6;x. Since wf(#;x) and since there exists a substitution 87 satisfying 6;x such that
07(0:7) = 07(0:7'), then, by induction hypothesis on 7 and 7, we have Uy, .(0;7¢, 0i7;) = 0y,
then wf(0;(0;x)) and 0 = 07 0 0 for some 07 |= 0;(0;x).

Thus, there exists a substitution 07 satisfying 0;(0;x) such that 0%(0(0;7)) = 07(0;(0;7")).
But (93?((%(02'7')) = (93?((%((92'7")) requires that (93?((%((92()) = Gy(ﬁf((%g’)). Let us write 0" = 07
and 0 = {07(0,c) — 0;(0;")} 00 00,.

We have 0% 00 00; = 0" 0o0. Since the substitution 0% satisfies 0(f;x), then §” o ¢
satisfies k so that 0" satisfies k. By the lemma 15, this implies that 8k is well formed.
As a conclusion, we get U, (7,7") = 0, wf(fr) and the substitution 6" satisfies 0x such that
0 =0"060

9 Correctness of the Reconstruction Algorithm

In this section, we prove the correctness of the algorithm with respect to the static semantics.
The soundness theorem states that the type and effect computed by Z are provable in the

static semantics, assuming any solution of the inferred constraints.

THEOREM 2 (SOUNDNESS) Let £ and r be well-formed. If Z(€,k,e) = (0,7,0,r") then

R (0E)F e R'1,F o

Proof The proof is by induction on the structure of expressions. We assume that the
constrained type schemes in the environment £ are constructed with the function Gen, so
that, for every x in Dom(&), we have that £(x) = Vv.(7, k) with s restricted to the ¢. Then,
a consequence is that for any substitution f, we have that 0€(x) = 0€(x), ignoring capture of
bound variables. Also note that, by definition of the reconstruction algorithm, the constraint

set k' extends Ok; every model of £ is thus a model of O«.

Case of (var) By hypothesis Z(€,k,x) = (Id, 07,0,k U 0x'). By the definition of the
algorithm, this requires that £(x) = Vu.(7, '), that § = {0 — 17’} and that the v are fresh.

Since # renames the ¥ with fresh v/, we have that O(&'t) = Ox'(07). Since ® and 0 are only
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defined on @, we have 0x'(€) = €. By definition of <, (') < £(x). By definition of the
rule (var):

Ok’ EF x: 0k (07),0

Because 6 substitutes ¢ with fresh 17’, we have that x U0x’ = ® o Ox’. By the lemma 4

used with %, we can conclude that:
R(Ox' E) F x : ®(OK'(07)), 0

Case of (let) By hypothesis Z(&, k, (et (x e1) e3)) = (0,7,0,x"). By the definition of
the algorithm Z, this requires that:

T'(E, K, (let (x e1) e))=(0,7,0/,k") and o = Observe(F'(0€),%'7)(FK' o)

By the definition of 7', this requires that there exist 6, 0, such that § = 0, 0 §; and o,

oy such that o' = 0301 U 0y satisfying:
(01,11,01,k1) =Z(E,k,e1) and  (0a, 7,02, k") = L(61Ex + {x — VU.(11, K} }, kY, e2)
where Gen,, (01,61E)(m1) = (VU.(71,K]), 7). By induction hypothesis on e;, we get:
EI(GE) Fey:Rim, R0y

By the definition of Gen, we have that Ry = ®/(F|71), because £} is the restriction
of k1 on v and &/ its complement in k;. We also have that %;(0,&) = &/(6,€) and that

Ri101 = Rjoy since the U are neither free in ®1(6,€) nor in ®yoy. Thus, we have that:
— °c == —
RU(hE) F e : R (Rim1), Rio1

