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Lossy channel systems (LCS’s) are systems of finite stateepses that communicate via unreliable unbounded
fifo channels. We introduce NPLCS's, a variant of LCS’s wheressage losses have a probabilistic behavior
while the component processes behave nondeterminigfieaitl study the decidability of qualitative verification
problems forw-regular linear-time properties.

We show that — in contrast to finite-state Markov decisioncpsses — the satisfaction relation for linear-
time formulas depends on the type of schedulers that resioéveondeterminism. While the qualitative model
checking problems for the full class of history-dependeheslulers is undecidable, the same questions for finite-
memory schedulers can be solved algorithmically. Addélyn some special kinds of reachability, or recurrent
reachability, qualitative properties yield decidableifiestion problems for the full class of schedulers, which —
for this restricted class of problems — are as powerful atefimemory schedulers, or even a subclass of them.
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1. INTRODUCTION

Channel systems [Brand and Zafiropulo 1983] are systemsitd#-8tate components that
communicate via asynchronous unbounded fifo channels. i§eé For an example of a
channel systems with two componektsandE, that communicate through fifo channels
c1 andcy. Lossy channel systeniSinkel 1994; Abdulla and Jonsson 1996b] are a spe-
cial class of channel systems where messages can be losttiveyi are in transit, without
any notification. Considering lossy systems is natural winexeling fault-tolerant pro-
tocols where the communication channels are not supposkee teliable. Additionally,
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2 . Christel Baier et al.

the lossiness assumption makes termination and safetgpiepdecidable [Pachl 1987;
Finkel 1994; Cécé et al. 1996; Abdulla and Jonsson 1996kkraeimportant verification

. channelk Colmsg -
P — tackiack:hup! — -
E;: Cilack C1Zhup
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- Co7msg -— i msg istop! -— C1?ack v

Fig. 1. A channel systent; andE, communicate through channasandc;.

problems are undecidable for these systems, includingm&tireachability, liveness prop-
erties, boundedness, and all behavioral equivalenceajlfsbaind Jonsson 1996a; Schnoe-
belen 2001; Mayr 2003]. Furthermore, the above-mentioreaiddble problems cannot
be solved in primitive-recursive time [Schnoebelen 2002].

Verifying Liveness Propertied.ossy channel systems are a convenient model for ver-
ifying safety properties of asynchronous protocols, arzhsrerifications can sometimes
be performed automatically [Abdulla et al. 2004]. Howevtkey are not so adequate for
verifying liveness properties. A first difficulty here is thadecidability of liveness prop-
erties.

A second difficulty is that the model itself is too pessintisthen liveness is considered.
Protocols that have to deal with unreliable channels ughalle some coping mechanisms
combining resends and acknowledgments. But, without asiyragtion limiting message
losses, no such mechanism can ensure that some commumigdti@ventually be ini-
tiated. The classical solution to this problem is to add sémr@ess assumptions on the
channel message losses, e.g., “if infinitely many messageseat through the channels,
infinitely many of them will not be lost”. However, fairnesssamptions in lossy channel
systems make decidability more elusive [Abdulla and Jom§8®6a; Masson and Schnoe-
belen 2002].

Probabilistic LossesWhen modeling protocols, it is natural to see message Iasses
some kind of faults having a probabilistic behavior. Foliogvthis idea, Purushothaman
lyer and Narasimha [1997] introduced the first Markov chaodel for lossy channel sys-
tems, where message losses (and other choices) are pistiabi this model, verification
of qualitative properties is decidable when message Idsses a high probability [Baier
and Engelen 1999] and undecidable otherwise [Abdulla &045]. An improved model
was later introduced by Abdulla et al. [2005] where the philitst of losses is modeled
more faithfully and where qualitative verification (and agxmate quantitative verifica-
tion [Rabinovich 2003]) is decidable independently of thelihood of message losses.
See the survey by Schnoebelen [2004] for more details.

These models are rather successful in bringing back deitits§aHowever, they assume
that the system igully probabilistic i.e., the choice between different actions is made
probabilistically. But when modeling channel systemendeterminisnis an essential
feature. It is used to model the interleaved behavior ofiBisted components, to model
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Verifying nondeterministic probabilistic channel systems . 3

an unknown environment, to delay implementation choicesadiy stages of the design,
and to abstract away from complex control structures at &gges.

Our Contribution. We introduceNondeterministicProbabilistic Lossy Channel Sys-
tems (NPLCS), a new model where channel systems behave teomil@stically while
messages are lost probabilistically, and for which the af@mal semantics is given via
infinite-state Markov decision process&®r these NPLCS's, we study the decidability of
qualitativew-regular linear-time properties. We focus here on “contra$ed” properties,
i.e., temporal formulas where the control locations of theig NPLCS serve as atomic
propositions.

There are eight variants of the qualitative verificationkppeon for a givenw-regular
property¢ and a starting configuratias that arise from

—the four types of whethey should hold almost surely (that is, with probability 1), kit
positive probability, with zero probability or with probiity less than 1

—existential or universal quantification over all schedsilée., instances that resolve the
nondeterministic choices.

By duality of existential and universal quantification, ltffices to consider the four types
of probabilistic satisfaction and one variant of quanttfima (existential or universal). We
deal with the case of existential quantification since iehhically more convenient.

Our main results can be summarized as follows. First, weeptegorithms for reach-
ability properties stating that a certain set of locationls@ventually be visited. We then
discuss repeated reachability properties. While repeaachability problems with the
three probabilistic satisfaction relations “almost sytgiwith zero probability” and “with
probability less than 1” can be solved algorithmically, thesstion whether a certain set
of locations can be visited infinitely often “with positivegibability” under some sched-
uler is undecidable. It appears that this is because sobiesdade very powerful (e.g., they
need not be recursive). In order to recover decidabilityaitt sacrificing too much of the
model, we advocate restricting oneself to finite-memonesdciters, and show this restric-
tion makes the qualitative model checking problem agairstgular properties decidable
for NPLCS’s.

This article is partly based on, and extends, material ptesein [Bertrand and Sch-
noebelen 2003; 2004]. However, an important differencé wits earlier work is that the
NPLCS model we use does not require the presence of idlipg $s=e Remark 2.3 be-
low). This explains why some of the results presented hédferdiom those in [Bertrand
and Schnoebelen 2003; 2004].

Outline of the Article.Section 2 introduces probabilistic lossy channel systemdsizeir
operational semantics. Section 3 establishes some fundat®@roperties, leading to al-
gorithms for reachability and repeated reachability peaid (in section 4). Section 5
shows that some repeated reachability problems are urad#eidnd contains other lower-
bound results. Section 6 shows decidability for problemsnehattention is restricted to
finite-memory schedulers, and section 7 shows how posiéiselts for Streett properties
generalize to arbitrargo-regular properties. Finally, section 8 concludes thekrti

2. NONDETERMINISTIC PROBABILISTIC CHANNEL SYSTEMS

Lossy channel systemsA lossy channel system (a LCS) is a tuple= (Q,C,M,A)
consisting of a finite se® = {p,q,...} of controllocations(also calledcontrol statey a
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4 . Christel Baier et al.

finite setC = {c,...} of channelsa finite message alphab& = {m,...} and a finite set

A = {9,...} of transition rules Each transition rule has the forqﬂi p whereop s an
operationof the form

— c!m(sending messagma along channet),
— c?m(receiving messag® from channet),
— 4/ (an internal action to some process, no |/O-operation).

The control graphof £ is the directed graph having the locations/ofs its nodes and
rules fromA for its edges. It is denoted witBraph(Q), and more generall§graph(A) for
A C Q denote the control graph restricted to locationé.in

Our introductory example in Fig. 1 is turned into a LCS by asjig the two finite-state
communicating agents; and E, by the single control automaton one obtains with the
asynchronous produg x Ej.

Operational SemanticsLet £ = (Q,C,M,A) be a LCS. Aconfiguration also called
global stateis a pair(g, w) whereg € Qis alocation andv: C — M* is a channel valuation
that associates with any channel its content (a sequencees$ages). We writ®1*©
for the set of all channel valuations, or jugt when|C| = 1. The setQ x M*C of all
configurations is denoted byonf. With abuse of notations, we shall use the syn#iar
both the empty word and the channel valuation where all célarare empty. 16= (q,w)
is a configuration then we writig| for the total number of messagessni.e., |s = |w| =
Ycec [W(C)]-

We say that a transition rue= q * p is enabledn configuratiors = (r,w) iff

(1) the currentlocationig, i.e.,r =g, and

(2) performingopis possible. This may depend on the channels contents:rgpadd in-
ternal actions are always enabled, while a receieifrgis only possible if the current
content of channed starts with the message i.e., if the wordw(c) belongs tanM*.

Forsa configuration, we writé&(s) for the set of transition rules that are enabled.in
Whend = p * gis enabled irs = (g, w), firing d yields a configuratios’ = (p,op(w))
whereop(w) denotes the new contents after executipg

—if op=+/, thenop(w) = w,

—if op= c!m, thenop(w)(c) = w(c)m, andop(w)(c’) = w(c’) for c # ¢,

—if op= ¢?m (and therw(c) is somemusinced was enabled), theap(w)(c) = p, and
op(w)(c') =w(c) forc#£c.

We write s E»F,erfs.’ whens is obtained by firingd in s. The “perf” subscript stresses that
the step is perfect: no messages are lost.

However, in lossy systems, arbitrary messages can be |dsis i formalized with
the help of the subword ordering: we writeC | whenp is a subword of/, i.e., 1
can be obtained by removing any number of messages ftorand we extend this to
configurations, writingq,w) C (¢ ,w) wheng = q andw(c) C w/(c) for all c € C. By
Higman’s LemmaL_ is a well-quasi-order between configurations/ofAbdulla et al.
2000; Finkel and Schnoebelen 2001].
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Now, we define lossy steps by Iettisgi s” whenever there is a perfect sm@»perf g

such thats” C .1 This gives rise to a labeled transition systeifsS, et (Conf,A,—).

Here the sef of transition rules serves as action alphabet.

Remark?2.1. In the following we only consider LCS’s where, for angédtionq € Q,

. [¢] . . . .
A contains at least one ruqe—p> p whereop is not a receive operation. This ensures that
LTS, has no terminal configuration, where no rules are enabled.

Notation 2.2 (Arrow-notations) Let s, t € Conf be configurations. We write — t

if s>t for somed. As usual, > (resp.=) denotes the transitive (resp. reflexive and

transitive) closure of-. Let~» be—, Sorh. ForT C Conf, we writes~ T whens~t
for somet € T. WhenX C Q is a set of locations~» X means thas~» (x,w) for some
X € X (and for somav).

We also use a special notation foonstrained reachabilitys L[x] t means that there
is a sequence of steps going from configurasdaat andvisiting only locations from X
including at the two extremitiesandt. With sl[x) t we mean that the constraint does

not apply to the last configuration. Hem;e*»[x) sis always true, even with emp¥. The
following equivalence links the two notions:

sSx tiff [s=t or Es'(sl[x}s’ands’at)] O

We recall thatin LCS's the following constrained reachiépduestions: “givers,t config-
urations X C Q and~¢€ {—>,i>,i>} doess~x t (or s~ x) t)?" are decidable [Abdulla
and Jonsson 1996b; Schnoebelen 2002].

