
Improved Radiance Gradient Computation

Jaroslav K�rivánek�
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Figure1: Right: Thegradientcomputationproposedby [K �riváneket al. 2005]doesnot properlyhandlesigni�cant changeof occlusionin
thesampledenvironmentandleavesvisible interpolationartifacts.Left: Theradiancegradientcomputationproposedin this paperhandles
occlusionchangesandleadsto a smootherindirect illumination interpolationon theglossy�oor . Thetwo imagesin themiddlearecut out
from thetwo imageson thevery left andvery right.

Abstract

We describea new andaccuratealgorithmfor computingtransla-
tionalgradientsof incomingradiancein thecontext of araytracing-
basedglobalillumination solution.Thegradientcharacterizeshow
the incomingdirectionalradiancefunctionchangeswith displace-
ment on a surface. We usethe gradientfor a smootherradiance
interpolationover glossy surfacesin the framework of the radi-
ancecachingalgorithm. The proposedalgorithm generalizesthe
irradiancegradientcomputationby [Ward andHeckbert1992] to
allow its usefor non-diffuse,glossy, surfaces.Comparedto previ-
ousmethodfor radiancegradientcomputation,the new algorithm
yields bettergradientestimatesin the presenceof signi�cant oc-
clusionchangesin thesampledenvironment,allowing a smoother
indirectillumination interpolation.
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1 Intro duction and Previous Work

Irradiancecaching[Wardet al. 1988;K�riváneket al. 2005]is a ray
tracing-basedmethodfor computingindirect diffuseillumination.
It exploitstheindirectilluminationcoherenceby sparselysampling,
cachingandinterpolatingtheindirectdiffuseilluminationoversur-
faces,insteadof computingit independentlyfor eachpixel. Indirect
illumination at a cachingpoint is computedby samplingthehemi-
sphereof incomingdirectionsthroughanumberof secondaryrays,
andthenstoredasanew recordin thecache.Later, whena rayhits
a surfacesuf�ciently closeto thestoredrecords,indirect illumina-
tion canbesimply interpolatedinsteadof computingit again by a
costlyhemispheresampling.

Ward andHeckbert[1992] found that the interpolationquality on
diffusesurfacescanbesigni�cantly improvedby theuseof transla-
tionalandrotationalirradiancegradients.Thetranslationalgradient
characterizesthechangeof irradiancewith asmalldisplacementon
a surfaceandtherotationalgradientdescribesthechangewith sur-
facerotation.Thegradientsarecomputedsimultaneouslywith the
hemispheresamplingandstoredin thecacheto beusedlater, during
theinterpolation,to effectively raisetheinterpolationorder.

In our earlierwork on radiancecaching [K �riváneket al. 2005],we
usedtheworkingsof irradiancecachingto ef�ciently computeindi-
rectilluminationon glossysurfaces.We achievedit by cachingthe
full directionalincomingradiancefunction (representedby hemi-
sphericalor sphericalharmonics[Gautronet al. 2004]) insteadof
just a scalar irradiancevalue. Similarly to Ward and Heckbert
[1992], we alsousedtranslationalgradientsto improve the inter-
polation quality. However, someimportantdifferencesbetween
thewayshemisphereis sampledin irradianceandradiancecaching
preventedus from directly adaptingWard's andHeckbert's gradi-
ent computationalgorithm. Instead,we proposeda moregeneral
translationalgradientcomputationmethodthat was applicableto
thehemispheresamplingschemesusedin bothradianceandirradi-
ancecaching.Thispreviousmethodworkswell for mostsituations,
but it breaksdown whenthereis asigni�cant occlusionchangewith
translation(Figure1).



In thispaperweproposeanovel algorithmfor translationalgradient
computationwhichworkswell in thepresenceof occlusionchanges
andis generalenoughto beapplicableto radiancecaching.Theal-
gorithm is basedon the gradientcomputationproposedin [Ward
andHeckbert1992], but we reformulatethe problemwithout as-
suminguniformprojectedareahemispheresamplingusedin irradi-
ancecaching.Our formulationallows anarbitraryweightingfunc-
tion to beusedfor incomingradiancesamples,allowing projection
of the incomingradiancefunctionontoanarbitraryhemispherical
basis.