Since ' extends 0k, B satisfies 0,x7. Thus 7 o 0, satisfies 7. By the lemma 14, we

have that & o 6, = & 0 6, 0 ®/. By the lemma 4 used with & o 6,,
R (09(6,€)) F ey : ®(0x(R) 1)), R (0201)
By induction hypothesis on ey, with 7 and 61Ex + {x — V&.(r, &)}, we get:
7 (02(0:Ex + {x = Vi.(r, ) })) F ey : BT, R
Since 0,€x = 0,Ex, then 0,€x + {x — Vo.(ry, k})} = 0,Ex + {x — V&.(%,7)}. Thus,
R (02(0:Ex + {x = VOR M })) F ey : BT, Ry
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Since 0 = 0, 0 0; and by the definition of the rule (let), this implies that:
R (0E) F (let (x e1) e3) 1K1, (001 Uay)
We know that Observe(®'(6€),7'7)(F'o’) = o, so that, using the rule (sub), we get:
7(0E)F (let (x e1) &) i 77,0
By the lemma 4 used with & and since & o ® = &', we conclude that:

E’(@g) F (let (x e1) e) :R'7,Ko

Case of (abs) By hypothesis Z(€, %, (lambda (x) e)) = (0,0a = 7,0,x' U {sc D o}). By
the definition of the algorithm Z, this requires that Z(Ex + {x — a},x,e) = (0, 7,0,x"). By

induction hypothesis on e,
F(0(Ex +{x— a})) Fe:FrFo
Since < is fresh, ® (0 U<) = ®'o U D ®o. Thus, by the rule (sub):
FO(Ex+{x—a}))Fe:FrE(cUo)

Let us write " = k" U {s D o}. By definition &’ = {¢ — F'(¢U o)} o F'. Since ¢ is fresh,
we get:
E”(@(gx +{x—a}))Fe:®'r,F's

By the rule (abs), we conclude that:

E”(@g) F (lambda (x) e) :®7"(fa N 7), 0

Case of (app) By hypothesis Z(&, k, (e1 e2)) = (0,050, 0,k"). By definition of the algo-
rithm Z, this requires that

I(E,/i,el) = (01,7’1,0’1,/{1), I(elg,lil,eg) = (02,7’2,0’2,/{2) and 03 = uﬁ2(027'1,7'2 i> Oé)

where o = Observe(F'(0€), % (030))(F'03), 03 = 03(0501 Uy Us) and &' = O3k5. By induction
hypothesis on e, we get

El(elg) F e :E17—17E10-1

Since Ky extends Oyk; and 05 = U, (0271, 72 = a), K = O3k, is well-formed. Since &’
extends (03(0ak1), B satisfies (03(02r1). Thus ' o 03 o 8, satisfies k1. By the lemma 14 on

k1, we have ® 00300, = K 06300, 0%;. By the lemma 4 used with & o 63 0 0,, we get:
E’(e?) F e :E’(eg(ele)),E’(eg(eggl))
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Since 03 = U,., (071,75 — a) then Osry is well-formed and 05(0;71) = O3(72 = ) by the

correctness lemma on unification, yielding:

(03

7(0) b ey 7(037m3) " B & (03a), 7 (05(0201))

Since 0,€ = 6,€ and by induction hypothesis on e, with 6,&,
Ez(eg(elg)) |_ 9 :EQTQ,EQO'Q

Since K satisfies O3y, ' 0 05 satisfies ky. By the lemma 14 using o, we have & o 03 =

7 005 0%,. By lemma 4 used with & o 65, we get:
7(0F) F ey 7 (0575), 7 (030
By definition of o5 and the rule (app),
F(0E)F (e1 e) : F'(03a),F o3
Since ¢ = Observe(7(0E), 7(030))(7'o3) and by the rule (sub),
7(0E) F (e ey) 1 7 (0s0),0
By the lemma 4 used with &, we get:
F(0E) F (e e) 1 ®(b30),Fo O

The completeness theorem states that the inferred type is principal with respect to substi-
tutions on variables and that the reconstructed effect is minimal with respect to subsumption

on effects.