The MDP-semantics Following Bertrand and Schnoebelen [2003; 2004], we define
the operational behavior of a LCS by an infinite-state Mardkesision process. A NPLGS
A = (£,7) consists of a LCS and afault ratet € (0, 1) that specifies the probability that
a given message stored in one of the message queues is iogf astep. In the sequel, for
w,wW € M*C, we letPjos(w,w) denote the probability that channels containimghange
to w within a single step as a result of message losses. Thisresglaising|w| — |wW/|
message at the right places. Formally, we let

Prot(w, ) ST -IWI (1 _ )W (V"\‘;) )

where the combinatorial coefficie(])g), is the number of different embeddingswfin w.
For instance, in the case where= aaba one has

(a";ba) = (agg =3, (Z%ba = (a:ll)) =2, (a\":,ba) =1 if W € {¢,b,aaa aab ba aaba}
and (%33 = 0 in all other cases. Note that, e.g/,= aacan be obtained frow = aaba
in three different ways (by removing thleeand either the first, second or thigj, while

INote that, with this definition, message losses can only roaftar perfect steps (thus, not in the initial config-
uration). This is usual for probabilistic models of LCS'shile nondeterministic models of LCS'’s usually allow
losses both before and after perfect steps. In each setiagshosen convention is the one that is technically
smoother, and there are no real semantic differences betihregwo.

2The starting letter “N” in NPLCS serves to indicate that waldeith a semantic model where nondeterminism
and probabilities coexist, and thus, to distinguish ourapgh from interpretations of probabilistic lossy channel
systems by Markov chains.
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W = bais obtained fronw in a unique way (by removing the first tvas). See [Abdulla
et al. 2005] for more details. Here, it is enough to know t@@'ﬂ) # 0iff w C w and that
the probabilities add up to one: for & ¥, Piost(W, W) = 1.

The Markov decision process associated withis MDP,, o (Conf,A,P,). The step-
wise probabilistic behavior is formalized by a three-disienal transition probability ma-
trix P, : Conf x A x Conf — [0, 1]. For a given configuratiosand a transition rulé that is
enabled irs, P, (s,8,-) is a distribution over the statesMDP,, while P, (s,9,-) = 0 for
any transition ruléd that is not enabled is. The intuitive meaning oP, (s,8,t) =A >0
is that with probabilityA, the system moves from configuratieto configuratiort when
o is the chosen transition rule s Formally, if s= (g,w), t = (p,w), andd=q x pis
enabled irs, then

P,y (5,3,t) £ Piost(0p(w), W) 2)

See Fig. 2 for an example whese- (g,ab) andd=q LA p.

Fig.2. FromalC& to MPD,

A consequence of (1) and (2) is that the labeled transitistesy underlyindDP,. is
exactlyLTS, . Hence any path iMDP, is also a path i, TS, and the fact that TS, had
no terminal configuration implies that there is no termirtatesinMDP,, .

Remark 2.3 (The idling MDP semantics)The above definition of the MDP semantics
for an NPLCS differs from the approach of Bertrand and Schatesn [2003; 2004] where

each locatiorg is assumed to be equipped with an impliciling transition ruleq Y, .
This idling MDP semantics allows simplifications in algérits, but it does not respect
enough the intended liveness of channel systems (e.gitabéity becomes trivial) and
we do not adopt it here. Observe that the new approach is neoreral since idling rules
are allowed at any location in. [
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Verifying nondeterministic probabilistic channel systems . 7

Schedulers (finite-memory, memoryless, blind and almost bid). Before one may
speak of the probabilities of certain events in an MDP, thedaeterminism has to be re-
solved by means of a scheduler, also often called advepsaligy or strategy. We will use
the word “scheduler” for distory-dependent deterministic schedutethe classification
of Puterman [1994]. Formally, a scheduler figris a mappingu that assigns to any finite
pathTtin A¢ a transition ruled € A that is enabled in the last statemf Intuitively, the
given pathrtspecifies the history of the system, andr) is the rule thatz chooses to fire
next.

A scheduleru only gives rise to certain paths in the MDP: we Say S — S — -+
is compatible withw or, shortly, is au-path, if P, ($h,0n,51+1) >0 foralln> 1, where
On = U(sy — -+ — &) is the transition rule chosen by for the n-th prefix of . In
practice, it is only relevant to define how evaluates orz -paths.

In generalu can be any function and, e.g., it needs not be recursive.oftés useful
to consider restricted types of schedulers. In this artitle two main types of restricted
schedulers we use afi@ite-memory schedulerthat abstract the whole history into some
finite-state information, anblind schedulersthat ignore the contents of the channels.

Formally, afinite-memonrgcheduler for( is atupleu = (U,D,n,up) whereU is a finite
set ofmodesup € U is thestarting modeD : U x Conf — A is thedecision rulewhich
assigns to any paifu,s) consisting of a mode € U and a configuratios a transition
rule d € A(s), andn : U x Conf — U is anext-mode functiowhich describes the mode-
changes of the scheduler. The modes can be used to storeaeramnt information about
the history. In a natural way, a finite-memory scheduler canibwed as a scheduler in the
general sense: given a finite path- s — 51 — -+ — Sy in A, it chooseD(u, s,) where
u=n(Uo,SoS1---S) =N(--N(N(Uo,%),S1),---,%n)-

A scheduleru is calledmemorylessf « is finite-memory with a single mode. Thus,
memoryless schedulers make the same decision for all gehend up in the same con-
figuration. In this sense, they are not history-dependeditcam be defined more simply
via mappingsu : Conf — A.

By a blind scheduler, we mean a scheduler where the decisions onlyndepethe
locationsthat have been passed, and not on the channel contents. albtiocd scheduler
never selects a reading transition rule. Observe thate gime probabilistic choices only
affect channel contents (by message lossesy, glaths generated by a blirw visit the
same locations in the same order. More formally, with angidhlocationsqp, a blind
scheduler can be seen as associating an infinite seqq@rgge 01 i gz--- of chained
transition rules and the-paths are exactly the paths of the fofgy,wo) — (01, w1) —
(O2,W2) — --- with w; C op (wi_1) foralli > 0.

A scheduler is calle@lmost blindif it almost surely eventually behaves blindly. For-
mally, ¢ is almost blind iff there exists a schedulet and a blind scheduler such that
for all configurationss and for almost all (see below) infinitg -pathsmt=s; — 5 — ---
with s= sy, there exists an index> 0 such that

—u(s— - —§)=W(sg— - —§) forall indicesi <nand

—u(sp— -+ —s)=v(s1—---—5) forallindicesi >n.

Here and in the sequel, the formulation “almost all pathseharopertyx” means that

the paths where propertyis violated are contained in some measurable set of paths tha
3As stated in Remark 2.1, we make the assumption that any coafign has at least one enabled transition rule.
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8 . Christel Baier et al.

has probability measure 0. The underlying probability spacthe standard one (briefly
explained below).

Stochastic process Given an NPLCS\. and a schedulet, the behavior of\ under
« can be formalized by an infinite-state Markov chili@,;. For arbitrary schedulers, the
states oMC, are finite paths im( . Intuitively, such a finite pathi=s; —--- — §.1 — &
represents configuratian, whiles; — --- — $,_1 stand for the history how configuration
s, was reached. If Ttis a finite path ending in configuratia and’ = t— t is Tt fol-
lowed by steps — t, then the probability?,, (T, W) in MC,, is defined withP,, (Tt 17) et
P, (s, (1),t), according to the chosen rute(m). In all other case®, (1, 17) = 0. We
now may apply the standard machinery for Markov chains affith@ ¢for fixed starting
configurations) a sigma-field on the set of infinite paths startingsiand a probability
measure onit, see, e.g., [Kemeny et al. 1966; Puterman Pa@wngaden 2001]. We shall
write Pry, (s E ) to denote the standard probability measur#i@,, with starting state
S.

For ¢ a finite-memory scheduler, we can think of the statd€l@y, as pairu,s) con-
sisting of a modes and a configuratios. In the sequel, we will writes, rather thar(u, s)
as the intuitive meaning df, s) is “configurationsin modeu”. For finite-memory sched-
ulers the successor-statesghnd their probabilities iMC,, are given by the MDP fon¢
in configuratiors and the chosen transition rule fgr. That is, if u is some(U,D,n,up),
we havePy (su,ty(us)) . Py (s,D(u,9),t), and ifu’ # n(u,s) thenPy (sy,ty) = 0. Ina
similar way, we can think of the Markov chains for memoryles®lind schedulers in a
simpler way. For memoryless schedulers, the configuratibng can be viewed as states
in the Markov chairMC,,, while for blind schedulers we may deal with finite words over
Q complemented with some current channel contents.

LTL-notation . Throughoutthe article, we assume familiarity with linezmporal logic
(LTL), see, e.g., [Emerson 1990]. We use simple LTL formutaslenote properties of
paths inMDP,. Here configurations and locations serve as atomic prapositfor ex-
ampleO<s (resp.d<Ox) means thas € Conf (resp.x € Q) is visited infinitely many times
along a path, and Until s means that the control state remainsntil s is eventually
reached. These notations extend to setsT andO< A for T C Conf andA C Q with ob-
vious meanings. FOk C Q, A is the sef{(q,€) : g € A} so that®>Q, means that eventually
a configuration with empty channels is reached. It is wetikn that for any scheduler
u, the set of paths starting in some configuratand satisfying an LTL formula, or an
w-regular propertyp is measurable [Vardi 1985; Courcoubetis and YannakakiS1L%9e
write Pry (s}= ¢) for this measure.

Finite attractor . The crucial point for the algorithmic analysis of NPLCS i tlact
that almost surely, a configuration where all channels anetemill be visited infinitely
often. If ¢ is a scheduler and@ a set of configurations théhis called an attractor fou
iff Pro, (s = OOT) = 1 for any starting configuratios

PROPOSITION 2.4 (RNITE-ATTRACTOR PROPERTY FOR ARBITRARY SCHEDULER)S
For any scheduleru, the set @= {(q,€) : q € Q} is a finite attractor foru .

40One often uses informal but convenient formulations sucts@sedulera is in configurations’, which means
that a statgtin the chainMC,,, i.e., a finite path im(, is reached where the last configuratioms.is
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Verifying nondeterministic probabilistic channel systems . 9

That is, almost all paths iMC,, visit Q¢ infinitely often, independent on the starting
state. We refer to [Bertrand and Schnoebelen 2003; Baidr 20@6] for formal proofs.
An intuitive explanation of the result is that when the chalsrcontaim messages, each
step can only add at most one new message (through a sendion) achile on average
nx 1 are lost. Thus when is large, it tends to decrease and this suffices to ensure that
almost surely all messages will be lost.

3. SAFE SETS AND PROMISING SETS

At many places, our arguments use the notion of “safe se@d™@romising sets” of lo-
cations. In this section we define these notions, relate ttoebehavioral features, and
explain how to compute them.

3.1 Safe sets

Definition 3.1. Letz = (Q,C,M,A) be a lossy channel system aAd- Q be a set of
locations. We say that C Q is safefor Aif X C Aand(x,€) — X for all x € X.

AssumeA C Q. It is easy to see that X andY are both safe foA, thenX UY is safe
for Atoo. The same holds for infinite unions. As a consequencéatest safe set fok
exists (union of all safe sets); it is denoted®gféA), or Safewhen there is no ambiguity
onA.

Observe that for any familgA )ici of sets of locations, one has the following inclusions

safq|JA) 2 [JsafeA)  safd[(A) C (SaféA) 3)
icl icl iel iel
while the reverse inclusions do not hold in general.

SaféA) can be computed in linear time: consid&naph(A) the control graph restricted
to locations ofA. Remove fronGraph(A) the edges that carry receiving operatioo@’.
The nodes that have no outgoing edges cannot ISafgA): remove them with their in-
coming edges. This may create new nodes with no outgoingseétigehave to be removed
iteratively. After each iteration, the remaining nodes arsuperset oBaféA). When
the process eventually terminates, what remains is ex8etlgA). Indeed the remaining

nodes form a safe s&t from everyx € X there is an outgoing edgecE y whereopis not
areceiving, hencex, g) L X.

The following lemma justifies the terminology “safe” and Mble very useful in the
sequel.