Apart from the papersalreadymentioned,the following work on
translationalilluminationgradientcomputationexists.Arvo [1994]
computestheirradianceJacobiandueto partiallyoccludedpolygo-
nal emittersof constantradiosity, whereasHolzschuchandSillion
[1995] handlepolygonalemitterswith arbitraryradiosity. Thegra-
dientcomputationpresentedby Annenetal. [2004] is equivalentto
ourpreviousgradientcomputationmethoddescribedabove.

Therestof thepaperis organizedasfollows. Section2 givesashort
review of radiancecaching,Section3 presentsthe main contribu-
tion — anew gradientcomputationmethod.Resultsareshowcased
in Section4 andSection5 concludesthework.

2 Radiance Caching Overview

Radiancecachingis basedon sparsesampling,cachingandinter-
polating incoming radiancefunction over visible glossysurfaces.
Whenever a ray hits a surface,the cacheis queriedfor nearbyin-
comingradiancerecordsand,if somearefound,theindirectillumi-
nation is evaluatedby a gradient-basedinterpolationasdescribed
in [K�riváneketal. 2005].

In this paper, we deal with the situationwhen a ray hits a sur-
faceandthe interpolationis not possibledueto the lack of nearby
records. In this case,hemisphericalincoming radiancefunction
andits translationalgradientarecomputedby MonteCarloquadra-
ture and storedas a new record in the radiancecache. For ef-
�cient representation,the incoming radiancefunction Li is pro-
jectedonto the basisof sphericalor hemisphericalharmonicsand
representedby a vector of projection coef�cients L = f l m

l g as
Li(q; f ) � å n� 1

l= 0 å l
m= � l l m

l Hm
l (q; f ): In this formula, Hm

l arethe
basisfunctionsandn is the representationorder. The coef�cients
l m

l arecomputedby a strati�ed MonteCarloquadraturewith uni-
form hemispheresampling:

l m
l =

2p
N � M

M� 1

å
j= 0

N� 1

å
k= 0

Li
j ;kHm

l (q j ;k; f j ;k); (1)

where

Li
j ;k is the incoming radiance from the sampled direction

(q j ;k; f j ;k) =
�

arccos(1� j+ z j
M );2p k+ zk

N

�
. It is computedby

tracinga secondaryray from thehemispherecenterin thedi-
rection(q j ;k; f j ;k).

z j ;zk areuniformly distributedrandomvariablesin [0;1),

N � M is thetotal numberof sampleddirectionsandN � 4M.

See[K�riváneketal. 2005]for furtherdetailson radiancecaching.

Figure2: Uniform hemispheresubdivision for radiancesampling.
The hemisphereis subdivided into rectangularcells of the same
area.Onerandomdirectionis selectedwithin eachcell for tracing
secondaryrays.

3 Novel Radiance Gradient Computation

Thissectionpresentsthemaincontributionof thispaper— anovel
radiancegradientcomputationalgorithm. The gradientcomputa-
tion problemconsistsin estimatingthe translationalgradient~Ñl m

l
for eachcoef�cient l m

l from the hemispheresamplesdistributed
accordingto Equation(1).

We keepthe generalidea of the irradiancegradientcomputation
methodof Ward andHeckbert[1992], which consistsin dividing
thehemisphereinto cellsandestimatingeachcell's contribution to
the gradientseparately. A cell's gradientis given by the marginal
changeof incomingradiancewith thedifferentialtranslationof the
hemispherecenter.