THEOREM 3 (COMPLETENESS) Let £ and k be well-formed and 0" be a model of . If
0"+ e: 7' 0 then I(E,k,e) = (0,7,0,x") and there exists ' |= k' such that 0"E = 0'(0E),

=07 and ' O 0o
Proof The proof is by induction on the structure of expressions.

Case of (var) By hypothesis, 0”€  x : 7/, 0’. This requires that 7/ < §”&(x) by definition
of the rule (var) and that £(x) = V@.(7, &") by definition of €. By definition of the algorithm
7', we get:

(&, k,x) = (Id, 01,0,k UOK") and 0 ={0+— 17’}
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By hypothesis, we have that 7/ < 0”€(x). By definition of <, this requires that there

exists a substitution ] defined on @ such that:
010" (R'r)) =1

By definition of the algorithm 7', 6 substitutes @ with fresh . Let 0, be defined on v
by (9’2(17’) = 0,(0(7)) = (9’1(17’) Avoiding capture, the substitution 6, satisfies:

00" (0())) = 7

.
Since § renames ¥ with fresh v/, we have §o%’ = §xr’06. As a consequence, § = 0,060" 0 x’

satisfies k U 8k’ and is such that:
T =0'(0r) and 0"€E=0E and o D0

Case of (let) By hypothesis, 87 I (let (x e;) e) : 7,0, U o). By definition of the
rule (let), this requires that

0"+ ey :7),0, and 0"Ex + {x > Gen(a),0"E)(])} F ey : 7', 0

By induction hypothesis on ey, Z(€, k, e1) = (01, 71,01, k1) and there exists a substitution

0 satisfying ; such that:
0 =0,(0,E) =07 and o D00y
Thus, by definition of Gen,
V7, 7= Gen(d},0"E)(7]) = 7 =< Gen(0,oy,0,(0,€))(0,m)
As a consequence, given that 0”Ex = 0(0,Ex),
0,(0:Ex) + {x > Gen(0,oy,0,(0:E))(0)7)} F ey : 7/, )

Let (V0.(1, k}), k]) = Geny, (01,61E)(71) and define 6] by Id on ¥ and by 6] elsewhere.
By definition of 67,
07(0,€) = 0,(0,&) and 0oy = 00y
Let us consider any 7 such that 7 < Gen(00y,0,(0,€))(0,m). By definition of <, there
exists a substitution 6 defined on fu(0771) \ (fu(8101) U fu(01(6:&))) such that
T =6(017)
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Let us define #’ by 000} on v. Since 0 is defined on fu(0)7)\ (fo(0\01) U fu(0,(0,E))), any
variable v in fu(f]v) satisfies v’ = v’. Thus

000, =000
Since 0] satisfies #1, by the lemma 14, 0, = ¢! o %, = 0/ 0 %,. Thus,
T =0(0m) = 0(0,(R,m)) = 0'(0 (7))
By definition of <, this implies that:
T =0 (VER )

We have shown that for any 7 such that 7 < Gen(0}01,0,(0,€))(0,m1), 7 =< 0} (VO.®, 7).
Thus, since 0(0,Ex) + {x = Gen(0,01,0,(0,€))(0\71)} b ey : 7/, 0}, there exists a derivation
of:

07(0,Ex + {x > VO.(r1, )} Fey: 7,0
Since 6;Ex = 0,Ex, since 01 satisfies k] and by induction hypothesis on e; with &7 and

61Ex + {x — VU.(11,k])},
Z(01Ex + {x — YU.(11, k1) }, &Y, e2) = (02,7, 09, K')

and there exists a substitution 6 satisfying " such that 7’ = 0,7, o, O 0,05 and

07(0:Ex + {x = Vo.(ri, 61)})= 05(020:Ex + {x = V0.(11,51)})
= 0/2((9201?}( + {X — \V/ﬁ(gllTl)})

Let us write = 0,00y, 03 = 030, Uoy and o = Observe(® (0€), 7' 7)(F'03). By definition
of the algorithm, we get that:

I(E,k, (let (x e1) e3)) =(0,7,0,K)

Let V be the free variables of #0E, &', and ®'oy. Define @' by 0, on V and 0/ otherwise.
By definition, §" satisfies ' and satisfies

=07 0" = 0'(0€) and o) Uach D 0os
Since 0'a = 0' Observe(7'(0€), 7'7)(K 03) and §' = 0’ o ¥, then, by the lemma 3,
0" Observe(R'(0E), 7'7)(F'o3) C Observe(0'(0E),0'7)(0'o3)

We conclude that o] U o) 2 #'c. We have proved that Z(€,k, (let (x e1) ez)) =
(0,7,0,r") and that there exists a substitution 8" satisfying x’ such that:

0" = 0'(0E), 7' =0t and o} U}, D 0o
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Case of (abs) By hypothesis, §”€ - (lambda (x) e) : 7 LA 7s,0". By definition of the
rule (abs), this requires that

0"Ex +{x =} Fe:rs, o
With a fresh variable o, this is equivalent to:
(0" o{a— 1) (Ex+{x—a})Fe:Ts0
By induction hypothesis on e since £x + {x — a} is well-formed, we have that:
I(Ex + {x— a}l,k,e) = (0,7,0,K)
and there exists a substitution 6] satisfying x’ such that:
(0" o{ar 1) (Ex +{x—a}) =01(0(Ex+ {x—a})), 7, =0i7 and o Dbo
By definition of the algorithm, we get that:
I(€,k, (lambda (x) e)) = (0,0a = 7,0,k U{c D o})

where ¢ is new. Let us consider the model ' = 0] o {¢ — ¢’} of K" U {¢ D o}. We get:

!

9" = 0'(0€) T =00a37) and o’ D0

Case of (app) The hypothesis is 0" F (e, ey) : 7,0} U ch Ul By the definition of the
rule (app), this requires that,

I
_ . _
0"k e 1y 370 and 0"€F ey:Ty, 0

By induction hypothesis on ey, (01, 71,01,k1) = Z(E, K, e1) and there exists 0] satisfying
r1 such that:

0" = 01(0,€) T =T, g 0im and oy D 0oy
Since 6;€ = 6,& and 0,& is well-formed, by induction hypothesis on ey, we get
Z(61€, k1, e2) = (02,72, 09, K2)
and there exists ), satisfying xy such that:

0"E = 04(05(0,8)) 75 =0,7, and o) D Lo,
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Let V be the set of free variables in ®a(02(6:€)), Ry and Fyoy. Take o and ¢ new and

define 07 as follows:

O, veV

7_/

Y
OLv = .
ob, v=g

V=«

0iv, otherwise
By this definition, 6} satisfies k5 and we get:
0"E = 04(05(0,8)) ) g =041, > a) and Loy = 0oy

By definition of Z every v in % 7 is either fresh or in fu(%,0,). Since 04(0:(0,€)) =
05,(02(0,8)) = 0,(0,E), for every v in fu(F10,E), we have 04(05v) = 05(030) = 0}v. For every

fresh v, since fv = v, we have 04(6yv) = 650 = §1v. Thus,
7'2/ g T/ == 05((927’1) 0’10'1 = 05(020’1)

Since 0 satisfies xy and 04(0,71) = 04(m2 = a), by the lemma 17, there exists a substitu-

tion 05 such that 03 = U, (0;71, 7 — «) verifying:
03(071) = Os(m2 = @)
and such that 3k, is well-formed. By the definition of the algorithm, we get:
T'(E K, (er e)) = (0,7,03,£")

where § = 030605060, 7 = 30, 05 = 03(0301 Uoy Ug) and &' = O3k5. By the lemma 17, there
exists a substitution 6 satisfying sk, such that 8 = 0" o0 6;5. We get:

0" = 0'(08) 1l =0'(0s(rs > ) and o UchUdh D 0(0305)
By definition of 7, we have that:

(0,7,0.6") = T(E,k, (e1 &) and o = Observe(FOE, ) (7o)
By definition, o U o, U 0, D @03 and by the lemma 3,

o\ U ah Uah D Observe(0'(0F),0'7)(a") 2 Observe(9'(0E), 0'7)(0'o3)

Since 85 = ry and 85 = 6" o 03, then, by definition of ', we get that 6’ |= &’. By the

lemma 14, ' o &' = 0'. By the lemma 3, this implies:
ot Uoly Uoh D0 Observe(R'0E,%'7)(Fo3) = 0'c
We can conclude that (0,7,0,k") = Z(E, k, (e1 e3)), 0"E = 0'(0€), 7' = 0’7 and o} UchU

oy 2000
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10 Examples

By introducing some well-known examples of list processing procedures, we show that our
type and effect system permits the assignment of the same type and effect to its functional

and imperative implementations.

nil : Va.list(a)

cons : Yagc.a x list(a) S list(a)
car : Vag.list(a) o

null? : Vag.list(«) bool

cdr : Vag.list(a) = list( o)

N
N

List Processing Functions

We introduce the type list(7) of immutable lists together with the following constant and
functions for manipulating them. nil is the empty list. The predicate null? tests if a list is
empty. The constructor cons pairs up an element of type o with a list of type list(a). The

procedure car returns the first element of a list and cdr the rest.

Example Our first example is the function fold, that successively applies function £ over

every element of a list 1 and its intermediate result 1.

(define fold (lambda (f i)
(lambda (1) ((rec (loop 1 i)
(if (null? 1) 1
(loop (cdr 1) (f (car 1) 1))))
11))))

By considering observable effects, implementing the function fold recursively or by a

loop using temporary locatives does not affect its typing.

(define fold (lambda (f i)
(lambda (1)
(let (result (new i))
(let (data (new 1))
(until (null? (get data))
((set result) (f (car (get data)) (get result)))
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((set data) (cdr (get data)))))
(get result)))))

Both implementations of the function fold have type Yaa/s¢’s”.(a x o = o) x o i/>
(list( o) s o'). Then, if one defines the function reverse for reversing the elements of a
list by (lambda (1) ((fold cons nil) 1)), its polymorphic type is Yag.list( o) N list(a)
with both implementations of fold m

Example In the same vein, we consider the typing of two implementations of the function

map. First we implement map by using reverse and imperative constructs.

(define map (lambda (f 1)
(let (r (new nil))
(let (x (new 1))
(until (null? (get x))
((set r) (cons (f (car (get x))) (get r)))
((set x) (cdr (get x)))))
(reverse (get r)))))

The details of the imperative implementation of the function map are similar to those
of the function fold and we can also implement map by reusing the function fold defined

above.

(define map (lambda (f 1)
((fold (lambda (x r) (cons (f x) r)) nil) 1)))

The same polymorphic type is assigned to both of them, by using our type and effect
discipline. So, for instance, the application of map to the identity function and the empty

list has the polymorphic type Va.list(«) of nil.
(define nill (map (lambda (x) x) nil))

The application of map to new and nil has a monomorphic type list(ref,(a)), accounting

for the use of the function new on a region p, with an observable effect init(p, a).

(define nil2 (map new nil))
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11 Comparison with the Related Work

To give a detailed comparison of our system with the related work, the criterion of expres-
siveness seems at very first sight best suited, because it is a formal criterion. The relative
expressiveness of a type system with respect to another defines itself as the capability of
strictly accepting more programs. Such a proposition requires a formal proof and in most
cases, it is thus easier to show the contrary by giving a counter example.

In practice, it turns out that the criterion of expressiveness is not appropriate and many
examples, among which some are presented in the next section, show that there usually
is no proper inclusion between type systems. Unfortunately, it appears that our system
does not permit to recognize some sophisticated examples as sound (for example, the func-
tion f, section 8 or the function id5, section 11.1), although those examples could be
recognized as such using, for example, the typing discipline described in [Tofte, 1987] or
[Appel & Mac Queen, 1990].