LEMMA 3.2. There exists a blind and memoryless schedules.t. for all xe Safg¢A)
and all we M*%, Pry ((x,w) | DA) = 1.
PROOF. Let us describe the schedular satisfyingOA with probability 1. For each

x € SafgA) fix a ruledy : X 2 yenabled inx,€) and withy € SaféA). One such rule must
exist by definition ofSafé¢A). Because is in Safe  can go on withdy, etc... Note that
the rules used by do not depend on the channels contents but only on the losatibis
schedulerz is memoryless and blind. The fact thatfulfills the requirement Ry ((x,€) =
OA) = 1 comes for free from the inclusid®aféA) C A. O

Conversely:
LEmMMA 3.3. If Pry ((x,€) = OA) = 1 for some schedulew, then xc SafdA).

ACM Transactions on Computational Logic, Vol. V, No. N, Ag2006.
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PROOF Assume Py ((x,€) = 0A) = 1. We defineY to be the set of locations that can
be visited along az-path:Y = {q € Q| 3w, Pry ((x,€) = <(g,w)) >0} and show tha¥
is safe forA. We havey C A otherwise Py, ((x,€) = OA) would be less than 1.

Moreover, if Py, ((X,€) = <(g,w)) >0 for somew then Py, ((x,€) = <(q,€)) > 0. This
is trivial if g = x, and otherwise, losing all messages in the last step lea@dsgpinstead
of (g,w). Hence there must be some rule enablegtjiie) that« picks to satisfydA with
probability one. Lef * y this rule. TheryisinY.

The sety is safe forA andx € Y, hencex € SaféA). O

3.2 Promising sets

Definition 3.4. Letz = (Q,C,M,A) be a lossy channel system aAd- Q be a set of
locations. We say that C Q is promisingfor A if (X, €) i{)() Aforall xe X.

As for safe sets, the largest promising setAdwritten Prom(A) or Prom) exists: it is the
union of all promising sets foA.
An important property is distributivity with respect to oni:

LEMMA 3.5 (SEE APPENDIXA). For any family(A;)ici of sets of locations,

Prom(UA;) = [ JProm(A).

iel iel

With regards to intersection, the following clearly holds:

Prom(ﬂA;) C [|Prom(A;) (4)
il iel
but the reverse inclusion does not hold in general.

The setProm(A) can be computed for a givehas a greatest fixed point. L&y = Q
be the set of all locations and, foe= 0,1,..., defineX .1 as the set of locations e X;
such that(x, €) LW A. TheX;’s can be built effectively because constrained reacttgbili
is decidable for LCS's (as recalled in section 2). The seqe@ventually stabilizes since
Xo = Qs finite. When it doeX d:eflimi X; is promising forA. Since eaclX; is a superset
of Prom(A), we end up withX = Prom(A).

Promising sets are linked to eventuality properties:

LEMMA 3.6. There exists a memoryless schedules.t. for all xe Prom(A) and all
w e M*S, Pry ((x,w) = OA) = 1.

PrROOFR WEe first describe finite-memongcheduler: that achieves for anye Prom(A)
andw € M*€, Pr, ((x,w) = ©A) = 1. Then we explain how memorylesscheduler can
do the same thing.

U has two types of modes, a normal mode for eaehProm(A), and a recovery mode.
In normal mode and starting frofi, €) for somex € Prom(A), « picks the ruled; given

by a fixed pattmy of the form(x, ) & (X1, W) .5 Awitnessingk € Prom(A). If after
firing &; the next configuration is indegd;,w1), @ stays in normal mode and goes on
with &, 83, etc., trying to followry until A is reached. Whenever the probabilistic losses
put it out of Ty, i.e., in some(x, W) with w{ # w; (andx ¢ A), u switches to recovery
mode.
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In recovery mode and in some configuratignw), « performs a rule enabled iix;, €)
and leading to a locatiope Prom(A) — such a rule exists becauge= Prom(A), e.g., the
first rule used ing,. @ goes on in recovery mode until all channels are empty. Nate th
in normal mode and in recovery mode all the visited locatiaresin Prom(A). Because
of the finite-attractor property, with probability one son@nfiguration(y, €) is eventually
visited andu switches back to normal mode fgr Therefore, and as long a@sis not
visited, somat, path is tried and almost surely one of them will be eventuallpwed to
the end. Hence Br((x,w) E <>A) = 1. Observe that: does not depend an(nor onw)
and is finite memory.

We can even design a memoryless scheduler, the so-stillbdornscheduler. For this,
it is enough to ensure that the set of patitg)ycproma) ON Which relies are such that
every occurring configuration is followed by the same nextfiguration. That is, the paths
may join and fuse, but they may not cross and diverge (nor bamk). This wayu can
base its choices on the current configuration only. Whethsiin “normal” or “recovery”
mode is now based on whether the current configuration oacting set of selected paths
ornot. O

LEMMA 3.7. If Pry((x.€) = ©A) = 1 for some schedulen then xe Prom(A).

PROOF. Let u be a scheduler such thatRi(x,€) = ©A) = 1. DefineX = {y € Q|
Pry ((x,€) = —A Untily) > 0} and observe thate X.

We now show thaK is promising forA. Lety € X, then Pg, ((x,€) = ~A Until (y,€)) >
0: this is obvious foy = x and, fory # X, the channel can be emptied in the last step of the
path witnessing-A Until y. Thus, and since Rr((x,€) = ©A) = 1, there must be some

path(y,e) = (zw) with z€ A. Moreover ifz is the first occurrence ok along this path,
we have(y,e) —x) (z,W).
HenceX is promising forA, andx € X, sox € Prom(A). O

4. DECIDABILITY RESULTS

4.1 Reachability properties

In this section we give decidability results for qualitatreachability problems. The ques-
tions whether there exists a scheduler such that eventpatperties of the formi\; CA
are satisfied with probability- 1 (resp.= 0, >0, <1) are all decidable.

In all cases the problem reduces to several reachabilitgtauns in ordinary lossy chan-
nel systems.

THEOREM 4.1 (GENERALIZED EVENTUALITY PROPERTIEY. Itis decidable whether
for a given NPLCS\, location q, sets AA. .., A, of locations and reachability properties
(@), (b), (c) or (d) there exists a schedulersatisfying

(@) Pr; ((a.€) |:/\<>A.)>O or

(b) Pru((a, )=/\<>Aq) 0, or

() Pru((a.e) |:/\<>A.)<1 or
)=

(d) Pry((a,e) = /\ OA
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Furthermore, the existence of a schedulesatisfying (b) entails the existence obknd
and memorylesscheduler for (b). The existence of a scheduler satisfyih@tails the
existence of aalmost blind and memorylessheduler for (c). The existence of a scheduler
satisfying (a) or (d) entails the existence dirdte-memoryscheduler for (a) or (d).

The rest of this section consists in the proof of Theorem K this proof, we will suc-
cessively show the decidability of (a), (b), (c) and (d).

ad (a)of Theorem 4.1: Ry ((g.€) |= /\ OA) > 0.
We first consider the case of a smgle eventuality propesy Obviously:

Alis reachable fronfg, )
iff there exists a scheduler with Pry ((g,€) = ©A)) >0
iff there exists a memoryless schedutewith Pr, ((g,€) = ©A)) > 0.

Hence the problem reduces to a control-state reachabibitylem inLTS, .

For several eventualitied,, ..., A,, one can reduce the problem to the simpler case by
building a product{ x 2 of A with a finite-state automatoa that records whici’s
have been visited so far, x 2 has 2 times the size of¢ . The existence of a memoryless
scheduler fon( x 4 directly translates into the existence of a finite-memohgesiuler for
A .

Observe that for eventuality properties of the fofim Pr, ((q,s) E CAN <>B) >0,
memoryless schedulers are not sufficient as the only péigsibi satisfy both constraints
<OA and<OB might be to visit a certain configuratiatwice and to choose different transi-
tion rules when visiting the first and the second time.

n
ad (b) of Theorem 4.1: Ry ((q,€) = ‘/\ ON) =
We rewrite the question as the existencao$uch that Py ((g,€) = \/ O-A)) =1, or

equivalently, withB; 4f_A, such that Pi((a.€) = V 0B) =1.

The next lemma reduces this question to a 5|mple safety @mabl

LEMMA 4.2. There exists a scheduler with Pr, ((g,€) = \/ OBi) = 1if and only if
i=1

there exists a blind and memoryless schedualewith Pr, ((q,€) |= OB;) = 1 for some i,
1<i<n.

PROOF («=): is obvious.
n
(=>): We assume that Rr((q,e) =\ OB;) = 1.
i=1
Foralll C{1,...,n},1 £0, letX be the setof all locationssuch that there exists a finite
u-pathrtof the form(q,€) = (Xo,Wo) — (X1,W1) — -+ — (Xm,Wm) = (X, W) satisfying:
{Xo,...,Xm} C Bjiff i el.
Hence a path such asabove witnesses tha, belongs taX; for | the set of all indice$
such thatt = OB;.
Let Iy d_ef{l € {1,...,n} | x € Bj}. By assumptiory is not empty and € X,
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We now show, for all # 0, that
X.g{xeﬂBi’(x,a)-»)(]forsome(b;é\]gl}. (5)
iel
This can be seen as follows. be€ X;. Then, there is a finite path as above. But then also
(qaa) = (XO,WO) - (X]_,Wl) o (Xm,]_,Wm,]_) - (Xm,ﬁ)
N——
=(xg)
is au-path. Letx 28 y be the transition rule taken hkay for this path. Then(x,€) — (y,€).
Hence, there is an infinite -pathm starting with the prefix
(qaa) = (XO,WO) - (X]_,Wl) o (Xm,]_,Wm,]_) - (X,S) - (yv‘c')'

Let J % Nly. Jis not empty because = OB; for some 1<i < n. Moreover(q,€) =

(X0, Wo) — (X1,W1) — -+ — (Xm—1,Wm-1) — (X,€) — (Y, €) is a witness foy € X;. Hence
(X,€) — Xj.

We now construct simultaneously an infinite sequerg®y, ... of locations and an in-
finite sequencéy, |y, ... of sets on indices withy = g and s.txc € X, fork=0,1,... We

start withlg d:eflq. At stepk, x¢ € X, and (5) entail the existence of a ste,€) — Xy
with J C Ix. We letxy,1 be the smallesx € X; that can be reached from (assuming

Q is totally ordered in some way) and, 1 % 3. Observe thatg D 11 O --- and thatls

(d:efﬂkzo’l’_._ lk) is not empty thanks to (5). Observe that a schedulénat visitsxo, x1, . . .,

is blind, satisfieg\;c,, OB;j, and only needs finite-memory, e.g., recording the cutliemt
memorylesscheduleru can be obtained fromv by always picking, for a locatior, the
rule that? picks last ifx is encountered several times in the seque@ce,.... U Visits
less locations tham’, hence satisfies moreB; properties. [

Now, combining Lemmas 4.2, 3.6 and 3.7, one sees that th&ts exscheduler: with
n
Pry ((9,€) = V OBj) = 1 iff q € U[L, SaféB;), which is decidable since tHaféB;)'s
i=1
can be computed effectively (section 3.1). This conclubdegptroof of Theorem 4.1 (b).

ad (c) of Theorem 4.1: Ry ((q,€) = /n\ OA) <1.
i=1

We first observe that
n
Pry ((qaa) = _/\l<>Ai) <1
1=

n
iff Pru((q,a) 'Z_\/lDﬁAi) >0
1=
iff Pry ((0,€) = O-A) >0 for some € {1,...,n}.
Thus, it suffices to explain how to check whether there exisishedulewz with
Pry ((a.€) = OB) >0
whereB is a given set of locations.
The following lemma reduces our problem to a decidable ralitity question inLTS,
(see (c.3)).
LEMMA 4.3. The following assertions are equivalent:
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(c.1) There exists a scheduler such thatr, ((q,€) = OB) > 0.
(c.2) There exists an almost blind, memoryless schedulerith Pr, ((q,s) E DB) >0.
(c.3) (q.€) >(g SaféB).