However, wecannotusetheirradiancegradientcalculationdirectly,
for two reasons.First, we distribute the samplesuniformly over
thehemisphere,whereasirradiancegradientsarebasedon uniform
projectedsolid anglesampling. That is to say, the hemisphereis
sampledmoredenselynearthepolefor irradiancegradientsthanfor
radiancegradients.Second,to computetheprojectioncoef�cients,
we weight the incoming radiancesamplesby the basisfunctions
Hm

l evaluatedin theappropriatedirection.No weightingis applied
in thehemispheresamplingschemeusedfor irradiancegradients.

In therestof thissectionwedescribeourapproachto gradientcom-
putation, which relaxes the assumptionsabout hemispheresam-
plingmadeby WardandHeckbert[1992]in theirradiancegradients
algorithm. The strati�ed samplingemployed in radiancecaching
dividesthehemisphereinto cellsof equalsolidangle,or equalarea
on theunit hemisphere,givenby

A j ;k = (cosq j � � cosq j+ )( f k+ � f k� ) =
1
M

2p
N

: (2)

The symbolsrelating to the geometryof the hemispheredivision
areillustratedin Figure2 andde�ned summarizedhere:

( j;k) is thecell index.

A j ;k is thecell area.



q j � is the polar angleat the boundarybetweenthe currentcell
( j;k) andthepreviouscell ( j � 1;k), q j � = arccos(1� j

M ).

q j+ is the polar angleat the boundarybetweenthe currentcell
( j;k) andthenext cell ( j + 1;k), q j+ = arccos(1� j+ 1

M ).

f k� is theazimuthalangleattheboundarybetweenthecurrentcell
( j;k) andthepreviouscell ( j;k � 1), f k� = 2p k

N .

f k is the azimuthalangleat the centerof the currentcell ( j;k),
f k = 2p k+ 0:5

N .

f k+ is theazimuthalangleattheboundarybetweenthecurrentcell
( j;k) andthenext cell ( j;k+ 1), f k+ = 2p k+ 1

N .

ûk is theunit vectorin direction(p=2; f k).

n̂k� is theunit vectorin direction(p=2; f k� + p=2).

For eachcell ( j;k), we observe how its areachangeswith respect
to thehemispherecenterdisplacementalongtwo nearperpendicu-
lar vectorsûk andn̂k� de�ned above. The displacementalongûk
causesa shift of the wall separatingthe consideredcell ( j;k) and
its neighboringcell ( j � 1;k). Theinducedchangeof thecell area
is

ÑûkA j ;k = Ñûkq j � �
¶A j ;k

¶q j �

=
� cosq j �

minf r j ;k; r j � 1;kg
� sinq j � (f k+ � f k� )

=
2p
N

cosq j � sinq j �
minf r j ;k; r j � 1;kg

;

whereÑûk denotesthe (scalar)directionalderivative in the direc-
tion of ûk, andr j ;k is the distancefrom the hemispherecenterto
theclosestsurfacein thesampleddirection(q j ;k; f j ;k). Thederiva-
tive ¶A j ;k=¶q j � = sinq j � (f k+ � f k� ) follows directly from Equa-
tion (2).

Similarly, thedisplacementalongn̂k� causesashift of thewall sep-
aratingtheconsideredcell ( j;k) andits neighboringcell ( j;k � 1),
andtheinducedchangeof thecell areais

Ñn̂k�
A j ;k = Ñn̂k�

f k� �
¶A j ;k

¶f k�

=
� 1

sinq j ;k minf r j ;k; r j ;k� 1g
� (cosq j+ � cosq j � ) (3)

=
1

M sinq j ;k minf r j ;k; r j ;k� 1g
:

Hereweusedtheequality� (cosq j+ � cosq j � ) = 1=M, whichholds
for uniform hemispheresamplingas follows from the way direc-
tionsaregeneratedin Equation(1).