Nonetheless, in order to argue in favor of our system, we have already carried out the
comparison on practical situations, which aimed at demonstrating that the problem of inte-
grating imperative features to a functional language is best viewed in terms of a type and
effect system, because it permits reasoning at a more intuitive level about the problem of
typing references in a language such as ML. The goal of integrating imperative and func-
tional paradigms, which is a fundamental aspect in our system, is particularly well suited
within a programming environment that supports separate compilation features and modular

programming paradigms.

11.1 Comparative Examples

This section present a series of more or less sophisticated examples, adapted from a sur-
vey paper on this subject [O’Toole, 1990] and from [Leroy, 1992], that establishes fron-
tiers between the related type systems. Note that the results of the system presented in
[Jouvelot & Gifford, 1991] are given for programs with explicit polymorphic types.

(define idl (let ((x (id 1))) rid))
(define id2 (lambda (y) ((rid id) y)))
(define i1d3 ((nop rid) id))

In these three examples, we write rid the “imperative” version of the identity function
(lambda (x) (get (new x))) and id for the usual definition of the identity functional. We

also use the function nop defined as below.
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(define nop (lambda (f)
(lambda (x)
(let ((g (lambda (y) (f x))))
x))))

The next example, quoted from [Leroy, 1990], shows that the observation of effects can
be useful for removing type dependencies introduced by otherwise dead-code. Our inference
system generalizes the type of 1d1 below, contrarily to the ones defined in [Leroy, 1990] or
[Wright, 1992], which are not able to deal with the spurious allocation (new x).

(lambda (=)
(let ((id4 (lambda (x)
(if true z (lambda (y) (begin (new x) y)))
x)))
(id4 id4)))

Nonetheless, one can force such an effect to be observable, as is shown in this other
contrived example. An occurrence of the type of y appears on the arrow of the function type
for £ and is constrained to match the type of £ which occurs in the context of id5. As a

consequence, the type of id5 cannot be generalized.

(lambda (f)
(let ((id5 (lambda (y)
(let ((r (new y)))
(if true (lambda (z) (if true r (new y)) z) f)) y)))
(id5 id5)))

In addition to this comparison, the example of recursive typing presented in section 8
(the function eta-ref below requires such a recursive typing) is well typed using the system
of [Leroy, 1992]. Note that it would have been in ours, if we had chosen to make indirections
between types and effects explicit in the static semantics, using constraint sets, as is done in

the inference algorithm.

(define eta-ref (lambda (f)
(let (r (new f))
(if true f (lambda (x)
(get (if true r (new £))) x)))))
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11.2 Benchmarks

The following benchmark summarizes the discussion above and suggests that our type and

effect discipline favorably competes with some earlier polymorphic type generalization poli-

cies.
Example [Tofte] | [Appel] | [Jouvelot] | [Wright] | [Leroy, 90] | [Leroy, 92] | 4.4
id1 no yes yes yes yes yes yes
1d2 yes no yes yes yes yes yes
1d3 no no yes yes yes yes yes
id4 yes yes no no no yes yes
1d5 yes yes no no no no no
(id1 id1) | no no no no yes yes yes
(id2 id2) | no no no no yes yes yes
(1d3 id3) | no no yes yes yes yes yes
(id4 id4) | no no no no no yes yes
(id5 id5) | no no no no no no no

Leroy’s system, based on closure typing, essentially differs from ours, based on effect
inference, in that it associates functions with a static information: the type of their free
variables. Type generalization then relies on a chasing of dangerous types. This resembles
the process of garbage collection, which chases referenced values and marks them before
sweeping the rest.

In our approach, type generalization is expressed in a much more natural way, because
it states what information is important: accessible reference values. Instead of chasing for
every possibly referenced value at any time, as in a closure-typing system, we define a notion
of accessibility in the static semantics, which is represented by an observation criterion.