PROOF (c.2)= (c.1): is obvious.

(c.3)= (c.2):

Let tbe a path witnessingy, €) L[B} SaféB). A scheduleru that tries to follow this
path reacheSaféB) with positive probability. Ifitis simple (i.e., loop-freey: is memory-
less. WheneveBaféB) is reached, it is sufficient that behave as the blind scheduler for
safe sets (Lemma 3.2). The resulting scheduler is almasd fafnemoryless, and achieves

Pry ((0,€) = 0OB) >0.
(c.1)=> (c.3): Letu be a scheduler such that,A(q,€) = OB) > 0. Let

X = {xe Q‘ Pru ((a,€) = OO(x,) AOB) >0}.

The finite-attractor property yields thxt=# 0. Moreover, each configuratiaix, €) with
x € X is reachable fronfq, €) via a u-path wheredB holds. Hence, we have

(9,€) L[B} X.
We now show thaX is safe forB, which yieldsX C SaféB), and hence (c.3).
ObviouslyX C B. Now letx € X. There exists a transition rufg = x x y such that
Pry ((g.€) = OO(x,€) Ay is chosen infinitely often irx,e)” A OB) > 0.
SinceP,, ((x,€),3x, (y;€)) >0, we get
Pry ((9,€) = OO(x,€) Ay is chosen infinitely often irfx, €)” A DO (y,e) ADB) > 0.

Hence, Py ((g,€) = 0O (y,€) ADB) > 0. This yieldsy € X. We conclude that there is a
transition(x,€) — X. As this is true for anx € X, X is safe forB. O

ad (d) of Theorem 4.1: Ry ((q,¢) = /n\ OA) =1.
i=1

The case whene= 1is equivalent, by Lemmas 3.6 and 3.7¢te Prom(A; ), a decidable
guestion. Lemma 3.6 shows moreover that a memorylegghe stubborn scheduler) is
sufficient.

We now consider the general case. With &y {1,...,n} we associate a s& C Q of
locations defined inductively with:

X@d:efQ X d:erPI’OIT(Aj ﬂX|\{i}) forl £0
icl
By Lemma 3.5¢ = Prom(Ui¢; A N X\ (i)
LEMMA 4.4. Foralll C{1,... ,n} there exists a finite-memory scheduiarsuch that
Vg € X Yw Pry, ((0,w) = Ajg ©A) = 1.

PROOF The proof is by induction on (the size df)
Forl =0, A OA always holds.
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Let0C 1 C{1,...,n}. The definition ofX; entails that there exists a memoryless sched-
uler u (see Lemma 3.6) such that

Vg € X Yw Pry, ((qvw) = ol ﬂA@)) =1
icl
We now deriveu, out of w: «, behaves as: until some configuratioity,v) with y €
Xi\iy N A (for somei € 1) is reached. From that point; switches mode and behaves as
U\ (- By induction hypothesig\ic|\ (i) OA will be satisfied almost surely frorty,v).
Hence Py, ((0,w) = Aicy Ai) = 1. @ is finite memory, since it has at most one mode for
eachl C{1,...,n}. O

LEMMA 4.5. Forall | C {1,...,n}, if Pry ((9,€) = Aigy ©A) = 1 for somew, then
gex.

PROOF. Here again the proof is by induction on

The casd = 0is trivial sinceXp = Q.

Letd C 1 C {1,...,n} and assume Br((q,€) = Aic; OA) = 1. We define

Y d:e"{xe Q|Jawu-pathmk: (q,¢) L[B) (x,€)}

whereB d:efQ\ Uil Ai and show tha¥ C X,. For a fixedx € Y, sincery, is a u -path, from
(x,€) there must be a path visiting all t¢'s for i € I. Consider one such path and ydie

the first location belonging to sorgfor i € I. Thentt, oef (9,€) = (x,€) i’[ﬂieﬂw (v,e) €

A is again au -path. From(y,€), all theA’s with i € 1\ {i} have to be visited with proba-

bility one. Letuy be a “suffix” scheduler of: given by: uy((y,€) —---) © (6, — )

From the assumption om and the form oft, we deduce that Ry ((y,€) = Aie) CA) =1
By induction hypothesisy € X\ ;. Hence(x,g) Sy, (v.€) entails(x,€) =) Ui AiN
X\ iy~ By definition ofProm(greatest fixed point)y’ C Prom(Uic; AiNX\jiy) = X. As a
consequencge Y impliesqe X,. O

COROLLARY 4.6. The following assertions are equivalent:

n
(d.1) There exists a scheduler with Pr;, ((q,€) = A OA) =1.
i=1

n
(d.2) There exists a finite-memory schedulewith Pry, ((g,€) = A OA) = 1.
i=1

(d.3) g€ X1, ny-
Hence decidability of (d.3) (see section 3.2) entails deduility of (d.1).

4.2 Repeated reachability properties

We now discuss the decidability of repeated reachabilibpfams, formalized by a Bichi
conditiond<CA (“visit infinitely often locations inA”) or generalized Biichi conditions that
arise through the conjunction of several Biichi conditions.

In this subsection, we see that for generalized Blichi camwitand for the three prob-
abilistic satisfaction criteria “almost surely”, “with e@ probability” or “with probability
<1” the class of finite-memory schedulers is as powerful asftifieclass of (history-
dependent) schedulers. Furthermore the correspondirtdgpns can all be solved algo-
rithmically. When the fourth criterion “with probability0” is considered, the problem is
undecidable (see section 5).
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THEOREM 4.7 (GENERALIZED BUCHI). It is decidable whether for a given NPLCS
A, location g, sets AA. .., A, of locations and repeated reachability properties (a), ¢b)
(c) there exists a scheduler satisfying

(@) Pru((a.) = /n\ OOCA) =1, or
(b) Pry ((g,€) E /\ OOA) =0, or

(c) Pry ((q,s) ': ii\:LDOAi) <1

Moreover, if such a scheduler exists then there is aldniée-memoryscheduler with

the same property. In case (b), the existence of a schedntail®the existence of an
almost-blind and memorylessheduler. In case (c), the existence of a scheduler entails
the existence of aalmost-blind and finite-memoigcheduler.

As for Theorem 4.1 we show the decidability of (a), (b) andidurn.

ad (a) of Theorem 4.7: Ry ((q.€) |= /\ OCA) =1.

We prove the equivalence of the foIIowmg three statements:

(a.1) There exists a schedulersuch that P ((g,€) = /\ OOA)) = 1.
i=1

(a.2) There exists a finite-memory schedulesuch that Py ((g,€) = /\ OOA) = 1.

(a.3) qe () SaféPromA)).
i=1

PROOF (a.2)= (a.1): is obvious.
(a.1)= (a.3): Letu be a scheduler as in (a.1). Létbe the set of all locationse Q
that are visited with positive probability under starting from statéq,€). That is,

Xdef{er‘ Pry ((a,€ |:<>x)>0}

Let us show thaX C N, SafédProm(A;)).

Any finite «-path (q,€) = s can be extended to an infinite-path whereA\!_; DOA
holds (otherwise\[' ; DCA; could not hold almost surely). Hence, for alk X, there
must exist somei -path

n®ge) 5 (xe) B A S A B A DA

These paths only visit locations K, hence witnesX C Prom(A)) for alli. In turn, they
also witness thaX is safe for theProm(A)’s, henceX C N ; SaféProm(A;)). One con-

cludes by noting thag € X.

(a. 3):> (a.2): LetY dEfﬂl 1 SaféProm(A;)) and assume € Y. For eachx € Y and

i=1,...,nwe pick a simple (i.e., loop-free) patty; of the form

(Xa 8) i>[Y] AL

We design a finite-memory scheduler that works with the mdsgs wherex € Y and
1 <i < n, and recovery modeisfor 1 <i < n. Intuitively, in the modeg-,i) u tries to
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reachA, using the stubborn scheduler &y (see proof of Lemma 3.6). As soon Asis
reachedu changes to the mode,i + 1) and tries to reaci;1 (here and in the sequel,
we identify modex, 1) with (x,n+ 1)). As before, in recovery modew just waits until a
configuration with empty channel is reached, stayin§aig¢Prom(A;)) in the meantime.
When somey,€) is eventually reached (which happens almost surely dueetdirite-
attractor property}yy switches back to modg,i). Hence,u will almost surely eventually
reachA;. But then,u switches to the modes for indéx 1 and the same argument applies
for the next goal states; ;. This yields Py, ((q,s) E A D<>A;) =1, andu is a finite-
memory scheduler.J

Decidability of (a) follows from decidability of (a.3) whiicis established in section 3.

ad (b) of Theorem 4.7: Ry ((q,¢) = /n\ OOA;) =0.
i=1

Clearly,
n n
Pru((0.e) = /\ OOA) =0 iff Pry((g.e) = \/ ©O-A) =1
i=1 i=1
Letting B; def —A\, it suffices to show that it is decidable whether there exastshedulew:
with
n
Pru ((0,e) =/ ©0B;) = 1.
i=1
We show the equivalence of the following statements:

n
(b.1) There is a scheduler with Pr;, ((g,€) = \/ ©OB;) = 1.
i=1
n
(b.2) There is a finite-memory scheduterwith Pr;, ((q,€) = \V ©0B;) = 1.
i=1

n
(b.3) There is a schedulet with Pr,, ((q,€) = © J SafdB;)) = 1.
i=1

PROOF (b.2)= (b.1): is obvious.

(b.1)= (b.3): We assume that we are given a schedulas in (b.1). Lel; be the set
of locationsx with Pry ((g,€) = O<(x,€) A<OB;) > 0. We then haveX; C Bj. We now
show that

(i) (x,€) — X foranyx e X;, and
n

(ii) Pry ((qaa) = <>_U1xi) =1

=
Note that (i) yieldsX; C SaféB;). But then (ii) yields (b.3).
Proof of (i): Letx € X;. There exists a transition ruée= x * y which is enabled irfx, €)
and such that

Pry ((9,€) = 0O ((x,€) A“dis chosen fofx,e)") A ©OB;) > 0.

If the transition ruled is chosen infinitely often in configuratiaix, €) then almost surely
the step(x,€) — (y,€) occurs infinitely often. Hence, R((q,€) = OO(x,€) ADO(y,€) A
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<©0B;) >0 and thuy € X.

Proof of (ii): By definition of X;, Pr, ((g,&) = ©OBj AO<(z€)) =0 for anyz ¢ X;.

Hence, since Rr((q,€) = VL1 ©OA)) = 1, for eactz ¢ X %" JX necessarily Rr((g.e) =
O0O(z€)) = 0. Hence,

Pry ((q,s) ': v DO(Z,&)) =0.
z¢X
Thus, the finite-attractor property yieldslf((q,e) EV D<>(X,£)) = 1. In particular,
xeX

n
Pru((0,e) EO(UX) =1
i=1
(b.3)= (b.2): Let” be a scheduler as in (b.3). By Lemma 3.6, we may assume that

v is memoryless. We then defire as the scheduler that behavesiasntil a location
in {J; SaféB;) is reached (this happens almost surely). When a locatierSaféB;) is
reached (for somé, u mimics the so-called “safe” scheduler (blind and memos)les
described in section 3.1 for safe sets, and fulfil8afeB;) from locationx onwards. Since
SaféB;) C Bj we obtain Py, ((d,€) = VL, ©0B;j) = 1. Moreover,u is an almost blind,
memoryless schedulerd

ad (c) of Theorem 4.7: Ry ((q,€) = /\ OCA) <

We first observe that for any scheduter
Pry ((9.€) = /\ O0A) <1

iff  Pry((ge) = \/ OO-A) >0
iff Pry((a.€) = <>DﬁA.) >0 for somei € {1,...,n}.