Thechangeof incomingradiancearriving at thehemispherecenter
throughthe cell is given by interpolatingthe radiancefrom two
neighboringcells with the areausedasthe blendingfactorandis
givenby

ÑûkL
i
j ;k = ÑûkA j ;k(Li

j ;k � Li
j � 1;k)

Ñn̂k�
Li

j ;k = Ñn̂k�
A j ;k(Li

j ;k � Li
j ;k� 1):

The �nal gradientfor a coef�cient l m
l is given by summingthe

marginal radiancechangesover all hemispherecells weightedby

thebasisfunctionsHm
l :

~Ñl m
l =

N� 1

å
k= 0

"

ûk
2p
N

M� 1

å
j= 1

cosq j � sinq j �
minf r j ;k; r j � 1;kg

(Li
j ;k � Li

j � 1;k)Hm
l (q j ;k; f j ;k)+

n̂k�

1
M

M� 1

å
j= 0

1
sinq j ;k minf r j ;k; r j ;k� 1g

(Li
j ;k � Li

j ;k� 1)Hm
l (q j ;k; f j ;k)

#

;

Thecomputedgradientslie in the tangentplaneat thehemisphere
center;in otherwords,we disregard the derivative with respectto
thelocalZ axis.This is justi�ed by theassumptionof locally near-
�at surfaces,in whichcasethedisplacementsalongZ areverysmall
andthereforehardlyin�uence theradiancechange.

The changeof occlusionis accountedfor by differentiatingthe
incoming radiance from the neighboring cells and using the
minf r j ;k; r j ;k� 1g andminf r j ;k; r j � 1;kg termsfor estimatingtherel-
ativewall movementbetweenthecurrentandtheneighboringcells.
Theminimumof thetwo distancesis importantsince“ it is always
the distanceto the closersurfacethat determinesrate of change
in occlusion”, as pointedout by Ward andHeckbert[1992]. On
theotherhand,thegradientcomputationby [K �riváneket al. 2005]
treatseachhemispherecell completelyindependentlyfrom each
other, basedsolelyonthelocalgeometricalinformationat thepoint
wherethe cell's samplingray hits anothersurface. Suchan ap-
proachdoesnot lenditself to estimatingtheocclusionchanges.To
sumup, the proposedformula is moreaccuratethanthe radiance
gradientformula of [K �riváneket al. 2005] andmoregeneralthan
theirradiancegradientformulaof [WardandHeckbert1992].

Unlike Ward and Heckbert,we do not computerotationalgradi-
ents.They arereplacedby a full rotationof theincomingradiance
function which is requiredanyway in radiancecaching[K �rivánek
etal. 2005].Thisrotationis appliedafter theapplicationof transla-
tionalgradientsandthereforethetranslationalgradientsthemselves
donothave to berotated— they areappliedin thelocalcoordinate
frameof theradiancerecordbeforetherotationtakesplace.

Irradiance Gradient. The gradientformula above wasderived
for uniform hemispheresamplingwith radiancesamplesweighted
by the basisfunctionsHm

l . However, the sameapproachcan be
usedto infer an irr adiancegradientfor the hemispheresampling
employed by Ward andHeckbert. Two slight changeshave to be
made.First, theweightingby Hm

l (q j ;k; f j ;k) is replacedby cosq j ;k.
Second,asaconsequenceof theuniformprojectedsolidanglesam-
pling, thede�nition of q j ;k, q j � andq j+ is differentfrom oursand
the equality � (cosq j+ � cosq j � ) = 1=M doesnot hold anymore.
Instead,thevalues� (cosq j+ � cosq j � ) have to beuseddirectly in
the�nal irradiancegradientformula:

~ÑE =
N� 1

å
k= 0

"

ûk
2p
N

M� 1

å
j= 1

cosq j ;k cosq j � sinq j �

minf r j ;k; r j � 1;kg
(Li

j ;k � Li
j � 1;k)+

n̂k�

M� 1

å
j= 0

cosq j ;k(cosq j � � cosq j+ )
sinq j ;k minf r j ;k; r j ;k� 1g

(Li
j ;k � Li

j ;k� 1)