This explains the differences arising in the examples eta-ref, defined in the above sec-

tion 11.1, or fake-ref, below, adapted from [Leroy, 1992].

(define ref-id (lambda (x) (get x) x))
(define fake-ref (ref-id ((rec loop (x) (loop x)) 0)))

A type system based on closure typing cannot detect the fake character of the reference
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introduced in this example. A type system based on effect inference can. It detects that no

initialization effects occur.

12 Extensions

An appealing direction for further extensions would be the treatment of first-class contin-
uations. Continuations are objects that allow programs to capture current state of their
evaluation, using the higher-order callcc operation: “call with current continuation”, and
to manipulate it, using the throw construct. These two very simple and general operations
define sophisticated control structures that may be needed to implement interleaving or
backtracking mechanisms, for instance.

Continuation objects were originally introduced in Scheme [Rees & al., 1988] and then,
but not without trouble, in the implementation of Standard ML [Duba & al., 1991]. Con-
tinuation values where first proposed by [Duba & al., 1991] as an extension of Standard ML,
and also implemented by an abstract data type. Latter, the implementation of continua-
tions in Standard ML of New Jersey [Appel & Mac Queen, 1990] was shown unsound in the
presence of type polymorphism [Harper & Lillibridge, 1992].

An accessible continuation value allows the evaluation of an expression to be restarted
in a context different from the context in which it was typed. Thus, it appears very natural
to restrict polymorphism for continuations in the same vein as for references: accessible
continuations shall remain monomorphic.

In our typing discipline with effects, the typing of continuations can be integrated in a

manner very similar to reference values by the following static semantics.

TypeOffcallec] = Vaped.(cont,(a) < a) < e megrm o)
TypeOf[throw] = Yaao'pss'.(cont,(a) < ) s'UsUgoto(p,2)

Static Semantics for Continuations

We define cont,(7) to be the type of continuation values and the effects comefrom(p, 1),
for capturing the current continuation, and goto(p,7), for invoking a continuation, as in
[Jouvelot & Gifford, 1989].

The addition of continuations to our language does not, however, show up as a very
natural extension as far as the dynamic semantics and the proofs of consistency are con-

cerned. The dynamic semantics needs to be completely reformulated in terms of a continu-
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ation based semantics, as in [Duba & al., 1991], or in terms of a reduction semantics, as in
[Wright & Felleisen, 1992].

In [Leroy, 1992], following along the lines of [Duba & al., 1991], the author gives a “weak
soundness” result for the extension of its typing discipline to continuation objects, which
states that “a well-typed expressions cannot go wrong”. Reduction semantics permits the

formulation of a strong soundness result for continuations in the typing discipline of Standard

ML [Felleisen & Friedman, 1989, Wright & Felleisen, 1992].

13 Conclusion

Imperative features are required to make functional programming realistic, but integrating
polymorphic typing in an imperative language appears problematic. Our claim is that solving
this tension is best tackled by using an effect systems. Effect systems answer the lack
of specification for polymorphic typing in the presence of effects by approximating state
transformations.

Using effects, our typing discipline reconstructs the principal type and the minimal ob-
servable effects of expressions. We use effect information to control type generalization. We
use an observation criterion to precisely delimit the scope of side-effecting operations. Our
observation criterion generalizes the abstraction properties of functions in the presence of a
state. A function can use a mutable object locally in a given region without making mention
of this region outside. Altogether, this allows type generalization to be performed in let
expressions in a more efficient and uniform way than previous systems.

The initial design goal of polymorphic effect systems [Lucassen & Gifford, 1988] was to
safely integrate functional and imperative constructs. We showed how effect systems can also
be put to work for solving the problem of polymorphic type reconstruction in the presence
of imperative constructs. Our typing discipline permits full integration of an imperative

programming style in a polymorphic functional language.
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