Hence, it suffices to discuss the decidability of the queswbether for agivens& C Q
there is a scheduler with Pr, ((g,€) = ©0OB) > 0.
The following statements are equivalent:

(c.1) Pr ((g,€) = <©OB) >0 for someu.
(c.2) Pr;((g,€) = ©OB) > 0 for somealmost blind and finite-memory .
(c.3) (q,&) = SaféB).

PROOF (c.2)= (c.1): is obvious.

(c.3)= (c.2): AssumesaféB) is reachable fronig,€). Then, there is a finite simple
(i.e., loop-free) patht from (q,€) to (x,€) for somex € Safé¢B). Let u be an almost
blind, memoryless scheduler which generates the aboverpaith positive probability
and when/ifSaféB) is reached, behaves as the safe scheduleB.fdClearly, u has the
desired property.

(c.1)= (c.3): Letu be a scheduler as in (c.1). We defieo be the set of locations
x € Q such that Py ((q,€) = OO (x,€) A ©OB) > 0. The finite-attractor property entails
thatX is not empty. Furthermor¥ is reachable fronfq, €). A reasoning as in the proof of
(b.1)= (b.3) (see proof of (i)) shows that is safe forB. O

The decidability of (c.3) entails that (c) is decidable.
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5. HARDNESS AND UNDECIDABILITY RESULTS

In this section we investigate the computational compjexitthe problems shown decid-
able in section 4, and we prove undecidability for the renmgjrproblems. Technically,
most results are hardness proofs and the involved redusctitake repeated use of the
following “cleaning” gadget.

5.1 Cleaning gadget

The cleaning gadgetis the NPLCS shown in Fig. 3. It can begfartarger NPLCS where
it serves to empty (“clean”) one channeithout introducing deadlockd=or a given mes-

Fig. 3. Cleaning gadget, assumigg M

sage alphabe#l = {a,...}, the system described in Fig. 3 uses one channel (left iit)plic
and a new message symi$at M. Letterain Fig. 3 is a symbol from the original message
alphabetM. Operations “&" are used as a shorthand for 84| + 1 possible reading op-
erations over the new message alphabet{$}. The purpose o8 is to force the channel
to be emptied when moving frofm to out.

LetT C Conf be set of configurations described by the following regukgression:

T = (in,M*) + (LM ($ +8)) + (2,M"$") + (3,$"a") + (out,e)
LeEmmMA 5.1. The configurations reachable frofin, M*) are exactly those in T.

PROOF SKETCH. The left-to-right inclusion can be verified by showing tHais an
invariant. For instance, from configuratiofis:, M*) only the configurations i1, M*($ +
€)) are reachable within one step, while frq@ M*$*) only configurations in(3,$*) +
(2,M*$*) can be reached. And so on. The other inclusion is easy to see.

Constructions incorporating the gadget rely on the foltayyroperty:
LEMMA 5.2. For any we M*:

(a) If u is a scheduler for the cleaning gadget ang € thenPr;, ((in,w) E <>(out,v)) =
0.

(b) There is a (memoryless) schedularfor the cleaning gadget wittr, ((in,w) E
O(out,g)) = 1.
PROOF (a) is immediate from Lemma 5.1. To prove (b), we describereduleru

with the desired propertyu starts from(in,w), selects thein %1 rule, aiming for con-
figuration(1,$) where(out,€) can be reached. In case a configurafibyv) with v # $
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is reachedzz moves from 1 to 2, goes back im and retry. This will eventually succeed
with probability 1. O

Let us remark as an aside that, if one takes properties (ajbdadbove as the specification
of a cleaning gadget, then it can be proved that any gadgeseauly uses “new” messages
not fromM, like $ in our construction.

5.2 Complexity of decidable cases

We consider the decidable cases given in section 4. Oneaofreachability with zero
probability) is in PTIME, and evenNLOGSPACE-complete, but all the others are non-
primitive recursive, as are most decidable problems for’ sC&hnoebelen 2002].

THEOREM 5.3. The problem, given NPLCR, location g and set A= Q of locations,
whether there exists a scheduler such thatPr, ((q,€) = OA) = 1, is NLOGSPACE-
complete.

PROOF SKETCH. Lemmas 3.2 and 3.3 show that the above problem is equiviaent
reachability question in some subgraph of the control gadph. [

THEOREM 5.4. The problem given a NPLC&, a location g and a set of locations A,
whether there exists a schedulersatisfying(a.1) (or (a.2) ... or (b.3)), is not primitive
recursive.

(a.1) Pg((q,€) =<©A)>0,or (b.1) Pr ((q,€) = 0CA) =0, or
(a.2) Pr((g.e) = ©A) =1, 0r (b.2) Pr,((g.€) =OCA) =1, 0r
(a.3) Pr((g.,e) =<0A) <1, or (b.3) Pr((g.€) EOCA) <L

In all six cases, the proof is by reducing from the contraketreachability problem for
(non-probabilistic) LCS’s, known to be non-primitive resive [Schnoebelen 2002].

The case (a.l) is the easiest since, by Theorem 4.1, it isaqut to the reachability of
Afrom (qo,€) in the underlying LCS of\’.

For all the other cases, except (a.3), we use the reductimtrdted in Fig. 4. Let
be a LCS with only one channel and two distinguished locatgpnandaccept. From
£ we build another LCS.’ and consider the NPLC& = (£’,T) for anyT € (0,1). We
now show that the control-state reachability problemiii.e., isaccept reachable from
(do,€)?) is equivalent to particular instances of our probalilistoblems for( .

L' uses the cleaning gadget and has one further locatiotzess. From every original
locationr of £, exceptccept, £’ has a/-transition toin, the input location of the clean-
ing gadget. There is also a transition fremt to qo. Fromaccept there is a transition to
success and one can loop on this latter location.

The idea of this reduction is that,dfccept is reachable frongy by some pathtin 2,
then it is possible for a scheduler to try and follow this patla’ and, in case probabilistic
losses do not comply with, to retry as many times as it wants by returningjgo The
cleaning gadget ensures that returninggds with empty channel. Note that the only way
to visit success is to visit accept first. These general ideas are formalized in the next
lemma.

LEMMA 5.5. Inthe LCSL’, the following statements are equivalent:

(i) (go,€) 5 Prom({success}),
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Fig. 4. The LCS.’ associated with. in Lemma 5.5

(i) go € Prom({success}),
(i) (0o,€) = success,
(iv) (Qo,€) = accept,

(v) (0o,g) = (] accept,
(vi) go € SaféProm({success})),

(vii) (0o,€) — SaféProm({success})).

Here “(qo,€) L[L] ---”" means that the path only visits original locations fram

PROOF. (i) = (ii): Assume(do, &) — Prom({success}) and let(qo,€) — (qz,ws) —

— (Qm, Wm) With gm € Prom({success}) be a witness (simple) path. From agy#
success along this path one may reacty, €) via the cleaning gadget. Hen¢g, &) —
Prom(success). All locations along the path frorfgo, €) to Prom({success}) satisfies
this property, hence we hagg € Prom({success}).

(i) = (iii): by definition of Prom(.).

(i) = (iv): obvious.

(iv) = (v): Assumertis a path from(qo,€) to accept. If this path steps out of
then it can only go to the cleaning gadget. From there the exilyback toz is via (qo, €)
(Lemma 5.2.(a)), looping back to a previously visited comfadion. Thus ifrtis a simple
path, it stays inside .

(v) = (Vi): suppos€dp, &) — (] accept. Then(qo,€) % success ands— success
for all configurations ofz’, either because is already somésuccess,w), or because
s can reachqp, €) via the cleaning gadget. As a consequence, all locations afre in
Prom({success}), and then irSafé Prom({success})).

(vi) = (vii): trivial.

(vii) = (i): obvious becausBaféA) C Afor any setA of locations. O
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Using Lemma 5.5 and characterizations given by Theoremard4.7 we have:
Ju Pry ((do,€) = Osuccess) = 1iff o € Prom({success}) (a.2)

iffin 2, qo = accept.

3u Pry ((do,€) = OCsuccess) = 1iff g € SaféProm({success})) (b.2)

iffin 2, qo = accept.

Ju Pry ((do,€) = OC—success) = 0iff go € Prom(SaféQ\ {success}))  (b.1)

iffin 2, qo = accept.

3 Pry ((0o,€) = OO—success) < 1iff go — Q\ {success} (b.3)
iffin £, go — accept.
Thus,qo — accept, a non-primitive recursive problem, reduces to instande@d),

(b.2), (b.1) and(b.3).
We now prove case (a.3) of Theorem 5.4, using the reductiserited in Fig. 5.

Fig. 5. Associating.’ with an arbitrary LCS for case(a.3)

Here, with some LCS as before, we associate an L&Sby adding two special lo-
cationssink andsuccess. As in the previous reductiosuccess is directly reachable
from accept by an internal actior/, and one can loop Oguccess.

Now, each transition ruld: q % rin £ is translated irc’ under the forny x Is 8, 15 3,
r, using two intermediate locationg andl;, and a new messageZ M. Thus, moving
fromgtor in £’ requires that one removes the exdrthat has just been inserted. This is

obtained by a full rotation of the channel contents, usirtgeesules|; = _!—a> |5 that exist
for eacha € M. Finally, in case of deadlocks induced by message losses;amgo to the
sink location.

The purpose of this reduction is to ensure thatept andsuccess are the only loca-
tions from which one can surely, i.e., with probability oneachsuccess. For all other
locations, the channel may become empty along the way ¢ept, forcing the system to
go tosink.
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LEMMA 5.6. In af = (£’,1) the following assertions are equivalent:
(1) 3u Pry((do,€) = Osink) <1,
(2) o i>[ﬁsink] SanQ\ {Sink})'

3) ® L[ﬁsink] {accept,success},
4) (bi)[L] {accept}.

where here again (g, €) L[L] ---"means that the path only visits original locations from
L.

PROOF The equivalence between (1) and (2) is given by case (c) ebfém 4.1.
Then we show thabaféQ\ {sink}) = {accept,success}. First{accept,success} C
SaféQ\ {sink}) because fronaccept andsuccess one can loop forever iBuccess
which is inQ\ {sink}. On the other hand, if we consider another locatjalifferent from
sink (neithersuccess noraccept) because of the reading operation betwkeandr,
there is a non-zero probability for the system to lose thesags$ and be forced to go to
sink. HenceSaféQ\ {sink}) is exactly{accept,success}. Equivalences of (2) with
(3) and (4) follow from this equality. O

Thus the non-primitive recursive problem “ddep, ) — accept” reduces to a special
instance of problenfa.3) in Theorem 5.4.

5.3 Undecidability

5.3.1 An undecidability result for repeated eventually propestiWe will now com-
bine the cleaning gadget with an arbitrary lossy channeéégy$o get a reduction from the
boundedness problem for LCS’s to the question whether desBigchi constrainbCA
holds with positive probability under some scheduler. Rebat an LCS< is bounded
(also space-bounded) for a given a starting configuratititeiset of reachable configura-
tions is finite.

THEOREM 5.7 (SNGLE BUCHI PROPERTY POSITIVE PROBABILITY). The problem,
givena’ a NPLCS, g alocation, and A a set of locations, whether theis®a scheduler
u such thatPry ((g,€) = OCA) >0, is undecidable.

The remainder of this subsection is concerned with the ppbdheorem 5.7. Let =
(Q,{c},M,A) be a LCS with a single channe&and a designated initial configuratifm €).
We modify £ by adding the cleaning gadget and two locatiomsccess andsink. We
also add rules allowing to jump from every “original” loaatiin Q to retry or success.
When insuccess, one can move teetry with a read or move teink which cannot be
left. When inretry, one can go back t(g,€) through the cleaning gadget. The whole
construction is depicted in Fig. 6.