#

The q related quantities are de�ned as q j ;k = sin� 1
q

j+ z j
M ,

q j � = sin� 1
q

j
M and q j+ = sin� 1

q
j+ 1
M [WardandHeckbert

1992]. This formulayieldsnumericallyvery similar resultsto that
of WardandHeckbertandthe imagesgeneratedwith the two for-
mulasare indistinguishablefrom eachother. The computational
performanceof bothmethodsis equalsinceall termsexceptfrom
thehit distancesr j ;k andthesampledincomingradiancesL j ;k can
beprecomputed.
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Figure3: Indirect illumination on theteapotcomputedwith radiancecachingusinggradient-basedinterpolation.Thenew gradients(on the
left) providesmootherinterpolationon thelid thanthegradientsof [K �riváneketal. 2005](on theright).

4 Results

Thescenein Figure1 is apathologicalcasefor thegradientcompu-
tationof [K �riváneketal. 2005],but is handledcorrectlyby thenew
gradientcomputationwe have just presented.The sceneconsists
of a glossy�oor plane(isotropicWard BRDF, r s = 0:9, a = 1:5,
[Ward1992])with a diffusesphereon it, which is theonly source
of indirect illumination for theglossy�oor . Consequently, thereis
a largechangeof occlusionfor thepartof the �oor that re�ect the
edgeof the sphere.Sincethe gradientcomputationof [K �rivánek
etal. 2005]assumescontinuityof there�ectedenvironment,it does
not handlesucha situationcorrectlyand the interpolationshows
discontinuities(Figure1 on theright). On theotherhand,thenew
gradientcomputationdoeshandlethe occlusionchangecorrectly
andthespherere�ection on the �oor is muchsmoother(Figure 1
on the right). Note that the interior of thespherere�ection is ren-
derednearidenticallyby bothmethods,sincenoocclusionchanges
preventthemethodof [K �riváneketal. 2005]to performwell in that
area.Both imagestookapproximatelysametime to render.

Figures3 and4 illustrateagain thesamegeneralobservations.The
methodof [K �riváneket al. 2005] breaksdown whena severeoc-
clusionchangeis re�ectedon a glossysurface.In Figure3 it is the
partof thelid thatre�ects thelid handle(shown in theblow-up), in
Figure4 it is the�oor re�ecting theedgesof thebox andthepyra-
mid (alsoshown in theblow-up). On theotherhand,bothmethods
performsimilarly whenno signi�cant occlusionchangeis present.

Theteapotin Figure3 is assignedtheisotropicWardBRDF [Ward
1992] with r s = 0:9, a = 2 andthe Cornell box �oor in Figure4
usesmeasuredmetallicBRDF�t with threeLafortuneBRDFlobes
[Westin2000;Lafortuneetal. 1997].

5 Conclusion

We presenteda new algorithmfor computingtranslationalgradi-
entof incomingradiancefunctionprojectedontoanarbitraryhemi-
sphericalbasis. On the test renderingwe illustratedthat the ra-
dianceinterpolationbasedon the new gradientestimateleadsto
smootherresultswithout visible discontinuityartifacts.Compared
to the previous method[K �riváneket al. 2005], the new gradient
computationdoesnotinvolveany additionalcomputationalcostand
is eveneasierto implement,sincederivativesof thebasisfunctions
donothave to beevaluated.

In futurework, we would like to devisea gradientformula for lo-
calizing basessuchassphericalwavelets[Schr̈oderandSweldens
1995],for which thegradientcomputationproposedhereis not di-
rectlyapplicablebecauseof theirhierarchical,adaptivenature.This
shouldallow usto usesmoothgradient-basedinterpolationon sur-
faceswith higherfrequency BRDFs.
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Figure4: Indirect illumination on the glossy�oor computedwith pathtracing(left) andwith radiancecachingusinggradient-basedinter-
polation(middleandright). Comparedto thegradientsof [K �riváneket al. 2005] (on the right), thenew gradients(in themiddle)provide
smootherinterpolationnearthe occlusionchangescausedby the box andthe pyramid, andprovide an imagevisually muchcloserto the
referencesolution.
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