Let £’ be the resulting LCS which we consider as an NPLCS with somk fate t:

A = (£’,1). Since the cleaning gadget lets one go back to the initiafigoration of

any behavior ofc’ is a succession of behaviors ofseparated by visits to the additional
locations. The idea of this construction is the followinfgz iis bounded, then even the best
scheduler cannot visifuccess infinitely often without ending up igink almost surely.
However, if the systemz is bounded, some infinite memory scheduler can achieve this.
These ideas are formalized in Propositions 5.8 and 5.9.
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Fig. 6. The LCS.’ associated withe in proof of Theorem 5.7

PrROPOSITION 5.8. Assume that starting from(q,€) is bounded. Then, for all sched-
ulersa for a¢ = (£/,1), Pry ((9,€) = OCsuccess) = 0.

PROOF. Let u be any scheduler far{ and consider the:-paths that visitsuccess
infinitely often. Letrtbe one such path: eithefjumps from<. to success infinitely many
times, or it ends up irink. In the last casay does not satisffiCsuccess. In the first
case, and since is boundedjtcan only jump tosuccess from finitely many different
configurations. Hence, for each such jump, the probabhiay it ends in(success,€) is
at leastt™, wheremi s the size of the largest reachable configuration inTherefore, the
configurationgsuccess, €) will be visited almost surely. As only the transition rule

Voo
success — sink

is enabled in(success,€), with probability 1 the locatiorsink is eventually reached.
Since success is not reachable frongink, the propertyd<$success holds with zero
probability. O

PROPOSITION 5.9. Assume that starting from(q, €) is unbounded. Then, there exists
a scheduler for a0 = (£',1) with Pry, ((,€) = O<Osuccess) > 0.

PROOF We describe the required scheduter Becauser is unbounded, we can pick
a sequenc(a(rn,wn))n:l‘zw of reachable configurations such thag| > n. The scheduler
works in phases numbered?2l... When phase starts,« is in the initial configuration
(g,€) and tries to reackrn,wy). In principle, this can be achieved (singg, wy) is reach-
able), but it requires that the right messages are lost atghétimes. These losses are
probabilistic andu cannot control them. Thug aims for(rn,wn) and hopes for the best.
It goes on according to plan as long as losses occur as hogseh #/'wrong” loss occurs,
« resigns temporarily, jumps directly ietry, reaches the initial configuratidn, €) via
the cleaning gadget, and then tries again to regagiw,). When (r,,wy) is eventually
reached (which will happen almost surely given enoughes)yiu jumps tosuccess,
from there toretry, and initiates phase+ 1. With these successive phasesiries to
visit success (andretry) an infinite number of times. We now show that it succeeds with
nonzero probability.

ACM Transactions on Computational Logic, Vol. V, No. N, Agg2006.



Verifying nondeterministic probabilistic channel systems . 25

When moving from configuratiofrn, wy) to locationsuccess, there is a nonzero prob-
ability Piost(Wn, €) that all messages in the channel are lost, leaving Usurcess,¢€).
When this happeng; is not able to initiate phage+ 1 (moving fromsuccess to retry
requires a nonempty channel). Insteradvill move to sink and stay there forever. How-
ever, the probability for this exceptional behavior iscdtyi less than 1, as we have:

[

Pry ((9,€) = OCsuccess) = [Il(l— Piost(Wn, €)) > ﬁl(l— ™) >0.

O

Observe that the scheduler we constructed is recursive diufimite-memory (since it
records the index of the current phase).

Remark5.10. Proposition 5.9 can be strengthenedz ifs unbounded, then for all
constant < 1, there exists a schedulersuch that Py ((q,€) = OOsuccess) >c.

COROLLARY 5.11. Letz be a LCS. Theny, is unbounded if and only if there exists a
scheduleru for a0 = (£’,1) such thatr ((q,€) = OCsuccess) > 0.

This proves Theorem 5.7 since it is undecidable whetherendiCS is bounded [Mayr
2003].

By duality we obtain the undecidability of the problem to ckevhether Py, ((q.€) =
<>DA) =1 for all schedulers: for a given NPLCS\ .

5.3.2 Other undecidability resultsWWe now discuss the decidability of the problem
which asks for a schedular where Py, ((q,€) = ¢) is 1, <1, = 0 or >0 and wherep
is an LTL-formula. We begin with the special case of a stromigness (Streett condi-
tion) ¢ = A1<i<n(OCA = OCOB;). We will see that all variants of the qualitative model
checking problem for such Streett conditions are undetédaben ranging over the full
class of schedulers. In particular, this yields the undsuidy of the LTL model check-
ing problem when considering all schedulers. However, wiliershrink our attention to
finite-memory schedulers qualitative model checking isdbdule for properties specified
by Streett conditions or evan-regular formulas.

We first establish the undecidability results when rangingrall schedulers. In fact,
already a special kind of Streett properties with the prdisis satisfaction criterion “al-
most surely” cannot be treated algorithmically:

LEMMA 5.12. The problem, given NPLCR, sets of locations B C Q, and location
g € Q, whether there exists a schedutewith

Pry ((g,€) | OOBACDOA)) =1,
is undecidable.

PROOF The proof is again by a reduction from the boundedness enofidr LCS as in
section 5.3.1. Let be an LCS. We build a new LC8' by combiningz with the cleaning
gadget as shown in Fig. 7 (this is a variant of the previoustantion). LetA’ = (£/,71).
There exists a scheduler for A with Pry ((do,€) = OOsuccess A OO-fail) = 1 iff
£ is unbounded (starting frottgp, €)).
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Fig. 7. The LCSz’ associated with in proof of Lemma 5.12

For these two constructions, the “same” scheduler is usétkipositive cases. For the
second construction, the proof for the positive case olesahat

[ee]

Pry ((go,€) = OOsuccess A OOfail) = lLim 1-1=1

wheren stands for the phase number from whithi 1 will not be visited again. O

THEOREM 5.13 (STREETT PROPERTIE}. For the qualitative properties (a), ..., (d)
below, the problem, given a NPLQg, location ge Q, and2n sets of locations AB4, .. .,
An, Bn C Q, whether there exists a schedutersuch that

(8) Pro((,) = A (DOA = 00B)) >0,
i=1

() Pra (@) - A (00A = D0B)) <1
(©) Pru((a.e) = .2\1(D<>Ai = 00B;)) =1,

@ Pra((a.) - A (70A = 00B)) =0,

is undecidable.

PrROOF

(@) follows immediately from Theorem 5.7 Ag. ; (OCA; = OOB;) agrees wittlOB if
we taken=1,A; = QandB; =B.

(b) We show that already the question whether there is soheeisder: with Pry, ((g,€) =
OCA= D<>B) <1 is undecidable wher& andB are sets of locations. This follows
from Theorem 5.7 and the fact that fBr= 0
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Pry ((0.€) | OCA=0O0OB) <1

iff Pry ((0.€) E ~(0CA= 0O0B)) >0

iff Pry((g,e) E OCAA ©O(Q\B) )>0
——

=true SinceB=10

iff Pry ((g,€) = OOCA) >0.

(c) follows by Lemma 5.12 witn =2, A; = Q, By = B, A, = Q\ A andB; = 0 which
yields

A (20A = 00B)

1<i<n

(ESQ: OOB) A (OO(Q\A) :>g\<,>9)

=true =false

ooB A COA

(d) We show the undecidability of the question whethey(l?q,s) EOCA= D<>B) =0
for someu whereA, B C Q are given sets of locations. This follows from Lemma 5.12
and the fact that

Pry ((9,6) EOCA=0O0B) =0
iff Pry ((0,€) = —(0CA=00B)) =1
iff Pry ((0,€) = OCAACD(Q\B)) =1.

O

Figure 8 summarizes the decidability and undecidabilispts obtained so far.

P(..)<1 | P(...)>0 P..)=1 P(...)=0

OA D D D D (NLOGSPACE)
OA D D D (NLOGSPACE) D
Ai OA D D D D
V; OA D D D D
A OOA D u D D
Vi OOA U D D D
NAi(OCA = OCBy) u u u u
Vi(COA AOOB) U U U U

Fig. 8. (Un)Decidability of qualitative verification

6. RESTRICTION TO FINITE-MEMORY SCHEDULERS

In all decidable cases of section 4, finite-memory schedwaer sufficient. In this section
we consider the problems of section 5, considering onlydiniemory schedulers. With
this restriction, all problems are decidable.

We first give an immediate property of finite-memory schedinehich will be used in
the whole section.

PROPOSITION 6.1. For any finite-memory scheduler and any location g we have:
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(a) If pis alocation, ua mode in and if T denotes the set of all configurations t that
are reachable fron{p,€), by ¢ then

Pr’u ((qu) ': DO(p,S)u) - Prﬂ ((qu) ': /\ D<>S)

seT

(b) Pr’ll ((qaa) ': DOA) - Pr’ZI ((qaa) ': DOA&)

PROOF (a) If configuratiors, in the Markov chairMC,, is visited infinitely often then
almost surely all direct successorsspfare visited infinitely often too. We now may repeat
this argument for the direct successors of the direct ssoce®fs,, and so on. We obtain
that almost surely all configurations that are reachabla&pare visited infinitely often,
provided thas, is visited infinitely often.

(b) follows from (&) using the fact that the set of gl €),, for p a location andia mode
of w, is a finite attractor, and observing that(& w) is reachable within one step from
configuratiorsthen so iga, €) as all messages can be lostl

Observe that the existence of a schedulefor which a Bulchi property holds with
positive probability, does not imply the existence of a &ritemory scheduler with the
same property. This is a consequence of Theorem 5.7 andxh&meorem (6.2).

THEOREM 6.2 (GENERALIZED BUCHI, POSITIVE PROBABILITY). The problem, given
NPLCS4(, location ge Q, and sets of locationsiA .., A, C Q, whether there exists a
finite-memory schedulen such thatPry ((g,€) = A1<i<n DOA) >0, is decidable.

PROOF We show that the following statements (1) and (2) are edgiva
(1) there exists a finite-memory scheduteisuch that Ps ((g,6) = A OOA) >0.
1<i<n

(2) there exists a locatione Q such that
(2.1) (g,8) = (x¢)
(2.2) there is a finite-memory schedutérwith Pr,, (x,€) = A OOCA) =1
1<i<n
This will prove Theorem 6.2 since by Theorem 4.7 (a), ther@nislgorithmic way to
compute the seéX of locationsc such that Py ((x,€) = A1<j<n OOA)) = 1 for some (finite-
memory) scheduler’. We then may check (2.1) by an ordinary reachability analisi
the underlying LCS.
Let us show the equivalence of (1) and (2).
(1) = (2): Let u be afinite-memory scheduler as in (1). The finite-attractopprty
and Proposition 6.1 yield that there is some locak@md modeu of ¢ with

Pra((a.e) = A\ OOCAA A\ DOOt) >0

1<i<n teT

whereT is the set of configurations that are reachable f(ga), underu . Using defini-
tion of T, this yieldsT NA; #£ 0 for 1 <i <n. Thus, schedulet starting in(x,€) in mode
u visits almost surely any configurationThinfinitely often. Hence, it visits any sét for
i =1,...,n, infinitely often (with probability one). That is:

Pra (%€= /\ OOCA) =1,
1<i<n

and (2) holds.
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(2) = (1): Letqg, xand¥ be as in (2). We definel as the finite-memory scheduler
that generates with positive probability a path frégqne) to (x,€) and behaves ag from
(x,€) on. Clearly, we then have R((q,€) = A1<j<n DCA) >0. O

We now present algorithms for the four variants of qualrathodel checking of Streett
properties for NPLCS’s when ranging over finite-memory sithers.

THEOREM 6.3 (STREETT PROPERTIE}S. For qualitative properties (a), ..., (d), the
problem, given NPLC&, location gqe Q, and2n sets of locations AB;y,...,An, By C Q,
whether there exists finite-memoryscheduleru satisfying

(@) Prﬂ((q € |: /\ (D<>A,:>D<>B.))<1,

(b) Pry ((a, (OCA = OOB;))
l<|<n

©) Pr,((a.e) | A (OOA = O0By)) =
1<i<n

(d) Pry((a, (OOA = O0B;)) =0,
l<|<n

is decidable.

We prove each assertion in the rest of this section.
ad (a) of Theorem 6.3: Ry ((q,€) |: /\ (D<>A. = 00B))) <1.

Let us consider the dual problem whether for all finite-menschedulera:,

Pry ((a,€) = /\(D<>/N = 0OBy)) =1
i=1
Clearly, the above holds iff
Pry ((0.€) | OCA = 0O0B;) =1

for all finite-memory schedulerg and all indices = 1,...,n. Thus, it suffices to present
an algorithm that solves the problem whethey, (D(lq,a) EOCA= D<>B) =1 for all
finite-memory schedulera whereA andB are given sets of locations. The latter is equiv-
alent to the non-existence of a finite-memory scheduleuch that

Pry ((9,€) E OCAAGD(Q\B)) >0

We now explain how to check this condition algorithmicallyet 2’ be the NPLCS that
arises froma’ by removing all location® € B. To ensure that any configuration has at
least one outgoing transition, we add a new locafiafil with

—a self-loopfail Y, fail and
—transition ruleg X failif p 2 b for some locatiorb € B.

Using Theorem 6.2, we can compute the Retf locationsp € Q\ B such that there is a
finite-memory schedulen’ for 2’ with Pry/ ((p,€) = OCA) > 0. That s,

p_ 0 there is some finite-memory scheduterfor A
=P with Pr, ((p,€) = OOAAO-B) >0

We show the equivalence of the following two statements:
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(2). Pry ((q,e) EOCAA <>DﬁB) > 0 for some finite-memory scheduler for A,
(2). Pr,, ((a,€) = ©P) > 0 for some finite-memory scheduler for (.

(1) = (2): Let u be a finite-memory scheduler as in (1). By Proposition 6.1 nves
conclude that there exists a locatiag A and a mode such that

Pry ((9,€) = /\ DOsA©DO-B) >0
seT

whereT is the set of states that are reachable in the Markov di@lp from (a,¢€)y, i.e.,
from configuration(a, €) in modeu. We then havd NB = 0 and

Pry ((a,)u = /\ OOSAOO-B) =Pry ((a,€)y = OOAAND-B) = 1.
seT
Hencea e P and Py, ((g,€) = ©P) >0.
(2) = (1): Let be a finite-memory scheduler as in (2). For any locapenP, there
is a finite-memory scheduler, such that

Pry, ((p,e) = OCAAD-B) > 0.

We now may compose’ and the schedulera to obtain a finite-memory scheduler
which first mimics#’ until we reach a configuratiofp,€) for somep € P (which hap-
pens with positive probability) and which then behavesugs Clearly, we then have
Pry ((g,€) = OOCAA©GO-B) > 0.
ad (b) of Theorem 6.3: Ry ((0,6) = A (OCA = OCB;)) >0.
1<i<n

Letl C{1,...,n} anda(, be the NPLCS that arises fromd by removing the locations
b e A wherei € {1,...,n}\ |, and adding a new locatiatail as in the proof of ad (a) (of
the present Theorem).

Let C be the set of locations€ Q such that Py ((z.€) = Ay O©B;) = 1 for some
(finite-memory) schedulen for A¢|. Note that under such a schedutethe new location
fail is not reachable fronic,e). Then, we have € C iff there exists a finite-memory
scheduleru; for the original NPLCS\( with

Pry,((zg) = AOOB A /\ O-A) =1

i€l ie{1,...,n}

n
In particular, Py, ((z.€) = A (OOA = O0B;)) =1forallze Z.
i=1

The C’s can be comthed with the technique explained in the prédfh@orem 4.7
(part (a)). LetC be the union of alC;’s. Then, the following statements are equivalent:

(1). Cis reachable fronfg,€)
n

(2). Pry ((0,e) = A (OCA = OCB;)) > 0 for some finite-memory scheduler.
i=1

(1) = (2): Let us assume th& is reachable fronig,€). Then, there is a memoryless
scheduleruinit such that Py, ((q,s) E <>C) > 0. Hence, there is sonmc C such that

Pry, ((9,€) = ©(z,€)) >0.
We then may combine;,i; and to obtain a finite-memory schedularwith the desired
property.
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(2) = (1): Let us now assume that is a finite-memory scheduler such that

Pru ((g.€) |:/n\(D<>A; = 00B;)) >0.

i=1
Then, there is someC {1,...,n} such that
Pry ((9.€) = A\ COB A A\ ©O-A) >0.
il i¢l
The finite-attractor property yields the existence of sootationz and a modeu of ¢
such that

Pry ((9,6) = 00(zg)uA \TOBi A\ OT-A) >0.
il il
As visiting (z,€), infinitely often ensures that almost surely all configunasidhat are
reachable froniz €), are visited infinitely often too (see Proposition 6.1), wéairi
iel i¢l
Henceze C; C C. This yields thaC is reachable fronfg, €).
ad (c)of Theorem 6.3: Ry ((0,6) = A (OCA = OOBy)) = 1.
1<i<n
Let C be as in the proof of ad (b). We establish the equivalenceeofdlowing state-
ments:
n
(1). Pry ((0,e) = A (OCA = OCB;)) = 1 for some finite-memory scheduler,
i=1

(2). Pr,, ((g.€) = ©C) = 1 for some finite-memory scheduler.

(2) = (1): Let ¥ be a finite-memory scheduler such that Pfg,e) = ©C) = 1. For
z€ C, let u; be afinite-memory scheduler as in the proof of assertionI{imt is such that

Pry,((ze) = /n\(D<>A@ = 00B)) =1.
i=1

Then, we may compose and the finite-memory schedulers to obtain a finite-memory
scheduleru such that

n
Pry ((a.) |= /\ (OOA = DOBy)) = 1.
i=1
Starting in(q,€), « mimics % until a configuration(z,w) with z € C is reached (this
happens with probability 1). Then, far# €, « chooses the transition rule
&, = 2% y

that u, chooses fofz,€) in its initial mode. Note thad; is enabled inz,w), and all suc-
cessors ofz,w) underd, have the form(y,w’) for some channel valuation'. Moreover,
locationy belongs tdC as«; induces a schedular, with

Prus((v.8) = /H\(D<>A@ = 00B;)) =1.
i=1
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Hence, ifw # € thenu may choose the transition rulg that uy chooses for its start-
ing configuration(y,€). @ continues in that way until it reaches a configurat{are).

(The finite-attractor property ensures that this happertis piiobability 1.) The above
construction ensures thate C. After reaching(x,€), « behaves asiy, ensuring that

n
A (OCA = OOB;) holds almost surely.

i=1
(1) = (2): Letu be afinite-memory scheduler such that

Pry ((a,€) = /n\(D<>Ai = 00B;)) =1.
i=1

We show that:
For any locatiorp € Q: if Pry ((g,€) = 0 (p,€)) >0thenp € C. *
Using the fact that Rr((a,€) |= V peo DO (p.€)) = 1, (*) yields Pr, ((g,€) = OC) = 1.

PROOF (OF (*)). Assume thatiis a mode inu such that Py ((q,s) E D<>(p,s)u) >0.
Let T be the set of states that are reachable ftpng), in the Markov chain foruz. Then,
by Proposition 6.1:

Pru ((0.e) = /\ OOt) > 0.
teT
Hence,

Pry ((0.6) = /\ OOtA /n\(D<>Ai = 00B;)) >0.
teT i=1

Let! be the set of indiceise {1,...,n} such thafl NA; # 0. Then,TNB; # 0foralliel.
Hence,
Pry ((p,S)u = /\ OoBi A /\ DﬁAi) =1
icl i¢l
Thus,peC CC. O
ad (d) of Theorem 6.3: Ry ((0,6) = A (OCA = 00B;j)) =0.

1<i<n
We deal with the negation of the Streett formula:

Pry ((g.€) |:/n\(D<>Ai = 0OOB;)) =0 iff Pry((g.€) |:\n/(D<>Ai AOO-B})) = 1.
i=1 i=1

Thus, it suffices to establish the decidability of the questivhether there is a finite-
n
memory scheduler with Py ((g,€) = V (OCA AOD-B;)) = 1.
i=1
Fori € {1,...,n}, leta(; be the NPLCS that arises froma by removing all locations in

B;, possibly adding a new locatiatail (as in the proof of case (a)). L&} be the set of
locationsz € Q such that there exists a schedulgrfor A with

Pry, ((z€) EOOA) = 1.

The setC; can be computed with the techniques sketched in Theoremd4(&)a Then,
z € G iff there exists a scheduler; for the original NPLCS\ with

Pry ((z€) = OOAAT-B;) =1
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LetC =CyU---UC,. Then, the following two statements are equivalent:
(1). There s a finite-memory schedutarwith Pry ((0,e) =\ (OCAACO-B;)) =
1<i<n

1.
(2). Thereis a scheduler with Pr,, ((q,€) = ©C) = 1.

(1) = (2): Letu be asin (1). Assume R1((q,€) = ©C) < 1. Then,

Pry ((Qaa) = D(Q\C)) >0.
By the finite attractor property there exists a locati@uch that

Pry ((9,€) = 0O (x,€) AD(Q\C)) > 0.

As ¥ is finite-memory there is a modeof @ such that the above condition holds fare)
in modeu, that is,

Pry ((9,€) = 0O(x,€)u AD(Q\C)) >0.

Let T be the set of configurations that are reachable f(ana), in the Markov chain
induced byu, MC,,. Then, almost surely: visits all configurations ifT infinitely often
when starting in(x, €) in modeu. We then havd@ N {(z,w) € Conf | ze C} = 0, and hence,

Tn{(zw) € Conf:zeCi} =0, i=1,...,n,
which gives usT NA =0 or TNB; # 0 for anyi € {1,...,n}. But then,

Pry ((X,€)u = \n/(D<>A@ A<OB)) =0.
i=1

Since Py, ((a,€) = ©(x,€)u) > 0 this yields

n
Pry ((a.€) = \/ (OCA ACDBy)) <1,
i=1
which contradicts assumption (1). We concludg fo,e) = ©C) = 1.
(2) = (1): Let¥ be asin (2). We may assume thiatis memoryless (see Lemmas 3.7
and 3.6). For any locatione C, we choose a finite-memory scheduérfor 4 such that

Pr,. ((z€) E (OCAANCDB)) =1

for somei € {1,...,n}. Let u be the finite-memory scheduler that first behaves’as
reachingC almost surely, and which, after having visited a locaton C, mimics the
schedulerg’; as follows. When enterin@ the first time, say in configuratiofz, w) where
w # g, thenu goes into a waiting mode where it waits until a configuratigne) with
Z e C has been entered. From this configura{iBre) on, u behaves a%’». In the waiting
mode,u chooses the same transition rule farw) as v/, for the starting configuration
(z€).

Note that the configurations obtained frgmw) by taking this transition rule have the
form (Z,w') whereZ € C. Thisis becaus&, €) is a successor @& €) under this transition
rule. Hencey’; induces a scheduler under whigh €) fulfills OCA; A ©OB; almost surely
for some index. This yieldsZ € C; C C.

The finite attractor property yields that will eventually leave the waiting mode. Thus,
u has the desired property.
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7. WREGULAR PROPERTIES

We now consider qualitative verification afregular linear-time properties where, as be-
fore, we use the control locations of the underlying NPLC&tasnic propositions (with
the obvious interpretation).

For algorithmic purposes, we assume thatwaregular property is given by a determin-
istic (word) Streett automaton with the alphalkfthe set of control locations in the given
NPLCS). Other equivalent formalisms (nondeterministie&tt automata, nondetermin-
istic Buchi automatai-calculus formulas, etc.) are of course possible. The katinas
between them is now well understood. See, e.qg., the surtielearin [Gradel et al. 2002].

A deterministic Streett automaton (DSA for short) over thghabetQ is a tuplea =
(Z,0,20,Acc) whereZ is a finite set of statesy : Z x Q — Z the transition functionzy €
Z the initial state, and\cc= {(A1,Bs1),...,(An,Bn)} a set of pairA;, B;) consisting of
subset#\,B; C Z. Accis called the acceptance condition®of Intuitively, Acc stands for

the strong fairness conditiap, = Al ;(0CA = OOB;). The accepting languadé )
d1 a2

consists of all infinite wordgp, g1, 2, . .. € Q¥ where the induced rum %, 25

in 2 (which is obtained by starting in the initial stagof 2 and puttingzj 11 = 0(z;,q;),

j=0,1,2,...) is accepting, that is, for alle {1,...,n}, z; € A for at most finitely many

indicesj or z; € B; for infinitely many indicesj. For a pathitof some NPLCS with state

spaceQ, we writeTt}= 2 whentt(more precisely, its projection ov&®) belongs td_(1).
Since Streett properties aseregular, Theorem 5.13 immediately entalils:

COROLLARY 7.1 (W-REGULAR PROPERTIE}. The problem, given NPLC& , loca-
tion g€ Q, and DSAa, whether there exists a schedulerwith Pry ((q,€) = 4)=1 (or
<1, or=0, or >0), is undecidable.

More interesting is the fact that our positive results fratt®n 6 carry over from Streett
properties to alto-regular properties:

THEOREM 7.2 (W-REGULAR PROPERTIESFINITE-MEMORY SCHEDULERS. The prob-
lem, given NPLCS\(, location ge Q, and DSA4, whether there exists #nite-memory
scheduleru such tha®r, ((g,€) |=4) =1 (or <1, or =0, or >0), is decidable.

The extension from repeated-reachability properties-tegular properties follows the
standard automata-theoretic approach for the verificadfoqualitative properties: one
reduces the question whethgris accepted by to a repeated-reachability property over
the “product’a x 4 (see, e.g., [Vardi 1999]). We briefly sketch the main stepthef
reduction which yields the proof for Theorem 7.2.

, def

Let o/ be a NPLCS andi a DSA as before. The produgf’ = A’ x 4 is a NPLCS
where:

—locations are pairép, z) wherep € Qs a location i andz € Z a state ofz,
—the channel set and the message alphabet arexgs in

—(p,2) x (r,Z) is a transition rule im( x 4 if and only if p %Pt is a transition rule iy
andZ = o(z p).

Then, each infinite patftin A(, of the general form
(Clo,Wo) — (01, W1) — (G2, W2) — (Qi3, Wa) - - (M)
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is lifted to a pathi’ in a¢ x 4

(0o, 20,Wo) — (Q1,21,W1) — (2,22, W2) — (03,23, W3) - - - (1)

wherez;j 1 d:efo(zj ,qj) forall j e N. Thus,zg B, b2 & 2 &2 . isthe (unique) run of1 on

(the projection of)t. Vice versa, any patit in A, x 4 arises through the combination of
a path ina and its run ina.

Assume the acceptance conditionfs given by the following Streett conditioqi,; =
AL1(OOA = OOB;) with A, B; C Z. Then, lettingA{ d:EfQ x Ay andB{ d:efQ x Bj, we equip
A x 4 with the acceptance conditiokccd = {(A,B{) : 1 <i < n} which corresponds to
the following Streett conditior,, . 4

n
N\ (OOA = 00B;) (Wax2)
i=1
LEMMA 7.3. Letttbe a path i andT the corresponding path in’. Then = 4
if and only if 10 |= Yy 5.

This correspondence between pathgirand paths im’ allows to transform any sched-
uler ¢ for A into a schedulew for (" such that the probability agrees and vice versa.
More precisely:

LEMMA 7.4. Let pe [0,1], then there exists a finite-memory schedulefor A such
thatPry ((g,€) |= 4 ) = p iff there exists a finite-memory scheduleffor A x 2 s.t.

Prfl/ ((qaZ()vE) ): LIJ_?\[ xﬂ) =p.

The proof is as in [Courcoubetis and Yannakakis 1995, seetjpthe basic ingredient
being thata is deterministic.

Lemma 7.4 reduces the verification of qualitatweregular properties ovex/ to the
verification of qualitative Streett properties ovgr. Decidability is then obtained with
Theorem 6.3.

8. CONCLUSION

We proposed NPLCS’s, a model for lossy channel systems whessage losses occur
probabilistically while transition rules behave nondetaristically, and we investigated
qualitative verification problems for this model. Our magsult is that qualitative verifica-
tion of simple linear-time properties is decidable, busttibes not extend to al-regular
properties. On the other hand, decidability is recoveragifestrict our attention to finite-
memory schedulers.

The NPLCS model improves on earlier models for lossy chasystems: the original,
purely nondeterministic, LCS model is too pessimistictwmmessage losses and nonde-
terministic losses make liveness properties undecidalbtlseems this undecidability is
an artifact of the standard rigid view asking whether no inect behavior exists, when
we could be content with the weaker statement that incobeleaviors are extremely un-
likely. The fully probabilistic PLCS model recovers dediildy but cannot account for
nondeterminism.

Regarding NPLCS'’s, decidability is obtained by reducingldative properties to reach-
ability questions in the underlying non-probabilistiatsition system. Since in our model
qualitative properties do not depend on the exact valueeofdtlt ratet, the issue of what
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is a realistic value for is avoided, and one can establish correctness resultsppat a
uniformly to all fault rates.

An important open question is the decidability of quanitit&properties. Regarding this
research direction, we note that Rabinovich [2003] ingedéd it for the fully probabilistic
PLCS model, where it already raises serious difficulties.
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A. PROOF OF LEMMA 3.5

The goal is to prove that giveA and B sets of locationsProm(AU B) = Prom(A) U
Prom(B). One inclusion is trivial:Prom(A) UProm(B) C Prom(AUB). We prove here
the reverse inclusion. In fact we build a scheduler thattisfrom any(x,€) for x €
Prom(AU B), will ensure visiting eventuallyA or visiting eventuallyB, and the choice
betweenA andB is fixed (givenx). Lemma 3.7 then yield®rom(AUB) C Prom(A) U
Prom(B).

For eachx € Prom(AU B) we pick a simple path t& U B, that only visits locations of
Prom(AUB). Such a path exists by definition Bfom, we denote it

e (xe) = (Owe) % (o wd) & (@ ud) - F (xm wh)

with x™ € AUB andx € Prom(AUB) for i <m. By convention, we lek' = x™ when
i > |my|. For example, given the system depicted in Fig. 9, v#ith- {3} andB = {6},

Fig. 9. Running example for the proof of Lemma 3.5

one haPromAUB) = {1,2,3,4,5,6} and a possible choice for the patfigsis given in
Fig. 10.

We now define a sequenes, 71, ... of partitions ofProm(AUB). In generalpy is some
{BY,BY,...} and each clasB¥ € # comes with a fixed elemebk called itsrepresentative
(which is underlined in the examples). The first partitioc@gnposed of all singletons:
2?0 = {{x} | x€ Prom(AUB)}. Partition®,,1 is coarser tharpy: each class irpy,1 is
the fusion of (possibly only one) classes®mf Assume?y is given: 7 = {B‘{, ...} with
{b‘{, ...} as representatives. We define a mapping between the classes &f. For any
cIassB'j‘, we consider its representatib‘fa shortly writtenx, and associate witB'j‘ the class
to whichx¢*1 (thek + 1-th location orrg) belongs. In our running exampfe is given on
Fig. 10.

def

m € (1e) - (2a) 6 ni{Lh) = {2
o Z:Ef (2.€) = (2.b) — (Lbo) — (2.¢) — (3.¢) h{2) = {2} fa({1,2}) = {3}
e L (3¢) h{3)) = {3} B({3}) = {3}
. L (4,6) - (4,b) — (4,bb) — (5,b) — (6.¢) h{4) = {4 f4({45)) = {6}
s %" (5.¢) — (4.) — (4,bb) — (5.b) — (6,¢ f({s}) = {4}
6 % (6,5) f1({6}) = {6} fa({6}) = {6}

Fig. 10. Running example (continued): patfyswith mappingsf; and f4
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The mappingdf. 1 induces an oriented graph (of out-degree 1). The classes, gfare
obtained by fusing the classesmfwhich belong to the same connected componentin this
graph. For example, in Fig. 11, the clas8s B, B, Bf andB are fused. The repre-

Fig. 11. Constructingp1 by fusing equivalence classes fram

sentative fonB‘j(+1 is arbitrarily chosen among the representatives oB#‘Eathat compose
the strongly connected componeb§ ©r bﬁ in Fig. 11). Back to the running example,
we deriver; = {{1,2},{3},{4,5},{6}} with 2,3,4,6 as representatives (no choice here).
Partition?; is stable byf, and fs.

fo.fa: {1,2} = {1,2} {3} —{3} {45} —{45} {6 —{6}

Hencers = », = »1. Mappingf, is given in Fig. 10. We deducey = {{1,2,3},{4,5,6}}
with 3 and 6 as representatives (no choice either).

Itis clear thatry 1 is coarser thamy and that a representative at lekel 1 was already a
representative at levkl Hence the sequence eventually stabilizes (the state &pfiee).
We denoter,, = {B7,...} the partition in the limit. In the running example, = 2.

This whole construction is geared towards the following:

LEMMA A.1l. Forall k > 1, there exists a schedulery such that, for every Class‘J?B
and writing y for t,

vx € BY vwe M*C Pry, (x,w) = O, wh)) =1 *)

In other words, at stefp of the construction there exists a scheduler that, staftorg a
locationx with arbitrary channel content, ensures (with probabditg) we’'ll visit thek-th
configuration orr, wherey is the representative forin 2¢. Whenk is large enough, more
precisely larger than aliy|’s, (*) states thatuy guarantees reachiry(or B, depending
on x) with probability one, which concludes the proof of Lemm&.3.

PROOF (OF LEMMA A.1). The proof is by induction ok.

We first prove the cask = 1. Letx be a location in some clag®! having (y =)b}
as representative. The behaviorwf is simple: in any configuratiofz,v), w fires &.
Going on this waygi; eventually ends up in the strongly connected component (f)r
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Because of the finite-attractor property, the configurafyn) is visited infinitely often
almost surely. Hencay; will succeed in reachingy®,w}) from (y,€) by &}.

Assume now that for somle> 1 there existsuy ensuring (*). We considery.; and
build U1, usinguy. Letx e B‘j(+1 (it may help to look at Fig. 11). Starting frofx,w),
k1 behaves asi until (<, w) is reached. Then it fireS and ends up ity<*,w’) for
some channel contemt. y<*1 is a location ofB = fi1(BK); let z= bf be its represen-
tative. From configuratioy**,w'), w1 behaves again agy and eventually reaches
(Z,wK) with probability one. Iterating this process (alternatafru’s behavior and one
step transition)7zy, 1 will eventually end in the strongly connected componerB‘JﬁTl. If
t is the representative for this class#r.1, because of the finite-attractor propeftye)
is visited infinitely often, almost surely. Hencay. 1 will in the end succeed and reach
(tFL, witL) usinguy until (t%,wE) and then performingt. O
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